CHAPTER 1 PRELIMINARIES 


1.1 REAL NUMBERS AND THE REAL LINE 


1. 


10. 








Executing long division, 5 0.1, 5 0.2, 





Executing long division, 4 = 0.09, 4 = 0.18, 4 = 0.27, 2 = 0.81, + = 0.99 

NT = necessarily true, NNT = Not necessarily true. Given: 2 <x < 6. 

a) NNT. 5 is a counter example. 

b) NT.2<x<6 3>2-2<x-2<6-2 S0<x-2<2. 

c) NT.2<x<6 3 2/2<x/2<6/2 > 1<x<3. 

d) NT.2<x<6 => 1/2>1/x>1/6 = 1/6< I/k< 1/2. 

e) NT.2<x<6 5 1/2>1/K>1/6 = 1/6< I/kk< 1/2 = 6(1/6) < 6(1/x) < 6(1/2) > 1 <6/x <3. 

f) NT.2<x<6 > x<65 (x—-4)<2and2<x<6 S>x>2 5 -x<-2 > -x+4<2 > -(-4)<2. 
The pair of inequalities (x — 4) <2 and —(x — 4) <2 => |x—-4|<2. 

g) NT.2<x<6 > -2>-x>-6 => -—6<~—x <—2. But —2<2.S0 -6<—x<—2<20r—-6<—x<2. 

h) NT.2<x<6 > —1(2)>~—1(x)<—1(6) > -6<-x<-2 








NT = necessarily true, NNT = Not necessarily true. Given: -1 <y —5< 1. 
a) NT.-l<y—5<1l1 5S—-14+5<y-—5+5<1+5 54<y<6. 
b) NNT. y =5 is a counter example. (Actually, never true given that 4 < y < 6) 
c) NT. Froma),—-l<y—5<1, >4<y<65y>4. 
d) NT. Froma),—-l<y—5<l1, >4<y<65y<6. 
e) NT.-l<y—5<1 S—-l4+li<y-—5+4+1<1l+l1 50<y-4<2., 
f) NT.-l<y—5<1 3 (1/2)(-1+5)<d2)y—5+5)<d/2)1 +5) = 2<y2<3. 
g) NT. Froma),4<y<6 = 1/4>1/y> 1/6 = 1/6< lly < 1/4. 
h) NT.-l<y—5<1 Sy-5>-1 5 y>45 -y<-4 => -y+5<1 => -V-5)<l1. 
Also, -l<y —5<1 = y—5<1. The pair of inequalities —(y — 5)< 1 and(y—5)<1 > |y—5|<1. 





—2x>4>x<-2 -2 


8—3x>5 > -3x>-3 5 x<1 eg ge 


5x—-3<7-3x > 8 <10 > x<3 34 


3(2 — x) > 284+x) > 6—3x>6+4 2x 


=> 0>5x => 0>x ——— > 


7 1_7 
1 10 1 - 
=> i(-?)>x or -f>x -1/3 


S* < 34 => 12-2x < 12x— 16 


=> 28< 14k > 2<x a) XK 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


Chapter | Preliminaries 


4(x— 2) < §(K-6) => 12(x-2) < 5(x-6) 


=> 12x-—24<5x-30 > 7x<-6 orx<-§ 





x << BE > —(4x + 20) < 244 6x 


= -44<10x = -%<x 


y=3o0ry=-3 


y—3=7ory—3=-7 => y=10ory=—4 


. 2t+5=40r2t+5=-4 => 2t=-—-lor2t=-9 Ss t=- 





. l-t=lorl-t=-l1 => -t=0or-t=-—2 t=Oort 








x 
-6/7 


—22/5 





8 — 3s = 3 or 8 — 3s 7 3s Z or —3s = 

















5 -l=lor§—1=-1 s 


—2 <x < 2; solution interval (—2, 2) 


—2 <x < 2; solution interval [—2, 2] 


—3<t-1<3 = —2 <t< 4; solution interval [—2, 4] 


-1<t4+2<1> -3<t<-l; 
solution interval (—3, —1) 


ll. 
—-4<3y-7<4 5 3<3y<ll sSl<y<q; 


solution interval iL, 2) 


-1<2y+5<1=5 -6<2y<-4 5 -3<y< -2; 
solution interval (—3, —2) 


-1<%-1<1>0<!<2 5 0<z< 10; 


solution interval [0, 10] 


—2< #-1<25 -1<¥#<3 > -2<2<2; 
solution interval [- 3,2] 

1 ui 1 5 
2 ge gD 


3 

2 

2 2. so 2 2 
> F<K< 55 solution interval (3, 2) 


—3<2-4<3 S1<2<7S 1>%3>3 


=>2>x> 2 => 2 < x < 2; solution interval (2,2) 


2or5;=0 s=4ors 


10/35 14/35 


2/7 2 
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29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


Section 1.1 Real Numbers and the Real Line 


2s >4or—2s >4 => s>2ors< -2; 





solution intervals (—oo, —2] U [2, co) -2 2 


s+3>tor-(s+3)>4 > s>-3o0r-s>3 

5 1. 
> Ss>—-—s0rs<—35; 
lution intervals (—oo, —5] U |— 3 _———_——_——__e____e—___—_+ 
solution intervals ( oO, | [ oo) “75 “35 S 
1-—x>1lor-(G—-x)>1 > -x>0orx>2 


=> x < O0orx > 2; solution intervals (—oo, 0) U (2, 00) 0 2 
2 —3x > 5o0r—(2— 3x) >5 => -—3x >30r3x>7 


=> x<—lorx> i; 


solution intervals (—co, —1) U (4, oo) — TC COO XK 


HS lor—(#) >1 =>r+1>2orr4+1<-—2 


= r>1orr < —3; solution intervals (—oo, —3] U[1, «) 33 1 
3r 2 3r 2 
fhe als 
3r 7 3r 3. a: 
> F>,50r-F>-F Sr>;zorr<| 





solution intervals (—co, 1) U (4, ov) ; WE 


<2 > |x| < /2 = -V2<x< V2; 
solution interval (-v2, v2) 








x 
ann /D f2 

4<x* > 2< |x| > x>2 or x < -2; 
solution interval (—oo, —2] U [2, co) 5 $ r 
Ace eo > 2<kk)<3 > 2<%<30r2< —x<3 

=> 2<x<30r—-3<x< -2; 

lution int Is (—3, —2) U(2,3 7c O $$ —__§_o 
solution intervals (—3, —2) U (2, 3) 3 = 3 3 x 
<7 <5 > 5 < |X, < 5 D> F< K<G0rzZ<-xK< 5 

> 5<x<for-$<x<-}; 

lution int Is (—2,-—14)uU (4,1 0 Oo —_—<—_e 
solution intervals ( oe t) (4,4) 5 98 7 17) x 
(x-1? <4 > |x-1|<2 > -2<x-1<2 

=> —1 <x < 3; solution interval (—1, 3) 9 x 


(x43 <2 > |x+3)< 2 
=> -f/2<x4+3 <2 o -3-V2<x1<-34+ V2; 


solution interval | —3 — V2, —3+4 v2) oo FX 
( =3=4/9 34/2 
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41. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


Chapter | Preliminaries 





W-x<0 > P-x4+$i<4 > ({k- are >|x- i] < => -b<x-—j<} => 0<x<l 

So the solution is the interval (0, 1) 

x7—-x-2>0 = Poxtp >> |x-5] 23> x-4 Dhor -( )>243x > 2orx 1. 

The solution interval is (—co, —1] U [2, 00) 

True if a > 0; False if a < 0. 

Ix-—IJ=1—-x © |-(-D)=1-x 6S 1-x>0ex<1 

(1) |a+b| = (a+b) or |a+b| = —(a+b); 
both squared equal (a + b)? 

(2) ab < |ab| = [al [b 

(3) |a| =a or |a| = —a, so |a|” = a?; likewise, |b|” = b? 

(4) x? < y? implies x? < \/y? or x < y for all nonnegative real numbers x and y. Let x = |a + b| and 
y = |al + |b] so that Ja + bl” < (|a| + |b])” > |a+b] < al + |b]. 

If a > O and b > 0, then ab > 0 and |ab| = ab = |a] |b]. 

If a < Oand b < 0, then ab > 0 and |ab| = ab = (—a)(—b) = |al |b]. 

If a > O and b < 0, then ab < 0 and |ab| = —(ab) = (a)(—b) = |al |b] . 

If a < Oand b > 0, then ab < 0 and |ab| = —(ab) = (—a)(b) = |al |b] . 

—3<x<3andx>-—} => —$<x <3. 

Graph of |x| + |y| < 1 is the interior y 

of “diamond-shaped" region. 

Let 6 be a real number > 0 and f(x) = 2x + 1. Suppose that | x—1|<6. Then|x—1|<6 > 2|x-1|<26 > 

| 2x —2|<26 >|(2x+1)—3|<26 >| f(x) — £(1)|<26 

Let € > 0 be any positive number and f(x) = 2x + 3. Suppose that | x — 0 | < «/2. Then 2| x — 0| <« and 

| 2x +3 —3|<e. But f(x) = 2x +3 and f(0) = 3. Thus | f(x) — f(0) |<e. 

Consider: 1) a > 0; 11) a< 0; ili) a= 0. 

i) Fora>0,|a| = aby definition. Now,a>0 > —a<0. Let —a=b. By definition, |b| = —b. Since b = —a, 
|—a| = —(—a) = aandla| = |-al = a. 

ii) Fora<0,|a| = —a.Now,a<0 => —a>0.Let —a = b. By definition, |b | = band thus |—a| = —a. So again 
[a] = |-al. 

iii) By definition |0| = O and since —0 = 0,|—0| = 0. Thus, by i), ii), and iti) |a| = | —a| for any real number. 
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D2. 


53. 


54. 


Section 1.2 Lines, Circles and Parabolas 


i) Prove|x|>0 => x>aorx<~—a for any positive number, a. 
Forx >0,|x| = x.|x|>a > x>a. 
For x <0,|x| = —x.|x|>a > -x>a > x<-a. 

ii) Prove x >aorx<—a => |x|>0 for any positive number, a. 





a>Oandx>a => |x| = x.Sox>a > |[x|>a. 
Fora>0,-a<Oandx<—a > x<0 => |x| = —x.Sox<-a > -x>a => |x|>a. 
of 1 
- 7 -3]= PL ]o]-|a]- 2 ere] _ fel n|- 4 

tere tiiars [oss] = tte [8]= B= pp = pra = py 
a 

[b| b b |b] [b| 
Prove S, = |a"| = |a|" for any real number a and any positive integer n. 
|a'| = |a|* =a, so S; is true. Now, assume that S, = |a‘| = |a| * is true form some positive integer k. 
Since |a’| = |a|! and |aX| = |a|*, we have |akt?| = [ak -a!| = |ak||a!| = |a|* |al+ = |a|**!. Thus, 
S41 = [ak*!] = |a| ‘+ is also true. Thus by the Principle of Mathematical Induction, S, = |a"| = |a|" 


is true for all n positive integers. 


1.2 LINES, CIRCLES, AND PARABOLAS 








Ax =—1~-(—3) =2, Ay = —2-—2 =—4;d = \/(Ax)? + (Ay) = 0/4 + 16 = 25/5 





Ax = —3 — (-1) = -2, Ay = 2-—(-2) =4;d= fC 2? +4 =2/5 





Ax = —8.1 — (—3.2) = —4.9, Ay = -2 — (-2) = 0;d = (4.92 +02 = 49 





Ma 4/228 Ay 15 4S Sd = i (v2) 4 (-2.5)2 = /8.25 


Circle with center (0, 0) and radius 1. 6. Circle with center (0, 0) and radius 2. 
Disk (i.e., circle together with its interior points) with center (0, 0) and radius J3 . 


The origin (a single point). 





— Ay_ _-1-2 _ a. 
Wag Spay 10. m= i = = =} 
perpendicular slope = — ; perpendicular slope = ; 
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ih oo SHO 12, m= 2 = 2-9 ; no slope 
perpendicular slope does not exist perpendicular slope = 0 





A(2, 3) 
y=3 
Slope = 0 
1 2 * 
13. (a) x=-l 14. (a) x= af 15. (a) x=0 16. (a) x=-7 
(b) y=$ (b) y=-13 (b) y=-V2 (b) y=0 





17. P(-1,1),m=-1 y—-1l=-l(x-(-1)) > y=-x 





18. P(2,-3),m=4 > y-(-3)=4@-2) = y=1x-4 





19. P3,4), Q(-2,5) > m= = 3-4 =-1 = y—-4=-1 6-3) > y=-1x4+ 








20. P(—8,0), Q(-1,3) > m= 4 = 359 = 3 = y—-0=2(x-(-8)) > y=ix+4% 




















—1—(-8) 7 
21.m=-—3,b=6 > y=—3x+6 22.m=1,b=-3 > y=3x-3 
23. m= 0, P(—12,-9) > y=-9 24. No slope, P (4,4) > x=4 
25. a=—1l,b=4 => (0,4) and (—1,0) are on the line m a Jot 4> y=4x+4 





26. a=2,b=—6 = (2,0) and (0, —6) are on the line > m= 2 = 72-9 =3 = y=3x-6 

















27. P(5,—1), L: 2x + 5y = 15 m, = —2 parallel line is y— (—1) = —2(x-5) > y=—2x+4+1 











28. P(-/2,2),L: /2x + 5y J3 m, 2 parallel line is y — 2 = 2 (x (-v2)) = y=-*x+8 





29. P(4,10),L: 6x -—3y=5 > m,=2 => m, = —§ = perpendicular line is y— 10 = —}(x—4) > y=—3x+12 











30. P(0, 1),L: 8x — 13y =13 = m=£ > m, = —2 = perpendicular line is y = —2x+1 
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31. 


33. 


35. 


36. 


37. 


38. 


39. 


40. 


Section 1.2 Lines, Circles and Parabolas 


x-intercept = 4, y-intercept = 3 32. x-intercept = —4, y-intercept = —2 





3x + 4y = 12 





x-intercept = J3, y-intercept = af 34. x-intercept = —2, y-intercept = 3 





> Xx 





Ax+By=C, © y =—8x+ G and Bx — Ay = Cy S y=2x-@. Since (—#) ( 


product of the slopes, the lines are perpendicular. 


) = —1 isthe 


Pals) 


Ax+By=C, © y =—8x+ G and Ax + By = Cp S y=-4x+ a. Since the lines have the same 


slope —4, they are parallel. 
New position = (Xoa + AX, You + Ay) = (—2 + 5,3 + (—6)) = (8, —3). 


New position = (Xa + AX, You + Ay) = (6 + (—6), 0+ 0) = (0,0). 





Ax = 5, Ay = 6, B(3, —3). Let A = (x,y). Then Ax = xy — xy 5=3-x x = —2 and 
Ay =y2-y1 > 6=-3-y => y=~—29. Therefore, A = (—2, —9). 
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Al. C(0,2),a=2 > P+(y—-2)? =4 42. C(-3,0),a=3 > (x+3)?+y?=9 


y 





43. C(-1,5),a=V10 > («4+ 1)? +(y—-5)? = 10 


Rg 





0,8)| &* 1° +(y-5)*=10 





44. CU, D,a= V2 > «-1?+(y—- 1)? =2 
x=0 5 0-17%+(-1? =2 = V-1=1 
y-l=+1 5 y=0ory=2. 


























Similarly, y = 0 x=Oorx=2 


45. C(-V3,-2),a=2 > (x+ V3) +0427 =4, 


=o => (0+ V3) +427 =4 > +2%=1 
y+2= +1 => y=-lory=-3. Also, y =0 
2 2 
=> (x+ V3) +(0+2?=4 5 (x+ V3) =0 
> x=-V3 


46. C(3,4),a=5 > (x—3)?+ (y— 4) =25, so 
x=0 > (0-3)? +(y— 1)’ =25 
> (y-1)=16 sy $ 
ory =—%. Alsopy=0 > (x—3)?+ (0-3 
= (x-3?=% = x-32 4 
= x=34 i 























-—- +4 y= 
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AT, x? +y? +4x —4y+4=0 
> x? + 4x + y? — 4y = —4 
=> xv+4x+4+y?-4y+4=4 





=> (x+2?4+(y—-2 =4 = C=(-2,2),a=2. 


48. x? +y? —8x+4y+16=0 
=> x?-8x+y?+4y =—16 
=> x?—-8x+1l6+y?+4y+4=4 
=> «-4?+(y+2)" =4 
> C=(4,-2),a=2. 


49. x*+y?-3y-—4=0 = 4+y*?-3y=4 
=> x+y? —3y+?=% 
+84 (y-H=% 5 c= (0.3). 
5 


a=3- 


50. x? +y?—4x-3 =0 
> x-4x+y?=? 
=> x—4x+4+y=% 
=> (x-2/?+y?=4 
=> C=(2,0),a= 3. 


51. x? +y?—4x+4y =0 
=> x*—4x+y?+4y=0 
=> x —4x+4+y?+4y+4=8 
=> (x —2)?+(y+2)? =8 
=> C(2,-2),a= 8. 


Section 1.2 Lines, Circles and Parabolas 


¥ 
(x42)? +(y-2)°=4 rN 

















(2,0) 





4 &H-2)2 + 42°=8 
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52. x2 +y?+2x =3 
> x+2x+1+y?=4 
=> (x+1)?+y?=4 
+ Ca-i,0),4—>, 








53. x -2 oC 1 
=> y=(1)?-20)-3=-4 
=> V=(,-4). Ifx =Othen y = —3. 
Also, y=0 => x? —-2x-—3=0 
=> (x-3)\xk+)=0 > x=3o0r 
x = —1. Axis of parabola is x = 1. 








b 4 
54. x . Te 2 


=> y=(-2)+4(-2)+3=-1 

=> V=(-2,-1). Ifx = 0 then y =3. 
Also,y =0 => x?+4x+3=0 

=> k+DK+3)=0 > x=-lor 
x = —3. Axis of parabola is x = —2. 








5 Hg Se 
=> y=-(2) +42) =4 
=> V=(,4). Ifx =Otheny = 0. 
Also, y=0 > —x?+4x=0 
=> —x(x —4)=0 x=4orx=0. 
Axis of parabola is x = 2. 








56. x=-B=-y4=2 
=> y=—-(2)?+42)-5=-1 
=> V=(2,-1). Ifx =Otheny = —S. 
Also, y=0 = —x?+4x-5=0 
=> x°-4x4+5=05 x = #y-4 
= no x intercepts. Axis of parabola is x = 2. 



















1 


Axis: x 





'V(1, —4) 





V(2, 4) 


>< 
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57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


ee eee eee 
LSS 9, = gop 


> y=-(-3) -6(-3)-5=4 








=> V=(-3,4). Ifx =Otheny = —S. 


Also, y=0 => —x?-6x—5=0 
=> (x+5)\(x+1=0 => x=-5or 
x = —1. Axis of parabola is x = —3. 








8 
Also, y=0 > 2x?-x+3=0 











>x=+ (23 => no x intercepts. 
Axis of parabola is x = i 

_—_b_ Lo 
L=>3, = oan = 


> y= 3Cl?+(-)+4=3 
=> Vv =(-1,4). Ifx = 0 theny = 4. 


Also,y=0 = $x?+x+4=0 





>x= ey V7 — no x intercepts. 

Axis of parabola is x = —1. 
—_b_ / 

AS a = Seg 


=> y=-4;(4)'4+24)4+4=8 
=> V=4,8). Ifx =Otheny =4. 
Also,y =0 => —4x?+2x+4=0 
= x= V8 4 44y/2. 


Axis of parabola is x = 4. 








Section 1.2 Lines, Circles and Parabolas 11 








(0, -5) 





* 
C2, 4) SAFO. 
atx 4x44 
VC-1, 7/2)|Y=a* +* 


——_1 1 | 1  », 
2-1 1 









4,8) 


(4+4 V2.0) 


The points that lie outside the circle with center (0, 0) and radius «if be 


The points that lie inside the circle with center (0,0) and radius J5 : 


The points that lie on or inside the circle with center (1, 0) and radius 2. 


The points lying on or outside the circle with center (0, 2) and radius 2. 


The points lying outside the circle with center (0,0) and radius 1, but inside the circle with center (0, 0), 


and radius 2 (i.e., a washer). 
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66. 


67. 


68. 


69. 


71; 


73. 


Chapter | Preliminaries 


The points on or inside the circle centered 


at (0,0) with radius 2 


circle centered at (—2, 0) with radius 2. 


x +y?+6y <0 > 
The interior points of 
(0, —3) with radius 3, 
y= 3. 


x? + y? —4x + 2y > 
The points exterior to 
(2, —1) with radius 3 
line x = 2. 


and on or inside the 


x +(yt+3)? <9. 
the circle centered at 
but above the line 


4=> «-2°%+(y+ 1)? >9. 
the circle centered at 
and to the right of the 





(x +2)? + (y—1)? <6 70. (x +4)? + (y —2)? > 16 


rty<2x>1 





x2+y?=landy= 





72. xX +y? > 4, (x—-1)?+(y —- 3)? < 10 


2x => L=x?4+ 4x? = 5x? 











(x= mG and y = 4) or (x=-4, and y = —3,). 








1 2 1 2 
Thus, A (4; , 2), B( FR? 3) are the 


points of intersection. 
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74. x+y=land(x—-1)?+y?=1 


75. 


76. 


77. 


=> 1=(-y) +y? =2y? 


=, il —7;,_1 
(y Ji and x = 1 4;) or 


eee = a 
(y Zi andx = 1+ +). Thus, 


1 1 1 1 
A(i-4,5) and B (1+ 4;,~- 45) 


are intersection points. 














2 2 


y—-x=landy=x? => x*-x=1 





=> Y-x-1=0 5 x= 4%. 
fx = 4 theny=x+1= 44, 

_ ys _ _ 3-v5 
Ifx = —,- , theny=x+1l=-3-. 


Thus, A (#5, #¥5) and B (4S, Hy) 














2 % 2 


are the intersection points. 


y =—xandy = -(x—- 1 => («K-11 =x 


= x -3x4+1=05 x= #5. if 








are the intersection points. 


intersection points. 


Section 1.2 Lines, Circles, and Parabolas 








< 
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79. 


80. 


81. 


82. 


83. 


84. 
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y=2= («x—-1? => 0= 2% -2x41 
=> 0=3x? So a ee 
> x=2andy=*==1, or x = 3 and 


x2 
y = 4 = 4. Thus, AQ, 1) and B ($, 3) 


are the intersection points. 


wrty=1=(x—-1)?+4+y? 
=> Y=(x—1?=x?-2x4+1 
=> 0=-2x+1 => x=. Hence 





y=1-X=fory= es Thus, 
A( 3) and B G.-2) are the 


2° 2 





intersection points. 


Ppyalar+y oy Sy 

=> yy-—1=0 => y=O0ory=1. 

If y = 1, then x? = 1 —y? =Oorx=0. 
If y = 0, then x? =1—y*=1lorx= +1. 
Thus, A(O, 1), BC, 0), and C(—1, 0) are the 


intersection points. 




















(a) A © (69°, 0 in), B © (68°, .4 in) > m= S= ~ —2.5°/in. 
(b) A © (68°, 4 in), B © (10°,4 in) > m= 12=8 ~ —16.1°/in. 


(c) A® (10°, 4 in), B = (5°,4.6in) > m= FOO w —8.3°%/in. 





The time rate of heat transfer across a material, an is directly proportional to the cross-sectional area, A, of the material, 


to the temperature gradient across the material, 4 is © (the slopes from the previous problem), and to a constant characteristic 


of the material. Se = -kASt => k=— ae/A . Note that 4 Au = and ar are of opposite sign because heat flow is toward lower 
= 


temperature. So a small value of k corresponds to low heat flow through the material and thus the material is a good 





insulator.Since all three materials have the same cross section and the heat flow across ae is the same (temperatures are 


not changing), we may define another constant, K, characteristics of the material: K = — az. Using the values of 3- ae from 


the prevous problem, fiberglass has the smallest K at 0.06 and thus is the best insulator. Liew, the wallboard is the 
poorest insulator, with K = 0.4. 


p =kd+ 1 and p = 10.94 atd = 100 = k = 341 — 0.0994. Then p = 0.0994d + 1 is the diver's 
pressure equation so thatd = 50 > p= (0.0994)(50) + 1 = 5.97 atmospheres. 


The line of incidence passes through (0, 1) and (1,0) = The line of reflection passes through (1, 0) and (2, 1) 





m= 7,,=1 y—-0O=1(x-1) => y =x -— Lis the line of reflection. 
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C= 5 (F — 32) andC =F => F= 2F _ i => 5 F=— i or F = —40° gives the same numerical reading. 














m ey 4 Ax +H: Therefore, distance between first and last rows is ,/ (14)? + (ae e 40.25 ft. 





length AB = \/( — 1? +6 — 2? = V16 +9 =5 
length AC = \/(4 — 1)? + (-2- 22 = 9+ 16=5 
length BC = \/(4 — 5)? + (-2—5?? = 14+ 49 = 50 =5V245 




















length AB = yao + (V3-0). “/l fas? 


length AC = ,/(2 — 0)? + @— 0)? = \/44+0=2 


length BC = ye 1)2 + (0- V3). 4) 14-5 = 

















Length AB = \/(Ax)? + (Ay)? = V/12 + 42 = v/17 and length BC = \/(Ax)? + (Ay)? = \/42 + 12? = V/17. 
Also, slope AB = 4 and slope BC = 7 so AB | BC. Thus, the points are vertices of a square. The coordinate 
increments from the fourth vertex D(x, y) to A must equal the increments from C toB = 2 —x = Ax = 4and 

-l-y=Ay=1 x = —2 and y = —2. Thus D(—2, —2) is the fourth vertex. 








Let A = (x,2) andC = (9,y) > B=(x,y). Then 9 — x = JAD] and 2—y = |DC| > 2(9—x)+2(2—y) = 56 
and9—x=3(2—y) => 2332 —y))+2(2 — y) = 56 y=-—5 9—-x = 3(2—(-5)) > x=~—12. 
Therefore, A = (—12, 2), C = (9, —5), and B = (—12, —5). 








Let A(—1, 1), B(2, 3), and C(2, 0) denote the points. 
Since BC is vertical and has length |BC| = 3, let 
D,(—1, 4) be located vertically upward from A and 
D»2(—1, —2) be located vertically downward from A so 
that |BC| = |AD,| = |AD2| = 3. Denote the point 
D3(x, y). Since the slope of AB equals the slope of 
CD; we have ¥=3 = —} => 3y-9=-x+2o0r 














x + 3y = 11. Likewise, the slope of AC equals the slope 
of BD; so that ¥—9 = 5 => 3y = 2x —4or 2x —-3y = 4. 
x+3y=11 


Solving the system of equations 2x —3y= 4 


} we find x = 5 and y = 2 yielding the vertex D3(5, 2). 


Let (x, y), x 4 0 and/or y 0 be a point on the coordinate plane. The slope, m, of the segment (0, 0) to (x, y) is ¥. A 90° 


: . : pi 1 _ x : +. . . 
rotation gives a segment with slope m’ = —— = = If this segment has length equal to the original segment, its endpoint 


will be (—y, x) or (y, —x), the first of these corresponds to a counter-clockwise rotation, the latter to a clockwise 
rotation. 


(a) (—1,4); (b) G3, —2); (c) 6,2); (d) (0, x); 
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93. 


94. 


95. 


96. 
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(e) (~y, 0); (f) (-y,x); (g) (,—10) 


2x + ky = 3 has slope -2 and 4x + y = | has slope —4. The lines are perpendicular when —2 (—4) = -lor 
k = —8 and parallel when —2 =-4ork= 5. 
At the point of intersection, 2x + 4y = 6 and 2x — 3y = —1. Subtracting these equations we find 7y = 7 or 

y = 1. Substitution into either equation gives x = | = (1, 1) is the intersection point. The line through (1, 1) 
and (1, 2) is vertical with equation x = 1. 


Let M(a, b) be the midpoint. Since the two triangles y 
shown in the figure are congruent, the value a must 


lie midway between x, and xy, soa = “4%, 


eee +FY2 
Similarly, b = 4. 





Q(x 9) 


x 


(a) Lhas slope | so M is the line through P(2, 1) with slope —1; or the line y = —x + 3. At the intersection 
point, Q, we have equal y-values, y = x + 2 = —x +3. Thus, 2x = lorx = 5. Hence Q has coordinates 


(5, 3) . The distance from P to L = the distance from P to Q = 4/ (ay + (- a =4/ 8 = ave’ 


L has slope — ; so M has slope ; and M has the equation 4y — 3x = 12. We can rewrite the equations of 


the lines as L: x + 3 y =3andM: —x+ $ y =4. Adding these we get 3 y=7soy= - Substitution 


into either equation gives x = ¢ ($3) —4 = % so that Q (2, &) is the point of intersection. The distance 
2 2 
from P to L = y/( — 2)" + (6-8) = 2, 


(c) Mis a horizontal line with equation y = b. The intersection point of L and M is Q(—1,b). Thus, the 


distance from P to Lis \/(a+ 1)? +0? = |a+ 1]. 
If B = Oand A ¥ 0, then the distance from P to L is |< = Xo| as in (c). Similarly, if A = 0 and B ¥ 0, the 
distance is IS - Yo| . If both A and B are ¥ 0 then L has slope — & so M has slope B Thus, 


L: Ax + By = Cand M: —Bx+ Ay = — Bxo + Ayo. Solving these equations simultaneously we find the 
AC-—B (Ayo—Bxo) BC+A (Ayo—Bxo) 
A?+B? A? +B? 


2 
P to Q equals \/(Ax)? + (Ay)? where (Ax)? = (2 Ab ae ee) 


— Ar(AxtByotC) ang ( Ay)? = (2 (2B3=BC= Aly ABro > __B? (Axo Byo+C)” 
(A2+B?)" ’ A?2+B2 (A2+B2)" 


Thus, Bx? + Gy? = / MastBaO*  seeBe 


(b 


wm 





(d 


wm 


point of intersection Q(x, y) with x = and y = . The distance from 

















1.3 FUNCTIONS AND THEIR GRAPHS 


1. 


3. 


domain = (—o00, 00); range = [1, co) 2. domain = [0, co); range = (—o, 1] 
domain = (0,00); yinrange > y= a tos 7s + and y > 0 = ycan be any positive real number 


=> range = (0,00). 
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12. 


13. 


14. 


15. 
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domain = [0, 00); yinrange > y= mak ,t > 0. Ift =0, then y = 1 and as t increases, y becomes a smaller 


and smaller positive real number = range = (0, 1]. 


4—7? =(2—2z)2+2)>0 © z€ [-2,2] = domain. Largest value is g(0) = \/4 = 2 and smallest value is 
g(—2) = g(2) = /0 =0 = range = [0,2]. 








domain = (—2, 2) from Exercise 5; smallest value is g(0) = = and as 0 < z increases to 2, g(z) gets larger and 


1 
2 


larger (also true as z < 0 decreases to —2) => range = [5 oo) ‘ 


(a) Not the graph of a function of x since it fails the vertical line test. 
(b) Is the graph of a function of x since any vertical line intersects the graph at most once. 


(a) Not the graph of a function of x since it fails the vertical line test. 
(b) Not the graph of a function of x since it fails the vertical line test. 


y=,/(4) -154-12>0>5x< landx>0. So, 


(a) No (x > 0); (b) No; division by 0 undefined; 
(c) No; ifx>1,4<1>4-1<0; (d) (0, 1] 


y=\/2-Vx>2-/x 205 x2 0and //x <2. fx >0>x > Oand (x <2 >x<4. S00<x<4 


(a) No; (b) No; (c) [0, 4] 


base = x; (height)? + (s)" =x? => height = . x; area is a(x) = 4 (base)(height) = $ (x) (2x) = = x?; 


perimeter is p(x) = x + x+x = 3x. 


s=sidelength > s?+s?=d? > s = J; ; and area isa = 8” >a=350 


Let D = diagonal of a face of the cube and £ = the length of an edge. Then (? + D? = d? and (by Exercise 10) 








Dy = 2F ae mae ¢ = 4... The surface area is 602 = © = 2d? and the volume is (2 = ou = 
Ace = 3 = =(5 aa ee 

The coordinates of P are Gg, J = so the slope of the line joining P to the origin is m = ve = sr (x > 0). Thus, 

(x, x) = (a> im): 

The domain is (—co, oo). 16. The domain is (—o00, 00). 


£ (x) 
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17. The domain is (—oo, 00). 18. The domain is (—oo, 0]. 
£ (x) 
nN 
3 
f(x)=v=x | 
11 
x 
4-30-20 -1 1 
-1 
19. The domain is (—oo, 0) U (0, 00). 20. The domain is (—oo, 0) U (0, ov). 


£ (x) 
4 














21. Neither graph passes the vertical line test 


(a) 











22. Neither graph passes the vertical line test 


(a) (b) 


y y 





Ixtyl[=1<¢ or = or 
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_ < 
25, y={? x, x<l 


27. 


28. 


29. 
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wm 


wm 












eee 
2-x,1<xs2 


2x, 1<x 








Line through (0, 0) and (1, 1): y =x 
Line through (1, 1) and (2, 0): y = —x +2 


fio< x,0<x<l 
= —-x+2,1<x<2 


» O<x<l 
1<x<2 
» 2<x<3 
3<x<4 


2 
0 
fx) = 4, 
0 


bi 


Line through (0, 2) and (2, 0): y= —x +2 
Line through (2, 1) and (5, 0): m= 2-3 = = = —-, soy = —}(x—2) +1 =—}x+3 
ah = —-x+2,0<x<2 
l= —9x+2,2<x<5 
Line through (—1, 0) and (0, —3):m = ;3=% = —3, so y = —3x —3 
Line through (0, 3) and (2, -1):m = 3-3 = + = -2, soy = -2x+3 
—3x —3, -l1<x<0 
a. O0<x<2 








Line through (—1, 1) and (0, 0): y = —x 
Line through (0, 1) and (1, 1):y =1 
Line through (1, 1) and (3, 0): m= 4} = + = —-}, soy = —}(x-1)+1=-}x+3 


3-1 
—x -1<x<0 
f(x) = i 0<x<l 
—$x+2 1<x<3 


Line through (—2, —1) and (0, 0): y = $x 
Line through (0, 2) and (1, 0): y = —2x + 2 
Line through (1, —1) and (3, —1): y = —-1 
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5X —2<x<0 
f(x) = 4 —2x+2 0<x<l 
—1 i ei. Ges 





30. (a) Line through (4, 0) and (T, 1):m= 5, = 2,soy = 2(x—4)+0=2x-1 


0,0<x<f 
r={ SAS 9 


T 
7x —1, 7 <x<T 


A, 0<x<f# 
-A, £<x<T 
A, T<x<@ 
-A, %<x<otT 


(b) f(x) = 


31. (a) From the graph, 5 > 1+¢4 => x € (-2,0)U(4, w) 
(b) §>1+4 5 $-1-450 
x>0: 3-1-4505 ='§505 3) 50 

=> x > 4since x is positive; 





x<0: $-1-450 5 =38§ <0 5 © <0 
=> x < —2 since x is negative; 
sign of (x — 4)(x + 2) 
+ = + 
—2 4 
Solution interval: (—2, 0) U (4, co) 











32. (a) From the graph, 3> < a => x € (-oo, —5)U(-1,1) a 
b) Cae eo Soe Se 
(b) 251 et x1 f(x) = 3/(x-1) 


=> 3x4+3< 2x-2 > x<-5. 
Thus, x € (—oo, —5) solves the inequality. 
ui > aa <2 
=> 3x+3>2x—2 => x > —5 whichis true 
if x > —1. Thus, x € (—1, 1) solves the 
inequality. 
3 


Case | < x: 3<G => 3x+3<2x-2 > x<-—5 


which is never true if 1 < x, so no solution 





Case -1 <x <1: “a < 





here. 
In conclusion, x € (—oo, —5) U(—I, 1). 


33. (a) |x| =O forx € [0, 1) (b) [x] = 0 forx € (—1,0] 
34. |x| = [x] only when x is an integer. 


35. For any real number x, n < x <n+ 1, where nis an integer. Now:n <x <n+1=> —(n+1) < —x < —n. By 
definition: [—x] = —n and |x] =n > —|x] = —n. So [—x] = —|x| forallx ER. 
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To find f(x) you delete the decimal or y 
fractional portion of x, leaving only 
the integer part. 





v = f(x) = x(14 — 2x)(22 — 2x) = 4x3 — 72x? + 308x;0 << x <7. 


(a) Let h = height of the triangle. Since the triangle is isosceles, AB? + AB? = 22 + AB = \/2.So, 
2 
n+ = (v2) = h =1 => Bisat(0, 1) => slope of AB = —1 => The equation of AB is 


y = f(x) = —%+1;x € [0, 1]. 
(b) A(x) = 2xy = 2x(—x + 1) = —2x? + 2x; x € [0, 1]. 


(a) Because the circumference of the original circle was 87 and a piece of length x was removed. 

(b) r= = ae es 

() h= V16-1? = ic a * = 4/16 — ( 16S i) = V2 e =a ie -_ vie 
(d) V= Leh = 1, (88=x)? —— -_ ee 


3 20 2a 

















(a) Note that 2 mi = 10,560 ft, so there are \/ 800? + x? feet of river cable at $180 per foot and (10, 560 — x) feet of land 
cable at $100 per foot. The cost is C(x) = 180./ 800? + x? + 100(10, 560 — x). 
C(0) = $1, 200, 000 
C(500) © $1,175, 812 
(1000) $1, 186, 512 
(1500) & $1, 212, 000 
(2000) * $1, 243, 732 
C(2500) $1, 278, 479 
C(3000) © $1, 314,870 
Values beyond this are all larger. It would appear that the least expensive location is less than 2000 feet from the 


(b 


we 


aaa 


point P. 
A curve symmetric about the x-axis will not pass the vertical line test because the points (x, y) and (x, —y) lie on the same 
vertical line. The graph of the function y = f(x) = 0 is the x-axis, a horizontal line for which there is a single y-value, 0, 


for any x. 


Pick 11, for example: 11 + 5 = 16 — 2-16 = 32 — 32-6 = 26 — 3 = 13 — 13 — 2 = 11, the original number. 





f(x) = Aats)6 — 2 =x, the number you started with. 
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1.4 IDENTIFYING FUNCTIONS; MATHEMATICAL MODELS 


1. (a) linear, polynomial of degree 1, algebraic. (b) power, algebraic. 
(c) rational, algebraic. (d) exponential. 
2. (a) polynomial of degree 4, algebraic. (b) exponential. 


(c) algebraic. 


(d) power, algebraic. 


3. (a) rational, algebraic. (b) algebraic. 


(c) trigonometric. 


4. (a) logarithmic. 
(c) exponential. 


(d) logarithmic. 


(b) algebraic. 
(d) trigonometric. 


5. (a) Graph h because it is an even function and rises less rapidly than does Graph g. 


(b) Graph f because it is an odd function. 


(c) Graph g because it is an even function and rises more rapidly than does Graph h. 


6. (a) Graph f because it is linear. 


(b) Graph g because it contains (0, 1). 


(c) Graph h because it is a nonlinear odd function. 


7. Symmetric about the origin 8. Symmetric about the y-axis 


Dec: —oo < x < co 


Inc: nowhere 





Dec: —co < x < 0 
Inc:0 <x < co 





9. Symmetric about the origin 10. Symmetric about the y-axis 


Dec: nowhere 
Inc: -coo <x <0 
0<x<oa@ 





Dec: 0 < x < co 
Inc: —-co < x <0 
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11. Symmetric about the y-axis 
Dec: —o0 < x <0 
Inc: 0 < x < co 





13. Symmetric about the origin 
Dec: nowhere 


Inc: —co < KX < 








15. No symmetry 
Dec: 0 < x < co 
Inc: nowhere 
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14. 


16 


. No symmetry 
Dec: —o0 < x <0 
Inc: nowhere 





No symmetry 
Dec: 0 < x < co 
Inc: nowhere 





. No symmetry 
Dec: —o0 < x <0 
Inc: nowhere 
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24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 
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Symmetric about the y-axis 18. Symmetric about the y-axis 
Dec: —o0 < x <0 Dec: 0 <x < 
Inc: 0 < x < co Inc: -co <x < 0 








Since a horizontal line not through the origin is symmetric with respect to the y-axis, but not with respect to the origin, the 
function is even. 











f(x) =x> = 5 and f(—x) = ( x)? = 1, = —(4) = —f(x). Thus the function is odd. 


Since f(x) = x? + 1 = (—x)” + 1 = —f(x). The function is even. 


Since [f(x) = x? + x] # [f(—x) = (—x)? — x] and [f(x) = x? + x] 4 [-f(x) = —(x)? — x] the function is neither even nor 
odd. 


Since g(x) = x? + x, g(—x) = —x? — x = —(x? +x) = —g(x). So the function is odd. 





g(x) = xt + 3x? +1 = (—x)! + 3(—x)’ 





1 = g(—x), thus the function is even. 





g(x) =a = Sa = g(—x). Thus the function is even. 





g(x) = a4: 8(-x) = — yy = g(—). So the function is odd. 


h(t) = 45; h(-t) = —4; —h(t) = -E. Since h(t) #4 —h(t) and h(t) A h(—t), the function is neither even nor odd. 





Since | t? | = | (—t)* |, h(t) = h(—t) and the function is even. 





h(t) = 2t+ 1, h(—t) = —2t+ 1. So h(t) # h(—t). —h(t) = —2t — 1, so h(t) A —h(t). The function is neither even nor 
odd. 


h(t) = 2|t| + 1 and h(—t) = 2] -t| + 1 = 2|t| +1. So h(t) = h(—t) and the function is even. 





(a) The graph supports the assumption that y is proportional to x. The 
ot constant of proportionality is estimated from the slope of the 
y =0.166x . ° 7 A 
P regression line, which is 0.166. 
6 
4 
2 
0 1 1 ly xy 
0 20 40 60 
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(b) 


32. (a) 


(b) 


33. (a) 
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The graph supports the assumption that y is proportional to x!/?. 
The constant of proportionality is estimated from the slope of the 


= 1/2 . . . . 
pa e0se regression line, which is 2.03. 


SCHrPNwWEAUANIHVO 





Because of the wide range of values of the data, two graphs are needed to observe all of the points in relation to the 
regression line. 














y 
450 
rT 
10000 350 
8000 — 
6000 
4000 456 
2000 50 
3* 
500 1000 1500 2000 2500° -50 25 50 75 100 


The graphs support the assumption that y is proportional to 3*. The constant of proportionality is estimated from the 
slope of the regression line, which is 5.00. 

The graph supports the assumption that y is proportional to In x. The constant of proportionality is extimated from 
the slope of the regression line, which is 2.99. 


Y 
20 


15 
10 
5 
—_=._ x 2. 2. = e= = 


The scatterplot of y = reaction distance versus x = speed is 








10 20 30 40 50 60 70 80 90100 * 


Answers for the constant of proportionality may vary. The constant of proportionality is the slope of the line, which is 
approximately 1.1. 
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(b) Calculate x’ = speed squared. The scatterplot of x'versus y = braking distance is: 


Y 
400 











a 
6400 * 


Answers for the constant of proportionality may vary. The constant of proportionality is the slope of the line, which 
is approximately 0.059. 


34. Kepler's 3rd Law is T(days) = 0.41R*/?, R in millions of miles. "Quaoar" is 4 x 10° miles from Earth, or about 
4 x 109 +93 x 10° = 4 x 10° miles from the sun. Let R = 4000 (millions of miles) and 


T = (0.41)(4000)*/? days ~ 103,723 days. 


35. (a) 


>< 


KN wHwPUNUAN WO SD 
T 
e 








opi 23456789 10 
The hypothesis is reasonable. 

(b) The constant of proportionality is the slope of the line ~ sa in./unit mass = 0.874 in./unit mass. 

(c) y(in.) = (0.87 in./unit mass) (13 unit mass) = 11.31 in. 











36. (a) (b) 
y Y 
300 + e 300 e 
ee ee 
200 200 
e e : 
100 + : 100 : 
e° e 
of cal t + + > x 
+ —i—+ St 
500 1000 1500 20000 40000 60000 


Graph (b) suggests that y = k x° is the better model. This graph is more linear than is graph (a). 
1.5 COMBINING FUNCTIONS; SHIFTING AND SCALING GRAPHS 
1. Dp: -eo <x<ow,D,: x>1 > Dey = Dg: xX > 1. Re: —00 < y < o~, Ry: y > 0, Regt y > 1, Re: y = 0 


2. Dp: x+1>0 5 x>-1,D,: x-1>0 5 x21. Therefore D;,, = Dg: x > 1. 
Rp = R,: y = 0, Reyg: y> V2,Re y>0 
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D;: —oo <x < 00, Dy: —0c0 < x < 00 = Dy: —oo < x < oo since g(x) ¥ 0 for any x; Dp: —0o < XK < CO 
since f(x) # 0 for any x. Rr: y=2,R,: y > 1, Rye: O<y <2,Rg/r: y>5 


D;: —oo <x < 00, D,: x >0 = Dy,: x > 0 since g(x) ¥ 0 for any x > 0; Dj: x > 0 since f(x) 4 0 
foranyx > 0. Rp: y=1,Ry: y>1,Ryg: O<y <1,Rep: yo 1 


(a) f(g(O)) = f(—3) = 2 

(b) g(f(0)) = gS) = 22 

(c) f(g(x)) = f(x? —3) = x? -34+5=x?+2 

(d) g(f(x)) = g(x +5) = (x +5)? —3 = x? + 10x + 22 
(e) f(f(—5)) = £0) =5 

(f) g(g(2)) = g(1) = —2 

(g) f(f(x~)) = f(x +5) = (x +5) +5=x+10 

(bh) g(g(x)) = g(x’ — 3) = @? -— 3 —3 = x* — 6x7 + 6 


(a) f(g (5)) =f(3) =-3 

(b) g(f(3)) =s(-3) =2 

© fe@)=f(s5) =a -1= a4 

@) gf) =g%-D)=—ha =} 

(e) f(f(2)) =f) =0 

() g(g2)=8(3)=4=3 

(g) ff) =f — 1) =(@-1)-1=x-2 

(h) s(g@0) = 8 (a) = ay = a & A - Land x # —2) 











(a) u(wef@))) = u(v (2) =a(h 
(b) u(f(v(x))) = u (f(2)) =u (4) = 





(d) v(f(u(x))) = v(f(4x — 5)) =v 7 
(e) f(u(v(x))) = f (u(x”)) = £(4(x”) —5) = pK 
(f) f(v(u(x))) = f(v(4x — 5)) = £((4x — 5)*) = gies 

















4 
(b) h(f(g(x))) = h (f (4)) =h(./9) =4,/% -8 = 2,/x-8 

(c) gth(fOo)) = g (h (Vx) = (4/x-8) = 4-8 = x-2 

(d)_g(f(h(x))) = g(f(4x — 8)) = g (V/4x—8) = 8 = 

(e) f(g(h(x))) = f(g(4x — 8)) = f (48) = fx — 2) = Vx-2 

(f) f(h(g(x))) = f (h(4)) =£(4 (4) —8) = f(x -8) = Vx-8 

(a) y = f(g(x)) (b) y = j(g(x)) 

(c) y = g(g(x)) (d) y =jG@)) 

(e) y = g(h(f(x))) (f) y =hGd@)) 

(a) y = f9(x)) (b) y = h(g(x)) = g(h(x)) 
(c) y = h(h(x)) (d) y = f(f(x)) 

(e) y = j(g(f(x))) (f) y = g(f(h@x))) 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


(a) 
(b) 
(c) 
(d) 
(e) 
(f) 


(a) 
(b) 


(c) 
(d 


wm 


(a) 


(b 


wm 


(b 


wm 


(a) 


(a) 


Chapter | Preliminaries 
































g(x) f(x) (fo g)(x) 

x—7 Jx Vx—7 

x+2 3x 3(x + 2) = 3x + 6 

<? Vx—5 x? —5 

=A 1 = a = =o =* 

a 1+2 x 

x : x 
(fog)(x) = lex) = 

x)-l x x x 

(fog)(x) = Sy = xd Sl gy = Sl a T= OR SFL 
Since (fog)(x) = \/g(x) = |x|, g(x) = x”. 
Since (fog)(x) = f(/x) = |x|, f(x) = x?. (Note that the domain of the composite is [0, 00).) 


The completed table is show 





n. Note that the absolute value sign in part (d) is optional. 






































g(x) f(x) (fog)(x) 

I I 

x-1 [x| |jx-1| 

x-1 x 

x+1 <e x41 

x /x |x| 

X x |x | 

f(g(x)) = i +1=/ 





Domain (fog): (0, 00), dom 
Range (fog): (1, 00), range 


f(g(x)) =1-—2,/x+x 
g(f(x)) = 1— |x| 

Domain (fog): (0, co), dom 
Range (fog): (0, co), range 
y=—(x+7/ 
y=x°4+3 
Position 4 


y=-(x-1°4+4 (by 


Copyright (c) 


(b) Position 1 


ain (gof): (—1, co) 
(gof): (0, oo) 


ain (gof): (0, oo) 
(gof): (—0o, 1) 


(b) y=—(-4) 
Oy) yor 5 
(c) Position 2 


(d) Position 3 


= —(x+ 2)? +3 (ec) y=-(«+4)?-1 (d) y=—-(x- 2) 
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19. 20. 
y (c+ 47+ (y-3)72 25 y 
8 





(x +2)° + (y +3)? =49 

















21. 
y 3 
yt1l=@+1) 
yer? 
> xX 
23. 
y=vx+0.81 
yee 
0.9 
1 1 >x 
—0.81 1 4 
-3 
25. 26. 
”“ 
, eye Sa Sut a 45 
yeg M+ 1)+5 eae 1 
an 4 oyaax 
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27. 











29. 


x+4 








31. 








33. 





35. 
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37. | 38. 





39. | 40. 





41. 42. 











nS) 
we 
i 





43. 44. 
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45. 46. 

y 

4 
3 

2 

if 

-1 0 

47. 48. 





49. (a) domain: [0,2]; range: [2, 3] (b) domain: [0,2]; range: [—1, 0] 


y y 
A A 
3+ Ir 
y=f@)+2 
2 y=f)-1 
x 
iL 0 n 2 
L ! ! ! x 
0 1 2 3 4 +41 











(c) domain: [0,2]; range: [0,2] (d) domain: [0,2]; range: [—1, 0] 








y y 

A A 
it 

ne 

es y=-f) 
x 
0 2 
x 
0 1 2 3 -ib 





(f) domain: [1,3]; range: [0, 1] 








y y 
A 
2 
2 
y=f@+2) 
y=f@-1) 
| Pa 
L >x 
>Xx 0 1 2 3 
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(g) domain: [—2,0]; range: [0, 1] (h) domain: [—1, 1]; range: [0, 1] 
y y 
A A 
ak 
at 
y=fCx) : y=-f@et+I)+1 
ib 
2 1 0 a: -1 0 1 
50. (a) domain: [0,4]; range: [—3,0] (b) domain: [—4,0]; range: [0,3] 
y ~ 





(c) domain: [—4,0]; range: [0,3] (d) domain: [—4,0]; range: [1, 4] 


y Y 








y21-9(t) 





(e) domain: [2,4]; range: [—3, 0] (f) domain: [—2,2]; range: [—3, 0] 
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(g) domain: [1,5]; range: [—3, 0] 


(h) domain: [0,4]; range: [0,3] 





51. y = 3x? -3 

52. y = (2x)? -1=4x?-1 

53. y=5(1+ 3) =5 +92 
y= t+ ee alte 

55. y= 4x41 

56. y=3\/x+1 

57. y= 4 (3) = 316-2 
58. y= 4V4—%? 


59. 


y = 1- (3x)* =1— 273 


60. y=1—(%)"=1-% 


61. Let y = —\/2x + 1 = f(x) and let g(x) = x!/?, h(x) = (x + es i(x) = V/2(x+ ae and 
j(x) =- V2(x + Ai] = f(a). The graph of h(x) is the graph of g(x) shifted left 4 unit; the graph of i(x) is the graph 


of h(x) stretched vertically by a factor of \/2; and the graph of j(x) = f(x) is the graph of i(x) reflected across the x-axis. 








y=-V2x+1 
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62. Lety = \/1 — } = f(x). Let g(x) = (—x)!/?, h(x) = (—x + 2)”, andi(x) = wat ar = giT= 5 = f(x). 
The graph of g(x) is the graph of y = ,/x reflected across the x-axis. The graph of h(x) is the graph of g(x) shifted right 
two units. And the graph of i(x) is the graph of h(x) compressed vertically by a factor of \/2. 


y g(x) 


yevx 























64. y =(1—2)? +2 =—[(x — 1)* + (—2)] = f(x). Let g(x) = x°, h(x) = (x — 1), i(x) = (x — 1)’ + (—2), and 
j(x) = —[(x — 1)° + (—2)]. The graph of h(x) is the graph of g(x) shifted right one unit; the graph of i(x) is the graph of 
h(x) shifted down two units; and the graph of f(x) is the graph of i(x) reflected across the x-axis. 


g (x) h(x) 
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65. 


66. 


68. 


Chapter | Preliminaries 


Compress the graph of f(x) = 4 horizontally by a factor of 2 to get g(x) = +. Then shift g(x) vertically down 1 unit to 


get h(x) = #—1. 











Let f(x) = 5 and g(x) = 3+1= +1=—1.,+1= u + 1. Since \/2 © 1.4, we see that the graph of 




















1 way 7) evap 
f(x) stretched horizontally by a factor of 1.4 and shifted up 1 unit is the graph of g(x). 
f (x) g(x) 
a4 5 
3+ 4 
P| 3 
ad 2 
2 1 
-2 -1 + + + > xX 
-1+ -200 -1 1 2 


Reflect the graph of y = f(x) = ¥/x across the x-axis to get g(x) = —,'/x. 


y 








y = f(x) = (—2x)?/8 = [(—1)(2)x]?/3 = (—1)7/3(2x)?/* = (2x). So the graph of f(x) is the graph of g(x) = x2/3 
compressed horizontally by a factor of 2. 


g(x) 
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69. 70. 














71. 9x2 + Wy? = 295 > B48 =1 72. 16x? + 7y? = 112 +h =1 





16x> +7y* =112 


an 
TTT 


a 


9x? + 25y? = 225 

















73. 3x2+(y-2° =35 $4 02% 21 74. 
(v3) 





y 
A 


4b 3x24 (y-2)% =3 

















75. 3(x — 1)? + 2(y +2)? =6 





(1)? , yay _ k-C)} | g-y 
"(wy wy ae ay 
4 6(x+2) +9(y-4) =54 a 





-4P 3-1) + 2(y +2)? =6 
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77. 


78. 


79. 


80. 
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x + a = 1 has its center at (0, 0). Shiftinig 4 units left and 3 units up gives the center at (h, k) = (—4, 3). So the 


= 
equation is i = C4) 4 = 


from (—8, 3) to (0,3). 


Pape ot 4 3)? _ ee 
=1s> "p> + “> = 1. Center, C, is (—4, 3), and major axis, AB, is the segment 





y 








10 


(+4 | (y-3% _, 8 
a a 





1 1 
-10 -8 -6 -4 2 
-2 


The ellipse x + ¥ = | has center (h, k) = (0, 0). Shifting the ellipse 3 units right and 2 units down produces an ellipse 





with center at (h, k) = (3, —2) and an equation & as + a = 1. Center, C, is (3, —2), and AB, the segment from 
(3, 3) to (3, —7) is the major axis. 








(a) (fg)(—x) = f(—x)g(—x) = f(x)(— g(x) = —(£g)(x), odd 
) (£) xy = 8 = = - (4) @, ond 











a(x) — —g00) 
(c) () (-») = $2 = B® = - (8) (W, odd 
(d) £2(—x) = f(—x)f(—x) = f(x)f(x) = f?(x), even 
(e) g°(—x) = (g(—x))? = (—g(x))” = g?(x), even 
(f) (fo g)(—x) = f(e(—x)) = f(—g(x)) = f(g(x)) = (fo g)(x), even 
(g) (go f)(—x) = gf(—x)) = g(f(x)) = (g o f)(%), even 
(h) (fo f)(—x) = f(f(—x)) = f(x) = (fo f(x), even 
(i) (go g)(—x) = g(g(—x)) = g(—g(x)) = —g(g(x)) = —(g 0 g)(x), odd 











wm 


Yes, f(x) = 0 is both even and odd since f(—x) = 0 = f(x) and f(—x) = 0 = —f(x). 
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81. (a) 





(9 - F)(x) 









(f - 9)(x) 


82. 


-2 
(fog) (x) | 





1.6 TRIGONOMETRIC FUNCTIONS 





1. (a) s=16 = (10) (#) = 87m (b) s =10 = (10)(110°) (2) = HW! = 21m 


s 107 T i am 80" 7 
2. 9@=§ = 8 = °F radians and % (4%) = 225 





3. d=80° => 0= 80° (=) = = => s= (6) (=) = 8.4 in. (since the diameter = 12 in. => radius = 6 in.) 
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4. d= 1 meter r=50cm 6=% = © = (06 rad or 0.6 (182°) w& 34° 


























































































































[0 [-r[-¥[ 0 TF] # 6 BES 
3 AL, 1 1 
sin 0 0 5 1 Fa "A $ 
cos@ | —1 4 1 o |—-+ 1 V3 
2 V2 p) 
tan 0 0 V3 O | und. |} —1 1 ao 
V3 
cot@ | und + | und. 0 —1 
V3 1 | -V3 
sec? | —1 —2 1 | und 7 V2 3 
csc @ | und. | — | und. 1 2 
v3 f%| 3 
7 cos x = — $, tanx = — 8 
9. sinx = — 8  tanx=—4/8 10. sinx= i, tanx=—¥ 
11. sinx = Jy COSK = — Te 12. cosx = — ¥3,tanx = 4, 
13. 14. 
2 
A 
period = 47 
15. 16. 
period = 4 
17. 18. 
4 y =- cos 2x 7 
period = 6 period = | 
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period = 27 


23. period = 5, symmetric about the origin 











>t 





27. (a) Cos x and sec x are positive in QI and QIV and 


negative in QI and QUI. Sec x is undefined when 
cos xis 0. The range of sec x is (—oo, —1] U[1, 00); 


the range of cos x is [—1, 1]. 


Section 1.6 Trigonometric Functions 4] 





s=-tanet 


period = 27 


24. period = 1, symmetric about the origin 





s=-tanat 


26. period = 47, symmetric about the origin 


s 
LAU 
i 
-2n 0; 2n 
-6li S= CSC y 
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28. 


29. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 
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(b) Sin x and csc x are positive in QI and QU and 
negative in QUI and QTV. Csc x is undefined when 
sin x is 0. The range of csc x is (—oo, —1] U [1, 00); 
the range of sin x is [—1, 1]. 


Since cot x = att , cot X is undefined when tan x = 0 
and is zero when tan x is undefined. As tan x approaches 
zero through positive values, cot x approaches infinity. 
Also, cot x approaches negative infinity as tan x 
approaches zero through negative values. 





/ 
y=zcotx 


D: -coo<x<oo;R: y=~-1,0,1 


>< 


y=l[sin x] y=sinx 


Ll g 





20 et Ip, fe. 7 20 
eh 








cos (x — z\ = COS X COS (- z) — sin x sin (- z) = (cos x)(O) — (sin x)(—1) = sin x 
cos (x + z) = COS X COS (5) — sin x sin (4) = (cos x)(O) — (sin x)(1) = —sin x 


sin (x + =) = sin X cos (4) + cos x sin (4) = (sin x)(O) + (cos x)(1) = cos x 


sin (x — z) = sin X cos (- z) + cos x sin (- z) = (sin x)(O) + (cos x)(—1) = —cos x 


cos (A — B) = cos(A + (—B)) = cos A cos (—B) — sin A sin(—B) = cos A cos B — sin A (—sin B) 
= cos AcosB+ sin A sinB 


sin(A — B) = sin(A + (—B)) = sin A cos(—B) + cos A sin(—B) = sin A cos B + cos A (—sin B) 
= sin A cos B — cos A sinB 


IfB = A, A—B=0 = cos(A — B) = cos 0 = 1. Also cos (A — B) = cos(A — A) = cos Acos A+ sin A sin A 
= cos? A+ sin? A. Therefore, cos? A + sin? A = 1. 


If B = 27, then cos (A + 27) = cos A cos 27 — sin A sin 27 = (cos A)(1) — (sin A)(O) = cos A and 
sin(A + 27) = sin A cos 27 + cos A sin 27 = (sin A)(1) + (cos A)(O) = sin A. The result agrees with the 


fact that the cosine and sine functions have period 27. 


cos (7 + xX) = COS 7 cos x — sin 7 sin x = (—1)(cos x) — (0)(sin x) = —cos x 
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41. 


42. 


43. 


44. 


45. 


46. 


47. 


49. 


51. 


52. 


53. 


54. 


55. 


56. 
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sin (27 — x) = sin 27 cos (—x) + cos (27) sin(—x) = (0)(cos (—x)) + (1)(sin (—x)) = —sin x 





sin (22 ao x) = sin (22) cos (—x) + cos (22) sin (—x) = (—1)(cos x) + (0)(sin (—x)) = —cos x 


cos (2 + x) =cos (2) cos x — sin (2) sinx = (0)(cos x) — (—1)(sin x) = sin x 
(= +x) (3 2 

















Pn T T\ ote at 1 Tot Tw V2 1 2 V3 _ Vo+V/2 
sin 15 = sin (F +4) =sin F cos $ + cos F sin 5 = (42) (4) + (42) (48) = 4 

llx _ T Qn\ __ T Qn som ot On 2 1 2 3 V2+/6 
cos 4 = cos (| + 4) =cos F cos 3 sin J sin F = (42) ( 5) (2) (2) = 4 














cos & = cos (5 — 7) = cos $ cos (— $) — sin § sin (— 4) = (4) (7) - (8) (2) = BB 





sin $5 = sin (2 — ) = sin (22) cos (— $) + 0s (22) sin (- 7) = (4) (2) + (-}) (-2) = 48 


















































eee T 1+cos (3) 7 Ge _ 24/2 48 sae Tr 1+cos (7) _ ie _ 24/3 
8 2 _ 2 — 4 v 12.°~ 2 — 2 = 4 
5 (2n V3 2n v2 
gin? % — 1xos (i) _ 1X _ 2-3 50. gin? 7 — 1xos(#) _ 1 _ 2-2 
12 2 —_ 2 oa 4 7 8 2 -_ 2 =, 4 
tan(A + B) = sin(A+B) __ sin AcosB+cosAcosB _ ixAcuBtaAcxB _ tan A+}tanB 
cos (A+B) cos A cos B—sin A sin B cos A cos B __ sin A sin B 1—tan A tan B 
cosAcosB cos AcosB 
tan (A — B) = SMA=B) _ sin AcosB-cos AcosB _ SEASSE-SASE _ tun Aun 
cos (A—B) cos A cos B+sin A sin B cos A cos sin.A sin B 1+tan A tan B 

















cos A cos B ° cos A cos B 


According to the figure in the text, we have the following: By the law of cosines, c? = a? + b? — 2ab cos 0 
= 1? + 1? —2cos(A — B) = 2 — 2. cos(A — B). By distance formula, c? = (cos A — cos B)? + (sin A — sin B)? 
= cos”? A —2 cos Acos B+ cos? B + sin? A — 2 sin A sin B + sin? B = 2 — 2(cos Acos B+ sin A sin B). Thus 
c? = 2—2cos(A— B) = 2 — 2(cos Acos B + sinA sinB) => cos(A—B) =cos AcosB+sinA sin B. 


(a) cos(A —B) = cos AcosB +sinA sinB 
sin 0 = cos (4 — 0) and cos 0 = sin( — 0) 
Let? =A+B 


sin(A + B) = cos| 3 - (A +B)| = cos| (J — A) -B| = cos (3 — A) cosB +sin (3 — A) sinB 
= sin Acos B + cos A sin B 
(b) cos(A —B) =cos AcosB +sinA sinB 
cos(A — (—B)) = cos A cos (—B) + sin A sin (—B) 
= cos(A + B) = cos A cos (—B) +sin A sin (—B) = cos AcosB + sin A (—sin B) 
= cos AcosB — sin Asin B 
Because the cosine function is even and the sine functions is odd. 


c? = a? + b? — 2ab cos C = 2? + 3? — 2(2)(3) cos (60°) = 4 + 9 — 12 cos (60°) = 13 — 12 ( 
Thus, c = \/7 * 2.65. 


y=7, 


L 
2 


c? = a? + b? — 2ab cos C = 2? + 3? — 2(2)(3) cos (40°) = 13 — 12 cos (40°). Thus, c = 1/13 — 12 cos 40° = 1.951. 
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57. From the figures in the text, we see that sin B = B If C is an acute angle, then sin C = . On the other hand, 
if C is obtuse (as in the figure on the right), then sin C = sin(a — C) = :. Thus, in either case, 


h=bsinC=csinB => ah=absinC =acsinB. 
. 2442.2 24.2 2 7 
By the law of cosines, cos C = a and cos B = wie Moreover, since the sum of the 


interior angles of a triangle is 7, we have sin A = sin(a — (B+ C)) = sin(B + C) = sin Bcos C+ cos B sinC 
ae 2 62 ae cee 2 a . 
= (2) [2382] + [2] (2) = (a) Oat +? +2 be) = B  ah=bosin. 


Cc 











Combining our results we have ah = ab sin C, ah = ac sin B, and ah = be sin A. Dividing by abc gives 





h _ sinA _ sinC _ sinB 
be ae eb 
——$ $e 


law of sines 


58. By the law of sines, "4 — $28 ve By Exercise 55 we know that c = J7. 


2 3 





fy a BVE ww 
Thus sin B = af7 = 0.982. 


59. From the figure at the right and the law of cosines, c 
b? = a? + 2? — 2(2a) cos B 
=a’? +4-4a (5) =a’ —2a+4. 




















: : a sinA __ sinB 
Applying the law of sines to the figure, => = ">> 
a vue > b 3 a. Thus, combining results, 
a —2a+4=b? =a => 0=}a?+2a-4 8 


= 0 =a? + 4a—8. From the quadratic formula and the fact that a > 0, we have 
_ 4+ /P-4DC8) _ 473-4 1.464 
=~ 2 tnt ee a 





60. (a) The graphs of y = sin x and y = x nearly coincide when x is near the origin (when the calculator 
is in radians mode). 
(b) In degree mode, when x is near zero degrees the sine of x is much closer to zero than x itself. The 
curves look like intersecting straight lines near the origin when the calculator is in degree mode. 


61. A=2,B=27,C=-7,D=-1 a 








y=2sin (x+7)-1 











6, A=2 8=2,C=1,D=2 _ 





wl 
3 

_ 
bad 
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64. A=#,B=L,C=0,D=0 








65. (a) amplitude = |A| = 37 (b) period = |B| = 365 
(c) right horizontal shift = C = 101 (d) upward vertical shift = D = 25 


66. (a) Itis highest when the value of the sine is | at (1101) = 37 sin(O) + 25 = 62°F. 
The lowest mean daily temp is 37(—1) + 25 = —12°F. 


The average of the highest and lowest mean daily temperatures = 


(b cy = 25°F. 


we 


The average of the sine function is its horizontal axis, y = 25. 


67-70. Example CAS commands: 
Maple 
f := x -> A*sin((2*Pi/B)*(x-C))+D1; 
A:=3; C:=0; D1:=0; 
f_list := [seq( f(x), B=[1,3,2*Pi,5*Pi] )]; 
plot( f_list, x=-4*Pi..4*Pi, scaling=constrained, 
color=[red,blue,green,cyan], linestyle=[1,3,4,7], 
legend=["B=1","B=3","B=2*Pi","B=3*Pi"], 
title="#67 (Section 1.6)" ); 
Mathematica 
Clear[a, b, c, d, f, x] 
f[x_]:=a Sin[27/b (x — c)] +d 
Plot[f[x]/.{a — 3,b — 1,c — 0,d — 0}, {x, —4z, 47 }] 





67. (a) The graph stretches horizontally. 


AAMCTLCVERCMCUECHOUL 
ATTA UAVAVTANTS 
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(b) The period remains the same: period = |B |. The graph has a horizontal shift of 5 period. 








(c) A shift of + one period will produce no apparent shift. | C | = 6 


69. The graph shifts upwards | D |units for D > 0 and down | D |units for D < 0. 





(b) For A < 0, the graph is inverted. 


1.7 GRAPHING WITH CALCULATORS AND COMPUTERS 


1-4. The most appropriate viewing window displays the maxima, minima, intercepts, and end behavior of the graphs and 
has little unused space. 
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1. d. Ds 'C: 


Y f(x)=x°-4x?-4x +16 











. f(x)=V5+4x—x? 

















5-30. For any display there are many appropriate display widows. The graphs given as answers in Exercises 5—30 
are not unique in appearance. 


5. [-2, 5] by [—15, 40] 6. [—4, 4] by [—4, 4] 


2 fo)ext 43415 : 







40 


30 











x? x? 
-4 [f@)= 7-7 2x41 





7. [-2, 6] by [—250, 50] 8. [-1, 5] by [—5, 30] 


z f@) =x? - 5x44 10 [ 
got f(x)=4x*-x’* 





L > xX 
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9. [—4, 4] by [—5, 5] 10. [—2, 2] by [—2, 8] 


feo) =xV9-x2 


y 
A 


5 
4 
3 
2 
1 














ee ee es a 




















13. [-1, 6] by [-1, 4] 14. [-1, 6] by [—1, 5] 


y Y 























>Xx 
15. [—3, 3] by (0, 10] 16. [—1, 2] by (0, 1] 
a 
A 
10+ 
ob 
BL 
TE 
6L 
“vk y=lx?—11 
3L 
ab 
| Te Ca {Jj | | + 
-5 -4-3 -2-1 12345 
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17. [—5, 1] by [-5,5] 18. [—5, 1] by [—2, 4] 
































21. [-10, 10] by [—6, 6] 22. [—5, 5] by [-2, 2] 
o Yy 
A 5 A 
[ 6 / 1 ‘ 
L + + + + + + > xX 
x -5 -4 -3 -2 -1 123 4 5 
_ 8 
ak f(x)= = 
-2 








23. [—6, 10] by [—6, 6] 24. [—3, 5] by [—2, 10] 


y 
f | o-Saee a | 
4 Br 
ail 
4 f a : 
2 
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25. [—0.03, 0.03] by [—1.25, 1.25] 26. [—0.1, 0.1] by [-3, 3] 
y Y 
* 3 y =3cos60x 
1.0 
y =sin 250x 
A\_f 
4 t > xX 
>x -0.1 0.1 
A -1 
-2 
-3 
27. [—300, 300] by [—1.25, 1.25] 28. [—50, 50] by [—0.1, 0.1] 





= 3 
y=cos | 5G 














29. [—0.25, 0.25] by [—0.3, 0.3] 30. [—0.15, 0.15] by [—0.02, 0.05] 


y caine ees 
yexty sin 30x Y 
y=x° +4 cos 100x 























31. x7 +2x=4+4y-y?sy=24+/-x?-2x4+8. ore a 
2 


The lower half is produced by graphing 


y =2-—/-x? —2x+8. 











32. y? — 16x? =1 > y = + V1 +4 16x?. The upper branch y 
is produced by graphing y = \/ 1 + 16x?. 






y =V1+16x? 






-2 -1 1 2 
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33. 


37. 


Y fs) =-tan 2x 














39. 


Al. (a) y = 1059.14x — 2074972 





>< 


_ 





nv wWw ku A AX ow 
T T 
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34. 








36. 

















38. 
y _ (1 
= sin| — 
Aches 
a Gee 
} +—vt +25 stot is + - xX 
-O.g -0.2 > |,° 0.2 9 0.4 
/ © fet e vw 
40. 
Y 3 
104 yee =| 
87 x’ -1 
6+ 
4+ 


-5 -4 -3 -2 -12+ 12 3 4 5 
—™, HAT 
--6 + 
-8+ 





(b) m= 1059.14 dollars/year, which is the yearly increase in compensation. 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


51 


a2 Chapter | Preliminaries 








1 1 1 1 1 yx 
1985 1990 1995 2000 2005 


(d) Answers may vary slightly. y = (1059.14)(2010) — 2074972 = $53, 899 


42. (a) Let C = cost and x = year. 
C = (7960.71)x — 1.6 x 107 
(b) Slope represents increase in cost per year 
(c) C = (2637.14)x — 5.2 x 108 


(d) The median price is rising faster in the northeast (the slope is larger). 


43. (a) Let x represent the speed in miles per hour and d the stopping distance in feet. The quadratic regression function is 
d = 0.0866x? — 1.97x + 50.1. 





1 1 1 1 i 
20 40 60 80 100 


(c) From the graph in part (b), the stopping distance is about 370 feet when the vehicle is 72 mph and it is about 525 feet 
when the speed is 85 mph. 
Algebraically: dguadratic(72) = 0.0866(72)° — 1.97(72) + 50.1 = 367.6 ft. 

douadiatie (85) = 0.0866(85)” — 1.97(85) + 50.1 = 522.8 ft. 
The linear regression function is d = 6.89x — 140.4 => dhinear(72) = 6.89(72) — 140.4 = 355.7 ft and 
Giinear(85) = 6.89(85) — 140.4 = 445.2 ft. The linear regression line is shown on the graph in part (b). The quadratic 
regression curve clearly gives the better fit. 








>x 


(d 


wm 











44, (a) The power regression function is y = 4.44647x°°14414, 
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(b) 


x 
2 4 6 8 1012 14 16 18 20 


(c) 15.2 km/h 


(d) The linear regression function is y = 0.913675x + 4.189976 and it is shown on the graph in part (b). The linear 


regession function gives a speed of 14.2 km/h when y = 11 m. The power regression curve in part (a) better fits the 
data. 


CHAPTER 1 PRACTICE EXERCISES 


—prtipgr iii, , 
1 74+2x>3 5 2x>-4>5>x>-2 6 4 2 0 2 4 
10 
2. —3x<10 > x>-> ———$=—$— 
3 
ss 
3. 2(x—1) < ¢(x-2) > 4(K-1) < 5(x- 2) 0123456789 


=> 4x-—4<5x-105>6<x 


4. $8 > —H*® = 3(x — 3) > -2(44+x) SS 


=> 3x-9>-8-2x> 5x>1>x> 


ae 





5. |x+1l)/=7=> x4+1=7or-(x+1)=7>x=6o0rx=-8 





6 ljy—3|<45 -4<y-3<45-l<y<7 








x 3 x 3 x 3 x 5 x 1 
7. ls Bo 1-5 <-j0rl-3>5>-5<-50r->>5>-x<-—dor-x>1 


=>x>d5orx<-l 





8. [AH <5 => -5 < BE <5 > -15 < 2x4+-7<5 15> -22< 2x <8 5-11 <x<4 


9. Since the particle moved to the y-axis, —-2 + Ax =0 => Ax =2. Since Ay = 3Ax = 6, the new coordinates 
are (x + Ax, y + Ay) = (-24 2,5+6) = (0,11). 


10. (a) 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23: 


24. 


Chapter | Preliminaries 


(b) line slope 





lo-1_ 9 _ 3 
AB 2-8 -6 2 
10-6 _4_ 2 
BO 3-CH = 53 
6=(-3),_. 9 3 
Ce ae, ag = 
1-(-3)_4_ 2 
DS Te ie ae 
CE <— =0 
3 
BD is vertical and has no slope 


(c) Yes; A, B, C and D form a parallelogram. 
(d) Yes. The line AB has equation y — | = — 2 (x — 8). Replacing x by gives y = — 3 (2 a 8) +1 


=-— 3 (- 1) +1=5+1=6. Thus, E (2 , 6) lies on the line AB and the points A, B and E are collinear. 


(e) The line CD has equation y + 3 = — 3 (x — 2) ory = — 3x. Thus the line passes through the origin. 


The triangle ABC is neither an isosceles triangle nor is it a right triangle. The lengths of AB, BC and AC are 
J 33; J 72 and ‘p 65, respectively. The slopes of AB, BC and AC are 2, —1 and 7 respectively. 





P(x, 3x + 1) is a point on the line y = 3x + 1. If the distance from P to (0,0) equals the distance from P to 
(—3, 4), then x? + (3x + 1)? = (x + 3)? + @ — 3x)? = x?4+ 9x? + 6x +1 =x?+ 6x +9+9— 18x + 9x? 


=> 18x=17orx=7 => y=3x+1=3(2%)+1= 2%. Thus the pointis P (17, 3). 








y = 3(x—1)+(-6) > y= 3x-9 


y=-3(x+1)+2>y=—-jx+3 




















x=0 

=~75=2=-2 —2(x +3) +6 =-—2 
Mh = T= (3) q y (x + y+ >y= x 
y=2 

m= 23 =3=-25y=-2(x-3)+35y=-2x+7% 
y=—-3x+3 


Since 2x — y = —2 is equivalent to y = 2x + 2, the slope of the given line (and hence the slope of the desired line) is 2. 
y=2(x-1)+1l>y=2x—-5 


Since 4x + 3y = 12 is equivalent to y = — $x + 4, the slope of the given line (and hence the slope of the desired line) is 


—$. y=-3(x-4) -l2>y=-}x- 2 
Since 3x — 5y = | is equivalent to y = 3x = a the slope of the given line is 3 and the slope of the perpendicular line is 
5 5 5 19 


1 
2 


is?. y=2(x+1)4+2>y=3x+28 


Since 5x + aY = 1 is equivalent to y = — 3x + 3, the slope of the given line is -3 and the slope of the perpendicular line 





The line passes through (0, —5) and (3,0).m = oe) =3>y=ix-5 
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26. 


27. 


28. 


29. 


31. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 
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: 2 : 2 2 
The area is A = 7r? and the circumference is C = 27r. Thus, r = = >A= m(<) = — 
: 1/2 : j ee ee 
The surface area is S = 401? > r= <) / . The volume is V = ul Por=; aN Substitution into the formula for 


4n 
: 2 3v 2/3 
surface area gives S = 47 r° = 47 (3%) F 


The coordinates of a point on the parabola are (x, x”). The angle of inclination @ joining this point to the origin satisfies 


the equation tan 6 = . = x. Thus the point has coordinates (x, x”) = (tan 0, tan?6). 





tan @ = tse — § = h = 500tan6@ ft. 





























run 500 
30. 
Y Y 
2} y=x's at y=x’5 
1 — 7 1+ 7 
<—— CU x 
-3 -2 0 -1 1 2 3 -3 -2 «-1 1 2 3 
ae -1/ 
-2t -2 
Symmetric about the origin. Symmetric about the y-axis. 
32. 
Y 
ry 
1.5 
y=x'-2x-l 
+ + + + > xX 
-6 -4 4 6 
Neither Symmetric about the y-axis. 


y(—x) = (—-x)? +1 =x? 41 = y(x). Even. 


y(—x) = (—x)? — (—x)® — (—x) = —x5 +. x3 4. x = —y(x). Odd. 

















y(—x) = sec(—x) tan(—x) = Sacyy = Toga = —Seextanx = —y(x). Odd. 
_xy4 xt x! 
= ee — rer =~ on = —y(x). Odd. 


y(—x) = 1 — sin(—x) = 1 4+ sinx. Neither even nor odd. 


y(—x) = —x + cos(—x) = —x + cosx. Neither even nor odd. 


y(—x) = 4/ (—x)* —1 = xt — 1 = y(x). Even. 
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41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


Chapter | Preliminaries 


(a) The function is defined for all values of x, so the domain is (—co, oo). 
(b) Since | x | attains all nonnegative values, the range is [—2, co). 


(a) Since the square root requires 1 — x > 0, the domain is (—oo, 1]. 


(b) Since \/ 1 — x attains all nonnegative values, the range is [—2, oo). 


(a) Since the square root requires 16 — x” > 0, the domain is [—4, 4]. 


(b) For values of x in the domain, 0 < 16 — x? < 16,s00 < /16 — x? < 4. The range is [0, 4]. 


(a) The function is defined for all values of x, so the domain is (—co, oo). 
(b) Since 3?~* attains all positive values, the range is (1, 00). 


(a) The function is defined for all values of x, so the domain is (—co, oo). 
(b) Since 2e™ attains all positive values, the range is (—3, co). 


(a) The function is equivalent to y = tan 2x, so we require 2x # & for odd integers k. The domain is given by x 4 aa for 


odd integers k. 
(b) Since the tangent function attains all values, the range is (—0o, 00). 


(a) The function is defined for all values of x, so the domain is (—oo, oo). 
(b) The sine function attains values from —1 to 1, so —2 < 2sin(3x + 7) < 2 and hence —3 < 


range is [—3, 1]. 


(a) The function is defined for all values of x, so the domain is (—co, oo). 


2sin(3x + 7) — 1 < 1. The 


(b) The function is equivalent to y = \/ x2, which attains all nonnegative values. The range is [0, 00). 


(a) The logarithm requires x — 3 > 0, so the domain is (3, oo). 
(b) The logarithm attains all real values, so the range is (—co, oo). 


(a) The function is defined for all values of x, so the domain is (—co, oo). 
(b) The cube root attains all real values, so the range is (—00, 00). 


(a) The function is defined for —4 < x < 4, so the domain is [—4, 4]. 


(b) The function is equivalent to y = \/|x|, —4 < x < 4, which attains values from 0 to 2 for x in the domain. The 


range is [0, 2]. 


(a) The function is defined for —2 < x < 2, so the domain is [—2, 2]. 
(b) The range is [—1, 1]. 





First piece: Line through (0, 1) and (1, 0).m = 9=4 = = =-1>y=-x+1=1-x 
0 








Second piece: Line through (1, 1) and (2, 0). m= $=! = +=-1ls>y=-(x-1)+1=-x4+2=2-x 





2-1 1 


1l-x, O0<x<l 
tx) = {5% 1<x<2 





: A as 5 
First piece: Line through (0, 0) and (2, 5). m = 3=9 


0 
Second piece: Line through (2, 5) and (4, 0). m= $=3 = 3 =-3 sy =—3(x-2)+5= 


Nin 

Ne 

NIW 
~ 











x, USe<2 ’ fee 
f(x) = (Note: x = 2 can be included on either piece.) 
10 — 5x 


3 2<x<4 
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39; 


56. 


57. 


58. 


59. 





(a) (fog)(—1) = f(e(-1)) = f(545) = f(1) = 4 = 
(b) (gof)(2) = g((2)) 
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VYx+2 











(A) (gog)(x) = g(e(x)) = 8(s45) = — 


(b) 


(d) 


+2/x+2 


fog)(—1) = f(g(—1)) = f(W/-1 + 1) = f(0) =2-0=2 
1 


) 
(gof)(x) = f(e(x)) = g(22-x*) = Rw) F2= V4-w 


(b) Domain of fog: 
Domain of gof: 


(a) (fog)(x) = f(g(x)) = (V1 = x) ee ee 
(gof)(x) = f((x)) = g(/x) = 1 - vx 
(b) Domain of fog: (—co, 1]. 
Domain of gof: [0, 1]. 
(c) Range of fog: [0, oo). 
Range of gof: [0, 1]. 
60. 


y 
A 











The graph of f2(x) = f1(|x|) is the same as the 
graph of f(x) to the right of the y-axis. The 
graph of f2(x) to the left of the y-axis is the 
reflection of y = f,(x), x > 0 across the y-axis. 
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The graph of f2(x) = f; (|x|) is the same as the 
graph of f;(x) to the right of the y-axis. The 
graph of f2(x) to the left of the y-axis is the 
reflection of y = f;(x), x > 0 across the y-axis. 
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61. 


63. 


65. 


67. 
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yex? 


It does not change the graph. 





=o 
The graph of f(x) = f,(|x|) is the same as the 
graph of f;(x) to the right of the y-axis. The 
graph of f2(x) to the left of the y-axis is the 
reflection of y = f;(x), x > 0 across the y-axis. 





Whenever g(x) is positive, the graph of y = go(x) 
= |g1(x)| is the same as the graph of y = g1(x). 
When g(x) is negative, the graph of y = go(x) is 
the reflection of the graph of y = g;(x) across the 


X-axis. 





62. 


64. 


Whenever g}(x) is positive, the graph of y = go(x) = |g1(x)| is 
the same as the graph of y = g)(x). When g;(x) is negative, the 
graph of y = go(x) is the reflection of the graph of y = gi (x) 


wag 
esas 


< 

" 

2 
ent 





_ 
_ 


=< 
a 
{ 
beeen pennedpene 


The graph of f(x) = f; (|x|) is the same as the 
graph of f;(x) to the right of the y-axis. The 
graph of f2(x) to the left of the y-axis is the 
reflection of y = f;(x), x > 0 across the y-axis. 


y=sin |x| y 





The graph of f(x) = f; (|x|) is the same as the 
graph of f;(x) to the right of the y-axis. The 
graph of f2(x) to the left of the y-axis is the 
reflection of y = f;(x), x > 0 across the y-axis. 





It does not change the graph. 


across the x-axis. 
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Whenever g}(x) is positive, the graph of y = go(x) = |g1(x)| is 
the same as the graph of y = gi(x). When g;(x) is negative, the 
graph of y = go(x) is the reflection of the graph of y = gi (x) 
across the x-axis. 




















70. 
y 
( 
“ x 
-20 i an 
y* sing 
period = 47 
72. 
y 
ae 
ae cs ae a a, 
y = cos 
period = 4 
74. 
y 
: 2. ‘ 
-4 i 4 x 
ei yeltsin(x+7) 
<2 
period = 27 period = 27 








75. (a) sin B= sin 3 2 8 b=2sin 7 =2 (2) = 3. By the theorem of Pythagoras, 





avt+b=c? => a= Ve2—-b = /4-3=1. 


2 
i () 43 Thus, a = Vc? — b? = (+) -@=/f= 5. 


: _ rb _ 2 2 
(b) sn B=sin} = >= C= a5 











76. (a) snA=2 => a=csinA (b) tnA=; = a=btanA 
77. (a) tmB=' > a= 7%) 6) simA=42 3S c= 4) 
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78. 


79. 


80. 


81. 


82. 


Chapter | Preliminaries 
(a) sn A= é (c) 


Let h = height of vertical pole, and let b and c denote the 
distances of points B and C from the base of the pole, 
measured along the flatground, respectively. Then, 

tan 50° = 2, tan 35° = #, andb —c = 10. 

Thus, h = c tan 50° and h = b tan 35° = (c + 10) tan 35° 
=> ctan 50° = (c+ 10) tan 35° 

=> c (tan 50° — tan 35°) = 10 tan 35° 

>c=_ tus = > h=ctan50° 


tan 50°—tan 35° 


— 10 tan 35° tan 50° 
= “tan 30°—tan 35° 16.98 m. 


Let h = height of balloon above ground. From the figure at 
the right, tan 40° = 2, tan 70° = , anda+b = 2. Thus, 
h = btan 70° => h= (2 —a)tan 70° and h = a tan 40° 

=> (2 —a)tan 70° = atan 40° = a(tan 40° + tan 70°) 
=2tan70°> a= — => h=atan 40° 


__ 2 tan 70° tan 40° ~) 
~ ‘tan 40°-Htan 70° ™~ 1.3 km. 


y 
2z 
x 
ae 2 i <e 
y =sinx+cosx 


2 
(b) The period appears to be 47. 


(c) f(x +47) = sin(x + 47) + cos (24) = sin(x + 27) + cos (% + 2r) = sinx + cos * 





T 





2 


since the period of sine and cosine is 27. Thus, f(x) has period 47. 


(a) 





o 1 
| y sins 


(b) D=(—co, 0) U (0, co); R = [-1, 1] 








(c) fis not periodic. For suppose f has period p. Then f (+ + kp) f ( 1 ) sin 27 = 0 for all 


integers k. Choose k so large that x + kp > 4 =>0< 


Qn 


Gas <7. But then 


f (+ + kp) = sin (aim) > 0 which is a contradiction. Thus f has no period, as claimed. 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


Chapter 1 Additional and Advanced Exercises 


CHAPTER 1 ADDITIONAL AND ADVANCED EXERCISES 


1. 





(a) The given graph is reflected about the y-axis. (b) The given graph is reflected about the x-axis. 








(c) The given graph is shifted left 1 unit, stretched (d) The given graph is shifted right 2 units, stretched 


vertically by a factor of 2, reflected about the vertically by a factor of 3, and then shifted 
x-axis, and then shifted upward 1 unit. downward 2 units. 
» 2 y=3f(x—2)-2 


(2,4) 





Br 
y=-2fee+ +1 
4,1) [ 











(b) 











There are (infinitely) many such function pairs. For example, f(x) = 3x and g(x) = 4x satisfy 
f(g(x)) = f(4x) = 3(4x) = 12x = 4(3x) = g(3x) = g(f(x)). 








Yes, there are many such function pairs. For example, if g(x) = (2x + 3)° and f(x) = x!/3, then 


(fo g)(x) = f(g(x)) = f ((2x + 3)3) = (2x + 3)3)'? = 2x +3. 





If f is odd and defined at x, then f(—x) = —f(x). Thus g(—x) = f(—x) — 2 = —f(x) — 2 whereas 
g(x) = —(f(x) — 2) = —f(x) + 2. Then g cannot be odd because g(—x) = —g(x) > —f(x) — 2 = —f(x) +2 
= 4=0, which is a contradiction. Also, g(x) is not even unless f(x) = 0 for all x. On the other hand, if f is 





even, then g(x) = f(x) — 2 is also even: g(—x) = f(—x) — 2 = f(x) — 2 = g(x). 


If g is odd and g(0) is defined, then g(0) = g(—0) = —g(0). Therefore, 2g(0) =0 => g(0) =0. 
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7. For (x, y) in the Ist quadrant, |x| + |y| = 1 +x H 
@& xty=1+x © y=1. For(x,y) in the 2nd 

x|+ly}=x4+1 6 -x+y=x41 

= y =2x+1. In the 3rd quadrant, |x| + |y|] =x+ 1 

©& -x-y=x+1 6 y=-—2x-—1. Inthe 4th 

x|+ly}=x4+1 6 x+(C-y=x4+1 

< y=-—l. The graph is given at the right. 


|x| +ly| =14x 


quadrant, 








> x 





quadrant, 





8. We use reasoning similar to Exercise 7. 
(1) Ist quadrant: y + |y| = x + |x| 








> 2y = 2x y=x. 


(2) 2nd quadrant: y + |y| = x + |x| 
& 2y=x+(-x)=0 © y=0. 
(3) 3rd quadrant: y + |y| = x + |x| 
= y+(-y) =x+(-x) © 0=0 
=> all points in the 3rd quadrant 
satisfy the equation. 
(4) 4th quadrant: y + |y| = x + |x| 


= y+(-y) = 2x © 0=x. Combining 
these results we have the graph given at the 





right: 

















v3 
‘ sin § in A sin B sin j V3 sin(7/4) _ v3 (4) _ 
9. By the law of sines, Ji = -_ — b aaa = Fo = of 2. 


sin A sin B sin B 
a b 3 





sin B = = sin 











10. By the law of sines, na 





; 212 a2 24432 42 
11. By the law of cosines, a? = b? +c? — 2be cos A = cosA = 2to=# = 2 Oem = 7, 


12. By the law of cosines, c? = a? + b? — 2ab cos C = 2? + 3? — (2)(2)(3) cos § =4+9-— 12 (2) 
= 13-62 > c=/13—6y/2, sincec > 0. 


: 2 2,2 21 42__ 22 = 
13. By the law of cosines, b? = a” + c? — 2ac cos B > cos B = 242-2 2 8e ee 169 


Jac (2)(2)(4) 16 


-uUg : ae 2p _ 121 _ 135 _ 3/15 
= 7: Sincee0<B<7,sinB= vy 1-—cos B= /1 a6 = ig = 














: 2 = 29 2 — atb?—c? _ 224425? 44-16-25 
14. By the law of cosines, c* = a* + b* — 2abcosC => cosC a = oom = ig 


—~_ 5 @ : —,/{ cot? =./] — 22 = V231 
= — 7g. Since0< C <7, sinC = V1-—cos*C = ,/1— 3 = 4. 





2 2 


sin* x 
1+cos x 





15. (a) sin?x+cos?x =1 => sin?x = 1 —cos?x = (1 — cos x)(1 + cos x) > (1 —cosx) = 


: l—cosx __ _sinx 
sin x 1+cos x 


(b) Using the definition of the tangent function and the double angle formulas, we have 
sin? (2) 1—cos C(3) eas 
2 


cos? (3) = 1+e0s(2(3)) ~ I+co0sx * 
aes 








tan® (5) = 
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17. 


18. 


19. 


20. 


21. 


Chapter 1 Additional and Advanced Exercises 


The angles labeled y in the accompanying figure are 
equal since both angles subtend arc CD. Similarly, the 
two angles labeled a are equal since they both subtend 
arc AB. Thus, triangles AED and BEC are similar which 


a-—c __ 2acos #—b 
b a+c 


=> (a—c)(a+c) = b(2acos 6 — b) 
=> a’? —c? = 2abcos 6 — b? 
=> c? =a?+b? —2abcos 0. 


implies 





As in the proof of the law of sines of Section P.5, Exercise 57, ah = be sin A = ab sin C = ac sin B 
=> the area of ABC = 5 (base)(height) = 5 ah = 5 be sin A = 5 ab sin C = 5 ac sin B. 


As in Section P.5, Exercise 57, (Area of ABC)” = } (base)*(height)? = § a*h? = }a”b? sin? C 


= 1?b? (1 — cos?C). By the law of cosines, c? = a? + b? — 2ab cosC = cosC = the | 





2 2 2\2 212 y 2 
Thus, (area of ABC)? = } a?b? (1 — cos? C) = 1 a2b? (1 - (S48=") ) = 2 (1 ea ) 


ig (40°b? — (a? +b? = c?)”) = # [(2ab + (a? + b? —c2)) (2ab — (a? +b? — 0?))] 
ig [((a +b)” — c”) (c? — (a— b)”)] = % [Ca +b) + )((a + b) — ele + (a— b))(e — (a— b))] 
= [(S*) (PS) (=) (CAS) = 806 — a6 — b)(s — c), where s = “ES. 


Therefore, the area of ABC equals /s(s —a)(s — b)(s —c). 











b+c—(a+c) =b—a, whichis positive since a < b. Thus,a+c<b-+c. 
b—c—(a—c) =b—a, whichis positive since a < b. Thus,a—c < b—c. 





c >Oanda<b => c—0O=candb — aare positive > (b —a)c = be — ac is positive = ac < be. 
a<bandc <0 => b-—aand —c are positive = (b—a)(—c) = ac — bc is positive = be < ac. 

Since a > 0, a and + are positive => 1>0. 

Since 0 < a <b, both + and } are positive. By (3), a < band + >0=> a(+) < b(t) or | <2 

= 1(+¢) < 2 (d) by G) since >0 > t<i. 

7 a<b<05 1 and } are both negative, i.e., + < 0 and } <0. By (4), a < band + <0 => b (4) <a(+) 


=> 2<1 => 1(¢) <2 (¢) by@sincee$ <0 > $<}. 


OY UR 





(a) Ifa =O, then 0 = |a| < |b] & b#O0 & O0= |al’ < [b|”. Since |a|? = [al |a| = |a2| = a? and 

b|? = b? we obtain a” < b?. Ifa # 0 then [a] > 0 and |a| < |b] = a? < b?. On the other hand, 

if a2 < b? then a? = |a|” < |b|? = b? > 0 < |b|? — |al” = ({b| — |al) ({b| + Jal). Since (|b| + |al) > 0 
and the product (|b| — |a|) ({b| + |a|) is positive, we must have (|b| — |a|) > 0 = |b| > |a|. Thus 

a| < |b] = a? <b’. 

(b) ab < |ab| > —ab > —2|ab| by Exercise 19(4) above > a? — 2ab + b? > |a|? — 2 [al |b| + |b]”, since 
a|” = a” and |b|” = b?. Factoring both sides, (a — b)” > ({a| — ||)? = |a—b| > |la| — |b||, by part (a). 








The fact that Jay + ay +... + a,| < Jaz] + Jao] +... + |a,| holds for n = 1 is obvious. It also holds for 
n = 2 by the triangle inequality. We now show it holds for all positive integers n, by induction. 

Suppose it holds forn =k > 1: Jay + ap +... +a,| < Jaz] + Jao] +... + |a,| (this is the induction 
hypothesis). Then Ja; + a2 +... + ay, + agi] = |(ar fag +... + ay) + aga] < Jar fag +... + ax] + lana 
(by the triangle inequality) < |a;| + |ag| +... + |ax| + |ax.:| (by the induction hypothesis) and the 
inequality holds for n = k + 1. Hence it holds for all n by induction. 
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22. 


23. 


24. 


25. 


26. 


27. 


Chapter | Preliminaries 


The fact that |a) + a2 +... + a,| > Jai] — Jaz] —... — |a,| holds for n = 1 is obvious. It holds for n = 2 
by Exercise 21(b), since |ay + a2| = |a; — (—a2)| > ||ai| — |—ae|| = ||ai| — |a2|| > Jai] — Jae]. 
We now show it holds for all positive integers n by induction. 

Suppose the inequality holds forn =k > 1. Then Ja; + a. +... + a,| > Jai] — Jag] —... — Jax| (this is 
the induction hypothesis). Thus Jay +... + a + ai] = |(ar +... + a) — (—as)| 
> |\(ar +... + ax)| — |—axuil| (by Exercise 21(b)) = |lay +... + ax] — Jacl] > Jar +... + ax] — Janu 
> |ai| — |ag| — ... — |ax| — |ax.i| (by the induction hypothesis). Hence the inequality holds for all 





n by induction. 


If f is even and odd, then f(—x) = —f(x) and f(—x) = f(x) = f(x) = —f(x) for all x in the domain of f. 
Thus 2f(x) =0 => f(x) =0. 


(a) As suggested, let E(x) = ee => E(-x)= Se ae = ee ee = E(x) => Eisan 
: - f(x) + f(—x f(x) — f(—x 
even function. Define O(x) = f(x) — E(x) = f(x) i J+ ) — & a ) Then 


O(-x) = ee fn Cy) — A ab fx) (teste ) = —O(x) => Ois an odd function 














=> f(x) = E(x) + O(x) is the sum of an even and an odd function. 

Part (a) shows that f(x) = E(x) + O(x) is the sum of an even and an odd function. If also 

f(x) = E;(x) + O;(x), where E; is even and O is odd, then f(x) — f(x) = 0 = (Ei (x) + O;(x)) 

— (E(x) + O(x)). Thus, E(x) — E(x) = O;(x) — O(x) for all x in the domain of f (which is the same as the 
domain of E — E; and O — O,). Now (E — E;)(—x) = E(—x) — E,(—x) = E(x) — E;(x) (since E and E, are 
even) = (E— E,)(x) => E-E, iseven. Likewise, (0; — O)(—x) = O;(—x) — O(—x) = —Oj;(x) — (—O(x)) 
(since O and O; are odd) = —(O;(x) — O(x)) = —(O; — O)(x) = Oj; — Ois odd. Therefore, E — E; and 
O, — O are both even and odd so they must be zero at each x in the domain of f by Exercise 23. That is, 


(b 


wm 








E; = Eand O; = O, so the decomposition of f found in part (a) is unique. 


y =ax?+bxto=a(x? + 2x4 #) —-Pic=a(x+ BE Fc 
(a) Ifa > 0 the graph is a parabola that opens upward. Increasing a causes a vertical stretching and a shift 
of the vertex toward the y-axis and upward. If a < 0 the graph is a parabola that opens downward. 


Decreasing a causes a vertical stretching and a shift of the vertex toward the y-axis and downward. 
(b 


we 


If a > 0 the graph is a parabola that opens upward. If also b > 0, then increasing b causes a shift of the 
graph downward to the left; if b < 0, then decreasing b causes a shift of the graph downward and to the 
right. 

If a < 0 the graph is a parabola that opens downward. If b > 0, increasing b shifts the graph upward 
to the right. If b < 0, decreasing b shifts the graph upward to the left. 
(c) Changing c (for fixed a and b) by Ac shifts the graph upward Ac units if Ac > 0, and downward —Ac 
units if Ac < 0. 


(a) Ifa > 0, the graph rises to the right of the vertical line x = —b and falls to the left. If a < 0, the graph 
falls to the right of the line x = —b and rises to the left. If a = 0, the graph reduces to the horizontal 
line y = cc. As |a| increases, the slope at any given point x = Xo increases in magnitude and the graph 
becomes steeper. As |a| decreases, the slope at xp decreases in magnitude and the graph rises or falls 
more gradually. 

(b 

(c) Increasing c shifts the graph upward; decreasing c shifts it downward. 


wm 


Increasing b shifts the graph to the left; decreasing b shifts it to the right. 


If m > 0, the x-intercept of y = mx + 2 must be negative. If m < 0, then the x-intercept exceeds 5 


=> 0O=mx+2andx>$ > x=-24>14 > 0>m>-4. 
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28. Each of the triangles pictured has the same base 


29. 


Chapter 1 Additional and Advanced Exercises 


b = vAt = v(1 sec). Moreover, the height of each 
triangle is the same value h. Thus 5 (base)(height) = $ bh 








A; = Ap = A3 =... . In conclusion, the object sweeps 
out equal areas in each one second interval. 


Kilometers 


(a) By Exercise #95 of Section 1.2, the coordinates of P are (2 ps0) = (3 ; b) . Thus the slope 


_ Ay _ b/2 _ b 


(b) The slope of AB = po == b . The line segments AB and OP are perpendicular when the product 


of their slopes is —1 = (2) (- b) =— eS . Thus, b? = a? => a= b (since both are positive). Therefore, AB 
is perpendicular to OP when a = b. 
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NOTES: 
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CHAPTER 2 LIMITS AND CONTINUITY 


2.1 RATES OF CHANGE AND LIMITS 


1. (a) Does not exist. As x approaches 1 from the right, g(x) approaches 0. As x approaches 1 from the left, g(x) 
approaches |. There is no single number L that all the values g(x) get arbitrarily close toas x — 1. 
(b) 1 
(c) 0 


2. (a) 0 
(b) —1 
(c) Does not exist. As t approaches 0 from the left, f(t) approaches —1. As t approaches 0 from the right, f(t) 
approaches 1. There is no single number L that f(t) gets arbitrarily close toast — 0. 


3. (a) True (b) True (c) False 
(d) False (e) False (f) True 

4. (a) False (b) False (c) True 
(d) True (e) True 

5. lim, RI does not exist because kl = {= 1ifx >Oand Bl = +, = —lifx <0. As x approaches 0 from the left, 
x— 


iz] approaches —1. As x approaches 0 from the right, iz] approaches 1. There is no single number L that all 


the function values get arbitrarily close toas x — 0. 


6. Asx approaches | from the left, the values of . become increasingly large and negative. As x approaches 1 
x-l 
from the right, the values become increasingly large and positive. There is no one number L that all the 
function values get arbitrarily close to asx — 1, so lim, ay does not exist. 
x — 

7. Nothing can be said about f(x) because the existence of a limit as xX — Xg does not depend on how the function 
is defined at xg. In order for a limit to exist, f(x) must be arbitrarily close to a single real number L when 
x is close enough to X9. That is, the existence of a limit depends on the values of f(x) for x near xo, not on the 
definition of f(x) at Xo itself. 


8. Nothing can be said. In order for lim, f(x) to exist, f(x) must close to a single value for x near 0 regardless of 
x. 


the value f(0) itself. 


9. No, the definition does not require that f be defined at x = 1 in order for a limiting value to exist there. If f(1) 
is defined, it can be any real number, so we can conclude nothing about f(1) from lim, f(x) = 5. 
x—- 


10. No, because the existence of a limit depends on the values of f(x) when x is near 1, not on f(1) itself. If 


lim, f(x) exists, its value may be some number other than f(1) = 5. We can conclude nothing about lim, f(x), 
x— x7 


whether it exists or what its value is if it does exist, from knowing the value of f(1) alone. 
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11. (a) f(x) = (x? — 9)/(x« 4+ 3) 








x —3.1 —3.01 —3.001 —3.0001 —3.00001 —3.000001 
f(x) —6.1 —6.01 —6.001 —6.0001 —6.00001 —6.000001 
x —2.9 —2.99 —2.999 —2.9999 —2.99999 —2.999999 
f(x) —5.9 —5.99 —5.999 —5.9999 —5.99999 —5.999999 
The estimate is_ lim f(x) = —6. 
x7 


(b) 





f(x) = (x? -— 9)/@ + 3) 








— 8 =9 _ +3)K—-3) _ : : = _ 
(ce) f(x) = Sy = = x 3ifx # —3, and | lim , (x 3)=-3-3=-6. 


12. (a) g(x) = (x? — 2)/ (x = v2) 


xX 1.4 1.41 1.414 1.4142 1.41421 1.414213 
g(x) 2.81421 2.82421 2.82821 2.828413 2.828423 2.828426 


(b) 





y 


| 
| 
aa 
| 
’ 


OX 
Va: v2 
g(x) = (x? — 2)/(x — V2) 


(c) g(x) = ae _ reer =x+/2ifxs eae a (x+ v2) = /24/2=2,/2. 














13. (a) G(x) = (x + 6)/ (x? + 4x — 12) 
x | —5.9 —5.99 —5,999 —5.9999  —5.99999  —5.999999 








G(x) —.126582 —.1251564 —.1250156 —.1250015 —.1250001 —.1250000 
x —6.1 —6.01 —6.001 —6.0001 —6.00001 —6.000001 
G(x) —.123456  —.124843 —.124984 —.124998 —.124999 —.124999 
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(b) 








-201 G(x) = (x + 6)/(x? + 4x — 12) 


(c) G(x) = Gay = reso = —, ifx# -6, and | lim | +=), =-}=-0.125. 








14. (a) h(x) = (x? — 2x — 3)/(x? — 4x +3) 
X 7 2.9 2.99 2.999 2.9999 2.99999 2.999999 








h(x) 2.052631 2.005025 2.000500 2.000050 2.000005 2.0000005 
Xx 3.1 3.01 3.001 3.0001 3.00001 3.000001 
h(x) 1.952380 1.995024 1.999500 1.999950 =1.999995 1.999999 


(b) 








h(x) = (x? — 2x — 3)/(x? — 4x + 3) 


_— x2-2x-3 _ («K-3)K+1) _ x41; : xt] _ 341 _ 4 _ 
(c) h(x) = x7-—4x4+3 — (x-3)(x-1 x1 if x # 3, and lim, x-1~ 3-17 27 2. 








15. (a) f(x) = (x? — 1)/(|x| — 1) 








x —1.1 —1.01 —1.001 —1.0001 —1.00001 —1.000001 

f(x) 2.1 2.01 2.001 2.0001 2.00001 2.000001 

x —.9 —.99 —.999 —.9999 —.99999 —.999999 

f(x) 1.9 1.99 1.999 1.9999 1.99999 1.999999 
(b) i 





f(x) = @? - Dal - 0) 


x 


-1 ] 
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xX 


(x+)D«~-1) _ 
Sey ee x <Oandx 4-1 





sand lim (1x) = 1—(-1) =2. 
x3 


a] &+ GD =x+1,x>Oandx#1 
(): 1) = er = 


16. (a) F(x) = (x? +. 3x +2) /(2 — |x|) 
x =e ~2.01 —2.001  —2.0001 —2.00001 —2.000001 








F(x) —1.1 —1.01 —1.001 —1.0001 —1.00001  —1.000001 
x —1.9 —1.99 —1.999 —1.9999 —1.99999 —1.999999 
F(x) —.9 —.99 —.999 —.9999 —.99999 —.999999 
(b) 
y 
1 
20 | F(x) = (x? + 3x + 2)/(2— Ix) 











-60 





(c) F(x) = 23222 = —- neM) and lim _(x+1)=—-24+1=-1. 
2— |x G+9OtD —x+1,x<Oandx4#-2’ x7 -2 


17. (a) g(@) = (sin 0)/0 
0 7 Jl 01 001 .0001 .00001 .000001 








g(8) 998334 999983 999999 999999 .999999 .999999 
7 —.1 —.01 —.001 —.0001 —.00001 —.000001 
g(8) 998334 999983 .999999 .999999 .999999 .999999 
han By) <1 
b 
(b) y 


y= ue (radians) 








6 
NOT TO SCALE 
18. (a) G(t) = (1 —cos t/t? 
t Bi 01 001 0001 00001 000001 
Gi 499583. ~.499995.~.499999—S5 5 5 
t = Ot —.001 —,0001 —,00001  —.000001 





G(t) 499583 499995 499999 ) me) me) 
im, G(t) = 0.5 
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(b) 





+0.0003 +0.0001 0.0001 0.0003 


Graph is NOT TO SCALE 


19. (a) f(x) = x!/G-») 
x 9 99 999 9999 .99999 999999 





348678 366032 367695 367861 367877 367879 





f(x) 
x 1.1 1.01 1.001 1.0001 1.00001 1.000001 
f(x) 385543 369711 368063 367897 36788 1 367878 


lim, f(x) & 0.36788 
KF 
(b) 





0.99995 
2.71815 
Graph is NOT TO SCALE. Also the intersection of the axes is not the origin: the axes intersect at the point 


(1, 2.71820). 


0.9999 


20. (a) f(x) = (3*— 1)/x 
x | 4 Ol 001 0001 00001 000001 


1.161231 1.104669 1.099215 =1.098672 ~=1.098618 = 1.098612 








f(x) 
x —.1 —.01 —.001 —.0001 —.00001 —.000001 
f(x) 1.040415 = 1.092599 =: 1.098009 ~=—s-: 1.098551 =: 1.098606 1.098611 


lim_ f(x) © 1.0986 
x—-0 
(b) 





21. lim 2x = 2(2)=4 22. lim 2x = 2(0)=0 
x72 x—0 





x7 


23. lim, Gx —1)=3(3) -1=0 24. dim, so = ast = 72 
3 
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25, 


27. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 
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. . xX _ 2 

im, 3x(2x — 1) = 3(—1)(2(-1) — 1) = 9 26. lim | 2 = pat =3=-1 
jim, xsinx = % sin} = 3 28. lima SS = OS 

Af _ £6)—f2) _ 28-9 _ Af _ f()-f-1) _ 2-0 _ 
@:. 3, =" 344 >, — ©) "sen > = 

Ag _ gd)-g(-l) __ 1-1 _ Ag _ g(0)-g(—2) _ 0-4 _ 
(a) Ag = =D =a (b) a OD Sg 

h (32) —h (2 _1- h(&) —h(Z = = 

(a) on = aa = 15 Te 4 (b) au — LEA 0) 28 = ave 
One Se OR ae 
AR _ RQ)-RO) _ y8ti-~vi _ 3-1_ 
Ad 2-0 2 Os, 
AP _ neyo) _ a ei an) eH a 
(a) Q Slope of PQ = 42 

Q,(10, 225) S30 — 22 = 42.5 m/sec 

Qo(14, 375) S032 = 45.83 m/sec 

Q;(16.5, 475) Sr — 473 — 50.00 m/sec 

Qu(18, 550) $30 — 550 — 50.00 m/sec 
(b) Att = 20, the Cobra was traveling approximately 50 m/sec or 180 km/h. 
(a) Q Slope of PQ = 4° 

Qi (5, 20) = 20 = 12 m/sec 

Q2(7, 39) w=? = 13.7 m/sec 

Q3(8.5, 58) 8 = 14.7 m/sec 

Qu(9.5,72) S82 = 16 misec 
(b) Approximately 16 m/sec 
(@) 

g 200 

= 100 

a 

0 1 1 ! >x 
90 91 92 93 94 
‘Year 

(b) ae = ts = ie = 56 thousand dollars per year 
(c) The average rate of change from 1991 to 1992 isSP = wit = 35 thousand dollars per year. 


11-62 


The average rate of change from 1992 to 1993 isS2 = mints = 49 thousand dollars per year. 


So, the rate at which profits were changing in 1992 is approximatley 5(35 + 49) = 42 thousand dollars per year. 
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Section 2.1 Rates of Change and Limits 


38. (a) F(x) = (x + 2)/(x — 2) 
























































x 1.2 1.1 1.01 1.001 1.0001 1 
F(x) —4.0 —3.4 —3.04 —3.004 —3.0004 —3 
AF _ —4.0-(-3) _ z AF _ —34-(-3) _ ae 
i = —Ta-7 = — 9-0; ie = eg 7 = ae 
AF _ —3.04—(-3) _ Oa: AF _ —3.004—(-3) __ Dna: 
ar =r a = —~Toor-1 = — 4-004; 
AF _ —3.0004—(—3) _ Anna: 
ie = ~Too00r-1 = —4-0004; 
(b) The rate of change of F(x) at x = 1 is —4. 
39, (a) 8 = s@=aM = V2-1 0.414213 As — s5)—a() _ V15—1 ~ 0.449489 
Ag _ gi+h)—g() _ 1+h-1 
Ax (+h-l — h 
(b) g(x) = \/x 
1+h 1.1 1.01 1.001 1.0001 1.00001 1.000001 
V1l+h 1.04880 1.004987 ~=1.0004998 =1.0000499 1.000005 1.0000005 
(v 1+h—- 1) /h | 0.4880 0.4987 0.4998 0.499 0.5 0.5 
(c) The rate of change of g(x) at x = 1 is 0.5. 
(d) The calculator gives i viet = $. 
=> 
40. (a2) i) MBL br Fa 1 
Py AT) —42 A 8 _ _ 
ii) o 7 To2 = To? Tia > = STIPE = ap lt 2 
(b) T 2.1 2.01 2.001 2.0001 2.00001 2.000001 
f(T) 0.476190 0.497512 0.499750 0.4999750 0.499997 0.499999 
(f(T) — £(2))/(T — 2) | —0.2381 —0.2488 —0.2500 —0.2500 —0.2500 —0.2500 





(c) The table indicates the rate of change is —0.25 at t = 2. 


(@) Jim, (44) =-} 


41-46. Example CAS commands: 


Maple: 
f :=x -> (x4 — 16)/(x — 2); 
x0 := 2; 


plot( f(x), x = x0-1..x0+1, color = black, 
title = "Section 2.1, #41(a)" ); 

limit( f(x), x = x0 ); 
In Exercise 43, note that the standard cube root, x‘(1/3), is not defined for x<0 in many CASs. This can be 
overcome in Maple by entering the function as f := x -> (surd(x+1, 3) — 1)/x. 
Mathematica: (assigned function and values for xO and h may vary) 

Clear[f, x] 

f[x_]:=(x? — x? — 5x — 3)/(x + 1) 

x0= —1;h= 0.1; 

Plot[f[x],{x, xO — h, x0 + h}] 

Limit[f[x], x — x0] 
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2.2 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


Chapter 2 Limits and Continuity 


CALCULATING LIMITS USING THE LIMIT LAWS 


lim 2x +5)=2(-)+5=—14+5=—9 
x3 

lim, (—x? + 5x — 2) = -(2)? + 52) 
. 

lim , (x? — 2x? + 4x + 8) = (—2)3 — 
x3 


im, &(t — 5)(t — 7) = 8(6 — 5)(6 —7) = —8 




















2. im, (10 — 3x) = 10 — 3(12) = 10 — 36 = —26 


—~2=-4410-2=4 


2(-2)? + 4(-2) + 8 = -8 -8-8+8=—16 


6. lim, 3s(2s — 1) = 3 (3) [2(3) - 1] = 


s— 3 





: x+3 _ 243 _ 5 : 4 _ 4 4 
dim, x46 = 746 =38 8 Am, 7-5-7 = a= 2 
: Bo ES 2 B55 
jute oa 5—(—5) 10 2 
slim +2 242 -_ 4 _4 _1 
32 y rae = @24+52)+6 441046 20 5 
lim 1 3(2x — 1)? = 3(2(—1) — 1)? = 3(—3)? = 27 
x7 — 
im. 4+ 3) 1984 =(- 4+ 31984 — (— 1)1984 — =] 
: 4 
lim, 6 — yt? = [5 — 3) = 8 = (WA) = 24 = 16 


Him, (22 — 8)1/8 = (20) — 848 = (—8)18 = —2 































































































3 = 3 oy ie 
nim, J3h+1+1 V30)+1+1 V1i+1 2 
; 5 5 _ 5 _5 
nim, J5h+442 V5(0) +4 +2 V44+2 4 
; 3h+1—1 ; 3htl—-1 /3h+i+1 : Gh+1)—1 : 3h . 3 
lim = lim . = lim ~~ = lim — = lim 
30 h =0 h V3h+1+1° h-+0 n(./3h+1+1) h—0 n(/3h+1+1) h—>0 V3h+1+1 
— 3 = 3 
Ji#t 2 
lim Mobt4-2 _ ] VSh+4—2  V5h+4+2 _ yi, _(Ght+4)—4  _ iy SR 
h—->0 h h—0 h Vsh+4+2 °° h+0 n(/5h+4+2) h—0 n( /3h+4+2) h—>0 V5h+4+2 
V4+2 4 
: x-5 _ = 1 _ ee 
Jim, eos Jim, aT 5 Jim, x+5 —~ 545 — 10 
: x+3 H 1 — 
im, epacs =, lim, eTHeED = = lm, si = ap 2 
; 2 43x — 5\(x—2) ; 
lim x? +3x-10 _ lim (x+ = = _ 
x3-5  *x+5 x>-5  xXt+5 gute ee a2 se 
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33. 


34. 
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Section 2.2 Calculating Limits Using the Limit Laws 






























































ey are ae Se 

rat a? = lim, Gone = im, aa = i =3 

fim, FEES = Jim, Gn = lim, AF = == 3 

im, a= lim, Zorp =, lim, FHPa-3 

Rae ae ~ an TGAt a a 16 - = - 2 

sim, SEb= im, SRG AES — fim, SERED — ED = § 

go 76> — CHESS = jim, we Sey = “Oe == 38 

a = =o NRT = tt aes = es a= 

Jim, S=5 = jim, 42 = tim, SEFYI CHV) = him, x (2+ Vx) = 42 +2) = 16 








(=D (VeF342) ee =D (VRS +2) _ dim, (Vx+3 +2) 


. x-—1l — i 
aa Vxt+3-2 ey (Vx+3-2) (Vx4+34+2) x1 «K+3)-4 


=/442=4 


























iia 48-3 ieee (Vx?+8-3) (Ve+8+3) lim (x248)—9 
xo -l <1 ia ete (+1 (Vx? +843) eens (+) (Vx +8 +3) 
lim «+ )Da—-) — lim x-1 a 
aed «+O (Versa) xsl Vers+3 343 3 
lim V@+2-4 — yim (VP +12-4) (Ve +I2+4) lim _@?+12)-16 
x2 x—2 x—2 (x-2) (Vx? +12 +4) ere) (x-2) (Vx? +12+4) 


(x — 2)(x + 2) = fim e409 4 = 





lim 


~ 20 (ve +i2+4) x52 Vedl7¢4 Jle+4 2 














x42 = (x+2) (Ve + +3) (x +2) (VP +5+3) 


xy Jaes—3 x 2 (Feas-3) (Verasa8) xe IT 























. (x +2) (Vx?+543 . 
= lim ( )_ lina, Se — W548 W 3 


oo eae. eg Ft 3 











tim 2=¥#=5 — jig On-VP=5)Q+VEH5) _ gy Ants) 
x>-3 +3 x 3 (x+3)(24 x? 5) x 3 (x+3)(24 o 5) 


9-x? : (—x)(3+x) _ 


lim |. ——_~-*—— = lim lim 3-x_ _ _ 6 =3 
x 3 (x +3)(24 Vx 5) x 3 +3) (24+ Ve = 5) x75 -324Ve8-5 2474 
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36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


45. 


46. 


Chapter 2 Limits and Continuity 


: 4 = “ih (4—x) (5+. Vx? +9) 
ging 5 fees — xy Gees) (sevEos) xs SO 











= m 





<3 fie (4—x) (5+. Ve? +9) (4—x) (5+. V2 +9) = 54Ve49 _ 54/25 _ 5 
ane cue) 16 — x2 e394 (4—x)(4+x) Sd 4+x _ 8 ~~ 4 


(a) quotient rule 
(b) difference and power rules 
(c) sum and constant multiple rules 


(a) quotient rule 
(b) power and product rules 
(c) difference and constant multiple rules 


(a) Jim, f(x) g(x) = lim f%)| lim a(x)| = (5)(—2) = —10 


slim, 2f(x) g(x) = 2 lim £00] lim, 2(x)| = 2(5)(—2) = —20 


(b iA —* € 
(c) Jim, [f(x) + 3g(x)] = Jim, f(x) +3 Jim, g(x) = 5 +3(-2) = -1 


wm 


. fo) jim f(x) ee eee 
(d) Jim, mw sa) Jimio—jmew 3-2) ~ 7 


xc 





(a) lim [g(x)+3]= lim g(x)+ lim 3 =-34+3=0 
x4 x—4 x4 

(b) lim xf(x)= lim x- lim f(x) = (4)(0) =0 
x74 x4 xo4 


2 
(c) lim, [g(x)]? = [ lim, 2(%)| =[-3? =9 





lim g(x) 
d lim g(x) — _ x4 ‘ — -3 —_ 
( ) x34 f(x)-1 iim f(x) — iim 1 0-1 3 


(a) dim, (f(x) + g(x)] = im, f(x) + dim, g(x) =7+(-3)=4 
‘lim, f(x) - 20 = | tim, £69] | tim, eGo] = (7-3) = -21 


(c) Jim, 400) = | lim, 4] | lim, 200] = @(-3) = -12 
(d 


(b 


Ye 


wm 


im, f(x)/g(x) = im, fOx)/ lim sy=Ha 3 


(a) lim, [p(x) + r(x) +809] = _ lim, p(x) +_ lim r(x) + lim, s@s) =4+0+(-3) = 1 
_ lim , pOo) 1x) - s(x) = [_ tim, poo] | tim, x60] | lim , soo] = 0-3) = 0 


(c) lim, [—4p() + Sr()/s(x) = [-4. lim , p(x) +5_ lim, r(x)] i _ lim, 80) = [-4(4) + 5@)/-3 = 8 


(b 


wm 











: ?— 1? : 2 : h(2 +h) : 
lim Gt—E = jim 142ht+h’—-1 — Jim 2@+) — jim (2 +h) =2 
h>0 B h—>0 A hoo 4 Pa ) 

04h? — (2) . = a ; = : 
lim (2th? -©2" _ Jim A—ahthi—4 lim ma- 4) lim (h—4) = —4 
h-0 h-0 h—0 h-0 
lim [32 +h) ~ 4] — (3) — 4] _ lm 2 =3 
h>0 7 hoo 4 
- (sen) - (3) § op se = 2-2 _ “ho 4 
nee h = 0 yl), ae a) ee 
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Section 2.2 Calculating Limits Using the Limit Laws ag 








: TTh-Vi (V7+h- v7) (V7+h+ v7) a G4+n-7 
aT ast h ee ee n(V7+h+ V7) = h(V7+h+ V7) 


h 


- . = . 1 = 1) 
=a n(V7+a+V7) Qn ae a 














. V30Fh)+1-/30)41 _ 4. (/3h+1-1) (V3h+1+1) er @Gh+1)-1 
sa ree b ar eat n(/3h+1+ 1) ey n(/3h+1+1) 


3h 3 


= lim = lim ——3— = 3 
h—-0 n(/3h+1+1) hoo V3h+1+1 2 


49. lim, V5 — 2x? = /5 — 20) = \/5 and lim, V5 —x? = /5— OP = \/5; by the sandwich theorem, 
x— x— 
lim. f(x) = /5 
x70 


50. lim, (2 — x) = 2—0=2and lim, 2 cos xX = 2(1) = 2; by the sandwich theorem, lim, g(x) =2 
x— x— x— 


: xr \ _ 0 _ s a - : xsinx  __ 
51. (a) Jim, (1 - =) =1—,=1and Jim, 1 = 1; by the sandwich theorem, Jim, Toeosx =! 
(b) For x 4 0, y = (x sin x)/(2 — 2 cos x) y 


y = (x sin x)/(2 — 2 cos x) 





lies between the other two graphs in the 
figure, and the graphs converge as x — 0. 





: 1 xe) 4; 1 : el ll : 1 ile : 
52. (a) Jim, (3 _ 5) = Jim, a Jim, m= 3 0= 5 and Jim, 3 = 55 by the sandwich theorem, 
lim 298% = 3, 
x70 a 
(b) For all x 4 0, the graph of f(x) = (1 — cos x)/x? y 
grap. 


lies between the line y = 5 and the parabola 


y= $ — x?/24, and the graphs converge as x — 0. 








53. lim, f(x) exists at those points c where lim, x* = lim, x*. Thus, c* = c? = c?(1 —c”) =0 


=> c=0,1,or—1. Moreover, lim f(x) = lim x?=Oand lim. f(x) = lim f(x) = 1. 
x—0 x0 x—-l1 xl 


54. Nothing can be concluded about the values of f, g, and h at x = 2. Yes, f(2) could be 0. Since the 





conditions of the sandwich theorem are satisfied, lim, f(x) = -—5 £0. 
x— 
_ % to3_ Jae? ee - _ _ 
55. 1 = lim, x2 “Iimxa im 2 T= => dim, f@) — 5 = 20) => dim, f&) =2+5=7. 
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l= ii f(x) _ lim, fo) tim, f(@) li fi —4 
a a al aaa a 


(6) 1= lim, S =| tim, ©) [ tim, 4] =[ tim, ©] (4) > tim, @ = -2. 


x— -2 x7 -2 





7.) 0=3-0= lim mat [i X= 2)| = lim, (25) (x — 2)| = lim, [f(x) — 5] = Jim, f(x) — 5 


= 


=> lim f(x) =5. 
x72 





(i) 04-0 [ im a [lim (x-2)] > lim. f(x) = 5s in part (a). 
* x K-42 x—2 





2 
Se ty) Old = [lim 2) [lim x] = [lim 2] [lim x| = lim | -x?] — lim f(x). Thatis, lim f(x) = 0. 
Qo * 0 7 0 x-0L* x0 x0 


x—0 x— 


(b) 0=1-0=| lim 1) [lim x] = lim [+x] = lim ©. Thatis, lim ™ =o. 
0 * 0 => * x0 * x70 * 


= 


59. (a) lim. xsin? =0 y 
x70 





(b) -1< sin + <1 forx 40: 
x>0O > -x<xsin i <x > lim, x sin 1 = 0 by the sandwich theorem; 
x—- 


x<0O => -x>xsin 


le 


>x => lim, X sin i = 0 by the sandwich theorem. 
1 = 


60. (a) Jim, x’ cos (4) =0 





(b) -1 <cos (4) <1 forx #0 > —x? <x’ cos (4) <x => lim, x° cos (4;) = 0 by the sandwich 
x— 


x x 


theorem since lim x? = 0. 
x70 


2.3 PRECISE DEFINITION OF A LIMIT 


1, ~—————_—>: 


1 5 i 
Step1l: |x-—5| <6 => -6<x-5<6 => -64+5<x<6+5 
Step2: 64+5=7 > 6=2,0or-64+5=1 > 6=4. 
The value of 6 which assures |x — 5] <6 => 1 <x < 7is the smaller value, 6 = 2. 
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10. 


11. 


Section 2.3 Precise Definition of a Limit 


a(t x 
live: 7 
Step1:  |[x-2) <6 => -6<x-2<6 => -64+2<x<6+42 
Step2: -—6+2=1=> 6=1or6+2=7 => 6=5. 
The value of 6 which assures |x — 2| <6 => 1 <x < 7is the smaller value, 6 = 1. 


x 
-7/2 -3 -1/2 


Step1: |x -—(-3)| <6 > -6<x4+3<6 => -6-3<x<6-3 
Step2:; -6-3=-{4 => 6=},0r6 -3=—-5 = 6=3. 


The value of 6 which assures |x — (—3)| <6 => — i <xk<- ; is the smaller value, 6 = S. 


SO 
fae a se 
2 Bee 


al 
2 
Step1: |x — (—3)| <6 > -6<x+3<6 = -6-i<x<6-3 
Step 2: -§-3=-1 > 6=2,or6 -2=-3 => 6=1. 


The value of 6 which assures |x — (- 3)| <6> - i <xK<- 5 is the smaller value, 6 = 1. 


x 


4/9 V/2 AIT 
Step1:  |x-—4|<6 = -6<x-}<6 = -6+}<x<64+} 
Step2: -6+5=$ > 6=f,0rd6+}4=3 > 6= 4H. 


The value of 6 which assures |x _ | <é6> ; <x< $ is the smaller value, 6 = x: 


—__—_——_}+——_}——> x 
2.7591 3 3.2391 
Step1:  |x-3| <6 => -6<x-3<6 > -64+3<x<6+4+3 
Step2: —6+3=2.7591 > 6 = 0.2409, or6+ 3 = 3.2391 > 6 = 0.2391. 
The value of 6 which assures |x — 3] < 6 = 2.7591 < x < 3.2391 is the smaller value, 6 = 0.2391. 


Step1: |x-—5| <6 => -6<x-5<6 => -64+5<x<6+5 
Step 2: From the graph, -6+5=49 > 6=0.1,or6+5=5.1 => 6 =0.1; thus 6 = 0.1 in either case. 


Step1: |x —(—3)| <6 > -6<x4+3<6 > -6-3<x<6-3 
Step 2: From the graph, —6 -3 = —3.1 > 6=0.1,or6-3=—2.9 => 6=0.1; thus 6 = 0.1. 





Step]: |[x-1] <6 => -6<x-1<6 5S -641<x<6+41 

Step 2: From the graph, —6 + 1 = % => 6=f,or6+1=2 => 6= 4;thus6= 2. 
Step1:  |[x-3| <6 => -6<x-3<6 => -643<x<64+3 
Step 2: From the graph, -6+3=2.61 > 6=0.39,0or6+3=3.41 => 6 =0.41; thus 6 = 0.39. 


Step1:  |x-2)|<6 => -6<x-2<6 => -64+2<x<6+42 


Step 2: From the graph, -6 +2 = 3 > 6=2-/3 © 0.2679, or6+2=\/5 => 6= 5-2 0.2361; 
thus 6 = \/5 —2. 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
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Chapter 2 Limits and Continuity 


Step 1: 
Step 2: 


Step 1: 
Step 2: 


Step 1: 


Step 2: 


Step 1: 


Step 2: 


Step 1: 


Step 2: 


Step 1: 


Step 2: 


Step 1: 
Step 2: 


Step 1: 


Step 2: 


Step 1: 
Step 2: 


Step 1: 
Step 2: 


Step 1: 
Step 2: 


Ix-—(-D| <6 => -6<x4+1<6 => -6-1<x<6-1 
From the graph, -6 -1=— YS > 6 = Y5=? ~0.1180,0r6 -1=— “3 = 6 = 25%) ~ 0.1340; 
thus 6 = Y=2, 





Ix—(-D| <6 => -6<x4+1<6 => -6-1<x<6-1 


From the graph, —6 — 1 = — => 6= 3 = 0.77, oré 1= is => * = 0.36; thus 6 = 2% = 0.36. 





Jx—5|<6 > -6<x-f<6 
From the graph, —6 + $ = sq = 
thus 6 = 0.00248. 


<6 > -64+35<x<64+ 5 
6 


sor * 0.00248, or 6+ 5 = 755 > 6 = poy — 5 © 0.00251, 


2.01 1.99 99° 2 ™~ 


(x+1)—5| < 0.01 => |x-4| < 0.01 > —0.01<x-4<0.01 => 3.99<x< 4.01 
x-4<6 => -6<x-4<6 => -64+4<x<64+4 => 6=001. 


(2x — 2) — (-6)| < 0.02 > |2x+4|<002 > —0.02<2x4+4<0.02 > —4.02 < 2x < —3.98 
=> —2.01 <x < —1.99 
x—(-2)| <6 > -6<x+4+2<6 > -6-2<x<6-2 > 6=0.01. 


Vx+1-1) <0. = 01<./ep1-1<01 > 09 <4e4i1<1i = 081 <x41<121 


=> -0.19<x<0.21 
x—O0| <6 = -—6 <x <6. Then, —6 = —0.19 > 6 = 0.19 or 6 = 0.21; thus, 6 = 0.19. 


f/x—-3|<01 > -01< /x-§<01 > 04< kK <06 > 016 <x < 0.36 
x—G|<6 > -6<x-}4<6 > -64+4<"<64}. 
Then, —6 + § =0.16 = 6 =0.09 or6 +} = 0.36 = 6 =0.11; thus 6 = 0.09. 





V19=x-3| <1 & 2/1 $92 a S419 4 Sk SAS 1 e < 16 


=> -4>x-19>-16 => 15>x>30r3<x< 15 
x-10)<6 => -6<x-10<6 > -64+10<x<6+10. 
Then -64+ 10=3 = 6=7,0r64+10=15 = 6=5;thus 6 =5. 





vx-7-4| <1 => -l<Vx-7-4<1353 3<Vx-7<5 53 9<x-7<25 = 16<x< 32 


x—23)}<6 => -6<x-23<6 => -64+23<x< 6423. 
Then —6+ 23 = 16 => 6=7,0r6+23 =32 => 6=9; thus 6 = 7. 





1 i| < 0.05 > -0.05<i-}4<005 > 02<1<03 > Pox>PorP<x<s. 


x-4<6 > -6<x-4<6 > -644<x<644 
Then —6 +4 = 2 or 6 = 4,016 +4 =5oré = 1; thus 6 = 2. 





|x? - 3) <01 > -0.1<x°-3<01 > 29<X<31 3S V29<x< V3.1 


k- V3] <6 Pag 4/5 Ob es a ae Ga 5. 


Then —6 + /3 = /2.9 > 6= /3—- V2.9 ¥ 0.0291, or 6+ /3 = V3.1 > 6= /3.1— V3 © 0.0286; 


thus 6 = 0.0286. 
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24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


Step 1: 


Step 2: 


Step 1: 
Step 2: 


Step 1: 
Step 2: 


Step 1: 
Step 2: 


Step 1: 


Step 2: 


Step 1: 
Step 2: 


Step 1: 
Step 2: 


Step 1: 


Step 2: 


Section 2.3 Precise Definition of a Limit 


|x? —4| <0.5 => -0.5 <x? -4<05335<x2 <455 35 < |x| < /45 = -V/45<x< -V35, 
for x near —2. 

Ix—(-2)| <6 => -6<x4+2<6 => -6-2<x<6-2. 

Then —6 -2=-\/45 > 6=\/45—2 0.1213, or 6 -2=-V35 > 6=2- 35 0.1292: 
thus 6 = \/4.5 —2 + 0.12. 





|t-(-b| <01 > -01<24+1<01 > -P<i<-3 5 -Box>-Por-BPex<-. 
Ix—(-D| <6 => -6<x4+1<6 => -6-1<x<6-1. 
Then -6 -1=-2% > 6=3,0r6-1=-—7 => 6= 4; thusé = 4. 


(x2 —5)— 11] <1 => |x2?- 16] <1 > -1<x-16<1 53 15<xX<17 5 VI5<x< yv'17. 
Ix-4|<6 => -6<x-4<6 => -644<x<64+4. 

Then —-6 +4= 15 > 6=4- \/15 ~ 0.1270, ord +4= J17 > 6= 17-4 0.1231; 

thus 6 = 17-4 + 0.12. 


M_s}<1 > —-1<-5<1 5 4<%<65 5>H>k = 30>x>200r20 <x < 30. 


x 


x—24,<6 > -6<x-24<6 > -6424<x< 6424. 
Then —6 + 24=20 => 6=4,0r6+24=30 => 6=6;thus > 6=4. 


mx — 2m| < 0.03 = —0.03 < mx — 2m < 0.03 = —0.03 + 2m < mx < 0.03+ 2m > 
9-08 ee 294 20 

x-2|<6 => -6<x-2<6 > -642<x<642. 

Then —6 + 2 = 2— 28 => 6 = 9B ord +2=24 28 => t=. In either case, 6 = 223, 


m 





mx = 3m] <¢ => -e< mx —3Im <¢ > -64+3m< mk <e+3m > 3-F<x<3944 
x-3|<6 => -6<x-3<6 => -64+3<24<6+43. 
Then-6+3=3-—— > 6=¢,0r6+3=3+ 5 => 6=<. Ineither case, 6 = ©. 


m m 





|(mx +b) — (2+b)|<e¢ > -c<mx—B<c > -c+B<m<ct+® S f-Lex<h+?. 
Ix—3| <6 > -6<x-} <6 > -6+4<x< 6+}. 

Then —6 +5 =43-£ > 6=£,0r6+5=54+5 = 6=£. Ineither case, 6 = £. 

|(mx + b) — (m+ b)| < 0.05 = —0.05 < mx—m<0.05 > —0.05+m< mx <0.05+m 
=>1-M cx <1+4 2. 

Ix-I|<6 => -6<x-1<6 => -641<x<6+41. 

Then —6 +1 =1- %% => 6 = 28 or6 +1=1+ 2% => 6 = 208. In either case, 6 = 2%. 


m 


lim. (3 — 2x) = 3 — 2(3) = -3 
x33 


Step 1: 


Step 2: 


gy 


Step 1: 





|(3 — 2x) — (—3)| < 0.02 = —0.02 <6—2x < 0.02 > —6.02 < —2x < —5.98 = 3.01 > x > 2.99 or 
2.99 <x < 3.01. 

0<|x—3|<6 > -6<x-3<6 > -643<x<643. 

Then —6+3=2.99 > 6=0.01, or6 +3 =3.01 = 6 = 0.01; thus 6 = 0.01. 





3x — 2) =(-3)(-D) -2=1 
\(—3x — 2) — 1] < 0.03 = —0.03 < —3x-3 < 0.03 => 0.01 >x+1>-0.01 > —1.01 <x < —0.99. 
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33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 
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Step 2: 





Ix-—(-Ll| <6 => -6<x4+1<6 => -6-1<x<6-1. 
Then —6 —-1=~-—1.01 > 6=0.01, ord —1=—0.99 = 6 = 0.01; thus 6 = 0.01. 


af = lim, S42652 = him, (x+2)=24+2=4,x 42 


x2 








(258) - 4] < 0.05 + -0.05 < S428 — 4 < 0.05 > 3.95 <x+2<4.05,x #2 
=> 195<x<2.05,x £2. 


x-2|<6 => -6<x-2<6 > -642<x<642. 
Then —-6+2=1.95 => 6=0.05, or6 +2 =2.05 = 6 =0.05; thus 6 = 0.05. 


= lim, Se lim (x +1) = —4,x # —S. 
(28982) - (—4)| < 0.05 > 0.05 < SD 4 4.< 005 4.05 <x +1 <—3.95,x 4-5 
=> -5.05<x< —4.95,x#—S. 


x—(-5)| <6 => -6<x+5<6 => -6-5<x<6-5. 
Then —6 —5 = —5.05 => 6 = 0.05, or 6 —5 = —4.95 => 6 = 0.05; thus 6 = 0.05. 











jim, V1 - 5x = V1—5(-3) = /16=4 


ds 1: 


Step 2: 


Step 1: 
Step 2: 


Step 1: 
Step 2: 


Step 1: 
Step 2: 


Step 1: 


Step 2: 


Step 1: 


| V1 = 5x -4| <05 > -0.5< /1—5x-4<05 => 35< VY1—5x<45 = 12.25 < 1—5x < 20.25 
=> 11.25 < —5x < 19.25 => —3.85 <x < —2.25. 

Ix —(—3)| <6 > -6<x+3<6 > -6-3<x<6-3. 

Then —6 —3 = —3.85 => 6 = 0.85, or 6 — 3 = —2.25 = 0.75; thus 6 = 0.75. 


—_ 4 2 


> — 
4_2)<04 > -04<4-2<04 5 16<4<245 P>ists 2? 
Ix-2)<6 > -6<x-2<6 > -642<x< 642. 


Then —6 +2 = 3 > 6=4,0r6+2=3 => 6 = 4; thus 6 = . 


>x> Cori <x<3 





(9 -—x)-5|<e>-€<4-x<eS3-€-4< -x<e€-456€4+4>x>4-€54-€<x<4t+e. 
Ix—4|<6 > -6<x-4<6 > -644<x<644. 
Then —-6+4=-€4+4 => 6=6€,0r6+4=€+4 => 6=c. Thus choose 6 = e. 


Ct 7)—2| <6 2 ara OK eS Ome sees S SH eS. 
x—-3)<6 > -6<x-3<6 > -643<x< 643. 
Then -6+3=3-—5 > 6=4,0r6+3=3+5 = 6= §. Thus choose 6 = 3. 


Vx-=5-2)|<e => -e< /x—-5-2<e€ > 2-e€< Vx—-5<2+e => Q-6% <x-5<(2+6) 
> 2Q-6745<x<(Q+e6?+4+5. 

x-9 <6 > -6<x-9<6 S -649<x< 649, 

Then -6+9=@—4€+9 => 6=4€-—€,0r64+9=€+4€+9 => 6=4e+€?. Thus choose 


the smaller distance, 6 = 4e — e?. 





\V4—x- Ce ea ee ee ee ee ea ee re ee ee ee eae 


> -24+6?<x-4<-Q-67 > -Q4+6?4+4<x<-Q-64+4. 
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41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


Step 2: 


Step 1: 


Step 2: 


Step 1: 


Step 2: 


Step 1: 
Step 2: 


Step 1: 


Step 2: 


Step 1: 
Step 2: 


Step 1: 
Step 2: 


Step 1: 


Step 2: 


Step 1: 

















Section 2.3 Precise Definition of a Limit 
Ix-O) <6 > -6<x<6é. 
Then —6 = —(24+ 6? +4=-€—4de > 6=4€+ €, 0rd = —(2— 6)? +4 = 4€ — €?. Thus choose 
the smaller distance, 6 = 4e — e. 
For x £1, |x?-I]<e > -e<x?-1l<e S 1l-e<xw<lte > Vl—-€<|x|< Jlt+e 
=> Vl-e<x<vVl+enearrz=1. 
Ix-—I|<é6 > -6<x-1<6 => -641<x<641. 
Then -6+1=V/l—-e€ => 6=1-V1l-—-e¢oré6+1=VJlt+e = 6=,/1+€-—1. Choose 
6 = min {1 —-vVl-e,J/l+e- i}, that is, the smaller of the two distances. 
For x # —2, |x?-4|<e« 3 -e<x?-4<€ 3 4-e€< xX <4+e 3 V4-€< |x| < V4+.e 
—-V4+e<x<—-vV/4-enearz = —2. 
Ix-—(—2)|<6 => -6<x42<6 => -6-2<x<6-2, 
Then —§ —2=—\/44+e > 6=+/44e-2,0r6-2=-\/4—€ > 6=2—,/4—€. Choose 
6 =min{ /4+e-2,2-V4-e}. 
-i]<e> -e<! a 
Ix-I|<é6 > -6<x-1<6 5S 1-6<x<1+6. 
Tues aye ON ae ee ol+6=>+ 53 6=,-1=<¢ =e 
Choose 6 = Tae 3 the smaller of the two distances. 
lz -—$l<e > -e<3-}<e > f-e<$¥<ftes 5<'< GES Pero Gr: 





=> rex <lkl< 1/7 or / peg << 4/ Pe 3— for x near \/3. 


Ba ee ee ee eee 
Then \/3 — 6 = rg > 6=V3-V peor V34+6= ce > 6= Ve - V3. 
Choose 6 = min { /3 Vf rex Tox V3}. 


(S 2) -(- 6)| <e Sieg eG eek 3 Spee bse so - gee ee 5, 

















x43 
Ix —(—3)| <6 => -6<x+3<6 => -6-3<x<6-3. 
Then —6 —-3=-e€-—3 => 6=c¢,0r6-—3=e€-3 => 6=€. Choose dé =e. 





(= L) 2) <e => -e<(x+])l-2<6x4l1l > 1-e<x<lte. 


x-l 
Ix-I]|<6 > -6<x-1<6 3S 1-6<x<1+6. 
Then 1 —6=1-—e€ > 6=c¢,orl+6=1+e => 6=€c. Choose 6 = «. 


x< 1: |(4—2x)—-2|<e > 0<2—2x <e sincex < 1. Thus,1-—§ <x <0; 
x> 1b (ox -—4)—-2) ce > 05 Ox —6<e sincex > 1. Thus, 1 <x < 1+. 
Ix-I|<6 => -6<x-1<6 S1-6<x<1+6. 

Thenl-—6=1-—5 > 6=5,0r1+6=1+¢ => 6= §. Choose 6 = &. 

x <0: |2x—-O0|<e€ > -e<2x<0 > -—§<x<0; 


x>0: [3-0] <e > 0<x< 2. 
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49. 


50. 


51. 


52. 


53. 


54. 


D2: 


56. 


Chapter 2 Limits and Continuity 


Step2: |x-0) <6 => -6<x<é. 


Then -6 =—5 => 6=5,0r6 =2€ => 6 = 2c. Choose é = 5. 


By the figure, —x < x sin i < x for all x > O and —x > x sin t > x for x < 0. Since lim, (—x) = lim, x= 0, 
x—- x—- 


then by the sandwich theorem, in either case, lim, x sin 1 = 0. 
x— 


By the figure, —x? < x? sin 4 < x? for all x except possibly at x = 0. Since lim, (—x’) = lim, x” = 0, then 
x x— 


by the sandwich theorem, lim x? sin + = 0. 
x—0 a 


As x approaches the value 0, the values of g(x) approach k. Thus for every number € > 0, there exists a 6 > 0 
such that 0 < |x—0| <6 => |g(x)—k| <e. 


Write x =h+c. Then0 < |x-—c|] <6 @-6 << x-c<6,x#cee-é< (h+c)-—c<6,h+cFe 
2=-6<h<6,h4080< |h—-0| <6. 
Thus, limf(x) = L © for any € > 0, there exists 6 > 0 such that |f(x) — L] < € whenever 0 < |x —c| < 6 


© |f(h +c) —L| < € whenever 0 < |h—0| < 6 = limf(h + c) =L. 


Let f(x) = x. The function values do get closer to —1 as x approaches 0, but lim, f(x) = 0, not —1. The 
‘ es 


function f(x) = x? never gets arbitrarily close to —1 for x near 0. 


Let f(x) = sinx, L= 5. and Xp = 0. There exists a value of x (namely, x = =) for which |sin x- 5 < ¢€ for any 


given « > 0. However, lim, sin x = 0, not S The wrong statement does not require x to be arbitrarily close to 
te 3 


Xo. As another example, let g(x) = sin i, L= $3 and xp = 0. We can choose infinitely many values of x near 0 


such that sin t — 5 as you can see from the accompanying figure. However, lim. sin + fails to exist. The 
x0 ” 

1 . 

3- Again 

you can see from the figure that there are also infinitely many values of x near 0 such that sin i = 0. If we 


choose € < 7 we cannot satisfy the inequality |sin 1 _ 5 < ¢ for all values of x sufficiently near xp = 0. 


wrong statement does not require all values of x arbitrarily close to xy = 0 to lie within e > 0 of L= 





|A—9| < 0.01 + —0.01 <1(3)?-9<0.01 + 899< ™ <901 = 4(8.99) <x? < 4.01) 
=> 2 wey <x <2,/ a or 3.384 < x < 3.387. To be safe, the left endpoint was rounded up and the right 


endpoint was rounded down. 














V=RI => f=I1 => |¥-5| 501 > -01< @-5S<0l so 49< Bestia Bho hetea= 
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(120)(10) (120)(10) 
(2009 < R < UNO) =, 23.53 <R < 24.48. 


To be safe, the left endpoint was rounded up and the right endpoint was rounded down. 


57. (a) -6<x-1<0 5 1-6<x<1 => f(x) =x. Then |f(x) — 2| = |x —2| =2-—x>2-—1=1. Thatis, 
\f(x) — 2) >1> + no matter how small 6 is taken when 1 —6<x<1 > iim, f(x) # 2. 
x-—-— 








(b) O<x-1<6 S1<x<14+6 & f(x)=x+1. Then |f(x) — 1] =| +1) —- 1] = |x| =x > 1. Thatis, 
\f(x) — 1] > 1 no matter how small 6 is taken whenl <x<1+6 > Jim, f(x) £ 1. 

(c) -6<x-1<0 5 1-6<x<1 => f(x) =x. Then |f(x) — 1.5] = |x— 15) =1.5—-x>15-1=05. 
Also,O<x-1<6 > 1<x<1+4+6 = f(x) =x+1. Then |f(x) — 1.5] = | + 1) — 1.5] = |x — 0.5| 
=x-—0.5 >1-—0.5 =0.5. Thus, no matter how small 6 is taken, there exists a value of x such that 
—§ <x—1< 6 but |f(x)— 15] >} > lim fo) 415. 


58. (a) For2<x<2+6 => h(x) =2 => |h(x) —4| =2. Thus for € < 2, |h(x) — 4| > € whenever 2 <x <2+6no 
matter how small we choose 6 > 0 => lim, h(x) 4 4. 
x— 
(b) For2<x<2+6 => h(x) =2 => [h(x) —3| =1. Thus fore < 1, |h(x) — 3] > € whenever 2 <x <2+6no 
matter how small we choose 6 > 0 => lim, h(x) 4 3. 
x— 





(c) For2-—6 <x <2 => h(x) = x’ so |h(x) — 2| = |x? — 2|. No matter how small 6 > 0 is chosen, x? is close to 4 
when x is near 2 and to the left on the real line = |x? — 2| will be close to 2. Thus if € < 1, |h(x) — 2| > € 
whenever 2 — 6 < x < 2 no mater how small we choose 6 > 0 => lim, h(x) 4 2. 

x— 


59. (a) For3 -6<x<3=> f(x) >48 => |f(x) —4| > 0.8. Thus fore < 0.8, 
3 —6 <x <3 no matter how small we choose 6 > 0 => lim, f(x) #4. 
x—-— 





f(x) — 4| > € whenever 


(b) For3<x<3+6 => f(x) <3 => |f(x) — 4.8] > 1.8. Thus for € < 1.8, |f(x) — 4.8] > € whenever 3 <x <3+4+6 
no matter how small we choose 6 > 0 => lim, f(x) £ 4.8. 
<— 


(c) For3-6<x<3 => f(x) >48 => |f(x) — 3] > 1.8. Again, for € < 1.8, |f(x) — 3| > « whenever 3-6 <x <3 
no matter how small we choose 6 > 0 => lim, f(x) £ 3. 
x— 


60. (a) No matter how small we choose 6 > 0, for x near —1 satisfying —1 — 6 < x < —1+ 6, the values of g(x) are 
near 1 = |g(x) — 2| is near 1. Then, for e = 4 we have |g(x) — 2| > 5 for some x satisfying 
-1-6<x<-1l+6,or0<|x+1)<6 = lim, 800 # 2. 

(b) Yes, ' lim | g(x) = 1 because from the graph we can find a 6 > 0 such that |g(x) — 1| < €if0 < |x —(-1)| < 6. 


61-66. Example CAS commands (values of del may vary for a specified eps): 


Maple: 
f := x -> (k%4-81)/(x-3);x0 := 3; 
plot( f(x), x=x0-1..x0+1, color=black, # (a) 
title="Section 2.3, #61(a)" ); 
L := limit( f(x), x=x0 ); # (b) 
epsilon := 0.2; # (c) 


plot( [f(x),L-epsilon,L+epsilon], x=x0-0.01..x0+0.01, 
color=black, linestyle=[1,3,3], title="Section 2.3, #61(c)" ); 
q := fsolve( abs( f(x)-L ) = epsilon, x=x0-1..x0+1); # (d) 
delta := abs(x0-q); 
plot( [f(x),L-epsilon,L+epsilon], x=x0-delta..x0+delta, color=black, title="Section 2.3, #61(d)" ); 
for eps in [0.1, 0.005, 0.001 | do # (e) 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


86 


Chapter 2 Limits and Continuity 


q := fsolve( abs( f(x)-L ) = eps, x=x0-1..x0+1 ); 
delta := abs(x0-q); 
head := sprintf("Section 2.3, #61(e)\n epsilon = %5f, delta = %5f\n", eps, delta ); 
print(plot( [f(x),L-eps,L+eps], x=x0-delta..x0+delta, 
color=black, linestyle=[1,3,3], title=head )); 
end do: 


Mathematica (assigned function and values for xO, eps and del may vary): 


Clear[f, x] 

yl: = L-— eps; y2: = L+ eps; x0 = 1; 

f[x_]: = (3x? — (7x + 1)Sqrt[x] + 5)/(x — 1) 

Plot[f[x], {x, xO — 0.2, x0 + 0.2}] 

L: = Limit[f[x], x — x0] 

eps = 0.1; del = 0.2; 

Plot[{f[x], yl, y2},{x, xO — del, xO + del}, PlotRange — {L — 2eps, L + 2eps}] 


2.4 ONE-SIDED LIMITS AND LIMITS AT INFINITY 


True (b) True (c) False (d) True 
True (f) True (g) False (h) False 
False (j) False (k) True (1) False 
True (b) False (c) False (d) True 
True (f) True (g) True (h) True 
True (j) False (k) True 


an f(x) =5+1=2, im. f(x) =3-2=1 
No, lim_ f(x) does not exist because lim f(x) 4 lim_ f(x) 
x—2 x3 2+ x72 
7 _4 _ * —_ 4 = 
im _ fx) = gril =3, z;t1l=3 


Yes, lim f(x) =3because3 = lim f(x)= lim f(x) 
x4 x7 47 x7 4+ 








a a : _ 
mn fx)= 5 =1, im, f(x) =3-2=1,f2)=2 
Yes, lim_ f(x) = 1 because 1 = lim f(x)= lim_ f(x) 
x72 x — Qt x72 
lim fx)=3-(-l=4, lim. fx)=3-(-l)=4 
x—-l17 eS 1t 
Yes, lim f(x)=4because4= lim f(x)= lm f(x) 
x—-l x—-l” ny ag 
No, tim _ f(x) does not exist since sin (+) does not approach any single value as x approaches 0 
x—- 
lim f(x)= lm 0=0 
x— 0 x0 


lim_ f(x) does not exist because lim _ f(x) does not exist 
x70 x > OF 


Yes, ay g(x) = 0 by the sandwich theorem since —\/x < g(x) < /x when x > 0 
x7 

No, lim _ g(x) does not exist since ,/x is not defined for x < 0 
x= 


No, lim, g(x) does not exist since lim g(x) does not exist 
P ae x— 
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11. 


13. 


14. 


15. 


(b 


we 


(c) 
(d 


wa 











domain: 0<x <2 
range: O< y<landy=2 


Jim, f(x) exists for c belonging to 


(0,1) U1, 2) 

x=2 

x=0 

domain: —oo < x < co 


range: -lL<y<l 

lim, f(x) exists for c belonging to 
(—oo, —1) U(-1, 1) UG, o0) 
none 

none 
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(b) lim f(x)=1= lim f(x) 
x3 17 x— 1+ 
(c) Yes, lim, f(x) = | since the right-hand and left-hand 
i. -—* 
limits exist and equal | 
(b) lim fXK)=0= Ilim_ f(x) 
x — 1+ xl 
(c) Yes, lim, f(x) = 0 since the right-hand and left-hand 
i —* 
limits exist and equal 0 
qi x? , OSx<1 
yry 1 1<x<2 
y 
A 2. x=2 
2F e 
or O<x<l 















































im. (ES = (Ss = (8 =v3 12. tim, fi = [= VO=0 
_ tim, (:34) (43) = (3) (SAS) = @) =! 
Jim. tee) GS) ar) ae ee 
jee oA a (fees v5) (4 4h stv) 
h— 0+ ~ hot Jb? +4h+54+ /5 
wn fe (h? + 4h 45) —5 ia h(h +4) 0+4 2 
h— ot n(Vir+ah+5+ V5) h— 0+ h(i? +4h+5 +3) Vs+V5 V5 
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16. tea V6 — 5h? + 11h +6 ener uns ita os (3 Jf 5h? nie) 


















































h—>0- ho 0 V6+ 5h? + 11h +6 
= lim ‘dels h+6) —h(Sh + 11) — -@+1) oa 
h— 0- n(V64 3h? + lth 4 6) ~ (6+ 5h? + 1th + 6) Vo+ V6 2/6 
: x+2 : x+2 
17. (a) lim, (+3) eae = lim, « +3) ae (Ix +2| =x+2forx > —2) 
= lim G+3)=2)43=51 
x-3 —2F 

° x+2 : —(x+2 

(b) lim, (x +3) = _ lim, & + 3) ae] (|x + 2| = —(x + 2) for x < —2) 


= _ lim, (x + 3\(-1) = -(-24+3) =- 


: v2x~-) _ 1; V2x(x-1) = 
18. (a) im, “ko =, lim, re (Ix — 1] =x —-1 forx > 1) 
= en J2x = /2 
: 2x(x—1 : 2x (x — 
(b) lim, Veo D = tim Vax) (jx — 1] = —(x — 1) forx < 1) 


19. (a) ,lim, H=3=1 (b) ,lim = 3 
20. (a) lim, (t— [t]) =4-4=0 (b) lim (t—|t])=4-3=1 


21. jim S2¥22 = lim sx = 1 (where x = \/20) 








22. lim “2k = jim Esimkt = ]im k@2@ =k lim #8 =k-1=k (where 0 = kt) 
t-o ¢ t>o. kt 630 8 +0 ° 

53 lim 3 —1 tm 283% —3 im @ 2-3 tm se — 3 - 

3 ao i ri ae 3y qi a 3y i Pie r rm (where 6 = 3y) 

24. lim — lim (4-22)=! lim ee =!1(—) =:-1=1 _ 
yot)- Sindh — y 2h (3 - ana) 3p oo (e) 3 im 3 3 (where # = 3h) 











sin 2x ie 
25. lim 2x = jim lek) — Jim 0% = ( lim ats) (Jim 2x) =e 
x x—0 cos 2x x—0 2x 


x—0 x—0 x —0 x cos 2x 








tO tant t—0 (s8t) sin t 


26. lim, 25 =2 lim, aby = 2 lim, teost — 2 ( lim cos t) (sate) aot = 
= lim, St 





. xcesc2x _ 1; x 1 —_f{1yz 2x : 1 —_ (1 — 
27, Jim, cos5x Jim, (atx : coos) ~~ (3 Jim, 2) (Jim, ats) _ (G ‘ 1) (1) 2. 


28. Jim, 6x7(cot x)(csc 2x) = Jim, Ox" cos x a Jim, (3 cosx- a7: x) =3-1-l= 








x+xcosx _ 1; X COS X _ x 1 : x 
29. jim, +0 sinxcosx im, (aca + Poe) a Jim, (ae ° az) + Jim) sin x 
= 1 7 
= lim, (ats) - Jim, (Ax) + lim, (dz) =D) +1 =2 


30. lim, *=x+sinx — jim (241 (8*)) =0-1+1(@)=0 


x—0 x—0 = 
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31. lim sin( — cos) — lim 28 —1 since @ = 1-—cost Oast— 0 
t—0 cos t 6-0 6 








32. lim) “Sinn = gliim, “9° =1 since@ = sinh — Oash — 0 
— = 











33. lim S88 = lim (#8-#)= 


: sin5x _ 43 sin5x 4x -5)_o5 1; 
34, lim, Snax = lim, (Snax gx a) = 4 lim, ( 





5x sin 4x 











: tan3x _ 1: sin 3x 7 1 ee Fs sin 3x . 1 . 8x 7 3 
35. lim sin 8x lim es maak) = lim ( i 3) 





x70 x70 x0 
= 3 Jim, (aaa) ("32") (aa) = : heed =3 





36. lim sin Sy colby = lim Sin Sy sin Ay cos By = lim (22) (22) (22) (32) 
y—0 y cot 4y y—0 y cos 4y sin 5y y—0 cos 4y sin 5y -4-5y 


_ 4. sin 3y sin 4y Sy cos 5y 3-4) __ 12 _ 12 
gas ( 3y )( 4y ) (5) (22) GM) =1-1-1-1-2=2 





Note: In these exercises we use the result lim an = 0 whenever 7 > 0. This result follows immediately from 
oo 

















xo 

Example 6 and the power rule in Theorem 8: lim (4) = lim ew — ( lim =0"" = 0. 
x— +00 x— £00 x +00 

37. (a) —3 (b) —3 

38. (a) 7 (b) 7 

39. (a) $ (b) 5 

40. (a) ‘ (b) é 

Al. (a) -3 (b) —3 

42. (a) 3 (b) 3 





43. —1 ie SIMON se t > lim ues = 0 by the Sandwich Theorem 






































1 cos 0 1 : cos@ __ ; _ 
44.-y<5 4759 > , lim 3g = 0 by the Sandwich Theorem 
2 sint 

: Q—t+sint _ 1; r71+(F) _ 0-140 _ 
45. _ lim, t+cost =o 14 (4 140. 1 

‘ 41s : 1+ (@ : 1 

r+sinr a L _ +0 _1 
46, Um og sant OM, 247-5 (am) =, HL. gpp-0 = 2 
47. (a) li +3 Jim 2+} = 2 (b) 2 ( rt (a)) 
- (a) lim, S45 = , lim, sot = 5 = (same process as part (a 
; 34 : 2+(3 
48. (@) lim. =). = lim #1) 5 
x oo xX? —x*+x4+7 x 00 l-y+aty 


(b) 2 (same process as part (a)) 
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49. 


50. 


51. 


52. 


33. 


54. 


55. 


56. 


57. 


59. 


Chapter 2 Limits and Continuity 
































en 
(a) , lim, sts lim, j + =0 (b) O (same process as part (a)) 
347 
(a) lim. 5 oa = , um, =. =0 (b) O (same process as part (a)) 
i x2 
‘ 3 . 
(a) , im, x = x= , im, i 7 5 = 7 (b) 7 (same process as part (a)) 
1 
: 1 _ 4 cl _ 
(a) , im, Jaa = , im, inte = 0 (b) O (same process as part (a)) 
sa 10x58 +x4431 rtgts 
(a) , im, eT = , im, at —0 
(b) O (same process as part (a)) 
. 9x4 +x _ : 9+ 3 ay 
(a) i 2xt + 5x7—x+6 ok. 245-545 2 
(b) 3 (same process as part (a)) 
; =2x3 2x43 _ 1; —2-4+3 __ 2 
(a) , im, ie = , im, vo ie =3 
(b) — 5 (same process as part (a)) 
(a) _lim lim ——)—, =-1 


x00 X4—7x84+7x2+9 ~ x 00 1-24 545 


(b) —1 (same process as part (a)) 














clin, MEI" = stim, EAC) <0 sé. lim, 3245 = tim, fe" 1 
ae 1 = x0/8)~0/8) 1- (ahs) 











—4 x+4 
60. _ lim —*, = lim. — = =o 
x — 00 x x00 1-; 
: 5/3 _ yl/3 1 . 2xV/15 _ qe + =a 
61. lim. 2##—=*" 47 lim. x = 00 


62. 


63. 


64. 


65. 


8/5 a 3 yt 
x00 x8/F43x+ \/x x00) It+ag+ ain 





1 
lh V/x— 5x43 : apa 7 5t 
x oo 2x4+x2/3—4 x co 24 





Yes. If : i, f(x) =L= - lim __ f(x), then im, f(x) = L. If E sue f(x) 2 lim _ f(x), then im, f(x) does not exist. 


Since dim, f(x) = Lif and only if lim | f(x) = Land 2 lim, _ f(x) = L, then im, f(x) can be found by calculating 
xc = 7 


lim , f(x). 
ao 


If f is an odd function of x, then f(—x) = —f(x). Given ae f(x) = 3, then lim f(x) = —3. 
x—-— x— 
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67. 


68. 


69. 


70. 


71. 


72. 


73; 


74. 


1D; 


76. 


77. 


78. 
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If f is an even function of x, then f(—x) = f(x). Given lim,_ f(x) = 7 then an f(x) = 7. However, nothing 
x— ae 


can be said about lim, _ f(x) because we don't know lim ie f(x). 
Da aes x— 


Yes. If , lim. = = 2 then the ratio of the polynomials’ leading coefficients is 2, so x dim. = = 2 as well. 


Yes, it can have a horizontal or oblique asymptote. 


At most | horizontal asymptote: If , lim lim = = L, then the ratio of the polynomials’ leading coefficients is L, so 


lim '© = Las well. 
x =o0o0 g(x) 











slim, — [Vt+x— v8 ox) [VERE] = lim, 
=1 




















= _ lim lim. 2 = 2 
xX — 00 aa —x X00 yitit/i-} Vl 


For any € > 0, take N = 1. Then for all x > N we have that |f(x) — k] = |k —k| =0<e. 
For any € > 0, take N = 1. Then for all y < —N we have that |f(x) — k] = |k-—k| =O0<e. 


I1=(5,5+6) > 5<x<5+46. Also, /x-—S5<e€ > x-5<@ > x<5+€?. Choose6=& 


=> i Vx-5= 
x—-—> 


I=(4-6,4) > 4-6 <x<4. Also, (4—x<€ > 4—-x<€@ > x>4-€?. Choose6=& 


=> lim_ V4—-x=0. 
x—- 


As x — O° the number x is always negative. Thus, Rl 





-(-1 <e> |. +1 <e => 0 <€ whichis always 


true independent of the value of x. Hence we can choose any 6 > 0 with-6 <x <0 => lim Bl =-l. 
zx 


Since x — 2+ we have x > 2 and |x — 2| = x — 2. Then, 








x—2 — |x-2 
=] 1] = [3 1]<e> 0<e 


which is always true so long as x > 2. Hence we can choose any 6 > 0, and thus 2<x<2+6 


=> 





—1}<e. Thus, lim, S$ =1. 
x —7t Pal 


x—2 
[x—2| 


(a) ae |x| = 400. Just observe that if 400 < x < 401, then |x| = 400. Thus if we choose 6 = 1, we have for any 
x—- 


number € > 0 that 400 < x < 400+ 6 = ||x| — 400] = |400 — 400| = 0 <e. 


(b) lim [x] = 399. Just observe that if 399 < x < 400 then [x] = 399. Thus if we choose 6 = 1, we have for any 
x-— 


number € > 0 that 400 — 6 < x < 400 = ||x] — 399| = [399 — 399| =0 <e. 
(c) Since : a a Ix| A 7 Jim ' [|x| we conclude that 7 im, |x| does not exist. 








(a) nn f(x) = wx = — 0| <e > -€<,/x<e > 0<x < & forx positive. Choose 6 = e? 
x— » 
=> ii f(x) = 
iy, £9 
(b) lim, f(x) = lim x? sin (+) = 0 by the sandwich theorem since —x? < x? sin (+) < x? for all x 4 0. 
x—-— 


Since |x? — | = = x? — 0| = x? < € whenever |x| < ,/e, we choose 6 = ,/e and obtain |x” sin (4) — 0| < € 
if-6 <x <0. 
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79. 


81. 


82. 


83. 


84. 


2.5 


10. 


11. 


13. 


15. 


16. 


17. 


Chapter 2 Li 


mits and Continuity 


(c) The function f has limit 0 at x) = 0 since both the right-hand and left-hand limits exist and equal 0. 
































lim (1 +cse @) = — 
6-07 


li 2 —cot #) = 
ae 


lim =, = 
x Qt 


(a) 
(b) 
(c) 
(d) 


lim = 
x7 27 





1 








th eee = 
im aaa = —0° 
=, dim, Gaaeem =~ 
dim, wey = 


—ooand lim (2-—cot@)= 
9 07 

















Jim | x sin: = im 7 sind=1, (@=+ 80. lim). soe = lim. cos 6 
tim. BASS tim b= lim FHE= 3. (t= 2) 
lim, (2)! = tim z= 1, (= 2) 
_ lim | (3 + 2) (cos 4) = lim, G + 28)(cos 6) = (3)(1) = 3, (0 = 1) 
x im, (3 —cos } t) (1+sin} i) =e (36? — cos @) (1 + sin 9) = (0 — 1) +0) = — 
INFINITE LIMITS AND VERTICAL ASYMPTOTES 
Jim, £ = 00 (eas) 2. tim £ = -o0 
eer aan) 4. lim, y= 00 
_lim,. His = —00 (sums) 6. lim, 33%q = 00 
Jim, ay (eeseve) 8. lim, zat =—00 
(a) lim, x45 = 00 (b) lim x35 = 00 
(lim, be = oe (lim, = = 
ae an Passe cay sete zn = —_ ay? = 
lim _ tanx = co 14. lim secx =0oo 
x (5) x (=2)* 


oo, So the limit does not exist 


positive- er aa) 


eee negative 


(cance positive- one ) 
( positive- rae) 


( 
( 
( 
(sates 


positive 
negative 





positive 
positive 





negative 
negative 
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) 
) 
) 


___ negative 
positive-positive 


) 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


2): 


(a) 
(b) 
(c) 
(d) 


(a) 
(b) 
(c) 


(d) 


(a) 
(c) 
(d) 


(a) 
(b) 
(c) 
(d) 
(e) 


(a) 
(b) 
(c) 
(d) 
(e) 


(a) 


(a) 


(a) 
(c) 


Section 2.5 Infinite Limits and Vertical Asymptotes 
















































































; a x = positive 
. mm, x1 % AnH &+Da«-1) oo (ates) 
1 xX 4 ee ee 2 positive 
x lim_ x?-1 x lim_ (x+1)(x-1) ~~ oo (io ie) 
: x — x = negative 
x an x1 ie (x+1I(x-1) co (aaittas mes) 
. xX ‘ ae eee negative 
x jim, _ x1 x jim,_ (x+1)(x-1) ~~ oo (atte te) 
a a 
7 ae oo x O+ " lim —x oo (<i) 
id lls ee 
< lim, Px i, O+ < lim _ x (stn) 
: ew 1_ vA 1 1/3 1/3 
lim pie 5 ay = 2 / é 0 
x 4/2 
: x I. 1) _ 3 
Jin, Gopal a 
. x1 positive . xe-1 _ _ positive 
7 Re 2x+4 oe (2eaive ) (b) - jim,_ 2x+4 ~ (es 
: e-1l_ 47 &+Da-) _ 20 _ 
ee x44 arn ag gaa 4 
: 2-1 _ =1 
- lim _ x44 — 4 
. x*—3x+2 _ : (x—2)(x-1) _ _ negative-negative 
- ae x3 —2x2 se ae x7(x—2) 00 ( pOsitive-negative 
: x?-3x+2 _ 1: (K=2Da-) _ 7 x-l_1 
eet es = w= 2) ae eT eae 
: x* — 3x42 : (x-—2)(x-1) _ : =D i 
jim, x8 — 2x? im x2(x—-2) im, x 4X # 2 
: x?-3x+2 _ 1: (x-2)x-1) _ 1; x-1l_o1 
Jim, x8 — 2x2 im, x2(x — 2) = lim, me aX # 2 
: x2—-3x4+2 _ 4: (x — 2)(x — I) _ _ negative-negative 
Jim, x3 —2x2 Jim, x@(x —2) oo ( positive-negative 
: x?-3x+2 _ i — 2)(x—- 1) : @-D _ 1 _1 
aan ar i a ae RED = Ps ht X42) — 24) ~ 8 
: x? —3x+2 __ : (x—2)(x-1) _ : (x-1) _ negative 
7 Bu x 4x "7 Le x(x —2)(x+2) x 2 x(x +2) ~~ oo (IES 
: x?—3x+2 _ : (x—2)(x-1) _ : (x-1) _ negative 
im. oa = , lim xa DaTD = , lim x@+2) ~— negative-positive 
: x?-3x+2 _ 1: (x= 2)(x- 1) * «&-l) _ 0 _ 
Bn xo 4x : a xR DRY a ao oe 
x-1l _ _ negative 
a x(x+2) ~~ oe ( positive-positive ) 
: x-1 _ negative 
and x lim _ x(k+2) oe (ttn) 
so the function has no limit asx — 0. 
* En : a 
slim, [2= gx] = 20 () lim. [2g] =00 
1 _ i al. —— 
Jim, [gs +7] = 00 (b) lim. [as +7] = -00 
. Too. 8 _ . _ 
lim, [s+ gAps] = 00 ) tim [a+ @ ys] = 
. 1,2 = ‘ 1 2 _ 
eeee 1. fet he] =e 
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. 1 1 = . 1 1 = 
26. (a) ae E: = hr] = CO (b) im. E: ac] = —Co 
. 1 1 _ 7 1 1 = 
(©) lim, [ds — gy] = --0 @ tim [te - hy] =--0 
2 
27. Y= 44 
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34. y= S+lox+1+ 2 


1 
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41. Here is one possibility. 42. Here is one possibility. 


45. 


47. 


48. 


49. 


50. 





>< 












Mi See ae Se ee eee 





Here is one possibility. 


y 


h(x) = ra x#0 





For every real number —B < 0, we must find a 6 > 0 such that for all x, 0 < |x -0| <6 => = < —B. Now, 


-45<-B<0@4>B>0ex<ie kl < 3B- Choose 6 = g, then 0 < |x| <6 > Kl <5 


= =! <-Bsothat lim —4=-o. 
ai x70 x 


For every real number B > 0, we must find a 6 > 0 such that for all x,0 < |x -—0| <6 => rT > B. Now, 


>B>0< |x| < §. Choose 6 = 4. Then 0 < |x — 0| < 6 =kl<5> 


>Bsothat lim +=o. 
x| x70 


ry x 


For every real number —B < 0, we must find a 6 > 0 such that for all x, 0 < |x -—3| <6 = qa < —B. 





2 ¢ 
Now, -3 < -B<0 & (4p > B>0 4s eYcbo «3% <2 # 0<|e—3) < /2. Choose 


6 = \/2, then 0 < |x—3) <6 > 4, <-B< Oso that lim, . 


—20 
(x-3yP 


For every real number B > 0, we must find a 6 > 0 such that for all x, 0 < |x —(—5)| <6 => a > B. 
Now, ay >B>0 © «+5? <% © [x+5/< vice Choose 6 = a Then 0 < |x — (—5)| < 6 


=> IK+5] < J > aE > B so that , im = ee 
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32. 


53. 


54. 


D2: 


56. 


57. 


Section 2.5 Infinite Limits and Vertical Asymptotes 


(a) We say that f(x) approaches infinity as x approaches Xo from the left, and write : lim _ f(x) = ~, if 
—* Xy 


for every positive number B, there exists a corresponding number 6 > 0 such that for all x, 
Xo —-6 <X < Xo => f(x) >B. 
(b) We say that f(x) approaches minus infinity as x approaches Xo from the right, and write lim, f(x) = —oo, 
xXx— X, 


if for every positive number B (or negative number —B) there exists a corresponding number 6 > 0 such 
that for all x, x9 <x <xp9 +6 => f(x) < —B. 
(c) We say that f(x) approaches minus infinity as x approaches Xp from the left, and write 7 lim _ f(x) = -o, 
~ Xo 


if for every positive number B (or negative number —B) there exists a corresponding number 6 > 0 such 
that for all x, x9 —6 <x < Xo => f(x) < —B. 


ForB >0,4>B>0 @ x< jj. Choose 6 = 5. ThenO0d<x<6 => 0<x<q => 1 > B so that lim | - = 00. 


x-— 


ForB>0,4<-B<0 = —-1>B>0 © -x<}4 © —§ <x. Choose é = 4. Then-6 <x <0 
=> -i<x => 1 <-Bso that lim ==-o. 
* x—0O- * 








For B > 0, +; < Bs +,>Bse (x )<25 = * 2> 4 @ x>2-4. Choose 6 = 3. Then 


2-68<x<2 5 -6<x-2<0 > -$<x-2<0 5 4, < -B < 050 that lim _ 1, =-0. 
‘fe 


For B > 0, +, >B S O<x-2< 4. Choose 6 = 5. Then2<x<2+6 > 0<x-2<6> O<x-2<f 


1 : Wi  . 
=> za BS Oso that lm aq =m. 











ForB>Oand0<x<1,-4,>Be61 eee x)(1 +x) < 4. Now 44% < I since x <1. Choose 


> 1-x? 2 
6< gg. Thenl—-6<x<1 > -6<x-1<05 1-x<6<g => (l-x( +x) <9 (48) <G 


=> a >Bfor0<x<landxnearl > lim —,=.o0. 
—x x17 1-x 





2 





y =secx++ 58. y=secx—4 






1 
yssecx+ 


—ml2<x<nl2 
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59. y=tanx+4 60. y= +—tanx 
y y 
1 A 1 to 
' 1 ' ly =—tanx 
1 1 1 ‘ 
I y=tanx Ni 
1 | i a 
ae tent 3 ‘ a imal 
i ec. 
Nap tore mt 
f f \ 
-HI2<x<HI2 1 H ! 
i i 
i 
—n/2-1 “| 1n/2 1 ' 
ye |: yeyrtanx | 
i fe f 
i fe 1 
if f 
if 2b f 
f f 
1 f 
if 3k i 
' ' 





61. 











Sco bool ee bese ceo oes. 





2.6 CONTINUITY 


1. No, discontinuous at x = 2, not defined at x = 2 


2. No, discontinuous at x = 3,1 = lim. g(x) 4 g(3) = 1.5 
x7 
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10. 


11. 


12. 


13. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


Section 2.6 Continuity 
Continuous on [—1, 3] 


No, discontinuous at x = 1, 1.5 = lim_ k(x) 4 BDy,, k(x) = 0 
x— x— 


(a) Yes (b) Yes, uae f(x) = 0 
(c) Yes (d) Yes 

(a) Yes, f1) = 1 (b) Yes, Jim, f(x) =2 
(c) No (d) No 

(a) No (b) No 


[—1,0)U 0,1) UC, 2) U(, 3) 


f(2) = 0, since lim_ f(x) = —2(2)+4=0= lim f(x) 
x—2 x 3 Qt 
f(1) should be changed to 2 = lim, f(x) 
Sd 


Nonremovable discontinuity at x = | because lim, f(x) fails to exist ( lim_ f(x) = 1 and wee f(x) = 0). 
x— x— x— 
Removable discontinuity at x = 0 by assigning the number lim, f(x) = 0 to be the value of f(0) rather than 
x— 


f(0) = 1. 


Nonremovable discontinuity at x = | because lim, f(x) fails to exist ( lim_ f(x) = 2 and AM f(x) = 1). 
x— x—- x— 
Removable discontinuity at x = 2 by assigning the number lim, f(x) = | to be the value of f(2) rather than 
x— 


f(2) = 2. 


Discontinuous only when x —-2=0 > x=2 14. Discontinuous only when (x + 2)? =0 > x= —2 





Discontinuous only when x? — 4x + 3=0 > (x—3)(x—1)=0 x=3o0rx=1 











Discontinuous only when x? — 3x —- 10 =0 > (x—5)\(x+2)=0 x=S5orx=—-—2 

Continuous everywhere. (|x — 1] + sin x defined for all x; limits exist and are equal to function values.) 
Continuous everywhere. (|x| + 1 4 0 for all x; limits exist and are equal to function values.) 
Discontinuous only at x = 0 


Discontinuous at odd integer multiples of 4, i-e., x = (2n — 1) 4, n an integer, but continuous at all other x. 


na 


Discontinuous when 2x is an integer multiple of 7, i.e., 2x = n7,naninteger > x = > nan integer, but 


continuous at all other x. 


TX 


2 
integer (i.e., x is an odd integer). Continuous everywhere else. 





Discontinuous when © is an odd integer multiple of 4, i.e, = = (2n—1)4,naninteger > x = 2n—1,nan 
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23. Discontinuous at odd integer multiples of 5, i.e., x =(2n — 1) 5, nan integer, but continuous at all other x. 


24. Continuous everywhere since xt + 1 > 1 and—-1<sinx <1 > O<sin?x <1 > 1+sin’x > 1; limits exist 
and are equal to the function values. 


25. Discontinuous when 2x + 3 < Oorx < — 3 => continuous on the interval [- 3, ov) ; 

26. Discontinuous when 3x — 1 < Oorx < ; = continuous on the interval [3 oo) : 

27. Continuous everywhere: (2x — 1)!/* is defined for all x; limits exist and are equal to function values. 

28. Continuous everywhere: (2 — x)!/° is defined for all x; limits exist and are equal to function values. 

29. im sin (x — sin x) = sin (a — sin 7) = sin(z — 0) = sin a = O, and function continuous at x = 7. 

30. im, sin (3 cos (tan t)) = sin (Z cos (tan (0))) = sin (5 cos (0)) = sin (3) = 1, and function continuous at t = 0. 


2 


31. lim, sec (y sec? y — tan? y — 1) = lim, sec (y sec” y — sec? y) = lim, sec ((y — 1) sec? y) = sec ((1 — 1) sec? 1) 
ae yo yo 


= sec 0 = 1, , and function continuous at y = 1. 


32. Jim, tan [4 cos (sin x) = tan [F cos (sin(0))] = tan (F cos (0)) = tan (4) = |, and function continuous at x = 0. 


33. 














. 2 * * 
Jim, cos ee < — =| = cos aos 5 = ;| = cos Ti6 = cos a = ne and function continuous at t = 0. 
a = = 





34. Pate v[ese? x + 5\/3 tan X= ese? (2) + 5y/3 tan (2) =,/4+ 5/3 (3) = V9 = 3, and function continuous at 


X= G- 





35. g(x) = Sap = SSP =x 43,x43 = 93) = lim, (x +3) =6 





36. W(t) = “4351 = OM Ht 5,t#2 > h(2) = lim, (t+5)=7 





— S=1 _ (s'+st)G-) _ sts4+1 _ | vt+st1) _ 3 
37, US) = ga = ae ee ee ee) (41) =3 








— =-16 _ (&+4)x-4) _ x+4 _— 4; +4) _ 8 
38. 8) = goa = GOGH — 1X F4 > g(4) = lim, (4) = 5 








39. As defined, lim f(x) = (3)? — 1 = 8 and a (2a)(3) = 6a. For f(x) to be continuous we must have 
x7 x3 


s=8 >4=%. 


40. As defined, lim, g(x) = —2 and Pm g(x) = b(—2)? = 4b. For g(x) to be continuous we must have 
x-- x7 


4b=-2 => b=—}-. 
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43. 


45. 


46. 


47. 


48. 
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The function can be extended: f(0) ¥ 2.3. 42. The function cannot be extended to be continuous at 
x = 0. If f(O) & 2.3, it will be continuous from the 
right. Or if (0) + —2.3, it will be continuous from the 
left. 





The function cannot be extended to be continuous 44. The function can be extended: f(0) + 7.39. 
atx = 0. If f(0) = 1, it will be continuous from 

the right. Or if {(0) = —1, it will be continuous 

from the left. 






F(x) = (1+ 2x) 





xX 


-0.01 -0.005 0.01 





f(x) is continuous on [0, 1] and f(0) < 0, f11) > 0 
=> by the Intermediate Value Theorem f(x) takes 
on every value between f(0) and f(1) = the 
equation f(x) = 0 has at least one solution between 
x = Oandx = 1. 








cosxX =x => (cosx)—x=0. Ifx= Z. cos ( z) ( z) >0. Ifx = 3,cos(Z) -3 <0. Thus cos x —-x = 0 


for some x between — 5 and 5 according to the Intermediate Value Theorem. 


Let f(x) = x* — 15x + 1 which is continuous on [—4, 4]. Then f(—4) = —3, f(—1) = 15, (1) = —13, and f(4) = 5. 
By the Intermediate Value Theorem, f(x) = 0 for some x in each of the intervals —4 < x < —1,—-1 <x < l, and 

1 <x <4. That is, x? — 15x + 1 =0 has three solutions in [—4, 4]. Since a polynomial of degree 3 can have at most 3 
solutions, these are the only solutions. 


Without loss of generality, assume that a < b. Then F(x) = (x — a)? (x — b)? + x is continuous for all values of 


X, SO it is continuous on the interval [a,b]. Moreover F(a) = a and F(b) = b. By the Intermediate Value 


a+b a+b 
aT 


Theorem, since a < “35> < b, there is a number c between a and b such that F(x) = 
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49. 


50. 


51. 


22. 


33, 


54. 


55. 


56. 


Dts 


Chapter 2 Limits and Continuity 


Answers may vary. Note that f is continuous for every value of x. 

(a) £(0) = 10, f(1) = 1° — 8(1) + 10 = 3. Since 3 < 7 < 10, by the Intermediate Value Theorem, there exists a c 

so that 0 <c < 1 and f(c) = a. 

(0) = 10, f(—4) = (—4)? — 8(—4) + 10 = —22. Since —22 < -/3 < 10, by the Intermediate Value 

Theorem, there exists ac so that —4 < c < Oand f(c) = af 3, 

(c) £(0) = 10, (1000) = (1000)? — 8(1000) + 10 = 999,992,010. Since 10 < 5,000,000 < 999,992,010, by the 
Intermediate Value Theorem, there exists a c so that 0 < c < 1000 and f(c) = 5,000,000. 


(b 


wm 





All five statements ask for the same information because of the intermediate value property of continuous 
functions. 
(a) A root of f(x) = x? — 3x — 1 is a point c where f(c) = 0. 
(b) The points where y = x® crosses y = 3x + 1 have the same y-coordinate, or y = x? = 3x + 1 
=> f(x) =x°-3x-1=0. 
(c) x°-—3x=1 = x?—3x—1=0. The solutions to the equation are the roots of f(x) = x? — 3x — 1, 
(d) The points where y = x* — 3x crosses y = 1 have common y-coordinates, or y = x? — 3x = 1 
=> f(x) =x°-3x-1=0. 
(e) The solutions of x? — 3x — 1 = O are those points where f(x) = x? — 3x — 1 has value 0. 


sna) is discontinuous at x = 2 because it is not defined there. 


Answers may vary. For example, f(x) = 


However, the discontinuity can be removed because f has a limit (namely 1) asx — 2. 


1 
x+1 





Answers may vary. For example, g(x) = has a discontinuity at x = —1 because lim , g(x) does not exist. 
xa 


( lim g(x) =—ooand lim. g(x)= +00.) 
x71 x——1* 


(a) Suppose Xo is rational = f(x9) = 1. Choose € = $. For any 6 > 0 there is an irrational number x (actually 
infinitely many) in the interval (xp — 6,xX9 +6) = f(x) =0. Then 0 < |x — xo| < 6 but |f(x) — f(xo)| 
=1> 5 = €, SO , im, f(x) fails to exist = fis discontinuous at xo rational. 
— Xo 
On the other hand, xp irrational = f(xo) = 0 and there is a rational number x in (xo — 6,X9 + 6) => f(x) 
= 1. Again , im, f(x) fails to exist = fis discontinuous at Xo irrational. That is, f is discontinuous at 
— Xo 
every point. 
(b) fis neither right-continuous nor left-continuous at any point xq because in every interval (xg — 6, Xo) or 
(Xo, Xp + 6) there exist both rational and irrational real numbers. Thus neither limits . lim _ f(x) and 
— Ry 


lim , f(x) exist by the same arguments used in part (a). 


» es < Xo 
Yes. Both f(x) = x and g(x) = x — 5 are continuous on [0, 1]. However a is undefined at x = 5 since 
g (5) =0> ay is discontinuous at x = 5. 


No. For instance, if f(x) = 0, g(x) = [x], then h(x) = 0([x]) = 0 is continuous at x = 0 and g(x) is not. 


Let f(x) = ; and g(x) = x + 1. Both functions are continuous at x = 0. The composition fo g = f(g(x)) 


= i is discontinuous at x = 0, since it is not defined there. Theorem 10 requires that f(x) be 





_ 1 
~ (x+1I-1 
continuous at g(0), which is not the case here since g(0) = 1 and f is undefined at 1. 


Yes, because of the Intermediate Value Theorem. If f(a) and f(b) did have different signs then f would have to 
equal zero at some point between a and b since f is continuous on [a, b]. 
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Let f(x) be the new position of point x and let d(x) = f(x) — x. The displacement function d is negative if x is 
the left-hand point of the rubber band and positive if x is the right-hand point of the rubber band. By the 
Intermediate Value Theorem, d(x) = 0 for some point in between. That is, f(x) = x for some point x, which is 
then in its original position. 


If f(0) = 0 or f(1) = 1, we are done (i.e., c = 0 orc = 1 in those cases). Then let f(0) = a > 0 and f(1) = b < 1 
because 0 < f(x) < 1. Define g(x) = f(x) — x = gis continuous on [0, 1]. Moreover, g(0) = f(0) - 0 =a > 0 and 
gg”) = fd) — 1 =b—1<0 = by the Intermediate Value Theorem there is a number c in (0, 1) such that 

g(c) =0 => f(c)-—c=Oorf(c) =c. 


Let € = Bo > 0. Since f is continuous at x = c there is a 6 > 0 such that |x —c| <6 => |f(x) — f(c)| < € 
=> f(c)—e < f(x) < f(c) + «. 

If f(c) > 0, then e = $ f(c) > $f(c) < f(x) < 3 f(c) = f(x) > 0 on the interval (c — 6,c + 6). 

If f(c) < 0, then e = — 5 f(c) = 3 f(c) < f(x) < $ f(c) > f(x) < 0 on the interval (c — 6,c + 6). 


y  f(c)+e 





By Exercises 52 in Section 2.3, we have lim f(x) =L<© lim f(e+h) =L. 
x h—0 


Thus, f(x) is continuous at x = c < lim, f(x) = f(c) = im, f(c +h) = f(c). 


By Exercise 61, it suffices to show that tim, sin(c + h) = sinc and jim, cos(c + h) = cos c. 

Now lim sin(c +h) = lim, [(si h in h)] = (sin.c)( lim cos h) (, lim, sin h) 
ow lim, sin(c + h) lim, [(sin c) (cos h) + (cos c)(sin h)] = (sin c) Jim cos + (cos c) Jim sin 

By Example 6 Section 2.2, lim cos h = 1 and jim)sin h=0. So jim, sin(c + h) = sinc and thus f(x) = sin x is 

continuous at x = c. Similarly, 

im, cos(c + h) = Jim, [(cos c)(cos h) — (sin c)(sin h)] = (cos c) (,lim, cos h) — (sin c) (,lim sin h) = COs c. 


Thus, g(x) = cos x is continuous at x = c. 


. X & 1.8794, —1.5321, —0.3473 64. x & 1.4516, —0.8547, 0.4030 

. x & 1.7549 66. x & 1.5596 

. X © 3.5156 68. x & —3.9058, 3.8392, 0.0667 

. x & 0.7391 70. x © —1.8955, 0, 1.8955 
TANGENTS AND DERIVATIVES 


Py: my = 1, Po: m, =5 2. Py: my, = —2, Po: m, = 0 
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3. Py: my = 3, Po: m, = —4 4, Py: my, = 3, Po: mM) = —3 





5. m= lim i 
ho 
2 
= jim TUottH et _ py BOW Lo. 
h—-0 h h-o 1 : 


at (—1,3): y=34+2(«K—-(-1)) > y=2x+5, 
tangent line 

















a (4+h—-1P+-(a-1P +) _ 1; we y 
ae, h = ay 5 
= lim, h = 0; at (1, D: y=1+0«-1) = y= 1, i Pree Fe 


tangent line 

















7. m= lim 2¥i#h=2V1 _ jj 2th? | 21th 42 

h-0 i h—0 h 2/1+h+2 

= lim —~G+bD=4_ = jim 2 _ 
h-0 2h (VI+h+1) hoo Vith+1 


at(1,2): y=24+1(x-1) > y=x-+1, tangent line 











1 1 
= lin Saf OF — jj PoC 
eM neat h ~ oo h(—1 +h)? 


—(-2h+h?) _ 1; 2-h _», 
plim, CT eRe = gli, Cran = 25 
at(-1,1): y=14+2—-(-1)) => y=2x+3, 


tangent line 
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§ an dim 222R eC gig Seeddoor anes 
, h—=0 h—0 


_— 4 _ 2) _ 19. 
= lim, (12 — 6h +h?) = 12; 


at (—2,—-8): y= —84+ 12(x —(-2)) > y= 12x+ 16, 
tangent line 





(-2, -8) 








1 _ 1 
10. m= lim @t8 Oo 
h—- 





Y 
— Ji r8 = 2 +h)? 
h = 1, —8h(—2 +h) 
as —(12h—6h? +h’) y; 12—6h+h? aly 
a ns es oon (2-1/8) : or 
_ 2 __ 3. 
=~ 3-8) — ~ 16? 
1 \ 8 = 1 3 
at (—2,-$): y= -—g — G(K-(-2)) 
3 1 
> y=-exX-|G 


5, tangent line 





11. m= lim @+b +5 








2 
= jim Gt4eth 5 — yi BGtH — yg. 
h—0 B h—0 B hoo 4A : 
at (2,5): y —5 = 4(x — 2), tangent line 
2 2 
1s. a= ie [a +h) - 20 +h)*]-(-1) _ lim (1+h—2—4h—2h’) +1 _ linn n(=3- 2h) _ _3. 
h—0 7 h—0 F h—0 h 
at(1,—1): y+ 1 = —3(x — 1), tangent line 
B _ | wey 3 li (+h)—3(ht1) _ 
* soar paste h ers h(h + 1) BL 


: —2h _ _». 
= Jin 9 bh+ 1) —2; 
at (3,3): y — 3 = —2(x — 3), tangent line 














av) 2 2 
_ 4. am 4; 8—2(2+h) _ 1: 8—2(444h+h’) 1: —2h4+h)  -8 _ 4, 
14. eels = h@ + hy = n+ hy =, hothE = a = 
at (2,2): y —2 = —2(x — 2) 
= 2 pay . 2 
15, to ee = 8_ i +h)-8 _ yp h(2+6h+hY) _ 12: 
h—0 h-0 h—0 
at (2,8): y — 8 = 12(t — 2), tangent line 
3 i . \ Lanza He 134 ‘ 2 
16. m= lim era cn —* = tim Gyan sae aoe) 4 = lim a = 6) 
0 h—0 h—0 
at (1,4): y —4 = 6(t — 1), tangent line 


24 J4+h—-2 _ 4: J4+h—2 
17. m = lim, {= lim . : 


h—0 





J4+h42 _ (4+h)—4 


_— | h os 2 
V4+h+2 ~~ h-0 n(V/4+h+2) naitr n(V/4+h+2) V442 
= i at (4,2): y-2= (x — 4), tangent line 











18. m= lim 


— 


V8+h+1-3 _ ly V2tES3 . oth 
= 


3 : (9+h)—9 
lim 
h—0 f Vo+h 




















ae 














_ _@4n-9 _ po ob 
3° ho n(/o-+h+3) ‘0 n(/o+h+3) 
Oe ia (8,3): y —3 = 2 (x — 8), tangent line 
19. Atx=-—l,y=5 m= lim —_—s a>. fin aes — Lim stern = ataleps 
pe h-0 h—0 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


105 


106 


20. 


21. 


22. 


23. 


24. 


25, 


26. 


27. 


28. 


29. 


30. 


31. 


32. 
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= 2) ( i —4—4h — h? . nat 
Atx=2,y=-3 ia Jim, Sa = jim, a = lim, —he+ — _4, slope 
= = = 
1 a9 2-(2+h) h 1 
@GB+h)-1 _—— . oa —— . = = 
Atx =0 1 lim FHICY — Ym GoD+O+y _ y ah_ = 2, sh 
Sg = Reg po AED Sg B+ — @ POPE 
Lh)? 4 24 
At a horizontal tangent the slopem =0 > 0=m= im, (ssi Ath eae 
= 


— fim ehh? +4x+4h—1)— (44-1) _ 
ree, h h—0 
2x+4=0 = x =—2. Then f(—2) =4—8—1=~—5 = (—2,—5)is the point on the graph where there is a 


horizontal tangent. 








Gis) plim, (2x +h +4) = 2x + 4; 











_ _ 4 [(x +h) — 3(x +h] —(x3-3x) sy; (x° + 3x*h + 3xh? + h? — 3x — 3h) — (x3 — 3x) 
=m= lim = lim 
0 h-0 7 h—- h 


= lim, 3xth-t Sxh fh? — 3h = lim, (3x° + 3xh + h? — 3) = 3x? — 3; 3x? -3 =0 > x=—lorx=1. Then 
f(—1) = 2 and f(1) = —2 => (—1,2) and (1, —2) are the points on the graph where a horizontal tangent exists. 


z 1 
@&Fh-T x-T _essys (x-l)-G+h-1) _ 1; —h _ 1 
h =m, ha — Dix +h—1) = jm hx—-Dath-b~ — &-D? 


> (x-1P=1 5 xX-2x=0 => x(x-2)=0 x = Oorx =2. Ifx =0, then y = —1 andm= —1 
=> y=-1-(«-0)=—-(*+1). Ifx =2,theny=landm=-1 => y=1-—-(x-2)=-(x— 3). 





—-l=m= lim 
h—0 


























1_ =. as Vxth-/x 4. Vxth-/x : Vxth+/x 4. (x +h) —x 
1 i? = 3 Vatht Vx ree h(Vx-+h+ x) 














= jim, ae A) = ae Thus, + nr > Jx 2 x=4 y = 2. The tangent line is 


y=2+4-4=f41. 
= ‘ = ‘ 2) = 2 . = 2 
tin se) 1). ti (100 — 4.9(2 + hy?) — (100 — 4.9(2)?)__ ian =" (4+4h am )+.4.9(4) 


h—0 h—0 tt ~ h0 
= jn (—19.6 — 4.9h) = —19.6. The minus sign indicates the object is falling downward at a speed of 


19.6 m/sec. 




















= F 2 2 . 2 
lim see ee — lim 300+ hy — 300)" = lim 3(20n +H) = 60 ft/sec. 
h-0 h-0 h—0 
1h) . Van 2 2 7 Ds -, : 
lim %6+)-*%3) — jim AG +h —20y a = him Teo Cee | jim 1(6 +h) = 60 
h-0 h-0 h-0 h—-0 
lim #2+W—-f2) _ jig FO+W—FOK _ jig EUnet ow +h) _ dim 46 112 4 6h +h] = 16m 
h—-0 h ~ hoo h ~ hoo h “hoo 3 ~ 
ee : = ‘ h? sin (t) : 1 
Slope at origin = lim 12+®—1 _ jim bh’ = lim hsin(-) =0O = yes, f(x) does have a tangent at 
r oe ea i ho & h—0 (3) se) . 
the origin with slope 0. 
: —¢ : h sin (+ : : : : : ; 
lim goth 20) = lim sin (a) = lim sin i. Since lim sin i does not exist, f(x) has no tangent at 
h-0 h—-0 h-0 h-0 


the origin. 
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lim fO+n— 10) = lim a? =oo,and lim for) — 10) = lim 1-0 = oo. Therefore, 
h-07 h— 07 h—0* h— 0t 
‘ fO+h)—f0) _ ‘ wo 
lim ——~—~“ =oo = yes, the graph of f has a vertical tangent at the origin. 
h—0 / 
lim TO+h— VO) = lim o-1 =oo,and lim Hor W—VO = lim 11 =0 = no, the graph of f 
h=07 h—0- h—0* h—=0t 


does not have a vertical tangent at (0, 1) because the limit does not exist. 


(a) The graph appears to have a cusp at x = 0. 


{0,0) 


: — . 2/5 _ 5 ; 
(b) lim fO+N)— 10) = lm = h 9— lim +4, =-ocoand lim 
h— 07 h— 07 h—oo- bY” — ot 


=> the graph of y = x?/° does not have a vertical tangent at x = 0. 





are = oo = limit does not exist 


(a) The graph appears to have a cusp at x = 0. 











yextl5 
(0,0) 
x 
(b) lim fO+) ~ £0) = lim ce = lim 4;=-—ooand lim) 4; =co = limit does not exist 
h—0- h— 0- h—0- bY h—o+ bY 
=> y =x*> does not have a vertical tangent at x = 0. 
(a) The graph appears to have a vertical tangent at x = 0. ¥ 
~My 
(0,0) a 
x 
(b) lim HO+h) ~ 40) = lim see = lim J, =co = y =x!'/* has a vertical tangent at x = 0. 
h—0 h—=0 ho hy 
(a) The graph appears to have a vertical tangent at x = 0. =f 
3/5 
(0,0) yo 
x 
(b) Jim, +8 — tim we =o = lim. 4, =oo = the graph of y = x*/® has a vertical tangent 
h—0 h—=0 ho bY 
atx = 0. 
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39. (a) The graph appears to have a cusp at x = 0. 





: 7 : 2/5 _ : : 
(b) lim f24hO = jim 2=2h= Jim 4,-2=-ooand lim 4 —2=c0 
= 07 h h— 0- 7 h—0- bY hoor bY 


=> limit does not exist > the graph of y = 4x2/> — 2x does not have a vertical tangent at x = 0. 


40. (a) The graph appears to have a cusp at x = 0. 





(2.0,-4.76) 





hl/3 


(b) lim see = lim P’=sh" = jim h2/3 — 5. =0— lim ,5; does not exist = the graph of 
h-0 h-0 


rag. = § h—0 nis 
y= x°/3 — 5x?/3 does not have a vertical tangent at x = 0. 
41. (a) The graph appears to have a vertical tangent at x = | 
and a cusp at x = 0. 








: L H)2/3 1/3 ? 9/3) 1/3 
(b) c= fe lim (+h) avn 1) 1 — lim (+h) ; h 1 es 
h—0 


=> y =x?/3 — (x — 1)"/5 has a vertical tangent at x = 1; 


. — . 2/3 _— _— 1/3 os (ees 1/3 . 
x=0: lim forma = lm '—4 1 Ch)" = lim [its — 
h—0 h—0 h—0 ' 


does not exist > y = x?/3 — (x — 1)"/3 does not have a vertical tangent at x = 0. 
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42. (a) The graph appears to have vertical tangents at x = 0 and y 
x= 1 





y=xl3 4 (x2 1)1/3 








4 efi: at A 1/3 — 4)1/38 _ ¢_1)1/3 
(b) x = 0: lim, a = jim, alae 1) CD" =co > y=x'/4 (x —- 1)! hasa 
= => 


vertical tangent at x = 0; 
x=—1: lim A+ — AD 

h-0 

vertical tangent at x = 1. 








=~o => y=x'/34(x—- 1) hasa 





. 1+hy¥34+a+h-)¥3-1 
= lim 
h-—0 h 


43. (a) The graph appears to have a vertical tangent at x = 0. 














(bt) Him, 249-8) — jim VE-O = Jim -1 = 0; 
h— 0+ x — OF h—0 Vvh 
lim += jim -VEI-0 = jim VE = fim 4 = 00 
h— 07 h— 07 h- 07 {h| h— 07 {h| 


= y has a vertical tangent at x = 0. 


44. (a) The graph appears to have a cusp at x = 4. 








(b) lim, 448-8 — jim VYEE@HWINO _ jim vil 
i 





= lim ~—-=0; 
h— 0° h— 0* h—- Or Vh 
lim so el) — lim es) — jim VY = jim Li | as 
h— 07 h— 07 hoo Al Apso Vib 


=> y= V4-—x does not have a vertical tangent at x = 4. 


45-48. Example CAS commands: 


Maple: 
f :=x -> x43 + 2*x;x0 := 0; 
plot( f(x), x=x0-1/2..x0+3, color=black, # part (a) 
title="Section 2.7, #45(a)" ); 
q := unapply( (f(x0+h)-f(x0))/h, h ); # part (b) 
L:= limit( q(h), h=0 ); # part (c) 
sec_lines := seq( f(x0)+q(h)*(x-x0), h=1..3 ); # part (d) 


tan_line := f(x0) + L*(x-x0); 
plot( [f(x),tan_line,sec_lines], x=x0-1/2..x0+3, color=black, 
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linestyle=[1,2,5,6,7], title="Section 2.7, #45(d)", 
legend=["y=f(x)","Tangent line at x=0","Secant line (h=1)", 
"Secant line (h=2)","Secant line (h=3)"] ); 
Mathematica: (function and value for x0 may change) 

Clear[f, m, x, h] 

x0 = p; 

f[x_]: = Cos[x] + 4Sin[2x] 

Plot[f[x], {x, xO — 1,x0 + 3}] 

dq[h_]: = (f[x0+h] — f[x0])/h 

m = Limit[dq[h],h — 0] 

ytan: = f[x0] + m(x — x0) 

yl: = f[x0] + dg[1](x — x0) 

y2: = f[x0] + dq[2](x — x0) 

y3: = f[x0] + dq[3](x — x0) 

Plot[{f[x], ytan, yl, y2, y3}, {x, x0 — 1,x0+ 3}] 


CHAPTER 2 PRACTICE EXERCISES 


1. Atx=—-I: lim f(x)= lim fx=1 
x—-l 5 eae a 
=> lim | f(x) = 1 = f(-1) 
x3 





=> fiscontinuous atx = —l. 
Atx=0: lim f(x)= lm f(x)=0 => lim f(x)=0. 
x0 x 3 Ot x70 





But f((0) = 14 Jim, f(x) 
=> fis discontinuous at x = 0. 
If we define f(0) = 0, then the discontinuity at x = 0 is 
removable. 
Atx=1: lim f(x)=-—land lim f(x)=1 
x31 x—1t 
=> dim, f(x) does not exist 


=> fis discontinuous at x = 1. 


2. Atx=-—-—I: lim_ f(x)=Oand lim f(x)=-1 2 
x—--l1l7 x—> ot 
=> lim_ f(x) does not exist 0, x<-1 
x—--—-l fe)= 1/x, O< |x| <1 

is di = ~) 0 x=1 

= fis discontinuous at x = —1. aoa 

Atx=0: lim_ f(x)=—ooand lim f(x) = oo ; 

x — 0 x > OF 


=> lim, f(x) does not exist 
i. -—* 


= fis discontinuous at x = 0. 
Atx=1: lim f(x)= lm f(x)=1 > lim f(x)=1. 
x71 x3 1t xo l 





But f(1) = 0A lim, f(x) 


= fis discontinuous at x = 1. 
If we define f(1) = 1, then the discontinuity at x = 1 is 


removable. 
3. (a) lim (3f(t)) =3 lim f(t) = 3(—7) = —21 
t— to t— to 


(b) lim (f(t))? = ( lim ‘(t)) = (-7)? =49 


t— to t— to 
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(c) lim (f(t) - g(t) = lim f(t) - lim g(t) = (—7)(0) = 0 





to 
@. tin 0, 
t— tp 80-7 ~~ lim (g(t) —7) dim g(Q — lim7 ~~ 0-7 


(e) im, cos (g(t)) = cos (lim, 2(t)) =cos0= 1 

(f) lim |f(t)| = | lim £(0| S24 
t— to t— to 

(g) lim (f(t) + g(t)) = lim f(t)+ lim g(t) = —-7+0=-—-7 
t— to t — to t— to 


e 1 = if —. A. — 1 
ee (as) = Imi ~ 7 = 77 





4. (a) lim —g(x) = — lim, g(x) = —V2 
(b) im, (g(x) - £09) = im, g(x) - lim, f(x) = (2) (4) = 
(c) tim, (£00) +g) = Jim, f(x) + lim, g(x) = 5 + V2 


sie 








. | artes aera: (ere 
(d) Jim, fo) ~ Tim foy ~ F = 2 
(e) lim (x+f(x)) = lim x+ lim, f(x) =O+ 5 = 5 
x—0 x—0 x— 
lim f(x)- lim cos x 1 
: f(x)-cosx __ x50 x0 = @O _ 1 
() lim. “or = lim x— lim T — "0— 2 


5. Since lim x = 0 we must have that lim) (4 — g(x)) = 0. Otherwise, if lim, (4 — g(x)) is a finite positive 
x Per x = 


number, we would have lim 7 [22] = —oo and _ ” [=| = oo so the limit could not equal 1 as 
x— x3 


x — 0. Similar reasoning holds if lim, (4 — g(x)) is a finite negative number. We conclude that lim, g(x) =4. 
God x7 


6. 2= lim [x lim a(x)| = lim x- lim [lim 2(x)| =—4 lim, , Lei, a(x)| = —4 lim g(x) 
x— —4 x—0 x 4 x 4 lx -0 x0 





(since lim. g(x) is aconstant) > lim. g(x) = aa = $- 
x0 x0 


7. (a) Jim, f(x) = Jim, x!/3 = c!/3 = f(c) for every real number c = f is continuous on (—oo, 00). 
x—7C x—7C 


(b) lim, g(x) = lim, xi/4 = g(c) for every nonnegative real number c => g is continuous on [0, oo). 
(c) lim, h(x) = lim, x2/8 = chy = h(c) for every nonzero real number c => h is continuous on (—oo, 0) and (—o0o, 00). 
(d) Jim, k(x) = lim, x 1/6 — =z = k(c) for every positive real number c > k is continuous on (0, 00) 


8. (a) U ((n — 5), (n + 5)T), where I = the set of all integers. 


(b) LU (nz, (n+ 1)z), where I = the set of all integers. 














7 x?—4x+4 a (x=2)(x-2) _ 7: x—2 : imi i 
9. (a) Jim, Sif lik = = Jim, x7 DR?) = Jim, Wer X F23 the limit does not exist because 
_x-2— : x-2 _ _ 
ms can and Mn saa 
x-4x4+4 0 __ (x=2)(x=2) _ 4; X= Oy 
(b) Jim, e+5e—x — Jim, xx+ 72) = lim, x(x+ Gay 5 #2, and im, x wa = 70 =0 
x 4+x = x(x + 1) _ = 
10. @) lim) spare = lim) speraxay ao) FatherD = at) wary #Oandx A —1. 
Now im VRID = —yoend hm 26 =~0o-> Jim, ais =o. 
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x(x + 1) 



















































































x? +x — _ : “mi 
(b) im ee cam Cas es) eae lim | ia The limit does not 
exist because lim _ 2aED = =eaant! Ams PRID =o. 
° 1- : 1—/x 3 1 1 
11. lim = lim = lim =s 
x=] 1-* x21 (l-Vx)(i+Vvx) ~ xs1 It+yx 7 2 
é 2 92 - . x2 — a2 x 1 
12. im, xa = Jim, (x? +a?) (x? — a?) im, xta’ Qaz 
+h) — x2 ; 24 hx +h2) — x2 : 
13. lim & wi x = lim ati th = lim. (2x +h) = 2x 
h-—0 h—-0 h-0 
2 2 2 2 2 
14. lim StR=8 = jj PAREN _ Jim (2x +h) = 
x—0 h x0 h ys an} 
1 1 
: Tex 2 2-(2+x) _ 1: +1. 
15. Jim, x = = Jim, 2x(2+x) im, 442x 4 
3 3 2 = . 
16. lim @+® lim & +604 x48) 8 — jim (x? + 6x +12) = 12 
x30 a x0 a x30 
1/3 
17. lim [4g(x)}%®=2 = [ tim 4 a(x)| =2 => lim 4 g(x) =8,since 2? =8. Then lim g(x) =2. 
x > 07 x > 0* x > 07 x > 07 
18. lim =t5=2> lim_@t+ge@)=} > J5+ lim_ gx)=i > lim_ gx =1- 5 
x3 V/5 x V5 x3 J5 x 5 
19 tl oo S Jim, g@) = 0 since lim, (3x? + 1) =4 
‘ee 2 & = 
2 
20. lim. >= =0 5 _ lim. g(x)=oosince_ lim, (5—x?) =1 
x——2 Vax) x im , a(x) Pe ) 
3 a1 3 
+ Oxt3 He _ 240 _ 2 : 243 4 @ _ 240 _ 2 
21. x Him, x PT = Megat ~ 540 5 22. dim. 52 a =e lese t ~ 540° 5 
. x?—4x+8 _ H 1 
23. 2 tt ae — tim .(35 3x? + 30) = 0+0=0 
1 
: : Geo 0s 
24. x im, 2 Tx+1 x Mite — T-0+0 =0 
: 7x __ ; X — x +x = x+1 
25. x im, x+1 =, imFt = 26. dim artes = x im,ny = 
27. im et < im ay = 0 since int x > oo as K > co =, lim See = 
28. tim SF < tim = 0 =, tim S*F—t = 0. 
— © — CO mee) 
F x+sinx+2/x _ : Le roe — 14040 _ 
22) eens ge ee 
ee . 14 x7/8 — 140 _ 
30. , im, a + cos?x clin, ( a) ™~ 140 — I 
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x (x?— 1) 








31. Atx=-I1: lim f(x)= lim -4— 
x——l x—-—-1 xP — J] 
= lim, xo) = lim x=~—l,and 
x—-l % x — 
. _ : x(x?-1) __ . x (x? — 1) 
_ lim, 0 = im, ESP = im, ASS 


= lim j (—x) = —(—1) = 1. Since 
x7 - 
lim, f@) A _ lim, , foo 


=> lim i f(x) does not exist, the function f cannot be 
x7 








extended to a continuous function at x = —1. 
4. : _ : x(x?-1) __ : x(x2—-1) : _— 
Atx=1: lim f@) = lim_ ea = jim_ teat) = , lim _ x) = —l, and 
lim, f(x) = lim, S8=) = jim, $=" = im, x =1. Again lim, f(x) does not exist so f 
x—71t x31 1 x—71t x1 x3 1t xl 


cannot be extended to a continuous function at x = | either. 


32. The discontinuity at x = 0 of f(x) = sin (+) is nonremovable because lim, sin i does not exist. 
x—- 








33. Yes, f does have a continuous extension to a = 1: y 
H _ x-l _4 
define f(1) = Jim, a7 s 
1 
x 
-1 1 
x-1 
a See ER a=] 


34. Yes, g does have a continuous extension to a = 4: 
5 cos @ 5 


(3) = fim, 40—In ~~ 4° 





35. From the graph we see that : lim h(t) # aa h(t) 
= t— 


so h cannot be extended to a continuous function 


ata = 0. 





1 
A(t) = (1+ |e)", @=0 
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36. From the graph we see that lim, _k)F re kK) 
x— x= 


so k cannot be extended to a continuous function 
ata = 0. 





37. (a) f(—1) = —1 and f(2) =5 = fhas a root between —1 and 2 by the Intermediate Value Theorem. 
(b), (c) root is 1.32471795724 


38. (a) f(—2) = —2 and f(0) = 2 = f has a root between —2 and 0 by the Intermediate Value Theorem. 
(b), (c) root is —1.76929235424 


CHAPTER 2 ADDITIONAL AND ADVANCED EXERCISES 











ly Gy: & 0.1 0.01 0.001 0.0001 0.00001 
x 0.7943 0.9550 0.9931 0.9991 0.9999 
Apparently, 4 aa x=l 

(b) 
y 
1 
0.6 
y =x" 
0.2 
x 
0.2 0.6 1 

2. (a) x 10 100 1000 
(4) | 0.3679 0.3679 0.3679 
Apparently, , lim, (2) Vix) _ 9.3678 = i 

(b) 
y 


1/(in x) 
se) = (2) 


x 
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‘ r ee lim_ v2 2 
iim. L = lim_Lo 4/1 - 3 =Lo V1 - “8 = Lo f1-§$ =0 


The left-hand limit was needed because the function L is undefined if v > c (the rocket cannot move faster 
than the speed of light). 


B= 1] < 0.2 > -02< F-1<02 + 08 < YE <12 + 16 < VK<24 > 256 <x < 5.76. 


jE 1] < 0.1 > -01<F-1<01 + 09< YE <LI + 18 < VR<22 > 3.24 <x < 4.84. 


|10 + (t — 70) x 10~* — 10] < 0.0005 = |(t — 70) x 10~*| < 0.0005 = —0.0005 < (t— 70) x 10~* < 0.0005 
=> -5<t—70<5 => 65° <t< 75° => Within 5° F 


We want to know in what interval to hold values of h to make V satisfy the inequality 

|V — 1000] = |36zh — 1000] < 10. To find out, we solve the inequality: 

|367h — 1000| < 10 > —10 < 36h — 1000 < 10 = 990 < 367h < 1010 > eae <h< pee 

=> 8.8 <h < 8.9. where 8.8 was rounded up, to be safe, and 8.9 was rounded down, to be safe. 

The interval in which we should hold h is about 8.9 — 8.8 = 0.1 cm wide (1 mm). With stripes 1 mm wide, we can expect 


to measure a liter of water with an accuracy of 1%, which is more than enough accuracy for cooking. 


Show lim. f(x) = lim (x? — 7) = —6 = f(1). 
x1 x1 


Step 1: |(x?-7)+6|<e« > -e<x?-l<e > l-ex<xw<l+e > Vl-e<x< Vite. 
Step2: |x-1]<6 > -6<x-1<6 => -641<x<641. 


Then 6 41 =+/i —eoré+1=4fi+e. Choose § = min {1— Te, /T+e—1}, then 


0<|x-1| <6 => |(x? —7) —6| < «and lim, f(x) = —6. By the continuity test, f(x) is continuous at x = 1. 
x—> 


Show a g(x) = ca x =2= (3). 
Step 1: | 4 LG eesnes oes Sees teeye See 
Step 2: pH] <b —bex—}cde Sth cxco+h, 


1_ 4 ee 1 _ 24t 1__e 
Then -0+ 4 >a,5 > © =i1-me =goro 0b +4 =g-= = §=Ge 4 = we’ 
Choose 6 = 


the smaller of the two values. Then 0 < |x a | <6 => |x _ 2| < € and lim, 2 =2., 
7 oe 





€ 
4(2+¢e) ” 2x 


. . . . _ 1 
By the continuity test, g(x) is continuous at x = 7. 


Show lim, h(x) = lim, V2x—-3=1=h(2). 
x— x— 
Step 1: |\V2x-3-1] <e => -e< V2x-—3-l<esl-ex<V2x-3<lt+es feo exe os, 


Step 2: |x-2| <6 => -6<x-2<6o0r-64+2<x<642. 
Then —6 +2 = (l—«?+3 ~~ 7-9 G-6+3 _ 1-d-& ee are ma (+¢?+3 
2 2 2 2° 2 
>6é= Ree 2 = Sea =e+ 3 Choose 6 = € — <, the smaller of the two values. Then, 


0<|x-2)<é6 => | V2x =.= 1 < €, 80 lim, vy 2x —3 = 1. By the continuity test, h(x) is continuous at x = 2. 
x7 








. Show lim, F(x) = lim, /9-x=2=F(5). 
x7 Oo x— 


Step 1: |\V9=x-2| <e > -6< f9_-x-2<€ S 9-22-62 >x>9-Q4 6%. 
Step2: 0<|x-S| <6 > -6<x-5<6 => -64+5<x<6+4+5. 
Then -6+5=9-(24+ 6? => 6=(24+6?-—4=€ 426,016 +5=9-(2-—06€% => 6=4-(2-°? =e —- 2. 
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11. 


12. 


13. 


14. 


15. 


Chapter 2 Limits and Continuity 


Choose 6 = ¢? — 2e, the smaller of the two values. Then, 0 < |x —5| <6 => |v —x- 2| < €,S0 


lim, 9 —x = 2. By the continuity test, F(x) is continuous at x = 5. 
x 


Suppose L; and Lz are two different limits. Without loss of generality assume Lz > Ly. Let € = ; (Lz — L)). 
Since , lim f(x) = L; there is a 6; > 0 such that 0 < |x — xo] < 6; => |f(K) -Li]}<« => -e <f(x)-—Li <e 
> — $2 -Li) + Li < f@) < $2 - Li) + Li > 4Ly — Ls < 3f(X) < 2L1 + Le. Likewise, ,lim, £0) = Ls 
so there is a 62 such that 0 < |x — xo| < 6) => |f(x) Lo] <e > —-e < f(x) -Iy <€ 

=> —4(Ly —L,)+L, < f(x) < 4 (Ly —L)+LlLy. => 2Lo+ Li < 3f(x) < 4L. — Ly 

=> L, —4L, < —3f(x) < —2L, —L,. If 6 = min {6,, 65} both inequalities must hold for 0 < |x — x9| < 6: 


4L,; —Ly < 3f(x)< 2L,;+12 
Li — 4Ly < —3f(x) < —2L, — Li 


a contradiction. 


} > 5(L1 — Ly) <0O0<L, —Ly». That is, L; —Ly, < 0 and L; — Ly» > 0, 





Suppose lim f(x) = L.Ifk = 0, then lim kf(x) = lim. 0 =0=0- lim f(x) and we are done. 
x—~C x—7Cc x—C x—-Cc 


Ifk # 0, then given any € > 0, there is a6 > 0 so that 0 < |x —c] < 6 = [f(x) —L] < fy = |kI|f(x) —L] <e 


=> |k(f(x) — L)| < € = |(kf(x)) — (KL)| < ¢. Thus, lim, kf(x) = kL = k( Jim, f(x). 


(a) Sincex > 0*,0<x2<x<1 => (x8-x) 30 = lim _£(x* —x) = lim f(y) = B where y = x° —x. 
x—- YY 

(b) Sincex > 0-,-1<x<x® <0 = (xX°-x) - 0T = lim fe aS lim , f(y) = A where y = x? — x. 
x—> yo 


(c) Sincex > 0t,0<x+<x? <1 => (x?-x*) = Ot S lim. f(x?-x*)= lim , f(y) = A where y = x? — x’. 
y=? 


x— 0 





(d) Sincex > 0°,-1<x<0 5 0<x'< xX <1 => (x*-x*) 56 07 S lim | £(x* — x!) = Aas in part (c). 
x-— 


(a) True, because if Jim, (f(x) + g(x)) exists then Jim, (f(x) + g(x) - Jim, f(x) = Jim, [(f(x) + g(x)) — f(x)] 


= Jim, g(x) exists, contrary to assumption. 





(b) False; for example take f(x) = 1 and g(x) = — i. Then neither lim, f(x) nor lim, g(x) exists, but 
x ». ea 
Jim, (f(x) + g(x) = Jim, (4-34) Jim, 0 = Oexists. 
(c) True, because g(x) = |x| is continuous = g(f(x)) = |f(x)| is continuous (it is the composite of continuous 
functions). 
—-1,x<0 Pee : : 
(d) False; for example let f(x) = eo, => f(x) is discontinuous at x = 0. However |f(x)| = 1 is 
continuous at x = 0. 
: _ : xe-1_ 47 &+Da-) _ 
Show lim f= lim, xe 7, om, co 2,x4-1. 
wal yx #-1 
Define the continuous extension of f(x) as F(x) = { x41? : We now prove the limit of f(x) asx — —1 
- ,x=- 


exists and has the correct value. 





24 (+ D1) 
= —(-2)| <é =—-6< ao ee S eX GH ae eel Se lee, 


Step2: |x -—(-lD| <6 => -6<x+1<6 => -6-1<x<6-lL. 
Then —6 —-1=-e-1 => 6=c€,0or6-—1l=e-1 => 6=€. Choose 6 =e. Then0 < |x — (—1)| < 6 


Step 1: 





=> 








= => — (-2)| <e=> Z im i F(x) = —2. Since the conditions of the continuity test are met by F(x), then f(x) has a 


continuous extension to F(x) atx = —1. 
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: : 2_2x-3 : (x —3)\(x+1 
16. Show lim, g(x) = lim, 25> = lim, SSPE? = 2.x 43. 


x3 
9x3 
eee x #3 
3 


Define the continuous extension of g(x) as G(x) = { ) 2x . We now prove the limit of g(x) as 
,xX= 


x — 3 exists and has the correct value. 


oo —3)(x+1 1 
ee -2<e> e < Boer -2<6 > -€< HH -2 <6 xf#3 > 8-2 <K<B +2. 








Step 1: 





Step2: |x-—3| <6 > -6<x-3<6 > 3-6<x<643. 
Then, 3—6=3-—2€ > 6=2¢,0r6+3=3+42€ = 6 =2¢. Choose 6 = 2. Then 0 < |x —3| <6 


x2-2x-3 _ (x — 3)(x+1) 
2x—6 2(x — 3) 





=> 





2| <e => lim, 
: oo: 
g(x) can be continuously extended to G(x) at x = 3. 


= 2. Since the conditions of the continuity test hold for G(x), 


17. (a) Let € > 0 be given. If x is rational, then f(x) =x => |f(x) —0| = |x-—0| <e © |x—O| < 6 ie., choose 
6 =e. Then |x —0| <6 => |f(x) — 0| < € forx rational. If x is irrational, then f(x) =0 => |f(x) — 0| <e« 
< 0 < € which is true no matter how close irrational x is to 0, so again we can choose 6 = ¢. In either case, 
given € > 0 there isa 6 = € > 0 such that 0 < |x —0| <6 = |f(x) — 0| < . Therefore, f is continuous at 
x=0. 


(b) Choose x = c > 0. Then within any interval (c — 6,c + 6) there are both rational and irrational numbers. 
If c is rational, pick « = - No matter how small we choose 6 > 0 there is an irrational number x in 
(c—6,c+6) > |f(x) —f(©| = |0-—c|=c > § =e. That is, fis not continuous at any rational c > 0. On 
the other hand, suppose c is irrational = f(c) = 0. Again pick « = 5. No matter how small we choose 6 > 0 
there is a rational number x in (c — 6,c + 6) with |x —c| <S =€ = £ <x < ¥. Then f(x) — f(©| = |x — 0 
= |x| > 5 =e = fis not continuous at any irrational c > 0. 
If x = c < 0, repeat the argument picking « = cl = >. Therefore f fails to be continuous at any 

nonzero value x = c. 

18. (a) Letc= = be a rational number in [0, 1] reduced to lowest terms = f(c) = i Pick € = x: No matter how 


small 6 > 0 is taken, there is an irrational number x in the interval (c — 6,c + 6) = |f(x) — f(c)| = |0 — | 
= i > x =e. Therefore f is discontinuous at x = c, a rational number. 

(b) Now suppose c is an irrational number = f(c) = 0. Let € > 0 be given. Notice that 5 is the only rational 
number reduced to lowest terms with denominator 2 and belonging to [0, 1]; i and ; the only rationals with 
denominator 3 belonging to [0, 1]; 5 and ; with denominator 4 in [0, 1]; i, 2, : and 3 with denominator 5 in 
[0, 1]; etc. In general, choose N so that x <€ = there exist only finitely many rationals in [0, 1] having 
denominator < N, say 1, r,... , 1). Let6 = min{|c —1|: i= 1,... ,p}. Then the interval (c — 6,c + 6) 
contains no rational numbers with denominator < N. Thus, 0 < |x—c| <6 => |f(x) — f(©)| = |f(x) — 0| 


= |f(x)| < § < © => fis continuous at x = c irrational. 
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(c) The graph looks like the markings on a typical ruler y 
when the points (x, f(x)) on the graph of f(x) are 
connected to the x-axis with vertical lines. 


0.8 
0.6 
0.4 
0.2 
x 
0 0.2 0.4 0.6 0.8 1 
fi l/n_ if x = m/n is a rational number in lowest terms 
~ 10 if x is irrational 


19. Yes. Let R be the radius of the equator (earth) and suppose at a fixed instant of time we label noon as the 
zero point, 0, on the equator = O-+ 7R represents the midnight point (at the same exact time). Suppose x; 
is a point on the equator “just after" noon = x, + 7R is simultaneously “just after" midnight. It seems 
reasonable that the temperature T at a point just after noon is hotter than it would be at the diametrically 
opposite point just after midnight: That is, T(x;) — T(x; + 7R) > 0. At exactly the same moment in time 
pick x, to be a point just before midnight = x» + 7R is just before noon. Then T(x2) — T(x2 + 7R) < 0. 
Assuming the temperature function T is continuous along the equator (which is reasonable), the Intermediate 
Value Theorem says there is a point c between 0 (noon) and 7R (simultaneously midnight) such that 
T(c) — T(c + 7R) = 0; i.e., there is always a pair of antipodal points on the earth's equator where the 
temperatures are the same. 


xc 4 xc 


= 48 (-2))) =2 


20. Jim, F000) = lim, $](x) + a(09)? — (Fo) — g60)?] = 4] (,tim,(f0 + 260)” — (tim, (Fo) — 260)) ] 














21. (a) Atx=0: lim ry (a) = Jim, YE! = tim (2) (sev) 
a-_ a-_ 
























































a—0 -1-VJl+a 
: 1-~G+a)_ -1 =. i! 
= eyed ey 
_—_|y 4- _ - l-(+a) _ =a a 
AtKS a1 lim .re@)= im, AS = lim, asin = ae =! 
(b) Atx=0: lim r_(a)= lim =2=v** = |im (22) (4) 
a> a> 0" . a (0 a —1+V/l+a 
= lim —-°2_ = jim ——=*—— = lim ——)— = ow (because the 
a—(Q- a(-l+V1+a)) a so- a(-1+V1l+a) a—so- -l+Vi+a 
QB . . . . _ . —1 a . 
denominator is always negative); : ma . r_(a) = : _ : See oo (because the denominator 
is always positive). Therefore, lim, r_(a) does not exist. 
a-— 
_ _ 4. : _ : —-l-Vl+a _ : 1 _ 
Atx = —l: fons BS — Se fie 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


22. 


23: 


24. 


Chapter 2 Additional and Advanced Exercises 


(c) 





Graph not to scale 





(d) 
f(x) f(x) 


a=0.05 


-1 





-50 
f(x) =ax?4+2x-1 





f(@) =ax?4+2x-1 


f(x) =x+2cosx => f(0)=0+2cos0 = 2 > Oand f(—7) = —7 + 2 cos(—7) = —7 — 2 < 0. Since f(x) is 
continuous on [—7, 0], by the Intermediate Value Theorem, f(x) must take on every value between [—7 — 2, 2]. 
Thus there is some number c in [—7, 0] such that f(c) = 0; 1.e., c is a solution to x + 2 cos x = 0. 


(a) The function f is bounded on D if f(x) > M and f(x) < N for all x in D. This means M < f(x) < N for all x 
in D. Choose B to be max {|M] ,|N|}. Then |f(x)| < B. On the other hand, if |f(x)| < B, then 
—B < f(x) < B => f(x) => —B and f(x) < B => f(x) is bounded on D with N = B an upper bound and 
M = —B a lower bound. 


(b) Assume f(x) < N for all x and that L > N. Let e = LEN. Since im, f(x) = L there is a 6 > 0 such that 


wm 


0< |x—x9] <6 > |f@)—-L] <e @ L-e<f#)<Lte @ L-§X <f@<L+4% 
S LEN < f(x) < LN, ButL>N => LEN >N = N < f(x) contrary to the boundedness assumption 
f(x) < N. This contradiction proves L < N. 
(c) Assume M < f(x) for all x and that L < M. Lete = Mok, As in part (b), 0 < |x — x9| < 6 
=> L- Moh < f(x) << L+ Mot © 3L—M < f(x) < Mot. < M, a contradiction. 





(a) Ifa>b,thena—b>0 > |a—bl|=a—b > max (a,b) = 2¢8 4 2-¥ = 2tby ata =a, 














Ifa <b, thena—b<0 => |a—b| =—(a—b) =b—a => max(a,b) = 248 + BoM = ath 4 baa 
— »®=p 
2b — b, 
(b) Let min (a,b) = #42 — Bo¥l, 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


119 


120 


25. 


26. 


27. 


28. 


29. 


30. 






































Chapter 2 Limits and Continuity 
lin: = sin(1 — cos x) Tien sin(1 — cos x) _ Lecosx | 1+ cos x = im sin(1 — cos x) ea t= cosex 
x—= x x—>0 1-cosx x 1+cos x x—>0 1-cosx x > 0 x(1 + cos x) 
= 7 sin Xx sinx  __ 0) _ 
= jm aoe = tha) = 
lim 2% = Jim sax. VX. 21. dim 21. lim \/x=1-0-0=0. 
x > ot sin /x x—-ot ® sin /x \/x x 0' (22) oO 
lim SB6i2X) jim Sinsinx) | sinx — Jj DY) | Jim SMX 1-1 = 1, 
x -0 x 30 sin Xx x x —-0 sin X x —0 xX 
- 2 2 * 2 
lim, MES ty ME Ge = et BS 1l)=1-1= 
x30 x x30 * +x ( v ) x30 +x Jet ) i 2 
H 2 et 2 
lim, S229) — Jim S80 =49 (x 42) = lim B@E=) . Jim (x42) =1-4=4 
x32 -2 x32 “4 ( v ) x roe Jim 7 ) 
‘ sin(./x — 3) _ sin(./x — 3) : 1 _ 4 sin(./x — 3) ‘ 1 ss Tos 
oi ee 2 ee ee ee ee 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


=1- lim 


sin? x 
x — Q X(1 +c0s x) 


CHAPTER 3 DIFFERENTIATION 


3.1 THE DERIVATIVE OF A FUNCTION 


1. Step 1: f(x) =4—x? and f(x +h) = 4—- (x +h) 


. f(x+h)—f(x) _ [(4—(+h)?]-(4-x?) _ (4-—x?-2xh—h?)-44x? — ~2xh—h? __ h(—2x—h) 
Step 2: 3 = h = h ~ bh h 





=-—2x—h 
Step 3: f(x) = lim, ¢ 2x — h) = —2x; f’(—3) = 6, f’(0) = 0, f’(1) = —2 








2. F(x) = (x ~ 1)? + Land Fx +h) =X +h- 1? +1 > FG) = lim, (eee aa 








a ie (x? +.2xh +h? —2x—2h+1+1)—(@?—2x+141) _ lim 2h+h?=2h — Jim (2x +h — 2) 
a h—0 7 h—0 


= 2(x — 1); F(-1) = —4, F(0) = —2, F(2) =2 


3. Step 1: g(t) = g and g(t+h) = Ghp 


2 2 

1 1 t —(t+h) 
Step 2: stth—20 _ erp Te (ar) — PH(P+2th+h?) _ ~2th—-¥? 
pe: h h h tth-t-h (heen 








— h(-2t—h) _ —2t—h 
~ (¢+he eh ~ (+h? 2 


Step3: g(t) = lim. gk = gH = Bi e(-1) =2,2) =-1h¢ (V3) =-3; 














1-(+h) 15) 


ae P=Z _ 1-(@+h) _ 4 (oe h) 2z 
4. ka) = Fandka+h= 7p > k'(z) = im, eS 





ee G=-z-hz-(G—zz+h) _ 1; z-z—-zh-z-h+24+zh _ 1; —h _— 7 -1 
= 22+ h)zh = 2(@-+ hyzh = jm geri — SM, oem 


= sk) = -4,.K) =- 4k (v2) =-} 








5. Step 1: p(0) = /30 and p(@ +h) = \/3(0 +h) 


Step 2; R@+N=PO _ V3O+H)— V30 (V30+3n— V30)  (/3043h-+ V38) _ __G-+3h)~36 
. h h h ( 3043h V36) h (\/30+3h+ 38) 















































= 3h _ 3 

~ h (/30-+3h+ 30) V30-+3h+ 30 
: U — y 3 _ 3 oe 8s east = -3 U — 1 af f2\— 3 
BERS: p= ie V30+3h+ 736 /304+/30 a7 PO) 373°? GB) 2°P G=s2 


6. r(s) = /2s+ 1 andr(s+h) =./2s+h +1 > r(s) = lim, vest Phy invest? 


























= Tin (V2sFh+1— y2s+1) . (v2s 2h 1+ ¥2s+1) = jim) sth D=s+) 
h—0 h ( Is+2h+1+ 2s+1) h—0 h(V2s+ah+1+ 28+!) 


ai 2 _ 2 _ 2 
Q V2s+2h+1+/2s+1 V2s+1+V/2s+1 2/2s+1 














= li 


= lim a 
h—>0 h (\/2s-+2h+ + /2s+1) h 


= See TOO Sr) = 




















7. y=f)= 2x3 and f(x +h) = 2(x + hy = al _ vim, cae — 2x? _ jim, oS ae ae 
= lim Seht6xh’ + 2h fi BOE + eh + 7h") — im (6x? + 6xh + 2h?) = 6x? 
h—0 h—0 h—0 
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3 3 
[ss +1) - [+] 






























































3 : : : h)? +2] — [s? +2] 
8 r=f4+1 us oy bE iy, ee] 
2 + ds h-0 h 2 h—-0 h 
— 1 fy SES beset eeo- 2 1 ye | BBs Seb+ Er) _ 1 fey (9g? + Sgh te he) — 2 2 
2 h—0 h 2 h—0 h 2 h—0 ( + + ) 2 
t t+h d (ner 4) ~ (xe) 
— —= — S: = 1 
9, s=r(t)= a5 andr(t+ h) = Tenet = a = Jim, a 
(een) (t+ hy(2t + 1) — t(2t + 2h + 1) 
_ y (t+ 2h+ Dts 1) _4: t+hy(2t4 t(2t 
= un h = AG Qt+2h+D2t+ Dh 
_— 2? +t+2ht+h—2t?—2ht—-t _ 1; h _ 4 1 
= Jim, (t+ 2h+ D@t+ Dh a iim, @it2h+ De@t+ Dh — Jim, i+ 2h+ t+) 
_ 1 _ 1 
—~ @+DA+D — +h? 
: (t+h)—- + —(t-4) . h-— 41 : h(t+ h)t—t+ (t+ h) 

10. & = lim a —= lim —42— = lim ( aa 
t h-0 h—0 h—0 
= WS h?+h’t+h _ 7: C+ht+1 _ P41 _ 1 
= Jim, h(it+ht ~~ jim, (t+ht ~— et If ? 

11 p = f(q) = 1 and f(q a h) _ 1 dp __ lim (aso) = (45) 

: Vatl Vaqth+i dq h0 A 


SS et) 






















































































= ii, SO ey 
h—-0 h ~hs>0 hYqth+lV/qt+l 
= lim (Jatl-Vath+1) | (va+l+Vath+!) _ lim qq+)-@+h+) 
h—-o bvqth+l/q+l  (f/qtl+V7aqtht+1) ~~ p5o bV¥aqth+1 /q4+1(Vqtl+/q+h+1) 
= lim —2 = him —) 
ho b/Yqth+1/qtl(/qtl+/q+h+1) ~~ p59 Vatht1 Vat! (/q+14+/qth+1) 
=-1 -1 



































~ Jatt Vati(fatit+Vatl) ~~ 2q+I Vat 











1 1 

12 dz __ jin (sets - a) = in V 3w —2—./3w+ 3h—-2 

; h ~ h-+0 h/3w+3h—-2/3w—2 
( 3w—2 - /3w+3h—2) ( V3w—2+ V/3w+3h—2) 
~ h-+0 b/3w+3h—2/3w—2 " (Vaw=2+ 3w +3h—2) 
2. ie Gw—2)—- Gw+3h—2) 

h—>0 hi/3w+3h—2/3w 2 (/3w 2+ /3w+3h 2) 
= lim = = 


h—>0 /3w+3h—2\/3w 2 (V3w 2+ /3w+3h—2) ~ Viva aw 2 (V/3w 2+ /3w 2) 
ee ee 
~~ 2B3w —2)/3w—2 









































foe thy — to) _ [&++ etm] - [+3] 








13. f(x) =x+2andf(x+h)=(+h+— = 














(x+h) h 
— x(x +h)? +9x—x?(x+h)—9(x +h) _ x3 4.2x2h + xh? + 9x —x3 —x2h-9x—9h _ x2h+xh? —9h 
= x@ + hh = x +h)h = *X(x-+ hh 
— hO?+xh—9) _ x?4+xh-9. gv _ tf xtxh-9 _ x2-9 __ OL _ fi = 
“ x(x+hh 7 x(x+h) ” E (x) ~~ tim, xXx+th) ~— x2 1 > m= f (—3) =0 


got el 
k(x+h)—k(x) __ lim (seta - ty) 
i h—0 a 





14. k(x) = shy and K(X +h) = EG > KG) = lim, 
* (2+x)-(24+x+h) _ 1; —h a, =] —_._=l]_. 
Jim, h@+xy2+x+h) — tim, h@+x2+x+h) — tim, @itxatxth ~ Q+x?? 


KQ)=-2 








1s 8 — fon [(t +h)? — (t+ hy’] — (t? - t?) (3 + 37h + 3th? +h?) — (2 + 2th+h?)-B +2 














an = lim 

dt 0 h h—0 7 
2 2 B _ h2 ‘ 2 Bis iS ‘ 

= lim 2h+3th ph 2th bY iy BGE SSH th) — im (3t2 + 3th +h? — 2t—h) 
h-0 h—0 h—0 
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= 2 < _— ds = 
= 3t-—2tm= F —1=>) 








3 3 2 1 3 1 2h ni 2 3 3 
16. dy __ lim @rhtiy G+)" _ fi ED +3(x+1)h4 i 1h? +h? —(x + 1) 
h—0 h-0 


= lim, [3x + 1)? + 3% + Dh+h?] = 34 1?;m= a =3 


x=-—2 








8 8 
f(x +h)—f(x) _. V@&th-2 x2 
h _ h 





17. fx) = Es and f(x +h) = 5 8 > 



































(x+h)—-2 
_ 8 (Vx—2- Vx+h—2) (Vx-2+Ve+h—2) Six —2)—(x-+h—2) 
hy/x+h—-2V/x—2 ( x—2+ x+h-2) hi/x+h—2 x 2 (vx acu 2) 
= = Sh > f(x= lim 





0 Vx+h—-2 x TA 2+ /x+h 2) 








hy/x+h—2 x 2 (vx 2+ /x+h 2) 






























































= -8 = = . 4 ed ' 
Tease z( Jah 3) =a = 53m f’(6) 4/4 5 the equation of the tangent 
line at (6,4) isy —4 = —$(x-6) Sy =—3x4+34+45y=-3x x+ 7. 
1 4-(z+h))-(1 4-z 4-z-h-V/4-z 4-z-h+vV/4-z 
18. g(z) = lim ay = (aa = (v = ac see 
h—0 h—>0 (V4-z—n+ V4—2) 
— lim (4-z- a (4-2) = ji —h = jj -1 ee! ee 
ees h(/4—z—h+ V4=2) ho n(V4—z—h+ V4—2) hs (V4-2=h+ V4=2) 24-2" 
m= ¢/3)= ae = 5 the equation of the tangent line at (3,2) is w — 2 = —i@z — 3) 
>w=-32+34+25>w=-f24+8. 
19. s = f(t) = 1 — 3t? and f(t +h) = 1 — 3(t +h)? = 1 — 3t? — 6th — 3h? S a = lim, thf) 
_, 48 (1 — 32 — 6th— 3h?) — (1-3?) _y; _ ds _ 
= jim, - =m 6t—3h)=-6t > Fl, =6 





y-—_)_(1-1 
20. y= f(x) =1-tandfx+h=1-4, => Z= lim, Se = lim (1s) - (1-3) 























A 
ee h 1 1 dy 1 
_ 1 x x+h _ : — 7 — tl 
_ Jim, >= lim, x(x+h)h Jim, x&+h) — X? > & xeV3 —~ 3 
2 dr _ f@+h)-f0) _ 1; V4a—-6-h 4-8 ae aD 
21. r= f(0) = Ta and f(@ + h) = Jana w tim, 5 = jim, 


= jim 2V4a 8a 2V4—8—b _ yn 2049-24 Gh (2V4= +2/4—6-h) 
h—>0 h/4-0/4-6-h h=>0 hV/4-6/4-6-h (2V4-6 +2 4—6-h) 
sn 4(4— 0) —4(4—6—h) 


h—0 ae 0/48 nv 6+ /4—0 h) 


























= lim 


2 
0 (4-04-80 n( v4 6+ 4-0 h) 





























- = a 
_ am (=) - acayis ai loo ~ 8 





























22. w= f(2)=2+ /zandizt+h)=@+h)+Vz+h > @ = lim SHE 
ede nieve): (+vz) _ slim h+Vz4 ia h+yoth- yz _ slim, [1+ Yerhn 2 (Vz+h+ vz) 
h—0 h-—0 => 0 ( Z+h vz) 
- ; (@+hy—z = 1 dw} 5 
meee es n(vzth+y2) aes Ta Vath+ Vz Ito > @lea=4 


— Tim (=!) _ sto sty oe (e+ 2)-(2 42) : 
23, 7 (x) = lon = jim, BI = Jim, goer aes — iM gowernery — JM caper 
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1 1 


























= im (=H = py GO &Y _ (x-1?-@-1)? sg [x= 1) - @-DJ[K-1) + Z-)] 
24. f"(x) = jim x = dM x =e aes ei = (z—x)(z—1)"(x—1) 
_ 4: (x-—z)(x+z-2) _ 4; U(x+z—2) _ -1(2x-2) _ -—2(x-1) _ 2 
= Jim, @—p@-D'a-)? ~ 7G? = ay = Gp = &D! 
_ ye s@—s®) — er ee x@-) _ wits ny 
25. g'(x) = Jim, Z—Xx = lim, = : =; x)(z—1)(x—1) = jim. 5 x)(z—1)(x—1) = jim, 1)(x-1) 








26. 2f(x) = Jim 82-88) = jim CFVIRU VD — him Ven va 


Z—x Z—3xX Z-x 











_ | 1 =, 2. 
= iM, 74k ~~ 24/x 


27. Note that as x increases, the slope of the tangent line to the curve is first negative, then zero (when x = 0), 
then positive = the slope is always increasing which matches (b). 


28. Note that the slope of the tangent line is never negative. For x negative, f}(x) is positive but decreasing as x 
increases. When x = 0, the slope of the tangent line to x is 0. For x > 0, f5(x) is positive and increasing. This 
graph matches (a). 


29. f3(x) is an oscillating function like the cosine. Everywhere that the graph of f3 has a horizontal tangent we 
expect f3 to be zero, and (d) matches this condition. 


30. The graph matches with (c). 


31. (a) f’ is not defined at x = 0, 1, 4. At these points, the left-hand and right-hand derivatives do not agree. 


For example, lim AO = slope of line joining (—4, 0) and (0, 2) = 5 but are OO = slope of 
a x7 
line joining (0,2) and (1, -2) = —4. Since these values are not equal, f’(0) = lim, —) does not exist. 
x — 


(b) 






-8-6-4-20| 2 4 6 8 


32. (a) (b) Shift the graph in (a) down 3 units 





Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


Section 3.1 The Derivative of a Function 





34. (a) sali (b) The fastest is between the 20" and 30" days; 
au ‘ slowest is between the 40" and 50" days. 
> 16 
BS 12 


35. 


36. 


37. 


38. 


t (days) 





10 20 30 40 50 


Left-hand derivative: For h < 0, (0 +h) = f(h) = h? (using y = x? curve) > jim fot) — 6) 


= 07 





= lim *=°= lim_h=0; 
h—0- h—0- 
Right-hand derivative: For h > 0, f(0 + h) = f(h) = h (using y = x curve) > Q mn HO+H) ~ £0) 
= lim, 2° = lim, 1=1; 
h—0* h—0* 
Then lim {0+)-1© ~ lim fO+n)—~ 1 _. the derivative f’ (0) does not exist. 
h—0- h h— 0+ h 
Left-hand derivative: Whenh <0,1+h<1 => f(+h)=2 > lim SPO = lim 47 
= lm 0=0; 
h— 07 


Right-hand derivative: Whenh > 0,1+h>1 => f(1+h)=2(1. +h) =2+42h > im, Al+h)— st) 


= im, @+tb)-2 — lim. a= lim, 2 = 2: 
= => — 
Then ‘ au 7 asn—%) # ‘ ae 7 Alaa) => the derivative f'(1) does not exist. 


Left-hand derivative: Whenh <0,1+h<1 => f(1+h)=/1+h = lim Hepa ny 




















tie EO ey i, iy th 
= he : h = : = 2 afin BP 
hs 0 h—0 (v1 h 1) h—0 (VI+h+1) h—0 +h+ 
Right-hand derivative: Whenh > 0,1+h>1 => f+h)=20+h)—1=2h4+1 > lim. Ab) 
— 0 
= lim, @+) = lim 2=2; 
h— 0+ h— 0+ 
Then lm awa - i See, = the derivative f'(1) does not exist. 
— — 
Left-hand derivative: lim) “*®—-") — Jim G*P='= Jim 1=1:; 
h-07 h— 0- h- 07 
f( +h) —f0 (e-1) (5S) 
Right-hand derivative: lim, “#9 = lim V4 ~= lim, +--+ 
h— 0+ h— 0+ h— 0+ 


_ |; E ee = eee 
ate a) ie = 5 


Then i lim, 2 tha A) # i ae n AWA) => the derivative f’(1) does not exist. 
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39. (a) 
(b) 
(c) 


40. (a) 
(b) 
(c) 


Al. (a) 
(b) 
(c) 


42. (a) 
(b 


wm 


(c) 


43. (a) 
(b) 


44. (a) 


45. (a) 
(b) 


46. (a) 


Chapter 3 Differentiation 


The function is differentiable on its domain —3 < x < 2 (it is smooth) 
none 
none 


The function is differentiable on its domain —2 < x < 3 (it is smooth) 
none 
none 


The function is differentiable on —3 < x < OandO0 <x <3 

none 

The function is neither continuous nor differentiable at x = 0 since lim, fx) F mee, x f(x) 
x—- x3 


f is differentiable on —2 <x < —1,-1<x<0,0<x<2,and2<x<3 
f is continuous but not differentiable atx = —1: lim ; f(x) = 0 exists but there is a corner at x = —1 since 
x 








lim {1+0="C) = —3and lim 
ho 0" h — 0+ 


f is neither continuous nor differentiable at x = 0 and x = 2: 


fct+W- ACD =3 f’(—1) does not exist 
atx =0, lim_ f(x)=3but lim f(x)=0 = lim f(x) does not exist; 
x—0 x > OT x0 


atx = 2, lim, f(x) exists but lim, f(x) 4 f(2) 
+ Ca 


f is differentiable on —1 <x < OandO0O <x <2 


f is continuous but not differentiable at x = 0: lim, f(x) = 0 exists but there is a cusp at x = 0, so 
x— 
f’(0) = lim Osa does not exist 
h—0 


none 


f is differentiable on —3 < x < —2, -2< x<2,and2<x<3 





f is continuous but not differentiable at x = —2 and x = 2: there are corners at those points 
none 
f"(x) — lim f(x +h) = f(x) __ lim —(x +h) — (=x?) _ lim —x? —2xh—-h? +x? _ lim (—2x — h) = —2x 
h-0 b h-0 p —0 h-0 
y’ = —2x is positive for x < 0, y’ is zero when x = 0, y’ is negative when x > 0 
y = —x? is increasing for —oo < x < 0 and decreasing for 0 < x < 00; the function is increasing on intervals 


where y’ > 0 and decreasing on intervals where y’ < 0 


! _ f(x+h)—f(x) _ 1; (a 3) as —x+(x+h) _ 1 -_ 
t= a ee ey oe ee 
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Section 3.1 The Derivative of a Function 





(c) y’ is positive for all x 4 0, y’ is never 0, y’ is never negative 
(d) y=-— i is increasing for —oo < x < Oand0 < x < oo 
G-4) 
47. (a) Using the alternate formula for calculating derivatives: f'(x) = /lim,. Ay) = lim, - : 
_ yu p—-x® _ 4: (z — x) (z? + zx +x?) : 2+ux+x? _ 12 1 29 
im, 3@—%) — 21M, 3(z — x) = lim, 3 =x'= f(@)=x 
(b) 

















(c) 
(d) 





y’ is positive for all x 4 0, and y’ = 0 when x = 0; y’ is never negative 
never decreasing 


y= = is increasing for all x 4 0 (the graph is horizontal at x = 0) because y is increasing where y’ > 0; y is 





Ge) 
e a7 @ 
48. (a) Using the alternate form for calculating derivatives: f’(x) = lim S2—' — Jim 
g g ZX Z—xX ZX 
; gi-xt (z—x) (23 +xz?+ x2z+ x3) : 
Zim, A(z — x) im, A(z — x) _ im, 
(b) 


3 2 2 3 
Zo +XZ* + X°Z +X = x3 => f(x) =x? 





y = lim 


(c) y’ is positive for x > 0, y’ is zero for x = 0, y’ is negative for x < 0 
f(x) — f(c) 
x—7C x 


(d) y= = is increasing on 0 < x < oo and decreasing on —oco < x < 0 
49. y’ 





_ x—c3 _ 7: (x=c) (x? +xe +c") 
= Jim, x—c = Jim, x-—c 
The slope of the curve y = x? at x = cis y’ 
slope. 








2 2) _ 3.2 
= Jim, (x° + xe + c*) = 3c". 


a 2(Ve+h— Vx) . (vx 
h—0 


h 





3c”. Notice that 3c? > 0 for allc = y = x never has a negative 
50. Horizontal tangents occur where y’ = 0. Thus, y’ = jim, 





vey). 
vx) 7 mul 








2/xth-2/x 

0 h 

2((x+h)—x)) 
h(Vx-+h+ x) 


(Vern 





jj 2 i, 
MM, ani > 
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51. 


32. 


53. 


54. 


35; 


56. 


57. 


58. 


59. 


Then y’ = 0 when aK = 0 which is never true = the curve has no horizontal tangents. 








(2(x + h)? — 13(x + h) + 5) — (2x? — 13x + 5) 









































a) | as). fs 2x? + 4xh + 2h? — 13x — 13h +5 — 2x? +13x—5 
Ys . = ey 

= lim, ae jim, (4x + 2h — 13) = 4x — 13, slope at x. The slope is —1 when 4x — 13 = —1 

4x = 12 x=3 y =2-3?—13-3+5—=—16. Thus the tangent line is y + 16 = (—1)(x — 3) 
=> y = —x — 13 and the point of tangency is (3, — 16). 
. vx+h— /x) (Vxtht+ Vx) h 

For th = pavey = tn at 

See = MCMC Gy — E-- eeya) ueed aney 

4 1 : : = . . 
= Jim, Tae ee Suppose (a (a, v/a) is the point of tangency of such a line and (—1, 0) is the point 
on the line where it crosses the x-axis. Then the slope of the line is ano a at 
ne using the derivative formula at x = a ae 1 2a=a+1 => a=1. Thus sucha line does 


2 
Li; 1 
3; and an equation of the line is y— 1 = 5 (x— 1) 


exist: its point of tangency is (1, 1), its slope is A = 


>y=4xt+ 3 


No. Derivatives of functions have the intermediate value property. The function f(x) = |x|] satisfies f(0) = 
and f(1) = | but does not take on the value 5 anywhere in [0,1] = f does not have the intermediate value 
property. Thus f cannot be the derivative of any function on [0,1] = f cannot be the derivative of any function 


on (—oo, 00). 


The graphs are the same. So we know that 


for f(x) = |x|, we have f’(x) = al 








Yes; the derivative of —f is —f’ so that f’(x9) exists = —f'(x) exists as well. 
Yes; the derivative of 3g is 3g’ so that g’(7) exists = 3g'(7) exists as well. 


Yes, lim, A can exist but it need not equal zero. For example, let g(t) = mt and h(t) = t. Then g(0) = h(0) 


= 0, but lim BO = lim © = lim m=mM, which need not be zero. 
t>0 hO  ¢50 t to 


(a) Suppose |f(x)| < x? for —1 <x < 1. Then |f(0)| <0? => £(0) = 0. Then f’(0) = iim, fora) 


= lim ®-° = lim, 9) | For |h| < 1, —h? < fh) <h? > -h< @<h = £0)= lim M=0 
h—0O h—0 


by the Sandwich men for limits. 
(b) Note that for x 4 0, |f(x)| = |x? sin 4] = |x?| |sin x| < |x?| - 1 = x? (since —1 < sin x < 1). By part (a), 
f is differentiable at x = 0 and f’(0) = 0. 


The graphs are shown below for h = 1, 0.5, 0.1. The function y = OE is the derivative of the function 





y= /x so that OE = ae . — selina . The graphs reveal that y = ~ _ vet gets closer to y = 7” 


Z| 


xX 
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as h gets smaller and smaller. 





















y y 
| h=0.1 
h=0.5 
24 2 
y = V(2Yx) y = UQ/z) 
ee 
1 
| 
y= i 
xX 
0 1 2 





3 


60. The graphs are shown below for h = 2, 1, 0.5. The function y = 3x? is the derivative of the function y = x® so 











3_ V3 3_ 3 
that 3x? = RUE (the . The graphs reveal that y = (the gets closer to y = 3x? ash 
gets smaller and smaller. 
| 
| hei | h=0.2 
y= Gta? | yo stow 1 Ne ye Dee 
x 
-2 -1 0 1 2 -2 -1 0 1 





61. Weierstrass's nowhere differentiable continuous function. 





2\' 2\2 2\3 
& (x) = cos(rx) + (3) cos(9rrx) + (3) cos(9? 7x) + (5) cos (9° xx) 


2 q 
tere t (3) cos(9’xx) 


62-67. Example CAS commands: 


Maple: 
f :=x -> x43. + x42 -x; 
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x0 := 1; 
plot( f(x), x=x0-5..x0+2, color=black, 
title="Section 3_1, #62(a)" ); 
q := unapply( (f(x+h)-£(x))/h, (x,h) ); #(b) 
L := limit( q(x,h), h=0 ); # (Cc) 
m := eval( L, x=x0 ); 
tan_line := f(x0) + m*(x-x0); 
plot( [f(x),tan_line], x=x0-2..x0+3, color=black, 
linestyle=[1,7], title="Section 3.1 #62(d)", 
legend=["y=f(x)","Tangent line at x=1"] ); 
Xvals := sort( [ x0+2”(-k) $ k=0..5, x0-24(-k) $ k=0..5 ] ): # (e) 
Yvals := map( f, Xvals ): 
evalf[4](< convert(Xvals,Matrix) , convert(Yvals,Matrix) >); 
plot( L, x=x0-5..x0+3, color=black, title="Section 3.1 #62(f)" ); 
Mathematica: (functions and x0 may vary) (see section 2.5 re. RealOnly ): 
<<Miscellaneous RealOnly” 
Clear[f, m, x, y, h] 
x0= 7 /4; 
f[x_]:=x? Cos[x] 
Plot[f[x], {x,xO — 3,x0+ 3}] 
q[x_, h_]:=(f[x + h] — f[x])/h 
m[x_]:=Limit[q[x,h],h — 0] 
ytan:=f[x0] + m[x0] (x — x0) 
Plot[{f[x], ytan},{x, x0 — 3,x0+3}] 
m[x0 — 1]//N 
m[x0 + 1]//N 
Plot[{f[x], m[x]},{x, xO — 3, x0 + 3}] 


3.2 DIFFERENTIATION RULES 








lL y=-X43 > £= 4(-x)+ £3) =-2x+0=-22 > G=-2 


Y —2x4140=2k+1 3 B=2 


dx? 


2. y=x?4+x4+8 > 


3. s=58-3 = & = 4 (55) — 4 (318) = 15 — 15t*§ = & = 4 (15e) — 4 (154) = 30t — 608 





4. w=32" —723 42172 > ® ~ 2176 — 2172 +422 = ©¥ — 12625 — 427 + 42 


dz a 


2 
ex 3 P=47?-15 Dag 
dx dx’ 





6 y=eeEt? > Ba Pextl > GH 254140=2e41 





— 27-2 =1 dw _ —3 —2 _ -6 1 ew —4 —3 _ 18 2 
7. w=3z°-Z > 7 = 62 +Z HSpTtaA > Pal — 22 =a-af 





8. s= 2 +41? > Sa 22-83 = 3-8 => $= —4r3 4244+ = +H 





9. y= 6x2 —10x—S5x? > Y= 12-104 10x =12x-10+ BS Y=12-0-30c4=12-4 


dx dx2 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23: 


24. 


Section 3.2 Differentiation Rules 








— A — — e-3 dy _ a 3 d’y —5 _ —12 
y=4-2x-x” => = -24+3x"% = 2+45> q=0 12x = = 

1.-2_ 56-1 de 2g Bg PL K-24 5 dr _ 96-4 _ 5-38 _ 2 5 
r= 38 78 de 3 8 +58 =ta > @=2s 5s ~~ sf s3 











r= 1261-493 4694 = # =-129% 4129-4495 =P 4B _4 = St = 249-4 _ 489-5 + 209% 


@° 
24 
=a-ERt+e 


(a) y= (3—x?)(x8-x4+1) > y= (3-x”)- 2 (08 —x4+1) +(x? -x41)-23-x’) 
= (3 — x”) (3x2 — 1) + (x? — x + 1) (—2x) = —5x* + 12x? — 2x —3 
(b) y = —x? + 4x3 — x? —3x4+3 = y’ = —5x* + 12x? —2x-3 


(a) y=(-1)(X? 4x41) S Y =(@—-DO2x4+1)4 (*°+x4+1)() = 3x? 
(bt) y=(k—-1)(xX?+x4+1)=x?9-1 = y! = 3x? 





(a) y=(x? 41) (x+54+4) > y= (x? 41)- 2 (x4+544)4 (x4+542)-2£(? 41) 
= (x?+1)(1—x-?) + (x +54x7!) (2x) = (x? -14+1-—x7?) 4+ (2x? cies )= ae nied 
(b) y=x2+5x?4+2x4+54+2 > y =3x?+10x+2-5 


y= (2) = 241) 
(@) y=(k4+x74)-(Lt+x%)+(x-x7141)(1—-x?) =2x41-343 
(b+) y=xX4+x4+1-5 = y=2x4+1-4343 

















y= x +3 ; use the quotient rule: u = 2x+5andv = 3x—-2 > uw =2andv =3 > y= wow 
— Gx=2)2)-@x+5)3) _ 6x-4~-6x-15 _ _-19 
Gx—2/" Gx—2) ™ Gx=27 
za kth ay dz cs SN) Os x? —2~4x? 2x __ 2x? -2x-2 _ -2(?+x+1) 
= 1 dx ~~ (@-1) (2-1) (x?-1)° (x? = 1)? 


g(x x) = “7+; use the quotient rule: u=x?—4andv=x+05 > w =2xandv =1 => g'(x)= vai Sw 


— &+0.5)(2x) = (x? —4)G) _ 2x? 4x-x?44 x4+x+4 
























































(+05) «+052 (+052 
— P@-1 _ (t-1)(t+1) t+1 ! (t+2)(1)-—(t+1)(1) _ t+2-t-1 _ 1 
{= a2 = (F2e-) — t42°! : PO (t+2) ~  (t42)? (42)? 
_ es ee | dy _ (1+0)(-)-d—p2t) _ -1~P~2t422 _ 2-2-1 
va CSO 0S) Si = a= a+e) rey “= ‘G+e) 
— x+5 — @x=7T)0)—(*+5)Q) _ 2x-7—2x-10 _ _-17 
w=n5 > w Qx—7 Qx-7 ~~ @x-™® 
f(s) = 1 = py = AD VE Ge) _ en -We)  _a_ 
oF (Vsti) 2/5 (+1) Vast) 
NOTE: a (\/s) = 7 from Example 2 in Section 2.1 








1 
5x+1 = du __ (2Vx) 6)~ Ox+D (Jz) — 5x-1 


dx 4x ~~ 4x3/2 
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V0) -1 (+. 
26. 1=2( f+ V0) + r= ( ylitt) te) = — dat 





























vo 2/0 
2 ¥= GTi GIEKET 3 use the quotient rule: u = 1 and v = (x? — 1) (x? +x+1) > u’ =Oand 
vl = (x? — 1) (2x +1) + (x? +x +1) (2x) = 2x3 + x? — 2x — 1 + 2x? + 2x? + 2x = 4x3 + 3x? - 1 
dy vu —uv’ O-1(4x9+3x?-1) _ —4x3 — 3x2 41 
dx ve (2-1) (2+x+1)" — (2-1) (2 $x412 
28 — (&+DQ+2) _ x2 43x42 y — (x? 3x42) (2x +3) —(x24+3x4+2)(2x-3) 6x2 412 
> Y= &Dx_-2) ~ 3x42 y 1K 2 = G—D«_-D 
_ —6 (x? — 2) 


~ (x= 1? «K-27 





29. y=dxt—iX-x > y’ =2x9-3x-1 = y” = 6x? —3 y” = 12x > y# = 12 y =O foralln >5 








30. y Fale Sy ae Sy Sa Sy = Otoralla > 6 








31. y= P42a 4 S Dam Te? = 2x-F > G24 4x4 =24H 


32, p= P31 45-4 2145) -t? S 8 = 0-524 28 = 52423 = B42 


Ps _ —3 —4 _ 10 6 
=> G=10%-ort+=h-§ 




















33, r= Cove rer) _ P11 h 1-93 = £=04394=394 = 2 > B=--129% =P 


34. u-— eae at x(x+1)(x?—x+1) _ x(x? 41) xt4x eae: l4x33 

















35. w= (4*) 8-2 = (Gz2'4+1 B6-Da=z2'-§43-z2=714+8-2 5 SB =-7°4+0-1=-27°-1 


=F-1l> =273%-0=273 =3 
Zz Z Z 














36. w= (2+ DZ—-D(24+)=(2-1) (24+) =2z4-1 dw — 473 _Q= 473 = *Y = 127? 





243 44 G a2 3q4 —3 = _ d “3 = 
37. p= (a?) (4) = Sat? = he? hat +d—dat > B= hatbat tata tat dts 




















12q q 12q4 dq | q 
fp _1_1,-4 61.41 5 
> aq —6 24 0° = 5 -oe - @ 
38 _ q’ +3 _ q? +3 — @+3 — @t+3 _ 1 _ 1-7-1 
» P= GF Gt ~ G3 F3q—1) +P +3G + 3qt1) — Iq? +6q —~ 2@+3)~ 2g 249 
dp _ _ 1-2 1 dp 3) 
> dg = 2d SH Wag ag =I = 


39. u(0) = 5, u'(0) = —3, v(0) = —1, v’(0) = 2 
(a) £(uv) =uv'+w! > (uv) _, = uv’) + vOu'O) = 5-24 (—1)(-3) = 13 
(b) a (%) = vul = uv’ = A (4) — yOu) —uOv'O) _ (DC3)- S)2) _ 7 


lag) = = ae) 








x=0 (vO)? (-1? 


— uO’) — vO’) _ G)2)-C D3) _ 7 
x=0 (uO)? ~ GP ~ 25 
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43. 


44. 


45. 


46. 


47. 
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(d) £(v—2u) =7vV -2u' > £(v—-2u)| _, = 7v/(0) — 2u'(0) = 7 - 2 — 2(-3) = 20 


u(1) = 2, w'(1) = 0, v1) = 5, V1) = —1 
(a) £(uv)|_, =u )v'(D) + v(Du'(1) = 2- (-1) + 5-0 = —2 
u _— v(lju'(1)—u(v') __ 5-0-2-(- 1) __ 
(b) = (3) xsl WD _ 6) _ . 
d (v 
(C) & (=) 7S a (u(y? =a = 73 


— udv/()-vu/(1) = 2(-1)-5-0 
@) £(7v—2u|_ =7W(1) — 2u'() =7-(-1) —2-0 = -7 





x=1 

















x=l 


y =x? — 4x +1. Note that (2,1) is on the curve: 1 = 2? — 4(2) +1 
(a) Slope of the tangent at (x, y) is y’ = 3x7 -4 => slope of the tangent at (2,1) is y/(2) = 3(2)? 4 = 8. Thus 
the slope of the line perpendicular to the tangent at (2, 1) is — 7 => the equation of the line perpendicular to 
to the tangent line at (2,1) isy —1= —$(«-2)ory= eer 3. 
(b) The slope of the curve at x is m = 3x? — 4 and the smallest value for m is —4 when x = 0 and y = 1. 
(c) We want the slope of the curve tobe 8 > y’=8 => 3x?-4=8 an = 12 <4 x = +2. When 
x = 2, y = | and the tangent line has equation y — 1 = 8(x — 2) or y = 8x — 15; when x = —2, 
y = (—2)3 — 4(—2) + 1 = 1, and the tangent line has equation y — 1 = 8(x + 2) ory = 8x + 17. 











(a) y=x®—3x—2 => y’ =3x? — 3. For the tangent to be horizontal, we need m = y’ = 0 => 0 = 3x? — 3 








a = ss x = +1. Whenx = —1l,y =0 = the tangent line has equation y = 0. The line 





perpendicular to this line at (—1,0) is x = —1. When x = 1, y = —4 = the tangent line has equation 
y = —4. The line perpendicular to this line at (1, —4) is x = 1. 

(b) The smallest value of y’ is —3, and this occurs when x = 0 and y = —2. The tangent to the curve at (0, —2) 
has slope —3 = the line perpendicular to the tangent at (0, —2) has slope ; => y+t2= 5 (x — 0) or 


y= i x — 2 is an equation of the perpendicular line. 





_ _4x dy _ (x? +1)(4)—(4x)(2x) _ 4x2 +4—8x? _ 4(-x? +1) _ _ 1, 4041) 
Yuu 7 «nt (241) = "41? G41) . When x = 0, y = Oand y = —{~— 


= 4, so the tangent to the curve at (0, 0) is the line y = 4x. When x = l,y = 2 y’ = 0, so the tangent to the 








curve at (1,2) is the line y = 2. 








y= aig >y= ts a. ra = ney. . When x = 2, y = Landy’ = aa = — }, so the tangent 
line to the curve at (2, 1) has the equation y — 1 = — $ (x —2), ory =—35 +2. 


y = ax? + bx + c passes through (0,0) > 0=a(0)+b(0) +c + c=0; y = ax? + bx passes through (1, 2) 
=> 2=a+b;y’ = 2ax + band since the curve is tangent to y = x at the origin, its slope is | at x = 0 
=> y’=1whenx=0 > 1 = 2a(0)+b > b=1. Thena+b=2 => a=1. Insummarya=b = | andc =0s0 


the curve is y = x? +x. 


y = cx — x” passes through (1,0) > 0=c(1)—1 + c=1 = thecurve is y = x — x’. For this curve, 

y =1-—2xandx=1 => y’=~—1. Since y = x — x? and y = x? + ax + b have common tangents at x = 0, 

y = x? + ax + b must also have slope —1 atx = 1. Thus y’ = 2x +a > —1=2-1l+a > a=-3 

=> y =x? — 3x +b. Since this last curve passes through (1,0), we have 0 = 1-3+b > b=2. Insummary, 


a= —3, b= 2 andc = 1 so the curves are y = x” — 3x + 2 and y = x — x’. 


(a) y=x3—x => y’ =3x?—1. Whenx = —1,y =Oandy’ =2 = the tangent line to the curve at (—1, 0) is 
y=2(x+ lhory = 2x+2. 
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(b) 
Y 
+ + > xX 
-10-8 -6 -4 3542 6 8 10 
4 
6 
-8 
10 
(c) » x" x => xi_x=2x42 5 x8—3x—-2=(x—-2)(x+1 =0 => x=2o0rx=—l. Since 
y =2x+2 ~ 7 , 


y = 2(2) + 2 = 6; the other intersection point is (2, 6) 


48. (a) y= x? — 6x? 4+ 5x => y! = 3x? — 12x +5. When x = 0, y = Oand y’ = 5 = the tangent line to the curve at 

















(0,0) is y = 5x. 
(b) 
40 
a 
(c) "ya 5x a TORY x6? 45x = 5x + 2-60 =0 + KO-6) 0 x=Oorx=6. 


Since y = 5(6) = 30, the other intersection point is (6, 30). 


49, P(x) = ayx" + a,_yx"! +--+ + agx? + ayx + ag => P’(x) = na,x®-! + (m — L)ag_1x"-? + +++ + Qagx + ay 





50. R=M? (S M) = £M? + M®, where C is a constant => x = CM — M? 


51. Letc be aconstant => & = 0 => f(u-c)=u- e& 4c. au =u- O+c% =c#. Thus when one of the 


functions is a constant, the Product Rule is just the Constant Multiple Rule = the Constant Multiple Rule is 
a special case of the Product Rule. 








-0—1-8¥ 1. 
52. (a) We use the Quotient rule to derive the Reciprocal Rule (with u = 1): < (4) 50 ] dx = 8 
_ + : dv 
(b) Now, using the Reciprocal Rule and the Product Rule, we'll derive the Quotient Rule: i () = £. (u : t) 
dv du 
=u-s a (4) +2 & - ~ (Product Rule) = u - (=) de Se é au . (Reciprocal Rule) = a (2) == cal as, 
du dv 


= ‘&x—"& the Quotient Rule. 
Vv 


53. (a) 4 (uvw) = 4 ((uy) - w) = (uv) a tW: 4 (uy) = uv © x +w(u Nyy @) = uv te ~ + wu ®& + wy i 





= uvw’ + uv’w +u/vw 


(b) a aclaco a ((uyugus) u 4)= eS a dug + U4 a (uy, UUs) > a (uy U2QU3U4) 


= Uj Unt3 dit +u4 (uju, * ae : U3Uy die + bia a) (using (a) above) 


d = U4 du, 
> dx (uy U2U3u4) = U,UgU3 aus + ujUguy “We oot Uu,U3uU4 aus + UgQU3U4 dx 
= UjUQu3Uy + Uy UQUZU4 + UjUZU3uU4 + Uj UQU3u4 


(c) Generalizing (a) and (b) above, £ (Uy-+-U,) = UyUg?+-U, yu) + UyUg-+-U,—gu)_jU, +... + UjUg---U, 
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In this problem we don't know the Power Rule works with fractional powers so we can't use it. Remember 
a (./x) = ak (from Example 2 in Section 2.1) 


(a) & (9?) = & (x-x"?) =x- oe ae oo 1l=Y+ x=? 
) O°) = 88-20) = a8 £ (VR) + VERO = at (hg) + VRB = fal + Ol = ft 
(c) £ (x72) = 4 (x3. x1/2) ee 


(d) We have # (x a?) = 3xl/?, 4 (x5/?) Sen? ia) = Zx3/? so it appears that 4 (x?) = B x(0/2)-1 


= 31/2 











ie n is an odd positive integer > 3. 








p= ot - yz - Weare holding T constant, and a, b, n, R are also constant so their derivatives are zero 
= oP _ (V=nb)0=G@RTDA) _ V*O)~(an’)@V) _ _=nRT_ |, 2an? 
dv —_ (V—nb)2 (v2)? —~ (V=nby vs 


A(q) = +cm+ J = (km)q7! +em+ (3)q = SB = —(kim)q7? + (3) = — + b> GP = 2(km)q”? = 2 





THE DERIVATIVE AS A RATE OF CHANGE 


s=t?—3t+2,0<t<2 

(a) displacement = As = s(2) — s(0) = Om — 2m = —2 m, vx, = as = =? = —1 misec 

(b) v= €&=2-3 => |v(0)| = |-3| = 
a= =—2= a(0)=2 se and a(2) = 2 m/sec? 

(c) v=0> 2t—3=0 St= §. vis negative in the interval 0 < t < $ 3 and v is positive when 3 2 <t<2= the body 











changes direction at t = 3. 


s=6t—-?,0<t<6 

(a) displacement = As = s(6) — s(0) = 0m, v,y = as — = 0 m/sec 

(b) v= § =6—2¢t = |v(0)| =|6| = 6 m/sec and |v(6)| = |-6| = 6 m/sec; 
a= *$ — 2 => a(0) = —2 m/sec? and a(6) = —2 m/sec? 

(c) v=O0>6-2t=0 >t =3. vis positive in the interval 0 < t < 3 and v is negative when 3 < t < 6 => the body 
changes direction at t = 3. 








s=—0+3t?-—3t0<t<3 

(a) sa anaae = As = s(3) — s(0) = —9 m, vx, = as = 2= —3 m/sec 

(b) v= —3t? + 6t —3 = |v(0)| = |—3| = 3 m/sec and |v(3)| = |—12| = 12 m/sec; a= - =-6t+6 
> rae = 6 m/sec? and a(3) = —12 m/sec? 

(c) v=0 > -3?+6t—-3=0 => ?—2t+1=0 => (t— 1)? =0 = t=1. Forall other values of t in the 
interval the velocity v is negative (the graph of v = —3t? + 6t — 3 is a parabola with vertex at t = 1 which 
opens downward => the body never changes direction). 


s=f-84+2,0<t<3 


(a) As = s(3) — s(O) = = 2m, Vay = as =i= 3 m/sec 
(bt) v=t?—3?+2t > “ |(0)| = 0 msec and |v(3)| = 6 m/sec; a = 3t? — 6t + 2 = a(O0) = 2 m/sec? and 
a(3) = 11 m/sec? 
(c) v=0 = 8 -3t??+2t=0 => tt-—2)t-—1l =0 > t=0,1,2 > v=t(t — 2)(t — 1) is positive in the 
interval for 0 < t < | and v is negative for 1 < t < 2 and vis positive for 2 < t < 3 => the body changes direction at 


colar 
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t= landatt = 2. 


(a) As = s(5) — (1) = —20 m, vay = =—2 = —5 m/sec 
(b) v= = + 2 = |v(1)| = 45 m/sec and |v(5)| = i m/sec; a = ie — e => a(1) = 140 m/sec? and 
a(5) = 4 m/sec? 


(c) v=0 > =2045t =0 > —-50+5t=0 t= 10 the body does not change direction in the interval 








— 25 
S=7s,-48t<0 


(a) As = s(0) — s(—4) = —20 m, v,, = — 72 = —5 m/sec 








(b) v= ay => |v(—4)| = 25 m/sec and |v(0)| = 1 m/sec; a = a a(—4) = 50 m/sec? and 
a(0) = 2 m/sec? 
(c) v=0 > — 0 vis never 0 = the body never changes direction 





s = t® — 6t? + 9t and let the positive direction be to the right on the s-axis. 
(a) v= 3t? — 12t+9sothatv=0 > ?—4t+3=(t—3)\t—1)=0 = t=1or3;a=6t—12 = a(l) 
= —6 m/sec? and a(3) = 6 m/sec”. Thus the body is motionless but being accelerated left when t = 1, and 
motionless but being accelerated right when t = 3. 
(b) a=0 => 6t—12=0 => t =2 with speed |v(2)| = |12 — 24+ 9| = 3 m/sec 
(c) The body moves to the right or forward on 0 < t < 1, and to the left or backward on 1 < t < 2. The 
positions are s(0) = 0, s(1) = 4 and s(2) = 2 = total distance = |s(1) — s(0)| + |s(2) — s(1)| = |4] + |—2| 
=6m. 


v=t?-—4t+3 > a=2t-4 

(a) v=0 => ?—4t+3=0 t=1lor3 a(1) = —2 m/sec? and a(3) = 2 m/sec? 

(b) v>0 => (t-—3)t-—1)>0 => 0<t< lort > 3 and the body is moving forward; v << 0 => (t—3)(t—1) <0 
=> 1<t< 3 and the body is moving backward 








(c) velocity increasing > a>0 => 2t—4>0 = t> 2; velocity decreasing > a<O0 => 2t-4<0 5 0<t<2 


Sm = 1.86t? + v,, = 3.72t and solving 3.72t = 27.8 => t & 7.5 sec on Mars; s = 11.44? => Vv; = 22.88t and 
solving 22.88t = 27.8 = t & 1.2 sec on Jupiter. 


(a) v(t) = s!(t) = 24 — 1.6t m/sec, and a(t) = v(t) = s(t) = —1.6 m/sec? 

(b) Solve v(t) =O => 24-—-1.6t=0 => t= 15sec 

(c) s(15) = 24(15) — .8(15)? = 180m 

(d) Solve s(t) =90 => 24t—.8t?=90 > t= aie 4.39 sec going up and 25.6 sec going down 
(e) Twice the time it took to reach its highest point or 30 sec 


wm 





wm 


s= 15t— 5 gst” => v=15-—g,tsothtv=0 => 15-gt=0 > g,= 1B Therefore g, = R = 3 = 0.75 m/sec? 
Solving s,, = 832t — 2.6t? =0 => t(832 —2.6t) =0 > t=0or320 => 320 sec on the moon; solving 

Se = 832t — 16t? =0 = t(832 —16t) =0 => t=Oor52 = 52sec onthe earth. Also, v,, = 832 —5.2t=0 

=> t= 160 ands,,(160) = 66,560 ft, the height it reaches above the moon's surface; v. = 832 — 32t = 0 


=> t= 26 and s,(26) = 10,816 ft, the height it reaches above the earth's surface. 


(a) s=179— 16t? > v = —32t > speed = |v| = 32t ft/sec and a = —32 ft/sec” 
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(b) s=0 > 179-16 =0 > t= 1/42 = 33 sec 


(c) Whent = 1/4? ,v= 32,/12 = 8/179 ~ —107.0 ft/sec 





(a) jim, v= a 9.8(sin 0)t = 9.8t so we expect v = 9.8t m/sec in free fall 


(b) a= © = 9.8 m/sec? 








(a) at 2 and 7 seconds (b) between 3 and 6 seconds: 3 <t <6 
(c) (d) 
lu] (m/sec) 
wv 
4 "dt 
3 o_o 
2 
Ty Loeb 1 iiiy,, 
912345678910 
=) — 
-3-/Oo—o 
-4 


(a) P is moving to the left when 2 < t < 3 0or5 < t < 6; P is moving to the right when 0 < t < 1; P is standing 
still when 1 <t<2o0r3<t<5 





(b) 
v (cm/sec) speed (cm/sec) 
4 F 
velocity 
(a) 190 ft/sec (b) 2 sec 
(c) at 8 sec, 0 ft/sec (d) 10.8 sec, 90 ft/sec 


(e) Fromt = 8 until t = 10.8 sec, a total of 2.8 sec 
(f) Greatest acceleration happens 2 sec after launch 


(g) Fromt = 2 tot = 10.8 sec; during this period, a = wt v2) = —32 ft/sec? 


(a) Forward: 0 <t< 1 and5 <t< 7; Backward: 1 <t<5;Speedsup: 1<t<2and5<t<6; 
Slows down: 0<t<1,3<t<5,and6<t<7 

(b) Positive: 3 <t< 6; negative: O<t<2and6<t<7; zero: 2<t<3and7<t<9 

(c) t=Oand2<t<3 

(d) 7<t<9 





s = 4900? v = 980t a = 980 

(a) Solving 160 = 490t? > t= 4 sec. The average velocity was se) = 280 cm/sec. 

(b) At the 160 cm mark the balls are falling at v(4/7) = 560 cm/sec. The acceleration at the 160 cm mark 
was 980 cm/sec?. 


(c) The light was flashing at a rate of ih = 29.75 flashes per second. 
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21. 


22. 


23, 


24. 


29: 


26. 
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(a) 
v a 
t 
(b) 
t 
C = position, A = velocity, and B = acceleration. Neither A nor C can be the derivative of B because B's 


derivative is constant. Graph C cannot be the derivative of A either, because A has some negative slopes while 
C has only positive values. So, C (being the derivative of neither A nor B) must be the graph of position. 
Curve C has both positive and negative slopes, so its derivative, the velocity, must be A and not B. That 
leaves B for acceleration. 


C = position, B = velocity, and A = acceleration. Curve C cannot be the derivative of either A or B because 
C has only negative values while both A and B have some positive slopes. So, C represents position. Curve C 
has no positive slopes, so its derivative, the velocity, must be B. That leaves A for acceleration. Indeed, A is 
negative where B has negative slopes and positive where B has positive slopes. 





(a) c(100) = 11,000 > c,, = 4% = $110 

(b) c(x) = 2000 + 100x — .1x? => c’(x) = 100 — .2x. Marginal cost = c’(x) > the marginal cost of producing 100 
machines is c’(100) = $80 

(c) The cost of producing the 101* machine is c(101) — c(100) = 100 — 201 = $79.90 


wm 


(a) r(x) = 20000 (1 — 1) => r(x) = 200% | which is marginal revenue. 


_ 20000 _ 
(b) (100) = Sogr = $2. 
(c) , lim, r(x) = _ im, 


will approach zero. 





20000 = 0. The increase in revenue as the number of items increases without bound 


b(t) = 10° + 104t — 1032 = b(t) = 104 — (2) (10%t) = 103(10 — 2t) 
(a) b’(0) = 104 bacteria/hr (b) b’(5) = 0 bacteria/hr 
(c) b’(10) = —10* bacteria/hr 


Q(t) = 200(30 — t)? = 200 (900 — 60t + t2) = Q(t) = 200(—60 + 2t) = Q/(10) = —8,000 gallons/min is the rate 


Qd0)—Q) _ 
10 = 


the water is running at the end of 10 min. Then —10,000 gallons/min is the average rate the 


water flows during the first 10 min. The negative signs indicate water is leaving the tank. 
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2 2 
27. (a) y=6(1- 5) =6(1-§ +i) > B= 4-1 
(b) The largest value of wy is 0 m/h when t = 12 and the fluid level is falling the slowest at that time. The 


smallest value of wy is —1 m/h, when t = 0, and the fluid level is falling the fastest at that time. 


(c) In this situation, ay <0 = the graph of y is 
always decreasing. As ay increases in value, 
the slope of the graph of y increases from —1 


to 0 over the interval 0 < t < 12. 

















28. (a) V = $ar° WY = 4nr? ®| _ = 402)? = 16n fe /ft 


(b) Whenr = 2, w = 167 so that when r changes by | unit, we expect V to change by approximately 167. 





r=2 


Therefore when r changes by 0.2 units V changes by approximately (167)(0.2) = 3.27 ~ 10.05 ft?. Note 
that V(2.2) — V(2) = 11.09 ft?. 








29. 200 km/hr = 55 3m/sec = 3° m/sec, andD = 2? > V= 2t. ThusV = 2 = Bt= 3 = t=25 sec. When 
t= 25,D = 2 (25) = 2 m 


30. s = vot — 16? > v= vp —32t;v=0 + t= %; 1900 = vot — 16t? so thatt = 8 => 1900= - 8 


= vp = V/(64)(1900) = 801/19 ft/sec and, finally, YP . 60see | 60min | mi ~ 938 mph. 


1 min 1 hr 





31. 


s = 200 - 1677 











(a) v = 0 when t = 6.25 sec 

(b) v > Owhen 0 <t < 6.25 = body moves up; v < 0 when 6.25 < t < 12.5 = body moves down 

(c) body changes direction at t = 6.25 sec 

(d) body speeds up on (6.25, 12.5] and slows down on [0, 6.25) 

(e) The body is moving fastest at the endpoints t = 0 and t = 12.5 when it is traveling 200 ft/sec. It's 
moving slowest at t = 6.25 when the speed is 0. 

(f) When t = 6.25 the body is s = 625 m from the origin and farthest away. 
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32. 





(a) v=0whent = 3 sec 

(b) v <Owhen0 <t < 1.5 = body moves down; v > 0 when 1.5 <t <5 = body moves up 

(c) body changes direction at t = 3 sec 

(d) body speeds up on G, 5] and slows down on (0, 3) 

(e) body is moving fastest at t = 5 when the speed = |v(5)| = 7 units/sec; it is moving slowest at 
t= 3 when the speed is 0 

(f) When t = 5 the body is s = 12 units from the origin and farthest away. 











33. 

S 

10 2, ds _ 42 

@ Ga 30-1247 
5 
>t 

5 
=10 

6+ 15 

(a) v =0 when t = —— sec 





(b) ¢<0vhe 2 eye => body moves left; v > 0 when 0 <t < $= 5 gp SAVE eee 


3 








= body moves right 
(c) body changes direction at t = os sec 
(d) body speeds up on (3,2) U (3,4) and slows down on [o. a U (2, exis) : 





a 


(e) The body is moving fastest at t = 0 and t = 4 when it is moving 7 units/sec and slowest at t = seyt5 sec 





(f) Whent = aaa the body is at position s  —6.303 units and farthest from the origin. 
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* 
223 


s=4-7t+6t°-t 


-5 





Ses -7 + 12t - 3t? 
-10 | 





2 
d°s 
=12-6t 
at? 








(a) v=0whent = 6+ VIS 

(b) v<Owhen0<t< —- or evs <t<4 = body is moving left; v > 0 when 
dea <t< aaa = body is moving right 

(c) body changes direction at t = ve 

(d) body speeds up on (3%, 2) U (354) and slows down on [o. o-¥8) U (2, s+ vis) 


(e) The body is moving fastest at 7 units/sec when t = 0 and t = 4; it is moving slowest and stationary at 


— 64715 
es ae 





sec 





wm 





(f) When t = evs the position is s & 10.303 units and the body is farthest from the origin. 


(a) It takes 135 seconds. 





(b) Average speed = OF a a, = a = 0.068 furlongs/sec. 
(c) Using a symmetric difference quotient, the horse's speed is approximately at = a = % = 0.077 furlongs/sec. 


(d) The horse is running the fastest during the last furlong (between the 9th and 10th furlong markers). This furlong takes 
only 11 seconds to run, which is the least amount of time for a furlong. 
(e) The horse accelerates the fastest during the first furlong (between markers 0 and 1). 


3.4 DERIVATIVES OF TRIGONOMETRIC FUNCTIONS 


y = —10x+3cosx > ® — -10+3 4 (cos x) = —10 —3 sinx 


: d ‘ = 
y=2+45sinx > =o Ps 4 (sin x) = = + 5 cos x 


_ _ Oy es ee = — 2 
y = csc x 4/x+7> qq = ~CSse X cot x anos csc x cot x a 


y=xcotx-4 > & — x? 4 (cot x) + cot x- (x?) + 3 = —x? csc? x + (cot x)(2x) + 4 
= —x? csc? x + 2x cotx+ 4 





dy 
dx 
= (sec x + tan x) (sec x tan x — sec? x) + (sec x — tan x) (sec x tan x + sec? x) 
3 


y = (sec x + tan x)(sec x — tan x) > = (sec x + tan x) a (sec x — tan x) + (sec x — tan x) a (sec x + tan x) 


= (sec? x tan x + sec x tan? x — sec? x — sec” x tan x) + (sec? x tan x — sec x tan” x + sec? x — tan x sec” x) = 0. 


(Note also that y = sec? x — tan?x = (tan?x+1)—tarP’x=1 > %= .) 
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y 


6. y =(sinx + cos x)secx =>  — (sin x + cos x) 4 (sec x) + sec x 4 (sin x + cos x) 


7. 


8. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


(sin x + cos x)(sec x tan x) + (sec x)(cos x — sin x) = 


(sin x + cos x) sin x 4 cos x — sin x 
cos? x COS X 





__ sin? x + cos x sin x + cos? x — cos x sinx __ 1 2 





__ —cse 


cos? x = costx — SEC X 


(Note also that y = sin x sec x + cosx secx = tanx+1 > a = sec? x.) 



































ae ae dy = d4 cot x) & (cot x) Cu Frau + cot x) = (1 + cot x) (—esc? x) leant csc? x) 
1+ cot x dx (1 + cot x): (1 + cot x) 
? x — csc? x cotx+esc?x cotx __ _ —cesc?x 
(i + cot x)? ~~ (1+ cot x)? 
_ _cosx dy _ (1+sinx) 4 (cos x)—(cosx) £(1+sinx) __ (1 +sin x) (—sin x) — (cos x) (cos x) 
= 1+sin x dx (1 + sin x)? _ (1 + sin x)? 
__ ~sin x —sin?x—cos?x _. -sinx—1 _. —(+sinx) _ — -1 
(1 + sin x)2 “ (1+sinx)? ~ (+sinx)? ~ 1+sinx 
: i =4 t & — Asec xt 2 
cosx t mx ~ +SecxX+cotx > Gg, =4sec x tan xX — csc” x 
__ cosx x dy __ x(—sin x) — (cos x)(1) (cos x)(1) — x(—sin x) __ —x sinx —cos x cos x +x sin x 
yrs + cos X > dx x? + cos? x _ x? a3 cos? x 


d 


y =x’ sinx + 2x cosx —2sinx > = (x? cos x + (sin x)(2x)) + ((2x)(—sin x) + (cos x)(2)) — 2 cos x 


2 2 


= x’ cos x + 2x sin x — 2x sin x + 2 cos x — 2 cos x = x” cos x 


y =x’ cos x — 2x sinx —2cosx > dy _ (x?(—sin x) + (cos x)(2x)) — (2x cos x + (sin x)(2)) — 2(—sin x) 


dx 
2 2 


= —x? sin x + 2x cos x — 2x cos x — 2 sinx + 2 sinx = —x? sin x 





s=tant—t > = 4(tant)—1=sec?t—1 = tan’t 


dt 


s=t?—sect+1 => 4 — 2t — 4 (sec t) = 2t — sec t tant 

















dt 

l+cesct = ds __ (1 —csc t)(—csc t cot t) — (1 + esc t)(csc t cot t) 

l—csct dt (i —csc t)? 
__ ~cse t cot t+ esc? t cot t— esc tcott—ese*tcott _ —2csctcott 
i (1 — csc t)2 “ (1 =cse t)? 

sint = ds __ (1—cos t)(cos t)—(sint)(sint) __ cost—cos?t—sin?t _ _cost—1 _ 1 

™ L=cost dt (1—cos tY ~~ (1 —cos t)? ™ (Ll—cost)? ~ 1—cost 

eee 
~~ cost—1 


r=4-@sind > £ = — ( 4 (sin 0) + (sin 0)(20)) = — (6? cos 0 + 20 sin 0) = —0(0 cos 0 + 2 sin 0) 


dé 


r=0sinO+cos? > * = (6 cos 6 + (sin 0)(1)) — sin 6 = 0 cos 0 


dé 


r=secOcsc@ = © = (sec 0)(—csc 6 cot 0) + (csc 0)(sec 8 tan ) 


dé 





= (sa) (sea) (Sea) + (sna) (Gesu) (ose) = sata + sora = Sec? 8 — csc 8 


cos 0 sin 0 sin 0 sin 0 cos 0 cos 6 sin? 


r=(1+sec @)sin@d > “= (1 +sec 6)cos 6 + (sin 6)(sec 6 tan 0) = (cos 6 + 1) + tan? 6 = cos 6 + sec? 0 


de 





p=5+—2 =S5+tanqg => s = sec? q 


cot q 


dp __ 


p=(1+ csc q)cosq > oi (1 + ese q)(—sin q) + (cos q)(—ese q cot q) = (—sin q — 1) — cot? q = —sin q — csc” q 
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__ sing+ cos q dp __ (cos q)(cos q — sin q) — (sin q+ cos q)(—sin q) 
p= cos q dq cos? q 
= cos q— cos q sin q+ sin’ q + cos q sing = = sec? q 
cos? q cos? q 
_ tang =e dp __ (1 +tan q) (sec? q) — (tan q) (sec?q) __ sec? q+tanqsec?q—tanqsec?q _ _sec?q 
p= 1+tanq dq (1 + tan q)? <_ (1 + tan q)? ~~ (1+ tan q)? 
(a) y=cscx > y’=—cscxcotx => y” = — ((csc x) (—csc? x) + (cot x)(—cse x cot x)) = csc? x + csc x cot” x 


= (csc x) (csc? x + cot” x) = (ese x) (ese? x + csc? x — 1) = 2 esc? x — csc x 
(b) y=secx => y’ =secxtanx => y” = (sec x) (sec? x) + (tan x)(sec x tan x) = sec? x + sec x tan? x 
= (sec x) (sec? x + tan? x) = (sec x) (sec? x + sec? x — 1) = 2 sec? x — sec x 
(a) y=—2sinx > y' =—2cosx > y"’ = —2(-sinx) =2sinx > y” =2cosx > y) =—2sinx 
(b) y=9cosx > y'=—9sinx > y”=—9cosx > y” = —9(—sinx) =9sinx = y“ =9cosx 


y =sinx y’ = cos x slope of tangent at 











X = —7 is y'(—7) = cos(—7) = —1; slope of 
tangent at x = 0 is y'(0) = cos (0) = 1; and 


3n 3 3 
slope of tangent at x = =f is y’ (#2) = = cos > 





= 0. The tangent at (—7,0) is y -O= “tix +7), 
or y = —x — 7; the tangent at (0, 0) is 





y —0= 1(x — 0), or y = x; and the tangent at 
(22,-1) isy =-1. 








y =tanx => y’ =sec?x slope of tangent at x = — 


wis 


is sec” (— 4) = 4; slope of tangent at x = 0 is sec” (0) = 1; 


and slope of tangent at x = 7 is sec? (4 Wis = 4. The tangent 


at (~ §,tan(~§)) = (-§,-V3) isy+ V3=4(04 9): 4 P 


ye ax~ Ey V3 | 
| 








the tangent at (0, 0) is y = x; and the tangent at (, tan ()) 


= (3, v3) is y — 3=4(x— 4). 


y =secx => y’ =secxtanx => slope of tangent at 


X = — 3 is sec ( z) tan ( t) = 2/3; slope of tangent 








at x = 7 is sec (4) tan (3) = J2. The tangent at the point 
(— $,sec (— $)) = (— $,2) isy -2= 2/3 (x + 4); 
the tangent at the point (4, sec (4)) = (3, v2) is y — af 
=V2(x-§). 











4 1 1 1 > 
—al2 —n/3 0 7/4 a/2 









y =1+cosx => y’ =~—sinx => slope of tangent at . 
X= — 7 is sin ( <) = ve ; Slope of tangent at x = = 
is —sin (22) = 1. The tangent at the point yul+cosx 

(32,1) 
(— 5,1 + cos (— $)) = (— 3,3) : 
is y — 3 = 3 (x + Z); the tangent at the point 
(*2,1+ cos (#)) = (# 1) isy -l=x-% y= 9B (x08) 68 yaxt+ 5 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


Chapter 3 Differentiation 


Yes, y=x+sinx = y’ = 1+ cos x; horizontal tangent occurs where 1 + cosx = 0 > cosx = —1 

=> k= 

No, y = 2x + sinx = y’ =2-+ cos x; horizontal tangent occurs where 2 + cos x = 0 = cos x = —2. But there 
are no x-values for which cos x = —2. 

No, y= x—cotx = y’ = 1+ csc?x; horizontal tangent occurs where 1 + csc? x = 0 = csc?x = —1. But there 
are no x-values for which csc? x = —1. 

Yes, y=x+2cosx => y’ = 1 —2sinx; horizontal tangent occurs where 1 — 2 sinx =0 > 1 =2sinx 


1 a T Sa 
3 sin X x 6 or xX "68 








We want all points on the curve where the tangent 
line has slope 2. Thus, y = tanx => y’ = sec?x so 
that y’ =2 => sec?x =2 secx= +1/2 


=> x= + §. Then the tangent line at (4, 1) has 














equation y — | = 2 (x — t) ; the tangent line at 
(- a —1) has equation y + 1 = 2 (x+ a) ; 





We want all points on the curve y = cot x where 
the tangent line has slope —1. Thus y = cot x 























= y’ =-—csc”x so that y’ = —-1 > —csce?x = —1 
csc cen = 221 x= 4%. The 
tangent line at (3, 0) isy=—-x+5. 
y =4+cotx—2cscx > y’ = —cse?x+2cscxcotx= (=) (1-2 cos x) 


(a) When x = $, then y’ = —1; the tangent line is y = -x + $ + 2. 
(b) To find the location of the horizontal tangent set y’ = 0 > 1—2cosx =0 => x= $ radians. When x = $, 
then y = 4— V3 is the horizontal tangent. 





y=1+ \/2. esc x + cot x > y= —1/2 esc x cot x — csc? x = (aa) (Aes) 
(a) Ifx = 7, then y’ = —4; the tangent line is y = —4x + 7+ 4. 
(b) To find the location of the horizontal tangent set y’ = 0 => 4/2 cosx+1=0 5 x= an radians. When 


x= a then y = 2 is the horizontal tangent. 


lim, sin (> — 3) = sin (5 — 4) =sin0=0 


x— 








lim . \/1 + cos(m ese x) = /1 +608 (7 ese (-)) = /1+4+ cos (7 - (—2)) = ag a 


Jim, sec [cos x + 7 tan (;2~) _ 1] = sec [cos 0 + 7 tan (755) — 1] = sec [1 + 7 tan (4) _ 1] =sec7 = —1 
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43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


Section 3.4 Derivatives of Trigonometric Functions 





Jim, sin (eg) = sin ae =) = sin [= a) == 


lim, tan (I~!) =tan (1 Jim, 2!) = tan(1 = 1) =0 





t—0 
. m0) : g_\ _ 1 = 1) _ 
jim, cos (%) = cos (= yim, $a) = cos (x. abe) = COs (x - t) =-1 
@-0 
a : — ds _ — dv _ ‘ + da __ Lp area T 
s=2-—2snt > v= G=—2cost > a= G=2sint > j= GF =2 cost. Therefore, velocity = v (4) 


= 4/2 m/sec; speed = |v (4)| = V2 m/sec; acceleration = a (4) a we) m/sec’; jerk = j (4) a V2 m/sec. 


s=sint+cost > v= ds =cost—sint > a= ww =-—sint—cost >j= da = —cost-+ sint. Therefore 
velocity = v (4) = 0 m/sec; speed = \v (4) = 0 m/sec; acceleration = a (4) = 4/9 m/sec?; 


jerk = j (|) = 0 m/sec®. 


HI _ sin? 3x — fj sin 3x sin 3x) __ ‘ ‘ = . — 
Jim, f(x) = iim, re Tae Jim, 9 (sms ) (Saas ) 9 so that f is continuous atx = 0 => im, f(x) = f(0) 


=>. Os=C; 
lim g(x)= lim _(x+b)=band lim g(x)= lim. cos x =1 so that gis continuous atx =0 = lim_ g(x) 
x—0 x—0 x— Qt x— OF x—0 
= a g(x) > b=1. Now gis not differentiable at x = 0: At x = 0, the left-hand derivative is 
x— 


< (x + b)| = 1, but the right-hand derivative is i (cos x)| o> —sin 0 = 0. The left- and right-hand 


derivatives can never agree at x = 0, so g is not differentiable at x = 0 for any value of b (including b = 1). 


999 % A . . . : 
ow (cos x) = sin x because aa (cos x) = cos x => the derivative of cos x any number of times that is a 


multiple of 4 is cos x. Thus, dividing 999 by 4 gives 999 = 249-443 = Le (cos x) 


a 249-4 a Py 
= E (cos | = gu (cos x) = sin x. 





























1 dy (cos x)(0) — ((=sinx) _ sinx _ (_1 sinx ) __ 
(a) y sec X cos X dx (cos x)? ~~ cos?x ee x) (a x) = sec x tan x 
=> 4 (sec x) = sec x tan x 
1 dy (sin x)(0) — (1)(cos x) __ ~—cosx __ —1 cosx\ __ 
(b) y CSC X sin x dx (sin x)2 “sin? x a x) ( sin x ) = —csce X cot X 
=> 4 (csc x) = —csc x cot x 
cos x dy (sin x)(—sin x) — (cos x)(cos x) __ —sgin?x—cos?x _. —-1l __ 2 
(c) y cot x sin x dx (sin x)2 ~~ sin? x ~~ sin? x csc" x 
= + (cot x) = —csc”x 





sin (x +h) — sin x 


As h takes on the values of 1, 0.5, 0.3 and 0.1 the corresponding dashed curves of y = ——;-~—— get 


closer and closer to the black curve y = cos x because a (sin x) = jim, snes a sins = cos x. The same 
=> 


is true as h takes on the values of —1, —0.5, —0.3 and —0.1. 
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D2. 





cos (x +h) — cos x 


get 
closer and closer to the black curve y = —sin x because £ (cos x) = lim, a —cs* — —sin x. The 
= 


As h takes on the values of 1, 0.5, 0.3, and 0.1 the corresponding dashed curves of y = 





same is true as h takes on the values of —1, —0.5, —0.3, and —0.1. 


53. (a) 





The dashed curves of y = S2&+ h) —sin(x =) are closer to the black curve y = cos x than the corresponding dashed 





curves in Exercise 51 illustrating that the centered difference quotient is a better approximation of the derivative of 
this function. 


(b) 





The dashed curves of y = °%&+ B) — costs —) are closer to the black curve y = —sinx than the corresponding dashed 





curves in Exercise 52 illustrating that the centered difference quotient is a better approximation of the derivative of 
this function. 


54. lim eae = lim nhl = lim 0=0 & the limits of the centered difference quotient exists even 
h-—0 x > 0 h-0 


though the derivative of f(x) = |x| does not exist at x = 0. 


55. y=tanx => y’ =sec? 


x, so the smallest value 
y’ = sec” x takes on is y’ = 1 when x = 0; 


y’ has no maximum value since sec? x has no 


a 7 


largest value on (- on z) ; y’ is never negative 


since sec? x > 1. 
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56. y=cotx > y= 


57. 


58. 


Section 3.4 Derivatives of Trigonometric Functions 


2 


—csc* x so y’ has no smallest 


value since —csc? x has no minimum value on 


(0, 7); the largest value of y’ is —1, when x = 5 : 


the slope is never positive since the largest 


value y’ = —csc* x takes on is —1. 


y = “2 appears to cross the y-axis at y = 1, since 
Jim, 1; a 


aty =2,since lim 
x 


sin x sin 2x 12x 


appears to cross the y-axis 


sin 2x sin 4x 1x 


=2y= appears to 


sin 4x —4 


cross the y-axis at y = 4, since lim 
x—-0 * 


However, none of these graphs actually cross the y-axis 
since x = 0 is not in the domain of the functions. Also, 
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y 











vy = (sin 4x)/x 


ove (sin 2x)/x 


y = (sin x)/x 











lim 2 = 5, lim, SCY = —3, and lim, 
x—0 * x0 = 0 5 
=k => the graphs of y = “8%, y = sn , and 
y = sak kx approach 5, —3, and k, sien ly as 
x —> 0. However, the graphs do not actually cross the 
y-axis. 
@ ef |e) 
1 .017452406 | .99994923 
0.01 017453292 | 1 
0.001 017453292 | 1 
0.0001 017453292 | 1 
‘ sinh? _ 1: sin (h- 735) _ 7 TRG sin (h-735) c., ae 180 sin 0 cn 
mes ~ om, ho nee woh Pee 180 
(converting to radians) 
cos h— 
(b) h costo 
1 —0.0001523 
0.01 —0.0000015 
0.001 —0.0000001 
0.0001 0 
im cosh-1 _ (), whether h is measured in degrees or radians. 
(c) In degrees, a (sin x)= lim, sine +h) — sin = iim, {sin x cos h + cos x sin b) — sin x 
=. 45 ‘ cosh sinh) _ (93 : cosh 
= Jim, (sin X- cosh—t) + Jim, (cos x75 ) = (sin x) - Jim, (cospot 


= (sin x)(0) + (cos x) (Ga) = 730 cos X 


) + (cos x) - im, (S24) 












) 


(d) In degrees, 4 (cos x) = lim cos (x +h) — cos x = lim {cos x cos h — sin x sin h) ~ cos 5 
— 0 h-—0 
= lim enue ta = dim (cos x - cosh 1) a lim, (sin x - sin 
h—0 h— —0 


= (cos x) lim cosh=1) _ (gin x) lim (Sib cos x)(0) — (sin x 
(cos x) lim, ( f=) — (sin x) lim, (82) = ( 10) — (in 
a _ d 2. . BB s d 2 
(ec) ga (sinx)= 5 Ga cos x) =-— (G5) sin X; ga (sin x) = 4, (- (G5) 
2 m 2 3 
SS (cos x) = 4 (- T80 sin x) =-— (Ga) COS X; aI (cos X) = 


(= (Fm)? 008 x) = GB)” 


(a0) 
sin x) =— Ga 
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3.5 THE CHAIN RULE AND PARAMETRIC EQUATIONS 





1. f(y) =6u-—9 => fu) =6 = f'(g(x)) = 6; g(x) 5x" g'(x) = 2x°; therefore a= = f'(g(x))g' (x) 
= 6- 2x? = 12x? 








2. f(u) = 2u? f’(u) = 6v" f"(g(x)) = 6(8x — 1); g(x) = 8x — 1 => g'(x) = 8; therefore = = f'(g(x))g'(x) 
= 6(8x — 1)? - 8 = 48(8x — 1)? 








3. f(u) =sinu f’(u) = cos u f’(g(x)) = cos (3x + 1); g(x) = 3x +1 => g'(x) = 3; therefore a = f'(g(x))g’(x) 
= (cos (3x + 1))(3) = 3 cos (3x + 1) 








4. f(u)=cosu => f’(u) = —sinu => f’(g(x)) = —sin (=) seq) => => eG) =— 5: therefore 2 = f'(g(x))g’(x) 


= ~sin (38) - (32) =f sin (38) 











5. f(u) =cosu f’(u) = —sinu => f’(g(x)) = —sin (sin x); g(x) = sinx = g’(x) = cos x; therefore 








oF = f'(g(x))g’(x) = —(sin (sin x)) cos x 





6. f(u)=sinu => f’(u) =cosu f’(g(x)) = cos (x — cos x); g(x) = x —cosx => g’(x) = 1+ sin x; therefore 
oF = f'(g(x))g'(x) = (cos (x — cos x))(1 + sin x) 











7. f(u) = tanu f’(u) = sec? u f"(g(x)) = sec? (10x — 5); g(x) = 10x —5 => g’(x) = 10; therefore 
wy = f'(g(x))g/(x) = (sec? (10x — 5)) (10) = 10 sec? (10x — 5) 


8. f(u) = —secu => f’(u) = —secutanu => f’(g(x)) = —sec (x? + 7x) tan (x? + 7x); g(x) = x? + 7x 
=> g'(x) = 2x +7; therefore & = f'(g(x))g’(x) = —(2x + 7) sec (x? + 7x) tan (x? + 7x) 


9. Withu=(2x+1),y=uw: & = & = 5yt-2= 10(2x +1)! 
10. With u = (4 — 3x), y =u; & = & ou — oy8 . (3) = —27(4 — 3x)8 


11, Withu=(1—4),y=u7?: ¥=-% & —_yy$.(-21) = i=) ° 


12. Withu = (2—1),y=u-;, © = & we — you). (1) = -5 (2-1) 





5 3 
13. Withu = (¥+x-!),ysuh $= 2 = 49-4145) =4(F4x-2) (F4+144) 


14, Withu= (§+d).ysuk @= 2 e = sul. (E—sh) = G44) (1-4) 


15. With u = tan x, y = sec u: ay = dy qu = (sec u tan u) (sec? x) = (sec (tan x) tan (tan x)) sec? x 
- = Tog dy _ dy du _ 2 1) _ 1 2 1 

16. Withu=7—i,y=cotu: 2 = & # = (-csc?u) (4) = — 5 esc? (a — 4) 

17. With u = sin x, y = u*: & a w dt — 3u? cos x = 3 (sin? x) (cos x) 





18. With u = cos x,y = Su-4: & = & 4 — (—20u-) (—sin x) = 20 (cos~ x) (sin x) 
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Section 3.5 The Chain Rule and Parametric Equations 








I. p=/3=t=6-0" = Fo 56-0 2 tG-7S-36-) 4 = 
20. q= V2 —-P =(2r—-P?)'? > 81 Py?. 4 (a —) = 1 r—P)?Q-IwW = FES 
21. s= + sin 3t + 4 cos 5t > ds = + cos 3t- £ (3t) + = +(- sin 5t) - £ (5t) = = * cos 3t 4 sin 5t 


22. 


23. 


24. 


25. 





= A (cos 3t — sin 5t) 











= -1 dr -2 d __ csc A cot @+csc29 __ csc 6 (cot 6+ csc A) 
r= (cscO+ cot)" = % = —(csc 8+ cot 0) 3% (csc 6 + cot 0) = ae = aE LDP 
csc @ 
~~ esc 64 cot 6 


sec @ (tan 6 + sec 6) 
(sec 6 + tan 6)? 





r= —(sec0+tan 6)! => © = (sec 6 + tan 0)? 4 (sec 6 + tan 0) = sect sect = 


=— sec 0 
“~~ sec 6+ tan 6 


& — x? 4 (sint eke: & (x*) +x £ (cos? x) + cos ?x- £ (x) 


= x? (4 sin? x 4 (sin x)) + 2x sintx + x (—2 cos" x- 4 d (cos x)) + cos~? x 


Y= sin*x+xcos “x > 


= x” (4 sin? x cos x) + 2x sin* x + x( (—2 cos~? x) (—sin x)) + cos~? x 

















= 4x? sin? x cos x + 2x sin* x + 2x sin x cos~? x + cos~? x 
26. y=+sin-°x — Xcos?x = y’ = + 4 (sin->x) + sin x- 4 (4) — § £ (cos? x) — cos? x - 4 (3) 
= 1(—5 sin-® x cos x) + (sin-® x) (— 4) — 3 ( (3 cos? x) (—sin x)) — (cos? x) (4) 
— 2 sin“ x cos x — 4 en ae ae } cos? x 
aq) —2 
27. y= 9 Gx— 2) + (4- ga) > B= WZ Gx-2’>- gE Gx-D+(D4— ga) - & (4 - ae) 
ee 
= £ Gx —2)°-3+(-D)D (4-4) (4) =Gx- 28 te) 
28, y=(G—2x)° 41 (241) > © S35 = 28) 4-2) + 4 (2 4:1)? (— 2) = 05 = 2) 4+ = (4) 241) 
241)" 
ON NB, 
~~ (§—2xy% x" 
29. y= (4x43 4+1 > 2 = 4x4 3)(-3)K 4+ Dt SED +H 1I7(4)4x +: 38 - S (4x +3) 


30. 


31. 


= (4x + 3)4(—3)(x + 1)741) + (& +: 1) (4)(4x + 3)29(4) = ahs +3)4(x + 1-4 4+ 16(4x + 3)2(x + 1)°3 


: 3 
= Sy [34x + 3) + 16 + D) = SE? 





y = (2x —5)1 (x? — 5x) > & = x — 5)-1(6) (x? — 5x)?(2x — 5) + (x? — 5x)°(—1)(2x — 5)-2(2) 


‘ x2 = JF i 
=6 (x 5x) ao a + 





h(x) = x tan (2\/x) +7 = h(x) =x 4 (tan (xt) + tan (2x'/?) - 4 (x) +0 


= x sec? (2x1/?) - 4 (2x"/2) + tan (2x1/) = x sec? (2,/x) - aE + tan (2,/x) = \/x sec” (2,/x) + tan (2,/x) 
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32. k(x) = x? sec ($) => k(x) = x? 4 (sec +) + sec (+) - 4 (x?) = x? sec (+) tan (4) - 4 (4) + 2x sec (+) 
= x” sec (4 ) tan (+ )- (- +) + 2x sec (4 ) = 2x sec (+) — sec (2) tan t) 








33. {(0) = ( sin 0 )’ = f'(0) = 2 ( sin 0 )- a ( sin 0 \= 2sind | eens Eas 

















1+cos 6 1+cos 6 1+cos 6 1+cos 6 (1 + cos 6) 
— @ sin 0) (cos @ + cos” 6+ sin? 0) — @ sin @)(cos9+1) __ 2 sin 0 
(1 +cos 0)8 (1 +cos 698 ~~ (1+cos 6)? 
_ (1+4cost\—1 Ay) ltcost\~2  d (L+cost) _ sin?t ____ (sin t)(—sin t) — (1 + cos t)(cos t) 
34. g(t) = ( sin t ) = gO= ( sin t ) ot sin t )= (1 + cos t)? (sin t)2 
__ —(=sin?t—cost—cos?t) __ 1 
(1 + cos t)?? ~~ 1+cost 


35. r=sin(6°) cos(20) = % = sin (6*) (—sin 20) S (20) + cos (20) (cos (6”)) - & (6) 
= sin (87) (—sin 20)(2) + (cos 20) (cos (87)) (20) = —2 sin (67) sin (20) + 26 cos (2) cos (87) 


36. r= (see vo) tan (5) > a = (see vo) ( sec? ;) (- z) + tan (3) (sec V6 tan vo) (2) 
= — 7 sec V0 sec? (5) + a tan (5) sec / tan Vb= (see vo) c ent aa 


ss t dq _ t _d t _ t Vt+1(1)-t- a(vt+ 1) 
ae sin (5) 7 at vos (5) & (an) cos (5) (Viti) 
= cos t : Vitl— an eT t 2a+1)—-t)\ _ t+2 RAS t 
Jt+1 t+1 JVtt1 at+ iy?) ~ \2ae+ 13? Vtt+1 


38. q= cot (“24) = “4 = csc? (st) . ¢ (2) _ ( csc (s2t)) (teost sin) 



























































39. y = sin? (mt -—2) > w = 2 sin(at — 2)- 4 sin (mt — 2) = 2 sin (mt — 2) - cos (mt — 2) - 4 (mt — 2) 


= 27 sin (mt — 2) cos (mt — 2) 


40. y =sec? rt > Y — = (2 sec mt) - 5 4 (sec mt) = (2 sec mt)(sec mt tan mt) - a 4 (rt) = 2m sec? nt tan mt 





41. y=(1+4+ cos 2t)-* > o = —A(1 + cos 2t)~° - £ (1 + cos 2t) = —4(1 + cos 2t)~>(—sin 2t) - $ (2t) = eres 


42. y= ere = G = —2(1+cot (g))™ - HI + cot (5)) = -2 (1 + e0t (5)) ” - (esc? (5) - (3) 


(1+ cot (5 vg 








43. y =sin(cos(2t—5)) > ® — = cos (cos (2t — 5))- cos (2t — 5) = cos (cos (2t — 5)) - (—sin (2t — 5)) - 7 (2t — 5) 
= —2 cos (cos (2t — 5))(sin (2t — 5)) 


44, y =00s (5 sin(§)) > $= —sin (5 sn ($)) (5 sin ($)) = —sin (5 sin (§)) (5.008 (§)) - (8) 
= — 3 sin (5 sin () (cos 3) 


45. y= ms + tant (5 is > & — 3 [1 + tan‘ (ar - 4 [1+ tan‘ (5)] =3 [1+ tan? (Shi [4 tan? (45) - $ tan (5) 
12 [1 + tan* (75)]° [tan’ J? [tan3 (55) sec? (35)] 


46. y=} [1+cos?(7))° > & = 3 [1 + cos? (7t)]” - 2 cos (7t)(—sin (7t))(7) = —7 [1 + cos? (7t)] (cos (7t) sin (7t)) 
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47. 


48. 


49. 


50. 


51. 


52. 


23. 


54. 


35: 


56. 


57. 


58. 
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y = (1+cos(t?))"? > % =1(1 + cos (t?))"”” - 4 (1 + cos (t?)) = 4 (1 + cos (12) /? (—sin (t2) - £ (t2)) 


t 


1/2 0 sin (t? 
oe 5 (1 + cos (t?)) / (sin (t2)) -%—-— ot 








y=asin (i+ v*) > 4 = 4.05 ( t+ vi) -§ (y+ vi) =4e08(Vi4 vi) 


stefan) cs a 
~ Vit via yitvi 

















= 4 [sb 8? (1 a) $8 (1 Ve] = Bt (1 Ve) d (1- ve) $] 
=b(1- Vx)" (- ae tht) =401- V0 (3- a) 








y = § cot(3x—1) = y! = —§ esc? (3x — 1)(3) = — 3 csc? (3x—1) = y” = (— 3) (scx — 1)- A esc (3x — 1) 


=— : csc (3x — 1)(—csc (3x — 1) cot (3x — 1)- 4 (3x — 1)) = 2 esc? (3x — 1) cot (3x — 1) 


1 


a (1+ vt) 
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y =9tan (3) = y'=9 (sec? (3)) (3) =3sec* (3) = y= 3-2 sec (3) (sec (3) tam (3)) (3) = 2 sec? (3) tan (3) 














g(x) = /x = g'(x) ai g(1) = land g/(1) = 3; fw) =u? +1 = fu) = Sut = f(g) = f(D =5; 


therefore, (f o g)'(1) = f’(g(1))- g(1) = 5-4 = 3 





g(x) = (1 — x)! = g(x) = -d —-x)?(-) = aoe => g(—1) = 5 and g'(-1) = 5; fw) =1-3 
= T_y 
4 


> fida@=4 => fi(g(-1) =f' (5) = 4; therefore, (f 0 g)/(—1) = f’(g(—1))g’(-1) = 4 - 


u 








a(x) = Sx = g(x) = 72 = gl) = Sand g'(1) = 5; flu) = cot (HG) = fu) = —cse? (7G) (75) 
= Fi csc? (#) => f'(g(1)) =f'(5) = — 7 esc? (F) = — 7; therefore, (fo g)'(1) = f(g(1))g'(1) = — 4 - 











gx) =m > a =7 => g( 
1 
4 


g(x) = 10x? +x +1 > g(x) =20x+1 > (0) =1andg'(0) = 1; fw) = 2 = fw) = S1V@- Quen 
(u? +1) 











w+! 


_ eae => f'(g(0)) = f'(1) = 0; therefore, (f o g)'(0) = f'(g(0))g’(0) =0-1=0 














ax) =4-1 > g(x) =-2 = g(-1) = Oandg(-1) =2; fu) = (%1)’ = fw =2 (eI 


x3 u+1 u+1 


= u-1 (+ DW-@-)d) _ 2u—-D@) _ 4u—)) ! _ fi = 4 
=2 (=) . rie = Gait = ee oe f'(g(—1)) = f'(O) = —4; therefore, 


(fo g)(—D = f'(g(—D)g'(—-D = (-4)@2) = -8 
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) 





5 


2 


dg’ (4) =7;f(u) =u+sec?u => f'(u) =1+2secu-secutanu 
) =1+2 sec? | tan $ = 5; therefore, (f 0 g)’ (4) = f’(g (4)) g’ ( 


4 
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59. 


60. 


61. 


62. 


63. 


64. 


Chapter 3 Differentiation 






















































































(a) y=2f%) > 2 =26«) > 2 2f"(2) = 2 (4) = 3 
() y=f) +e%) > 2 =f@+2e2%) = % a= f'(3) + (3) =2n+5 
(c) y=f(x)- g(x) + 2 =f@e'@) + gWf'® > % Pa f(3)g'(3) + g(3)f"(3) = 3-5 + (—4)(27) = 15 — 80 
Oya > eo NRG! = BI Ga = SE AE 
©) y=fe@) > F=FEW2® > Bl _ =f E@s'2 =f2-3) = 3(-3) = - 
y= (oy? > F= 3G"? £0) = > Bl aya = ae aa a 
() y= (BO)? > F=—2AE@)F-e@) > Fl _ = —2G)*e'B) = -2A-4)F -5 = J 
(hy y = ((foo)? + (gx)? = & =F (EO)? + (@O0)?)? (2f() - £@%) + 2g(%) - 8/00) 
| =} (GQ)? + @Q")” 1? (ony) + 2aw'0)) = 4g? +22)" (2-8-442-2-(-3)) 
(a) y=5f®)—8@) > 2 =S'~-K@) > Bl =S)-g) =5(-3) - (F)=1 
(b) y= fOO(g@O)* > F =f) (3(g~@)?g'@) + (SCO)*E'~O) => HF] _ = 3f(0)(gO))?g'O) + (g()*£'O) 
= 3(1))? oe 
(c) y= ori => “ = fen eyelet! = ad eS = te 
_ (441) (= 3)-@) (= §) af 
(—4+1/ 
@) y=fe@) > F=f EW > Bl =f) =f) (3) = (- 3) 3) =—-5 
©) y=sf@) > R= FEO > F]_ = s OO = gS) = (- §) 6) = - 
() y=(xt+fw)° = & — 2 (x! + f(x)? (11x +4) > &| = 20 + £0))-3 (11 + £0) 
= -20 +3) (11-3) = (— ae) (3) =-3 
(2) y=fx+e@) > F=Fa+ sw) (1+2@) > F]_ =fO+ gO) (1 +2) =F) (1+ 3) 
Slo a) a) = "9 
& — & o. s=cosé => & = —sin 0 => alice = sin (¥ =) = 1 so that $ =$.@ =]. S=5 
vw & y=xX+2x-5 > Pa2k+T SO = 9 so that 3 = ®=9-3=3 
With y = x, we should get = dy — | for both (a) and (b): 



































(a) y aa wy ie 5x-—35 => du — 5; therefore, & = % . & — 1.5 = 1, as expected 
d a, J d d 
(b) y=142 f=—-dsu=(x-l)!} s ®=-«-) *(1) = aif therefore & = F- a 
-1 -1 -1 -1 2 1 : 
=F °«-y - Gp Gye (x-—1)- a a 1, again as expected 


With y = x*/?, we should get & = 


3 x!/? for both (a) and (b): 

















3 dy ‘ du _ dy du_ 2.2, 1 2 1 
(a) y=u au 3u7; u /x x afi ; therefore, % Khia = Ou ae = 3 (./x) "Si 
as expected. 
— dy: _.. 43 du _ 2,2. dy _ dy -du_ 1 2_ 1 2_ 
(b) y Ju a a sU=xX > & 3x; therefore, ax an” x 2a 3x ae 3x 








again as expected. 
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65. y=2tan(%) > © = (2sec? %) (4) = 2 sec? = 


@) 2 











=F sec (4) = 7 => slope of tangent is 2; thus, y(1) = 2 tan (3) = 2andy'(1) = 7 = tangent line is 
1 


given by y—2=7(x-1) > y=7x+2-7 
(b) y= a sec? (3) and the smallest value the secant function can have in —-2 <x < 2is 1 => the minimum 





300 Mk 2 ( 1x — 2 ( 1x a (a WX = 
value of y’ is 5 and that occurs when 5 = 5 sec (3) => 1=sec (3) => +1=sec (3) =>x=0. 


66. (a) y=sin2x > y’ =2cos2x => y'(0) =2cos(0) =2 = tangent to y = sin 2x at the origin is y = 2x; 





y = —sin (3) >y=- 5 cos (3) => y'(0)=- , cos 0 = — 5 = tangent to y = —sin (3) at the origin is 
y=- 5 x. The tangents are perpendicular to each other at the origin since the product of their slopes is 
—l. 
(b) y =sin(mx) > y’ =mcos(mx) => y’(0)=mcos0 =m; y = —sin (+) >y=- i COs (+) 
=> y'(0)=- 4 cos (0) = — 4 . Since m- (- +) = —l, the tangent lines are perpendicular at the origin. 
(c) y =sin(mx) = y’ = mcos(mx). The largest value cos (mx) can attain is 1 atx = 0 = the largest value 
y’ can attain is |m| because |y’| = |m cos (mx)| = |m| |cos mx| < |m|- 1 = |m|. Also, y = —sin (+) 
=> y’ =—4cos(£) => ly'| = |= cos (4)| < |4| |cos (4)| < im => the largest value y’ can attain is |+] . 


(d) y=sin(mx) => y’ =mcos(mx) => y’(0)=m = slope of curve at the origin is m. Also, sin (mx) completes 
m periods on [0,27]. Therefore the slope of the curve y = sin (mx) at the origin is the same as the number 
of periods it completes on [0,27]. In particular, for large m, we can think of “compressing” the graph of 
y = sin x horizontally which gives more periods completed on [0, 27], but also increases the slope of the 


graph at the origin. 


67. x =cos 2t,y =sin2t,0<t<7 68. x =cos(7 —t), y =sin(a7—-t),O<t<7 
=> cos? 2t+sin?2t=1 > x?+y?=1 => cos?(r —t)+ sin? (7# —t) = 1 
> x+y?=l1y>0 











2b xt+y=l 
v 
t=7/2 t=0 x 
2 i 2% 
t=7 
-1 
29k 
69. x=4cost,y=2sint,0<t< 27 70.x=4sint,y =Scost,0O<t<27 
16 cos? t 4sin?t __ x2 y? _ 16 sin? t 25 cos?t __ x? y’ 2, 
=> 4 +p =l> et7=! >, +s =l> Ets =!l 
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722.x=-vVty=tt>0>x=-Vy 


Tl, X=3L y= oC, < tooo Sy SH? 
ory = x’,x <0 





x 











73. x =2t—5,y =4t—7, -—co <t< oo 74.x=3-3ty=2t,0<t<1s> ya=t 
=> x=3-3(2) > 2x=6-3y 


=> x+5=2t > 2(x+5)=4t 
=> y=2x+5)-7 > y=2x4+3 => y=2-2x%0<x<3 











16. x=J/t+Ly=vVtt>0 


y>=t x=/y+ly>0 











sit 


\ >x 





t=-l1 








77. x=sec?t—l,y=tant,-$<t<$ 78. X= —sect,y=tant,-><t< 
=> sec?t—1l=tan?t > x=y? => sec’?t—tanr’t=1 > x?-y?=1 


Ostsa/2 
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81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


Section 3.5 The Chain Rule and Parametric Equations 155 


(a) x =acost,y =—asint,0<t<27 80. (a) x =asint,y =bcost,i <t< % 
(b) x =acost,y =asint,0O<t<27 (b) x =acost,y=bsint,0<t< 27 
(c) Xx =acost,y =—asint,0O<t<47 (c) x=asint,y=bcost,4<t< 2 
(d) x=acost,y =asint,O<t<47 (d) x=acost,y=bsint,0O<t<47 
Using (—1, —3) we create the parametric equations x = —1-+ at and y = —3 + bt, representing a line which goes 


through (—1, —3) at t = 0. We determine a and b so that the line goes through (4, 1) whent = 1. 
Since 4 = —1+a>a=5.Sincel = —3+b => b= 4. Therefore, one possible parameterization is x = —1 + dt, 
y =-3-4t,0<t<1. 


Using (—1, 3) we create the parametric equations x = —1 + at and y = 3 + Dt, representing a line which goes through 
(—1, 3) att = 0. We determine a and b so that the line goes through (3, —2) whent = 1. Since 3 = -—l+aSa=4. 
Since —-2 = 3+b => b= —5. Therefore, one possible parameterization is x = —1+4t,y = —3—5t,0<t<1. 


The lower half of the parabola is given by x = y” + 1 for y < 0. Substituting t for y, we obtain one possible 
parameterization x = t? + l,y =t,t <0. 


The vertex of the parabola is at (—1, —1), so the left half of the parabola is given by y = x? + 2x for x < —1. Substituting 
t for x, we obtain one possible parametrization: x = t, y = t? + 2t,t < —-1. 


For simplicity, we assume that x and y are linear functions of t and that the point(x, y) starts at (2, 3) for t = 0 and passes 
through (—1, —1) att = 1. Then x = f(t), where f(0) = 2 and f(1) = —1. 

Since slope ae —1? — 3, x = f(t) = —3t + 2 = 2 — 3t. Also, y = g(t), where g(0) = 3 and g(1) = -1. 

a3 = -4.y = g(t) = —4t+ 3 = 3-4. 

One possible parameterization is: x = 2 — 3t,y = 3 — 4t,t > 0. 











: Ay 
Since slope = 7; 





For simplicity, we assume that x and y are linear functions of t and that the point(x, y) starts at (—1, 2) fort = 0 and 
passes through (0, 0) at t = 1. Then x = f(t), where f(0) = —1 and f(1) = 0. 


Since slope = 4% = oot =1,x = f(t) = 1t+ (-1) = —1 +t. Also, y = g(t), where g(0) = 2 and g(1) = 0. 
Since slope ay f=- —2.y = g(t) = —2t+2=2-2t. 








One possible parameterization is: x = —1+t,y = 2— 2t,t>0. 

















_t = T = a 2 dx : dy __ dy dy/dt 2 cost 
t=" S x= Jest 4 yS2sn toy 2, @ = 2 sint, G, =2 cost kk ~ didi = Ssnt cot t 
dy = a, ee = = sae 
> a cot | = —1; tangent line is y J2= L(x v2) ory = —x+2/2; © =csc t 
= 4 
dy dy’/dt esc? t 1 d’y 














_=-v2 


=e 


dx? — dx/dt — —2sint Zsinkt 7 dx?| 











2n Qn _ 1 On 8 ie ge dy _ = V3 sint _ 
t 3 X= COS 5 a2 Y /3 cos = = 7 > d ~~ sit = V3sint > % = = /3 


> dt —sint 





























dy _ ; wef V3) a ae = . dy! dy 0 
> k _ = V3; tangent line is y (-2) =v3kk ( 1)] ory = /3x; ¥ 0 i? = Sent = 9 
3 
d’y _ 
> RD =o 
Bg 
1 1 1. dx dy 1 dy dy/dt 1 dy es ee sis is 
t=q X=7,Y=5;G =]L3 a a oa on a a ae eas 
=! a 
—~la-y.(x_1 = 1. dy _ _1 3/2 @y _ dy'idt _ __ 1 4-3/2 Pyfo 
y—Z=l-(x-j)ory=x+3;G=-jt a — wa — a! > 2 
4 
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- __o/ = _ fRRY _ a. dx _ -1/2 dy _ 3 24)-1/2 dy _ ae racials 
_ 3th _ dy _ 37341 _ 4, ee ee ee) ee a 3. es, ae 
“Va a, 30) 2; tangent line is y — 3 = —2[x — (—2)] ory = —2x — 1; 
3 
dy — V3t(-3@+ 77] 43Vt41 [2 Got] _ 3 dy (sam ma) Bc 
dt 3t dx? <1 = 
2trv/3t Vi+1 x (; 1) t/3t 
@y _ 1 
= dx? = = 3 
dx dy 3 dy dy/dt 4 2 dy 2 : : 
91.t=-1 x=Sy=1; ae At, at 4t kodd = ant ax = (—1)* = 1; tangent line is 
_ _ . dy! @y _ dy//dt _ 2t _ dy —1 
yo Deals ayy See ge OS ge — at — ae | 
92.t=2 > x=2-sn?=—2—- V3, y=1-cos?=1—-1=!;%=1 cost sint => oY = Witt 
oh =3 gg 98 3 2— 2? dt a= dx — dxdt 
_— _sint dy _ _sin(3) (2) = : aa d= T V3 
er a T=<0s () y= J3; tangent line is y — 5 = V3 Le ho 
_ ma dy’ __ (1 ~cos t)(cos t) — (sin t)(sin a =| @y _ dy/dt _ (tn) 
y= 3x + 2; dt — (1—cos t)? 1—cos t dx? ~~ dx/dt eaaeed 
-1 a 
~ 7 —cos t)? = dx? Se 
93. t= 5 x=cos 5; =0,y=1+sin 5 = 2; oe = —sint, y cos t cos —cott 
d os dy & sc & 
=> Zz = Tet 5 = 0; tangent line is y = 2; * = csc*t B= St =-csPt > OB Po, -1 
2 oe 
94. t=-— | => x = sec? (— 4) -l= 1, y = tan (— $) =-1,% = 2 sec? t tant, oy = sec? t 
dy __ sec? t es eee | dy =, 1 T\ _ 3 : 
= dx ~ 2sec?ttant  2tant 2 cott = dx ee 5) cot (- a) =~ 2 tangent line 18 
oe 
dy’ d - i esc? t 
y ( = 3 (x ory = es oe at -_ 5 esc’ t = Ge = Tet = zcot't 
dy =, 
> ae =4 
95. s = Acos (27bt) v= & = —A sin (27bt)(27b) = —27bA sin (27bt). If we replace b with 2b to double the 
frequency, the velocity ah gives v = —4mbA sin (47bt) = doubling the frequency causes the velocity to 
double. Also v = —2mbA sin (27bt) a= ck = —4r°b?A cos (27bt). If we replace b with 2b in the 
acceleration formula, we get a = —1677b”A cos (47bt) = doubling the frequency causes the acceleration to 


quadruple. Finally, a = —47?b?A cos (27bt) = j = $2 = 87°b3A sin(27bt). If we replace b with 2b in the jerk 


formula, we get j = 647°b?A sin(4zbt) > doubling _ frequency multiplies the jerk by a factor of 8. 


TAn 


96. 365 COS 





(a) y = 37sin[24 (x - 10D] +25 => 101)] (4) = [#5 (x - 10D]. 


The temperature is increasing the fastest when y’ is as large as possible. The largest value of 


y’ = 37 cos [24 (x 











cos [= (x — 101)| is 1 and occurs when 2 aek (x — 101) =0 x= 101 on day 101 of the year 
( ~ April 11), the temperature is increasing the fastest. 
(b) y/(101) = 4 cos [4 (101 — 101)] = 22 cos (0) = 4 & 0.64 °Fiday 


97. s=(14+ 41? > v= 4 


v=204+4t)-/?7 > a= 


1 +4 4t)-/2(4) = 20 + 4)? = v6) = 20 +4-6)-¥/? = 
= —2.2(1 + 4t)-3/2(4) = —4(1 + 4t)-9/? > a(6) = 


2 m/sec; 
—4(1+4-6)-3/2 = 


dy 
dt 
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— WwW; -g— Ww — dv, ds dv _ d k dv . ds _ dv , 
98. We need to show a = q is constant: a= G = Ra and k= (k,/s) 2/5 a= RoE mY 
ee Se ee eee 
ay k,/s = a which is a constant. 
i 1 — k dv _ __k — dWv_—dvjds_ dv, 
99. v proportional to fe >Vv= a for some constantk = G =— 37- Thusa=G=q-a=a 77 
= He ag ee +) = acceleration is a constant times 4 so a is inversely proportional to s? 
In = — TMs 2 ¥ Prop 


100. Let & = f(x). Then,a= @ = *%&-2=%. f(x) = 4 (¥) - f(& = 4 (£) - f(%) = f'(~)E(X), as required. 


i aT 1 _it _o qT _dT db _ it — myL _ 1 id 
101, T=2r/t > dm oe ie = fax: Therefore, = SE * Ge = fr WL = Me = 5 Oey 
































09 |Re 


_ kr . 
=> ,as required. 


102. No. The chain rule says that when g is differentiable at 0 and f is differentiable at g(0), then fo g is 
differentiable at 0. But the chain rule says nothing about what happens when g is not differentiable at 0 so 
there is no contradiction. 


103. The graph of y = (f © g)(x) has a horizontal tangent at x = | provided that (fo g)(1) =0 => f’(g(1))e’(1) = 0 
=> either f’(g(1)) = 0 or g’(1) = 0 (or both) => either the graph of f has a horizontal tangent at u = g(1), or the 
graph of g has a horizontal tangent at x = 1 (or both). 


104. (fo g)(—5) < 0 = f'(g(—5)) - g’(—5) < 0 = f'(g(—5)) and g’(—5) are both nonzero and have opposite signs. 
That is, either [f’(g(—5)) > 0 and g’(—5) < 0] or [f’(g(—5)) < 0 and g’(—5) > 0}. 


105. Ash — 0, the graph of y = smdfet hsm dx 


approaches the graph of y = 2 cos 2x because 
lim sin 2(x+h)—sin 2x 
h—0 . 





= a (sin 2x) = 2 cos 2x. 


106. Ash — 0, the graph of y = S%[&+hF cos (x*) 





approaches the graph of y = —2x sin (x”) because 
lim, as es (x!) _ 4 [cos (x”)] = —2x sin (x”). 
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dx __ dy _ dy dy/dt 2 cos 2t 2(2cos?t—1) , dy __ 2(2cos*t—1) _ 
107. dt — COS tand dt ~~ 2 cos 2t dx dx/dt cos t cos t i then dx 0 cos t =0 
=> 2cos?t—1=0 cost= + t= 7, 2, 2z . fe . In the Ist quadrant: t : X = sin ri 


we and 





- 2 4° 4 


y = sin2 (4) =1s> (2, 1) is the point where the tangent line is horizontal. At the origin: x = 0 andy = 0 


2 























sint = 0 t=Oort=7andsin2t=0 > t=0, zm Ms oa ; thus t = 0 and t = 7 give the tangent lines at 

the origin. Tangents at origin: | =2 => y= 2x and w =-2 > y=-2x 
t=0 t=r 
dx __ ay _ dy dy/dt 3 cos 3t 3(cos 2t cos t — sin 2t sin t) 
108. G@ = 2 cos 2t and Gy = 3 cos 3t dx — dx/dt — 2cos 2t 2 (2 cosst—1) 

—_ 3[(2 cos? ane ares — @cos t) (2 cos” t— 1 —2 sin’ t) __ (3cost) (4 cos?t—3) , th 
_ 2 (2 cos? t-1) 2 (2 cos? t—1) > 2 (2 cos? t-1) en. 
w — 0 => Geosp(4eos't—3) _g 5 3 c0st—Oor4cos?t—3—0: 3cost—0 > t= 2, 2" and 
x 2 (2 cos?t— 1) 2° 2 

2 3 x St In I ei _ oo _ v3 
4cos*t—3=0 => cost= 238 t=%.%>@>-6- Inthe Ist quadrant: t= — => x = sin 2 (2) = a3 





and y = sin 3 (2) =1s> 04, 1) is the point where the oie has a horizontal tangent. At the origin: x = 0 














andy =0 = sin2t=0andsin3t=0 > t=0, 5.7;  andt=0,7,4,7,4, °% => t=Oandt=7 give 
, eis se  dy 3 cos 0 3 3 dy 

the tangent lines at the origin. Tangents at the origin: ax | 9 > 2080 — 2 y= 5% and dx | 

—— 3cos(37) __ 3 = 3 

= FeosQn) 2 YF QX 





109. From the power rule, with y = x'/*, we get & = 1 x-8/4, From the chain rule, y = ,/,/x 


a= th ys SS ‘af = +x-9/4, in agreement. 


dx ay/ Vx dx ay/ Vx 








110. From the power rule, with y = x?/*, we get & = 3x~1/4, From the chain rule, y = \/x/x 























ne ome Oe Hee 
a ve ae = 3x~!/4, in agreement. 


111. (a) 


dg/dt 





(b) a = 1.27324 sin 2t + 0.42444 sin 6t + 0.2546 sin 10t + 0.18186 sin 14t 


(c) The curve of y = a approximates y= a df/dt 


the best when t is not —7, — oo 0, 4 5, Nor 7. 
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(b) 
(c) 
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dh — 2.5464 cos (2t) + 2.5464 cos (6t) + 2.5465 cos (10t) + 2.54646 cos (14t) + 2.54646 cos (18t) 


dh/dt 





111-116. Example CAS commands: 
Maple: 


f :=t -> 0.78540 - 0.63662*cos(2*t) - 0.07074*cos(6*t) 
- 0.02546*cos(10*t) - 0.01299*cos(14*t); 

g :=t-> piecewise( t<-Pi/2, t+Pi, t<0, -t, t<Pi/2, t, Pi-t ); 

plot( [f(t),g(t)], t=-Pi..Pi ); 

Df := D(f); 

Dg := D(g); 

plot( [Df(t),Dg(t)], t=-Pi..Pi ); 


Mathematica: (functions, domains, and value for tO may change): 
To see the relationship between f[t] and f'[t] in 111 and h[t] in 112 


Clear{[t, f] 
f[t_] = 0.78540 — 0.63662 Cos[2t] — 0.07074 Cos[6t] — 0.02546 Cos[10t] — 0.01299 Cos[14t] 
f[t] 


Plot[{f[t], f[t]},{t, —7, 7}] 

the parametric equations in 113 - 116, do the following. Do NOT use the colon when defining tanline. 
Clear[x, y, t] 

tO = p/4; 

x[t_]:=1—Cos[t] 

y[t_]:=1 + Sin[t] 

pl=ParametricPlot[{x[t], y[t]},{t, —7, 7}] 
yplt_]:=y'[tV/x'[t] 

ypplt_]:=yp'[t}/x'[t] 

yp[t0]//N 

ypplt0]//N 

tanline[x_]=y[tO] + yp[t0] (x — x[t0]) 
p2=Plot[tanline[x], {x, 0, 1}] 

Show[p1, p2] 
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3.6 IMPLICIT DIFFERENTIATION 


10. 


11. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


— 9/4 dy _ 9 \5/4 — y—-3/5 dy _ _ 3 ,-8/5 
y =x9/ => 2 = 3x?/ 2. y=x3/ => 2=-ix?/ 





yovRaOyY Ss Salem 2a=2, 4 yeVx= G0" = 2a 16g = 4, 


d 
y=7Vxt+6=7646)? = Z=F +6 7-1 








y = —2\/x -1=-2%(x-1'? = —1(x—1)7/? = oa 
y=Qx 45"? > B= — 52x +5) 9? -2=-Qx +5) 9? 


y=(1—6x)78 = 9 = 21 — 6x)-1/4(—6) = —4(1 — 6x) 18 


dx 3 ( 





241)? = yax Tet) Pax) +(e? $1)? 1 = 0841) 708 +x? 41) = Bt 





yax(P $1? yl =x: (-3)? +1) Px) tH? 1a PEIN $ P41) = Ge 











s=(VPae > &=2 5/7 12. r= Wo3 = 9-8/4 = He = 39-74 





y = sin ((2t+ 5)-?/8) = © = cos ((2t+5)-7/*) - (— 2) (2+ 5)-9/3 -2 = — 4 (2t + 5)-9/? cos ((2t + 5-7/3) 


z= cos ((1 — 6t)?/3) = % = —sin ((1 — 6t)*/9) - $1 — 6t)-/3 (—6) = 41 — 6t)- sin ((1 — 6t)*/) 


f(x) = 4/1 — fx = (1—x¥?)'? => flay = 1 (1x82)? (-1 x1) = ne = Area 














—4/3 = I)x73/2 = 2 (2x-1/2 4 1) 4/9372 


g(x) = 2 (2x71? + is => f(x) = — 2 (2x82 + iy! 
h() = y/1 + cos (26) = (1 + cos 26)!/3 = h'(8) = 4(1 + cos 26)-7/ - (—sin 26) -2 = — 3 (sin 20)(1 + cos 26)-?/3 
k(0) = (sin(6 + 5))°/4 = k'(0) = 3 (sin(@ + 5))'/4 - cos(6 +5) = 3 cos (9 + 5)(sin (6 + 5))/4 


x’y + xy” = 6: 
Step 1: (x 2h ty. 2x) + (x- 2y F+y?- 1) = 0 
Step2: x? 2 +2xy 2 = —2xy-y’? 





Step3: 2 we + 2xy) = —2xy — y? 


. dy _ =2xy-y? 
Step45 F=R Toxy 








x3 + y? = 18xy = 3x? + 3y? & = 18y + 18x B > (3y? — 18x) @ = I8y—3x? > Y= Gee 


day ty? =xt+y: 
Step 1: (2x2 a +2y) 1 2y ay =14+2% 
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23. 


24. 


25, 


26. 


27, 


28. 


29. 


30. 


31. 


32. 


33. 
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Step2: 2x y + 2y & wy = 2y 
Step 3: 8 (Ox +2y — 1) =1-2y 
. do _ 1-2 
Step4: G = ae er 
x8—xy+y2=1 > 3x?-y x & + 3y? 4 . =0 => (y’?—x) 2% dy ~y —3x? = = = yeas 
x7(x _ Sag = x? = ae 
Step 1: x? [2(x ~y) on #)) 4 (x — y)?(2x) = 2x — 2y & 
Step 2: 2x?(x y) 2 + 2y 3 dy — 2x — 2x2(x — y) — 2x(x — y)? 
Step 3: 2 [—2x?(x — y) + 2y] = 2x [1 —x(x—-y)-—(« y)”] 
dy _ 2x[l~x@x—y)—(e—y)] _ x [1—x(x—y)—(@—y)"] _ x (1 x’ +xy—x’ + 2xy—y’) 
Step ae dx —2x?(x — y) + 2y y—x2(x—y) xy — x+y 
_ x—2x3 +3x?y — xy? 
= xy— x+y 
(xy +7)? =6y > 2B3xy+7)- (sx 2 dy 4 3y) =6% = 2(3xy + 7)(3x) # —6 © = —6yGBxy +7) 
X! xX 2 

=> 2 [6xGxy + 7) — 6] = -6y@xy+7) > 2 =- 9S = Pee 

_ x-1 dy _ (x+I)-(x-1) 2 d 
y’ x41 2y & «+12 «tip 7 = rCEaN) 
a tt > +x yax—y = 3x? + Qxy ty =1—y! => (x? + ly’ =1-3x? —2ny > y= ES 
x =tany > 1=(sec’y) x > w = ey = cos’? y 

= REA 2 dy _ 2 
xy =cot (xy) > xi +y = —csce (xy)(x® + y) => xi + x cse* (xy) F y cse*(xy) — 

= csc? Xx! 

> [x + xose%(ay)] = —y [ose%ey) +1] > # = alse _ _y 
x +tan(xy)=0 => 1+ [sec? (xy)] (y+x *) =0 => xsec? (xy) wy =—1-—ysec? (xy) > a = aad 
= -1 a —cos? (xy) ¥ —cos? (xy) — y 

x sec? (xy) x x x x 











x+siny=xy > 1+(cosy)® =y+x% => (cosy y= y-1 % re 
ysin(t) =1—xy = y[eos(+)-(- 4-2] +sin (2) -2=-xB-y = 


2 





1 
y 


Ie 


d 1 —_ dy _ = _ = 
a [jou (}) +sin($) +2] =-y> 2= Sage eos 


Ke 
i) 
io} 
° 
A 
oma 
KI 
wa 
lI 


2x+2y > y’ [- sin (2) - (- 1) x 


alin) 208) 22 eae ath 


- 2] + cos (2 )- -2y%=242% > 





p24 p24 > 1 9- 1/24 1 rl. a 9 = a [zy] 
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34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 





r—2 0 = 3 67/3 + 4 93/4 = “6 1/2 4¢ 1/346 1/4 = =p? 49-3 4 9-4 





sin (10) = 


4 => [cos(r0)] (r+ 04) =0 > £ [6 cos(r0)] = —rcos(r0) > 4 = stone) 
cos (0) £ 0 


dé 6 cos (0) 


dr 





cosr+cot?=10 => (-sinr) # csc’? O=r+ OH > FY d 





sintr— 0] =r+cs? 6 > F= 


__r+esc? 6 





sinr+6 



































2 2: ! 1 dy ! dy dy _ d x 
x+y =1 => 2x+2yy’ =0 2yy’ = —2x ae ana ; now to find 3, + (y') = & x) 
n _ y(-Dtxy YF ie 5) : px dy ny ~y-x _ -y’-(I-y’) __ 1 
= Y = = y since y y Are y 7 7 -—F5 
2/3 2/3 _ 2 ,-1/3 1 2¥-1/3 dy _ dy (2, -1/3] _ x 1/3 , a —~ x _ yyl, 
PS + R61 > ext gy Ve -0 > Sey 3] =- B= yah ys = G3 
1/3 1 ,-2/3 y? 1/3 (1 ,-2/3 
; — . x¥8.(_ Ly%/8) ¥ pyl8 (1x8 xV8.(— Fy "i ts) +" Gx’) 
Differentiating again, y” = 2 iW ss a mn 
@y _ 1 x-2/8y-1/3 1/3,—-4/3 _ yi 
=> Gr= ax f Bes ty/3x / fas + ars 
= y—(x+1) (4 
y? =x? 4+ 2x => 2yy’ = 2x42 yl = 3? = 5+) then y” = » os lee 
Py _ yw _ y= (x+ 1)” 
gg = 








y? —2x =1-—2y => 2y-y’-2=-2y’ => y2y+2)=2 y’ aI (y + 1)7!; then y” = 











=-y+l% gti = Bay =r 
2/y=x-y > yy =1-y => yl (y 241) =1 a y’ TES = Ha ; we can 
differentiate the equation y’ (y~1/? + 1) = 1 again to find y”: y! (— 4 y~3/y’) + (y~1/? + 1) y’ =0 
san ty Weta) * 
= 2 24. 
= (y?+)y = bly? = Bay = wrin = 2y8/? aay 7 Tey 


xy ty2=1 => xy’ +y+2yy’ =0 = xy’ +2yy’=-y = y(x+2y)=-y = y= 











~y ~y 1 
_ 0+ 2yy ty42y) _ 70429 [erp] ty [142 (ap) dag WO +24 V+ I-IV" 
= (x + 2y)? (x + 2y)? _ (x + 2y)? 
__ 2y(x+2y)—2y? _ 2y?+2xy _ 2y(x+y) 
~  (x+2yyF 0 (K+ 2y)F (K+ 2y)8 





(yk sy 


ay _ 
rere > dx2 — y 


3+ y3 = 16 = 3x2 + 3y’y’ =0 = 3y’y’ = —3x? = y! = — %; we differentiate y2y’ = —x? to find y”: 
: y’y y 





























2\2 4 

5 2x — 2y x 2x 2x 
yry" + y’ [2y - y’] _—2x yy” 2x — 2y [y’] 2 = a _ il 7) _ 7 yi 
ao & = 
= a > a es = 30 =-—2 
xy ty? = 1=> xy’ +y + 2yy’ =0 > y'(x + 2y) -y y! ao y" (x + 2y) (—y ate: 
i : (-2) (3) — DO) 
since V low —— os $ we obtain 9 Mdina - ale == 1 


y? +x? = y* — 2x at (—2, 1) and (-2,-1) > 2y 24+ 2x =4y3 Y-2 = 2y ¥ —4y? B = -2 — 2x 
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47. 


48. 


49. 


50. 


51. 


52. 


53. 


Section 3.6 Implicit Differentiation 


=—land ® 


dx = 


(-2,-1) 





dy 3) _ dy _ x+1 dy 
=> 7 (2y — 4y’) = 2—-—2x > esha 








(-2,1) 


(x2 +y2)? = (x — y)? at(1,0) and (1,1) > 2(x2 +?) (2x +4 2y #) — = 2x — y) (1 - #) 


dy _ —2x(x?+y?)+(x-y) dy 














d 
= & Ry (’t+y)+a—y)] = —2x(x?+y?)+(-y) > dx — Qy(@+y)+a-y) 7 ax i) : 
a2) =1 
and 5 7 
xe+xy—y2=1 > 2x4+y-+xy' —2yy’ =0 > («K-2y)y =-2x-y => y= aa 
(a) the slope of the tangent line m = Y' les) = = i = the tangent line is y — 3 = i(x- 2)> y= ix - 


soo ct 4 29 
(b) the normal line is y — 3 = — $ (x — 2) > y= -Fxt+> 
w+y?=25 > 2x+2yy =0 => y=-3; 
(a) the slope of the tangent linem = y’| ,_4 = = =} => the tangent line is y +4 = 2(x-3) 
: @B,-4) 
=> y=3x-% 
(b) the normal line is y + 4 = — $ (x — 3) => y=-—4x 





x’y? =9 => Ixy? + Ix*yy’ =0 > yy’ = xy? => y=—-8; 


? 


(a) the slope of the tangent line m = y’| cay =~ leas =3 = the tangent line is y — 3 = 3(x + 1) 
=> y=3x+6 
(b) the normal line is y — 3 = —$(x+ > y= —ix+8 


y? — 2x —4y -1=0 = 2yy’ -2-4y =0 = 2V-2y =2 5 y= a 
(a) the slope of the tangent line m = y ‘Nese =-—I1 = the tangent line is y — 1 = 
(b) the normal line is y —-1=1(+2) > y=x+3 


1 
2 


—-l(x+2) > y=-x-1 


6x? + 3xy + 2y? + 17y —-6 =0 = 12x + 3y + 3xy’ + 4yy’ + 17y' =0 = y/(3x+ 4y + 17) = —12x — 3y 


> y =ayac07) 

(a) the slope of the tangent line m = y’| C19 = ma | a= 4 => the tangent line is y — 0 = § (x+ 1) 
> y= $x a8 g 

(b) the normal line is y —-0 = —2(x+ 11> y= -ix-i 


x2 — \/3xy + 2y2=5 => 2x— V3xy’— V3y + 4yy’ =0 = y (4y — V3x) = V/3y —2x > y= 
_ V3y-2x 


4y — \/3x 








(a) the slope of the tangent line m = y’| (v2) 





=0 = tthe tangent line is y = 2 
(via) g y 


(b) the normal line is x = J3 


2xy +7 siny = 207 => 2xy’+2y+4+7(cosy)y’ =0 => y'(2x+7cosy)=—2y > y= — 


—2y on T . . 
Ser so ij = the tangent line is 
22 





(a) the slope of the tangent line m = y’| ;, . 


yo 5-27 -)l) oS y=— pet 


(b) the normal line is y— 3 = 2(x—1) > y=2x-2+4% 


7 
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54. x sin 2y = y cos 2x = x(cos 2y)2y’ + sin 2y = —2y sin 2x + y’ cos 2x = y’(2x cos 2y — cos 2x) 
sin 2y +2y sin2x , 
cos 2x — 2x cos 2y ” 


= —sin 2y — 2ysin2x > y’ = 


sin 2y + 2y sin 2x 


(a) the slope of the tangent line m = y ‘|, a cae ay leg 


y— % =2(x-f) => y=2x 
(b) the normal line is y — 5 = 5 (x 4) > y= -5x+7% 


=4=2 = the tangent line is 
2 








55. y = 2 sin(mx — y) y’ = 2[cos (7x — y)]- (7 —y’) => y’[1 +2 cos (ax — y)] = 27 cos (rx — y) 
__ 2mcos(mx—-y) , 
= y’ ~~ (eG 2 

27 cos (7X — y) 


Tt toe = 27 = the tangent line is 


(a) the slope of the tangent line m = y’| a9 = ne 
y—-0=27(«%-1) S y=27x—-27 
1 


se 4 _ 2 
(b) the normal line is y -O= —5-(K-1) > y=-Z +55 


7 20 


56. x? cos?y — siny =0 => x?(2cos y)(—sin y)y’ + 2x cos” y — y’ cosy =0 = y’ [—2x? cos y sin y — cos y] 
2x cos? y , 
2x? cos y siny + cos y ” 


=-2xcos?y > v= 


2x cos” y 
2x? cos y sin y + cos y 





=0 = the tangent line is y = 7 


(a) the slope of the tangent line m = y if = 
(.7) 


(b) the normal line is x = 0 








57. Solving x? + xy + y? =7 andy =0 x? =7 = J7 (-v7, 0) and (v7, 0) are the points where the 
curve crosses the x-axis. Now x?+xy+y?=7 => 2x+y+xy’+2yy’ =0 => (x+2y)y’ = —2x-—y 

















> y=- ar >m=-— er => the slope at (-v7, 0) ism = = —2 and the slope at (v7, 0) is 
m= -— a = —2. Since the slope is —2 in each case, the corresponding tangents must be parallel. 
58,2 bay hy = 7 S Qep ye 2 + 2y 0 > G4 2y) 2 a= kHy > Se SS and SS 


(a) Solving = Y¥ — 0 > -2x- y =0 = y = —2x and substitution into the original equation gives 








x? + x(—2x) + (—2x)? = 7 3x? =7 eas J3 andy = + 2/3 when the tangents are parallel to the 








X-axis. 


(b) Solving =0 > x+2y=0 = y =— 3 and substitution gives x” + x (— ¥) + (- xP 7 > = 7 





>x=t aft andy = = J i when the tangents are parallel to the y-axis. 


59. yi =y?—-x? => 4y3y’ = 2yy’ — 2x => 2(2y?-y)y =-2x => y= 77 yr ; the slope of the tangent line at 





1 
Sar (62) =F op = 3 — x4 = —1; the slope of the tangent line at (4 i) 
2 











60. y2(2—x) =x? => 2yy'(2—x)+ y2(-1) = 3x? = y'= rs x : the slope of the tangent line is 


a 2 
: +3 = : = 2 = the tangent line is y— 1 = 2(x—1) => y = 2x — 1; the normal line is 
y(2—x) (1) 
1 


y-l=- 5-1) => y=—jx+3 


m= 








4x3 — 18x __ 2x? — 9x 
4y?—8y ~ 2y%—4y 








61. y* — 4y? = x* — 9x? = 4y3y’ — 8yy’ = 4x3 — 18x = y’ (4y? — 8y) = 4x3 — 18x => y= 
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x x2 = mes 
= S653 = m; (—3,2): m= GY = — 2 (-3,-2): m= 3; G,2): m= F; G,-2): m=—- FZ 


62. x3 + y? —9xy =0 = 3x? +4 3y’y’ — Oxy’ — 9y =0 = y’ (3y” — 9x) = 9y —- 3x? => y= Bake = ne 








/ =) / _ 4. 
(a) vale = 7 and y’| 44 = 35>? 











2 3 2 
(b) y=0 > 328 =0 = 3y-# 0S y=% 8+ (5) —9x (5) =0 = x°—S4x3=0 





=> x? (x? — 54) =0 x =Oorx = 9/54 =3 3/2 => there is a horizontal tangent at x = 3 4/2. To find the 


corresponding y-value, we will use part (c). 
= = 3 
©) #=0 5 2% =0 5 y—3x=0 3 y= tV3x;y=V3x S x3 + (/3x) — 9x\/3x = 0 
= 3 6/3x3/2 =05 x3/? (x*? — 6/3) =0 > 3/2 =0orx/? =6/3 > x =Oorx = 9/108 =3 4/4. 


Since the equation x? + y? — 9xy = 0 is symmetric in x and y, the graph is symmetric about the line y = x. 




















That is, if (a, b) is a point on the folium, then so is (b, a). Moreover, if y’| fa») = m, then y'| aa = 4 . 
Thus, if the folium has a horizontal tangent at (a, b), it has a vertical tangent at (b, a) so one might expect 


that with a horizontal tangent at x = 4/54 and a vertical tangent at x = 3 4/4, the points of tangency are 
(Vv 54,3 /4) and (3 3/4, a7. 54) , respectively. One can check that these points do satisfy the equation 
x? + y? — Oxy = 0. 


63. x? —2tx+ 2? =4 > 2x ®—-2x—-2B4+4t=0 > 2x-2) = 2x-4t > Ka Hie: 





t 
3 Oa 2 dy dy 6t ts dy _ dy/dt __ (35) — _tx-t) 14 _ 
2y’ — 3t' =4 => by* 7 —6t=0 ae oo ;thus | = qa = Cay = 70-20? t=2 


=> x? —2(2)x +222)? =4 > x2 —-4x44=0 > (K-27 =0 3 x=2;t=2 = 2y3-302)? =4 


3 3 ; dy} 22-2) 
2y 16> y 8 y = 2; therefore | = @G-1p = 0 
































64.x=1/5-Vi > *=1(5- Vt)? (-1 41) = age D=Vt sytt-)S =e? 

















afis—vi 
= (t—1) dy _ 1 a nae 2 1-2yVt - thus &% — a hea 1-2yVt _Avtys-vt 
dt — 3% dt — “(t-1) — a fi-2t? dk = eS = t-1) =i 
4yt Is—-V 





= YI ge xe y5— Jae Vi 124 s¥)= Vi =2 
__ 2(1-2@)v4) ae 


1-4 3 





dy 


therefore, a 











t=4 








at 
=> 2 V/t+l+y(f) t+)? +2/ytra(gy’?) $=0 > 3 (F144) +294 (4) %¥—0 


= ( t+1+ 5) X= HH -2/y = f= (gama2V¥) __—vy¥-4yWiF 


6. eae Sa SS Se ae Se Sa) Se eS a vt 1 hy 4 























— a ; thus 
Jy) at 2/t+1 dt (Vi+1+ 5) 2/y(t+1)+2tV/tt 1 
7 a a _ “(ar y ;t=0 x+2x3/2-0 > x (1 i 2x1/) 0 c=0120 
143x!/2 


—4)/4—4(4),/041 
2V40+)+20/0+1) 6 


on 20)+1 
1431/2 





> yV0+1+2(0),/y =4 => y =4; therefore a 
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67. 


68. 


69. 


70. 


71. 


72. 


13; 


Chapter 3 Differentiation 


x sint+2x=t > ® sint+xcost+2%=1 => (sint +2) ® =1—xcost = & — lst; 















































dt sint+2 ”° 

tsint—2t=y => sint+tcost—2= a ; thus dy = = Sen st=7 xsina+2x=7 
sin t+ 2 
= X= 74; therefore 4 a a : oa = 3 =-—4 
Sinn +2 | 
(a) if f(x) = 3 x?/9 — 3, then f(x) = x8 and f(x) = — 4 x~4/3 so the claim f"(x) = x~"/3 is false 
(b) if f(x) = 4 x°/? — 7, then f(x) = 3 x?/9 and f(x) = us is true 
(c) f(x) =x i") =- 3 14/9 j is true 
(d) if f(x) = 2 2/8 + 6, then f”(x) = x7!/3 is true 
2x? + 3y? = 5 > 4x+ by =0 > Y= -B > ylay=— Bl = —Fandyla y= Bl =H 
2 2 2 

also, y?> =x° => Qyy = 3x? = y’ a ya = “en Zandy'|, = x a 3. Therefore 








the tangents to the curves are perpendicular at (1, 1) and (1, —1) (i.e., the curves are orthogonal at these two 
points of intersection). 





x? + Ixy — 3y? =0 = 2x +2xy’+2y —6yy’ =0 = y/(2x — 6y) = —2x-2y = y= A => the slope of the 
tangent line m = y’| ap = Wee = 1 = the equation of the normal line at (1, 1) is y — 1 = —1(x— 1) 

ay) 
= y=-x+2. To find where the normal line intersects the curve we substitute into its equation: 


x? + 2x(2 — x) —3(2—x)? =0 => x?+4x — 2x? —-3(4-—4x+x?) =0 > —4x?4 16x —12=0 
=> x*-4x+3=05 (x-3)\x-1)=0 => x =3 andy = —x +2 = —1. Therefore, the normal to the curve 
at (1, 1) intersects the curve at the point (3, —1). Note that it also intersects the curve at (1, 1). 

dy 


xyt2x-y=0> x Yiy+2-%=05 rH =H, 


X 


= 0 is —2. In order to be 








parallel, the aus lines must also have slope of —2. Since a normal is perpendicular to a tangent, the slope of 


the tangent is ; . Therefore, = =} => 2y+4=1-x => x=-—3-— 2y. Substituting in the original equation, 


(3 A205 9 6 => y+4y+3=0 = y=—3ory=—l. Ify = —3, thenx = 3 and 
y+3=-—2(x—-3) > y=—2x+3. Ify =—1, thenx = —landy+1=—-—2(x4+ 1) > y=—-2x-—3. 





y? =x > ay = or . Ifa normal is drawn from (a, 0) to (x;, y;) on the curve its slope satisfies us = —2y, 
=> y, = —2y1(x1 — a) ora =x, + 5 . Since x; > 0 on the curve, we must have that a > 5 . By symmetry, the 


two points on the parabola are (x, af x1) and (x1, —,/ x1) . For the normal to be perpendicular, 
C2 Ces ee al 
Xj—a a—2i 


Therefore, (i, =o 5) and a = 3 : 





2 
Mo =1S> x =(@a—myr > xn =(x+$—-—m) > x = Gandy) = +5. 


xX 
(a—x1) 





Ex. 6b.) y = x!/? has no derivative at x = 0 because the slope of the graph becomes vertical at x = 0. 


Ex.7a.) y=(1- ya has a derivative only on (—1, 1) because the function is defined only on [—1, 1] and 








the slope of the tangent becomes vertical at both x = —1 and x = 1. 
xyy+x7y=6 > x (3y? § ) ty +x? B+ 2xy=0 > & (xy? +x?) = -y3-2xy > = ga 
= — Fs also, xy>+x’y=6 => x(3y’)+y? * +x? +y (2x ix) =05> & + 2xy) = —3xy? — x? 
dx 3xy? +x? 





= ay = ; thus ¢ ; appears to equal 7. The two different treatments view the graphs as functions 
ox 


y2+2xy ° 
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symmetric across the line y = x, so their slopes are reciprocals of one another at the corresponding points 
(a, b) and (b, a). 


dy —3x? 


dy _ _ 
dx ~ 2y—2sinycosy 


xo+y? =sin?y > 3x?+2y © = (2siny)(cosy) & > © y—2siny cos y) = —3x? > 





= 3x? 
~~ 2 sin y cos y — 2y 


appears to equal { . The two different treatments view the graphs as functions symmetric across the line 
dx 





: 3 Dee? 2 dx _ : dx __ 2sinycosy—2y , dx 
; also, x’ + y° =sin°y => 3x a + 2y =2sinycosy > o> rel ; thus 7 


y =x so their slopes are reciprocals of one another at the corresponding points (a, b) and (b, a). 






























































75. xt+4y? =1: (b) 
(a) y= ix yo a 1/] x4 
4\—1/2 ‘ +x3 . 
2 ae i (1 x*) (—4x*) = G—x\? ’ 
differentiating implicitly, we find, 4x + 8y wy = 
dy _ —4x3 __ —4x3 — . 43 
dx 8y 8 (+4V1 _ x‘) a— xe . 
16. (x-—2% +y? =4: (b) 
Y 
(a) y= +\/4-(x—- 2)? 
® = 4 (4—(x—2)?) (2K - 2) 7 
_ +(x — 2) a 2 46 ‘ ue 
= apy? differentiating implicitly, iv 
Ax—2)+2y#=0 > 2 = A . 
= —(x — 2) = —(x — 2) a= +(x — 2) - 
+14 — (x — 2)2}1/2 ~(x—2)2)/2 ° 
a +[4-(-2)"] [4—-(-2)"] (x-2)2 +y2 24 
va 
x 
0 4 
-5 
y' 
-10 
77-84. Example CAS commands: 
Maple: 
ql := x43-x*y+y43 = 7; 
pt = [x=2,y=1]; 
pl :=implicitplot( ql, x=-3..3, y=-3..3 ): 
pl, 
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eval( ql, pt); 

q2 := implicitdiff( ql, y, x ); 

m := eval( q2, pt ); 

tan_line := y = 1 + m*(x-2); 

p2 := implicitplot( tan_line, x=-5..5, y=-5..5, color=green ): 
p3 := pointplot( eval([x,y],pt), color=blue ): 

display( [p1,p2,p3], ="Section 3.6 #77(c)" ); 


Mathematica: (functions and x0 may vary): 


Note use of double equal sign (logic statement) in definition of eqn and tanline. 


<<Graphics ImplicitPlot® 

Clear[x, y] 

{x0, yO}={1, 7/4}; 

eqn=x + Tan[y/x]==2; 

ImplicitPlot[eqn, { x, x0 — 3, x0 + 3},{y, yO — 3, yO + 3}] 
eqn/.{x — x0, y — yO} 

eqn/.{ y > y[x]} 

D[%, x] 

Solve[%, y'[x]] 

slope=y'[x]/.First[%] 

m=slope/.{x — x0, y[x] — y0} 

tanline=y==y0 + m (x — x0) 

ImplicitPlot[{eqn, tanline}, {x, xO — 3, x0 + 3},{y, yO — 3, yO+ 3}] 


3.7 RELATED RATES 





3. (a) 
(c) 
4. (a) 
(c) 
5. (a) 
(c) 
(d) 
6. (a) 
(b) 
7. (a) 
(b) 
(c) 
8. (a) 




















Vermr’h > Yan’ & (b() V=rrh > © = 2th 
2 dv 2 dh dr 
V =ar-h ‘a Tt a t+ 27th & 
1-9 dV _ 1, 2 dh 1.3 dv _ 2 dr 
V 37th “dt 3 ar ‘dt (b) V=37rh = 7th | 
dv _ 1,2 dh 4 2 dr 
dt 37 Ge + 3 mth G 
dV _ d_ 
ar = | volt/sec (b) G = — 3 amp/sec 
dV _ dl dR dR _ 1 (dV dl dR _1/(dV _V di 
a= RG) +1G) = =a a Ro) > c= Tle oa 
ak = $ [1 — 2 (- ;)| -_ (3) (3) = 3 ohms/sec, R is increasing 





—_ 2 dP _ 72 dR dl 
P=RP > ®=PR8+2RI4 



































2 dP _ 72 dR dl dR oot dr __—=—s 2 (4) as ssi sh a 
P RI 0 dt I dt + 2RI dt = dt ~ Yr de Poa 7 F at 
=. JET ag et 2)1/2 ds_ x sx 
S= Vx? +y? = (x*+y") > at Very dt 
_ ae en ee 2)1/2 ds __ x dx y dy 
Vr aoa) SF Jeary dt t Veypyt at 


s= VPFH = taxtty! + $= mG +2 F + 2-0-2 E42 g 3 


dx 


ale 














s=(ferty+? = vawrty? +7? = 288 = 2x *+2y ¥ 427% 
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16. 


17. 


Section 3.7 Related Rates 















































ds __ x dx +4 y dy 4 Zz dz 
dt Je+y?+z? dt JVety +z dt Jet+y tz? dt 
: dx __ ds __ y dy | Zz dz 
(b) From part (a) with ae 0 aE Jiagan a + jgayeae at 
: ds __ = dx dy dz dx y dy z dz _ 
(c) From part (a) wih ¢§ =0 = 0=2x9+2y44+229G > atiatiziax=? 
(a) A= 5 ab sin 0 => aa = + ab cos 6 @ (b) A= 5 ab sin 0 => aA = 5 ab cos 0 #4 ibsing @ 


aa ‘ dA _ 1 dO, lpn g da, lacing db 
(c) A= 5absind > F = ;abcos# 4+ 5bsind | +5asind | 





Given A = mr’, er = 0.01 cm/sec, andr = 50 cm. Since aa = 2ar ar , then aA <0 = 27(50) (ji) 


= 7 cm?/min. 


Given a = —2 cm/sec, dw = 2 cm/sec, £ = 12 cm and w = 5 cm. 


(a) A=lw > Ba(% wh = B= 1202) +5(-2) = 14 cm/sec, increasing 


(b) P=20+2w > F=24%42 = 2-2) + 22) = 0 cmisec, constant 
cia a2 w wel e 
() D= Vw tl =(w4+ hl)? > Palws Pe '? Qw@ 420%) + B= ans 











— 6)Q) +022) _ 
25+ 144 





4 cm/sec, decreasing 


dV 


(a) V=xyz > & =yz® 4x70 +xy@ dV 


a at 





| aaa — DAD + M2)(-2) + MGB)A) = 2 m?/sec 
(b) S = 2xy +2xz+2yz => $8 = (2y+2z) © + (2x +2z) 2 + (2x +2y) @ 
= & = (10)(1) + (12)(—2) + (14)(1) = 0 m?/sec 


‘dt | 43,2) 


1/2 dé x dx d Zz dz 
(c) l= \/ x2 + y? + 22 = Oe +y? +2’) at = Jeryan dt + TET Te > + TETTE 
dé = 4 3 2. = 
= ‘dt gas) (1) + (45) ( 2)+ (45) (1) = 0 m/sec 


Given: oe = 5 ft/sec, the ladder is 13 ft long, and x = 12, y = 5 at the instant of time 


(a) Since x? + y? = 169 = % =—*% & = — (2) (5) = —12 ft/sec, the ladder is sliding down the wall 





























(b) The area of the triangle formed by the ladder and walls is A = 5 cy = (5) (x = +y x) . The area 


dt 
is changing at ; [12(—12) + 5(5)] = — ” = —59.5 ft?/sec. 


ok : do _ il dx dé __ 1 dx __ 1 — 
(c) cosO= yy => —sind Ge = ag-G > & =~ Gana’ a = — (5) G) = —1 rad/sec 











Pv =y+x > sS=2k&+22 => & 1 (x+y) => f= Jigg (442) + 12(-481)] 
= —614 knots 


Let s represent the distance between the girl and the kite and x represents the horizontal distance between the 


girl and kite > s? = (300)? +x? => €=*% %& SS 20 ft/sec. 











When the diameter is 3.8 in., the radius is 1.9 in. and 4 = 345 in/min. Also V = 6mr? = % = 12ar 














= © = 12n(1.9) (<45) = 0.00767. The volume is changing at about 0.0239 in?/min. 
1 2 3 3r 4h 1 4h\ 2, _ 16h? dV __ 167th? dh 
V=37mhh=32Q)=f > r=F > V=4r(F)h=" = GF 9 dt 


(a) Ph, = (qe) (10) = 22 ~ 0.1119 m/sec = 11.19 cm/sec 


(b) r= FP > CaF PH =3 (2) = # ~ 0.1492 misec = 14.92 cm/sec 
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eee eee — 15h _1 15h) 2}, __ 75h? dV _ 2257h? dh dh — A(-50) _ _-8 
18. (a) V=3aPhandr= 50 > Vaan () ha OP > a Oe > Sls = Dsn(5 — 25m 
~~ —0.0113 m/min = —1.13 cm/min 
15h dr _ 15 dh dr _ (15) /-8) _ -4 ~ Soe 
(b) r= Ba Fa Bes Fl. = (2) (=>) = & & —0.0849 m/sec = —8.49 cm/sec 

















19. @@) V=fyGR-y) > Y=2 PyBR—y)+y%X-1] ¥ > & = [2 (6Ry —3y2)] & = atR=13 and 





= dy _ ol _ -1 : 
y = 8 we have 7; = yqq-(—6) = 3 m/min 











(b) The hemisphere is on the circle r? + (13 — y)? = 169 > r=./26y —y?m 
1/2 dr _ -1/2 d dr B-y 4d dr 13-8 =1 
(©) r= Boy —y7)" > S = 7 26y -y") “26 — 25) Z dt = Tey at dtly-s — \/26-8— 64 (cae) 
= ae m/min 


20. If V = ¢ ar’, S = 4’, and % =kS = 4kmr’, then % = 4ar? € => 4kar? = 4a? £ => 4 =k, aconstant. 


Therefore, the radius is increasing at a constant rate. 


21. If V = $a’, r =5, and & = 1007 ft*/min, then YY = 4nr? € > $= 1 ft/min. Then $ = 4mr? > $ 


= 8ar ar = 87(5)(1) = 407 ft?/min, the rate at which the surface area is increasing. 


22. Let s represent the length of the rope and x the horizontal distance of the boat from the dock. 


(a) We have s? = x? + 36 a =>: ts a Tz = ds . Therefore, the boat is approaching the dock at 











dx 














10 = 
iG (—2) 2.5 ft/sec. 








‘dt | s=10 VJ 102 — 
_ 6 - 7 dd 6 dr dd 6dr _ = - 7 8 
(b) cosd=? > -snOG=-2% > a — Zend a: Lhus,r=10,x = 8, andsin# = 75 
dO_ 6 _ 3 
= a = io (5) (—2) = — 55 rad/sec 


23. Let s represent the distance between the bicycle and balloon, h the height of the balloon and x the horizontal 
distance between the balloon and the bicycle. The relationship between the variables is s? = h? + x? 


=> Sol(h®+x%) > &= ZX [68(1) +51(17)] = 11 ft/sec. 





24. (a) Leth be the height of the coffee in the pot. Since the radius of the pot is 3, the volume of the coffee is 








V = 97h iw Or ah the rate the coffee is rising is oh = ae ie = e in/min. 
(b) Let h be the height of the coffee in the pot. From the figure, the radius of the filter r = => V= ; mh 
= = , the volume of the filter. The rate the coffee is falling is an = + wy = = (—10) = & in/min. 








25. y=QD! = S=D'V-QD? P=74 O- FZ (-2) = 7 Limin = increasing about 0.2772 L/min 








26. (a) $ = (3x? — 12x + 15) & = (3(2)? — 12(2) + 15) 0.1) = 0.3, $ = 9 & = 90.1) = 0.9, F = 0.9 — 0.3 = 0.6 
(b) % = (3x? — 12x — 45x~?) & = (3(1.5)? — 12(1.5) — 45(1.5)-?) (0.05) = 1.5625, © = 70 & = 70(0.05) = 3.5, 
e = 3.5 — (—1.5625) = 5.0625 


27. Let P(x, y) represent a point on the curve y = x? and @ the angle of inclination of a line containing P and the 





























er y x” 29 40 _ dx dd _ oog2 9 xk dx _ 
origin. Consequently, tan? = + tand=* =x seco G =a > G = cos’ G. Since G = 10 m/sec 
and cos? 6| 2 = 1 we have a = | rad/sec 
x=3 yet? 92432 10° dt | x=3 . 
_yyt/2 1) (~x)-/2(-1)x — (—-x) 12 
28. y = (—x)"/? and tan 0 = » tan @ = sec? 9 % = (3) 9" = ey a 
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cos? 6 z. Then 


wie 
Oo 
° 
72) 
D> 
| 
a 


x2 


=e (2 = =) (cos? 6) (4) . Now, tan@ = 4, = — 





do (2) (2) (-8) = 2 rad/sec. 


The distance from the origin is s = \/x? + y? and we wish to find & | ais 


-1/2 ‘ 
= $(x?+y’) / (2x # +2y 2) 





— OE 1)+2)(-5) _ 
(5,12) 25+ 144 5 m/sec 








When s represents the length of the shadow and x the distance of the man from the streetlight, then s = 2 Xx. 


(a) If I represents the distance of the tip of the shadow from the streetlight, then IT=s+x => a = ds + de 
(which is velocity not speed) => || = |2 a + &| = | =| | = 8 |—5| = 8 ft/sec, the speed the tip of the 
shadow is moving along the ground. 


(b) as = 2 oe = 2 (—5) = —3 ft/sec, so the length of the shadow is decreasing at a rate of 3 ft/sec. 





Let s = 16t? represent the distance the ball has fallen, L 


Hl at ti =0 
h the distance between the ball and the ground, and I aia 







the distance between the shadow and the point directly 1/2 sec later 
beneath the ball. Accordingly, s + h = 50 and since 


the triangle LOQ and triangle PRQ are similar we have 











_ 30h _ 2 30 (50 — 161?) Q 
I=5-, = h=50- 16t and I = 39— 9-162) fo) R 
— 1500 dl _ 1500 dl _ 
=a 30 SS 4 =a > a a 1500 ft/sec. 
Let s = distance of car from foot of perpendicular in the textbook diagram tan 0 ren sec? 0 le = is ds 





=> a = — ds : as = —264andd=0 => # = —2rad/sec. A half second later the car has traveled 132 ft 





do _ (3 


right of the perpendicular > |6| = BR cos? § = S, and as = 264 (since s increases) => G = G) (264) = | rad/sec. 








The volume of the ice is V = <n _ i 143 i = Arr’ a 





r6 727 


2 dS 


ds 
> at 


_ dr 
=8mri => & 








thickness of the ice is decreasing at ae in/min. The surface area is S = 4zr ee 


= — 2 in’/min, the outer surface area of the ice is decreasing at 2 in?/min. 


Let s represent the horizontal distance between the car and plane while r is the line-of-sight distance between 
the car and plane > 9+s? =r? ds = Jn at ds as Te (—160) = —200 mph 











= speed of plane + speed of car = 200 mph = the speed of the car is 80 mph. 


80 dx dx __ —x? sec?6 dO 


80 
Ca 7 a 80 a 


When x represents the length of the shadow, then tan? = — => sec? 0 we = 





: do _ o_ 3 : = _ 3 
We are given that = 0.27° = so5 rad/min. Atx = 60,cos0= = => 


dx | _ 


dx —x? sec? @ dO 
dt | 


at ot = #2 fvmin ~ 0.589 ft/min © 7.1 in./min. 











do _ 30 25 
(2 = 25 and sec 0= §) 
































Let A represent the side opposite @ and B represent the side adjacent 0. tan 6 = x => sec? 6 ue = ‘ aa = a 
t > atA=10mandB = 20 mwe have cos 6 = iN = 7 and # = | (3) (-2) — (#4 ())] () 

= (= - as) (3) = -4 rad/sec = —1® /sec & —6°/sec 

Let x represent distance of the player from second base and s the distance to third base. Then a = —16 ft/sec 
(a) s? =x? +8100 2s as 2x oe > as ; oe . When the player is 30 ft from first base, x = 60 
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=> s = 30/13 and $ = —8— (—16) = = = —8.875 ft/sec 











30/13 V3 
90 : da, _ _ 90. ds dm _ 90 ds _ 90. ‘ = _ 
(b) cos @; = ~ = —sin 0; fo a = eH eae ae . Therefore, x = 60 and s = 301/13 
do, __ 90 -32\ _ 90 we _ _ 90. ds dé _ _-90_. ds 
= : = =8 rad/sec; sin 0 =~ => cos — : =s5 : 
dt (30 /13) (60) (: #2) 6s 2's 2 s? dt dt s’cos 6) dt 


= =. & . Therefore, x = 60 ands = 30\/13 => ib = & rad/sec. 


(co) B= BL # = Be (8) - (8) = (8) (8) = (he) & = Jim, 
= Jim, (28) (15) = — } radisee; 2 = 2%. & = (5%) (8) (8) = (=2) (8) 


_ (_=90_) ax doy 1 
=(730) & > Jim, at = 6 Tad/sec 














38. Let a represent the distance between point O and ship A, b the distance between point O and ship B, and 
D the distance between the ships. By the Law of Cosines, D? = a? + b? — 2ab cos 120° 
=> PaF a+ 2bP+aPl+b S|. Whena=5, 2 = 14,b=3, and $ = 21, then ? = 38 
where D = 7. The ships are moving wp = 29.5 knots apart. 











3.8 LINEARIZATION AND DIFFERENTIALS 
1. f(x) =x? 2x43 = f(x) = 3x? -2 3 LO) =f'2)\(« —2)+ £2) = 10% —2)4+7 > L(x) = 10x — 13 atx =2 


2. f(x) = Vx? +9 = (x2 49)? = f= (4) (2 +9) 72x = 
=-$@+4)+5 + L@)=—§x+fatx=—4 





Lax) = f'(—4) (x + 4) + f(-4) 





Teas 








3. fx) =x+1 > f@=1-x? = L@) =f10) 4+ P/'Ma-D)=2406-1 =2 


4. f(x) =x'/3 f(x) 





sas => L(x) = f/(—8)(x — (-8)) + f(-8) = GF &+8)-2 > L@) = §x-F 





5. f(x) =x?+2x => f(x) =2x4+2 > L(x) =f’) — 0) + f() = 2K — 0) +0 S& L(x) = 2x atx =0 








6. f®=x7 => M@)=-—x? = LW =PMaK—-D)4+10) =CDa—-)4+1 > L@®) =—x+2atx=1 


7. (x) =2xh?+4x-3 > Mf =4x4-4 S LO) =F (-—D&+)4f-D = 0x41 +(-5) > LX) = —Satx=-1 





8. fx)=1+x > f@=l1 L(x) = f’(8)(x — 8) + f(8) = 1x —8)+9 > LX) =x+latx=8 











9. f(x) = 4\/x=x8 = f(x) = (4) x73 > L@ = f(8)(x — 8) + £8) = $B (K-8) +2 > L&) = pxt+Fatx=8 





10. fx) = 3, f"(x) Oe =a > LW=f(Ma-1 +f) =F a-)+5 


=> L(y) = 4xtjatx=1 
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f(x) = sin x f’(x) = cos x 
(a) L(x) = f’(0) — 0) + f(0) = 1K — 0) +0 
L(x) = x atx =0 
(b) L(x) = f'(r)(« — m7) + f(r) = (-D&-— 2) +0 
=> L&®)=7-xatx=7 




















f(x) = cos x f'(x) = —sin x 
(a) L(x) = f’(0)( — 0) + f(0) = 0% — 0) + 1 
L(x) = latx =0 
) Loy =f" (-§) (w+ H+0(-§) 
= —-(-1)(x+4)+0 > L@=x+$ 


atx = — 5 

















f(x) = sec x f'(x) = sec x tan x y 
(a) L(x) = f’(0)(« — 0) + f(0) = 0(%K — 0) + 1 
L(x) = latx =0 
(b) L(x) =f’ (— §) (x + 3) +£(-§) 
= -2/3(x+4)+2 > Lx) =2-273(x+4) 


atx =— 3 














~ f(x) =sec x 











f(x) = tan x f’(x) = sec? x y 

(a) L(x) = f'(0)(x — 0) + f(0) = 1(x —0) +0 =x 
L(x) = x atx =0 

(b) L@) =f" (9) (x §) +£(Z) =2(x- 9) +1 

















f!(x) =k(1+x)*"!. We have f(0) = 1 and f’(0) = k. L(x) = f(0) + f’(0)(x — 0) = 1+ k(x —0) =1+kx 





(@) f(x) = VIF = V2(145) ~ V2(14 48) = V2(14 4) 
13 
34 


x) = (44 3x)/9 = 43 (1 + 3)" ww 40/3(1 4 138) = 41/3(1 + *) 
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() f(x) = (1- F)"" = [1+ Ce) 


(a) (1.0002)° = (1 + 0.0002)°° = 1 + 50(0.0002) = 1 + .01 = 1.01 
(b) 41.009 = (1 + 0.009)!/3 = 1 + ($) (0.009) = 1 + 0.003 = 1.003 


f(x) = /x+1+sinx =(x+)/? +sinx = f(x) = (4) «+ D7? +cosx > L(x) = f(0)(x — 0) + £0) 

= 3(x—0)+1 => L(x) = 2x +1, the linearization of f(x); g(x) = Vxt+1l=(k+)'? => g'(®~ 

= ($)x+ D7? => L(x) = g'(0)( — 0) + g(0) = 4 (x -0) +1 => L,(x) = $x 4+ 1, the linearization of g(x); 
h(x) = sinx => h’(x) =cosx L,(x) = h’(0)(x — 0) + h(O) = (1)(x —0) +0 = L(x) = x, the linearization of 
h(x). L(x) = L,(x) + L(x) implies that the linearization of a sum is equal to the sum of the linearizations. 








yer —3y/xor 30 SS dy a Gt) dS ye (3x? - 335) dx 


y=xV1—-x =x(1-x2)? = ay= @ (d—x)'?+@m(A(- x2) ?(—2x)| dx 


= (1—x2) 1? (11 — x2) — x2] dx = Sree dx 





_ _2x — ( @U+%")- 20x) — 2-2? 
y= Be = dy = (CORO OY) dx = B53 dx 











— _2ve xt? — (27 BU +2") - 2017 Gx) — ge 49-3 
Y= 304 V5) — Tie > y= ( 9 (14x12) a= O(a xiap 
—_ 1 
=o 3,/x (1+ x) dx 





2y?/? + xy —x=0 = 3y!/?dy+ydx+xdy—dx=0 = (3y!/? 4x) dy=(1—y)dx => dy= aE dx 


xy? — 4x3/? -y =0 = y? dx + 2xy dy — 6x!/? dx —dy =0 = (2xy — 1) dy = (6x!/? — y?) dx 


=> dy= oye dx 








y =sin (5,/x) = sin (Sx?) = dy = (cos (5x!/*)) (2 x”) dx dy = sen dx 


y =cos(x”) = dy = [—sin (x?)] (2x) dx = —2x sin (x?) dx 


3 


y =4 tan (3) => dy=4 (sec? (3)) (x2) dx = dy = 4x? sec? (3) dx 
y = sec (x? — 1) = dy = [sec (x? — 1) tan (x? — 1)] (2x) dx = 2x [sec (x? — 1) tan (x? — 1)] dx 


y = 3csc (1 —2,/x) =3 csc (1 — 2x/?) = dy =3 (—cse (1 — 2x/?)) cot (1 — 2x1/?) (—x-1/?) dx 
=> dy= a csc (1 = 24/x) cot (1 — 2,/x) dx 





y =2cot (+) = 2 cot (8) => dy = —2 csc? Go) (- 5) GF) dx => dy= ne csc? (<) dx 





f(x) = x? + 2x, x9 = 1,dx = 0.1 f'(x) = 2x+2 
(a) Af = f(xp + dx) — f(xp) = f(1.1) — f1) = 3.41 —-3 = 0.41 
(b) df = f'(x9) dx = [2(1) + 2](0.1) = 0.4 
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(c) |Af —df| = |0.41 — 0.4] = 0.01 


f(x) = 2x? + 4x —3,x9 = —-1,dx =0.1 > f(x) =4x4+4 
(a) Af = f(xo + dx) — f(x) = f(—.9) — f(-1) = .02 

(b) df = f’(xo) dx = [4(-1) + 4].1) =0 

(c) |Af — df| = |.02 — 0] = .02 








f(x) = x? — x, xp = 1, dx = 0.1 f'(x) = 3x?- 1 
(a) Af = f(x + dx) — f(x9) = (1.1) — (1) = .231 
(b) df =f, yde = (30 1101) =2 

(c) |Af — df] = |.231 —.2| = .031 





f(x) = x*, x9 = 1, dx = 0.1 f!(x) = 4x3 

(a) Af = f(x + dx) — f(x) = f(1.1) — f(1) = 4641 
(bi) dtofeyde = 40S 

(c) |Af —df| = |.4641 — 4] = .0641 





f(x) = x7!, xp = 0.5,dx = 0.1 > f(x) = —x”? 
(a) Af = f(xq + dx) — f(x) = £6) — (5) = — 4 
(b) df = f"(xo) dx = (-4) (4) =—2 

(© |af—atl=|-443= 2 








f(x) = x° — 2x +3, xg = 2, dx = 0.1 f'(x) = 3x? —2 
(a) Af = f(xo + dx) — (x9) = £(2.1) — £2) = 1.061 

(b) df = £"(xo) dx = (10)(0.10) = 1 

(c) |Af — df| = |1.061 — 1] = .061 








V= iar => dV = 4m} dr 38. V =x? = dV = 3x; dx 


S = 6x? = dS = 12x, dx 














S = mr /P +h? = ar (r? +h?)'””, honstant => dS = 7 (r? + ny? 4 ape (22 + m2)? 
dS _ a( +h?) +ar (22 +h?) 
dr yeas dS Ja a dr, h constant 

V = a1’h, height constant + dV = 2zroh dr 42. S=2arh => dS = 2ardh 


Givenr = 2m, dr = .02m 
(a) A=ar dA = 2nar dr = 27(2)(.02) = .087 m? 
(b) (8) (100%) = 2% 




















C = 2rr and dC = 2 in. dC =2rdr => dr 4 the diameter grew about 2 in.; A = mr? dA = 2ar dr 
= 2n(5) (4) = 10 in? 


The volume of a cylinder is V = mr?h. When h is held fixed, we have ” = 2arh, and so dV = 2zrh dr. For h = 30 in., 


r = 6 in., and dr = 0.5 in., the volume of the material in the shell is approximately dV = 2mrh dr = 27(6)(30)(0.5) 
= 1807 ~ 565.5in?. 
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46. 


47. 


48. 


49. 


50. 


51. 


22. 


53. 


Let 0 = angle of elevation and h = height of building. Then h = 30tan 6, so dh = 30sec?0 dé. We want |dh| < 0.04h, 
which gives: |30sec?6 dO| < 0.04|30tan 0] = —4,|d6| < 24siné — |dO| < 0.04sin 6 cos 6 = |d6| < 0.04sin %4 cos *4 


12 
= 0.01 radian. The angle should be measured with an error of less than 0.01 radian (or approximatley 0.57 degrees), 








which is a percentage error of approximately 0.76%. 


V =mh? > dV = 3h? dh; recall that AV © dV. Then |AV| < (1%)(V) = 2") = Jay) < OGY) 


100 
3 
=> |3mh? dh| < -_ = |dh| < 3 h= (4%) h. Therefore the greatest tolerated error in the measurement 


of his + %. 











(a) Let D, represent the inside diameter. Then V = ar2h = 7 (2) *h= wu and h = 10 Vv ae > 
dV = 57D, dDj. Recall that AV ~ dV. We want |AV| < (1%)(V) = |dV| < (a0) (=) = mi 


=> 5D, dD, < et => api < 200. The inside diameter must be measured to within 0.5%. 
(b) Let D, represent the exterior diameter, h the height and S the area of the painted surface. S = 7D,.h = dS = whdD, 
=> g = Oe, Thus for small changes in exterior diameter, the approximate percentage change in the exterior diameter 


is equal to the approximate percentage change in the area painted, and to estimate the amount of paint required to 
within 5%, the tanks's exterior diameter must be measured to within 5%. 


V = ar’h, his constant = dV = 2mrh dr; recall that AV = dV. We want |AV| < 7 V => |dV| < _ 


= |2nrh dr| < = => |dt| < 3999 = (05%)r = a .05% variation in the radius can be tolerated. 





Volume = (x + Ax)? = x? + 3x?(Ax) + 3x(Ax)? + (Ax)? 














_ bd 
W=a+2=a+bg! = dW=-bg?dg=— 2 = Gime = ( = = 
(2) 
gravity on the moon has about 38 times the effect that a change of the same magnitude has on Earth. 


= ( 32 : = 37.87, so a change of 


5.2 





1/2 
(a) T=2n (4) = dT =2nVL(—1g-9/) dg = —rV/Lg-3/? dg 
(b) If g increases, then dg > 0 = dT <0. The period T decreases and the clock ticks more frequently. Both 
the pendulum speed and clock speed increase. 
(c) 0.001 = —/ 100 (980-*/*) dg = dg © —0.977 cm/sec? = the new g © 979 cm/sec? 





The error in measurement dx = (1%)(10) = 0.1 cm; V = x? dV = 3x? dx = 3(10)°(0.1) = 30 cm? = the 


percentage error in the volume calculation is (=) (100%) = 3% 
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A=s? = dA =2sds; recall that AA = dA. Then |AA| < Q%)A = 2 = © = [dA] < & = |2sds| < & 
=> |ds| < BSD 790 = (1%)s the error must be no more than 1% of the true value. 
Given D = 100 cm, dD = 1 em, V = $7(8)° = @ = dV = 4D? dD = 2 (100)°(1) = &. Then & (100%) 








10% 108 x 
azz (0%) = | ge] % = 3% 
eo 6 





V=far=in ay = mm = dv = © dD; recall that AV ~ dV. Then |AV| < (3%)V = (+3) (7%) 


6 


D 
me = N| = 3 ap > 








ab” ap| < oo = |dD| < 2, =(1%)D = the allowable percentage error in 


measuring the diameter is 1%. 











A 5% error in measuring t > dt = (5%)t = 4,. Thens = 16t? > ds = 32tdt = 32t(+) = 2¢ — 16° —(1)s 


20 10 


= (10%)s = a 10% error in the calculation of s. 


From Example 8 we have wv =4 ar . An increase of 12.5% in r will give a 50% increase in V. 








. 1+x _ V1+0 _ : anx _ 1; sin x 
Jim, 8 =r = 60. lim "2 = tim (88) (G4) =(a)=1 
E(x) = f(x) — g(x) => E(x) = f(x) — m(k — a) —c. Then E(a) = 0 => f(a) -—m(a—a)—-c=0 => c= f(a). Next 


we calculate m: im, 


Ex ‘ f(x) — m(x —a) —c 
a x— *=0 => Jim, x-a 





=0> Jim, ere - m| = 0 (since c = f(a)) 


=> f'(a)—m=0 => m= f'(a). Therefore, g(x) = m(x — a) + c = f’(a)(x — a) + f(a) is the linear approximation, 

















as claimed. 
(a) i. Q(a) = f(a) implies that bo = f(a). 

ii. Since Q’(x) = b; + 2b2(x — a), Q’(a) = f’(a) implies that b; = f’(a). 

iii. Since Q’(x) = 2b2, Q” (a) = f”(a) implies that by = F(a) 

In summary, bp = f(a), by = f’(a), and b) = * i) 
(b) f(x) = (1—x)7 

f!(x) = —1(1 — x) ?(-1) = (1—x)” 

f"(x) = —2(1 — x) 3(-1) = 2(1—x)? 

Since f(0) = 1, f/(0) = 1, and f”(0) = 2, the coefficients are bp = 1, b; = 1, by = 3 = 1. The quadratic 

approximation is Q(x) = 1+x +x’. 
(c) As one zooms in, the two graphs quickly become 

rn indistinguishable. They appear to be identical. 
3 
2 a 
+ + + > xX 
-2 -1 1 2 
=14 ae 
[-2.35, 2.35] by[-1.25, 3.25] 

(d) g(x) =x" 

g(x) = —1x” 

pix) =2x* 


Since g(1) = 1, g/(1) = —1, and g"(1) = 2, the coefficients are by = 1, b} = —1, by = = 1. The quadratic 
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approximation is Q(x) = 1 — (x — 1) +(x—1)’. 


As one zooms in, the two graphs quickly become 





: indistinguishable. They appear to be identical. 
3 
2+ 
1 + 
+ + + ~- xX 
-1 1 2 
See -1 





[-1.35, 3.35] by[—1.25, 3.25] 
(e) h(x) = (1+x)'? 
h(x) =4(1+x) 
h’(x) = —1(1 +x)? 











1 
Since h(0) = 1, h’(0) = 5. and h’’(0) = —4 , the coefficients are bb = 1, b; $. b= —. The quadratic 
approximation is Q(x) = 1+ 5 — = 
As one zooms in, the two graphs quickly become 
VY . . . . . . 
at indistinguishable. They appear to be identical. 
2+ 
+ + > xX 
-1 1 2 
-1+ 





[-1.35, 3.35] by[-1.25, 3.25] 


(f) The linearization of any differentiable function u(x) at x = ais L(x) = u(a) + u’(a)(x — a) = bo + bi (x — a), where 
bo and b, are the coefficients of the constant and linear terms of the quadratic approximation. Thus, the linearization 


for f(x) at x = 0 is 1 + x; the linearization for g(x) at x = 1 is 1 — (x — 1) or 2 — x; and the linearization for h(x) at 
x=Oisl+ 3. 


63. (a) x= 1 





aeeeseseeeee: weeneeeeeen he G 


(b) x=1;m=2.5,e! = 2.7 
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64. If f has a horizontal tangent at x = a, then f’(a) = 0 and the linearization of f at x = ais 
L(x) = f(a) + f’(a)(x — a) = f(a) + 0 - (x — a) = f(a). The linearization is a constant. 


é 2 2 2 2 2 
65. ee errata ayes m/l] =m> 4/1-2=>, 1 r= ov=c(1- 3) 
me) 


/ 2 2\—1/2 2 2 
_ m5 _ 1 m 2m4 _ _ cm Mp — 101 
=> |vl=c 1-Bsdv=c-4(1- 8) (2! )am, dm = 0.01m, dv vy ae) M = 7o9Mo,- 
m? {/1— 
































“ 
a) 
dv = pm) = 1700 _ = 0),69c. Body at rest > vo = 0 and v = vo + dv 
3 2 3. [4 _. 1002 
roo? M9 = a 2 si Vi ol? 
1002 "0 
=> v= 0.69c. 


66. (a) The successive square roots of 2 appear to converge to the number 1. For tenth roots the convergence is more rapid. 
(b) Successive square roots of 0.5 also converge to 1. In fact, successive square roots of any positive number converge 


to 1. 
A graph indicates what is going on: 








> xX 





0.5 1 1.5 2 
Starting on the line y = x, the successive square roots are found by moving to the graph of y = “/% and then across to 


the line y = x again. From any positive starting value x, the iterates converge to 1. 


67-70. Example CAS commands: 
Maple: 
with(plots): 
a= 1: f=x ->xA3+xA2—2*x; 
plot(f(x), x=—1..2); 
diff(f(x),x); 
fp := unapply (,x); 
L:=x -> f(a) + fp(a)*(x — a); 
plot({f(x), L(x)}, x=—1..2); 
err:=x -> abs(f(x) — L(x)); 
plot(err(x), x=—1..2, title = #absolute error function#); 
err(—1); 
Mathematica: (function, x1, x2, and a may vary): 

Clear[f, x] 
{x1l,x2}={-1,2};a=1; 
f[x_]:=x3 + x? — 2x 
Plot[f[x], {x, x1, x2}] 
lin[x_]=f[a] + f'[a](x — a) 
Plot[{f[x], lin[x]}, {x, x1, x2}] 
err[x_]=Abs[f[x] — lin[x]] 
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Plot[err[x], {x, x1,x 2}] 
err//N 
After reviewing the error function, plot the error function and epsilon for differing values of epsilon (eps) and delta (del) 

eps = 0.5; del = 0.4 
Plot[{err[x], eps},{x, a — del, a + del}] 

CHAPTER 3 PRACTICE EXERCISES 

1. y=x° —0.125x? + 0.25x > & = 5x! — 0.25x + 0.25 

2. y=3-0.7x3 +0.3x7 => & = —2.1x? + 2.1% 

3. y=x2-3(x* 477) = & = 3x? — 3(2x + 0) = 3x? — 6x = 3x(x — 2) 


at 1 dy _ 4,6 
4. y=x +V77x- 4 => 2 = 7x +V/7 


5. y=(k4+ 1)? (x? +2x) => va = (x + 1)?(2x + 2) + (x? + 2x) (2(k + 1) = 2(K + DZ [(K + 1)? + x(x 4 2)] 
= 2(x + 1) (2x? + 4x + 1) 





6. y=(2x—5)(4—xy? > © = (2x —5)(-1)(4 — x) 2(-1) + (4 — 9) 12) = (4 — 9)? [2x — 5) +24 —»)] 
= 3(4—x)? 


7. y=(@+sec0+1)? => ey — (62 + sec 0 + 1)°(20 + sec @ tan 0) 








2 9 
8. y=( 1 csc 0 | = = ( 1 me | (estcote 8) = (-1- S92 — £) (ese 8 cot 8 — 8) 








9. s= vi = ds _ (1+ Vin = Vi (ar) -_ (1+ vit) - ;= 1 : 
l+yvit dt (1+ v1) 2/t (1+ v1) 2/t (1+ v1) 
= 1 ds __ (vi-1) @-1(3) = -1 
10. s= at => a (Aa = 2Vi(vi—1) 


11. y =2 tan? x — sec?x > wy = (4 tan x) (sec? x) — (2 sec x)(sec x tan x) = 2 sec” x tan x 


12, y= a — sy =cse?x —2csex > w = (2 csc x)(—csc x cot x) — 2(— csc x cot x) = (2 csc x cot x)(1 — csc x) 


13. s=cos*(1 — 2t) > 4 = 4 cos (1 — 2t)(—sin(1 — 2t))(—2) = 8 cos? (1 — 2t) sin(1 — 2t) 





14, s= cot? (2) +  =3 cot® (2) (esc? (2)) (52) = $ cot? (2) ese? (2) 


15. s=(sect+ tant)? = = 5(sec t + tan t)! (sec t tant + sec” t) = S(sec t)(sec t + tan t)? 


16. s=cse®(1—t+3t?) > & =Scsc4(1 —t + 3t?) (—csc(1 —t + 3t”) cot (1 —t + 3t?)) (-1 + 6t) 
= —5(6t — 1) csc® (1 —t + 3t?) cot (1 —t + 3t?) 
= ; — ‘ 2 dr __ : - ‘ — O@cos#+sin 0 

17. r= 26 sin # = (26 sin 6)? > * = 1 (26 sin 6) 1/2(20 cos 6 +2 sin 0) = re 


26 sin 0 
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24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


Chapter 3 Practice Exercises 


r = 20,/cos 0 = 20 (cos 0)? = * = 26 (4) (cos @)-1/2(—sin 6) + 2(cos 0)!/? = eT + 2/cos 0 


= 2 cos 6—@ sin @ 
cos 0 





r= sin /20 = sin(20)'/? = $4 = cos (26)"/? (3 (28)-¥(2)) = eee 














r=sin (9+ /0+1) > a = cos (0+ Vo+1) (+54) _ 2p cos (0+ Vo+1) 


= ier ice 2 dy _ 1 
YHqxX CSC > & 5) 





y= 2,/x sin Vx > % = 2\/x (cos /x) (25) + (sin x) (5) = cos ,/x+ ne 


y =x7!/2 sec(2x)? => & = x7!/? sec (2x)? tan (2x)?(2(2x) - 2) + sec (2x)? (— oe) 


181 


= 8x!/? sec (2x)? tan (2x)? — 5x 3/2 sec (2x)? = 5xi/? sec (2x)? [16 tan (2x)? — x~?] or sarsec(2x)* [16xtan(2x)” — 1] 


2 


y = /xcse(x + 1)? = x? ese(x + 13 

> w = x!/? (—csc (x + 1)3 cot (x + 1)) (3(« + 1)*) + ese(x + 13 (4 x) 

= —3\/x(x + 1)? csc(x + 1)3 cot(x + 13 + oe =} /xcsc(x + 1)? [4 — 6(x + 1)? cot(x + 1)3] 
or TR eselx + 1)3[1 — 6x(x + 1)? cot (x + 193] 


y=5erx = au = 5 (—csc? x”) (2x) = —10x csc? (x?) 


y =x’ cot5x = 2 = x? (—csc? 5x) (5) + (cot 5x)(2x) = —5x? esc? 5x + 2x cot 5x 


X 


y = x? sin? (2x?) > & = x? (2 sin (2x?)) (cos (2x?) (4x) + sin? (2x?) (2x) = 8x? sin (2x?) cos (2x?) + 2x sin? (2x?) 


y =x? sin? (x?) > & = x-2 (2 sin(x3)) (cos (x°)) (3x2) + sin? (x?) (2x73) = 6 sin (x) cos (x?) — 2x73 sin? (x3) 








_ —2 ds _ 4t \-3 (t+ D4—-40d)\) _ 4. \-3 4 _ — (t+) 
s=(¢)) => $= (ay) ( (+12 = 2 (a1) G@+ip — 86 








S= 1 st=1)3 = ®=—1 (—3)15t=- 1)-4015) = 


Eee 
(st— 1? 








x+1 «+1? (x+ D3? ~~ («+3 


y= (eh) > @a=2( 8) PG WM0 _ ean _ es 











_ (28)? 5 anf ae) (ON a)-e@) ) _ 4G) 
: ( ) : 2( ) ( ; = Beit Gaal 











ae 1/2 “1/2 
fay Cg) a ae) eae 


y = 4x\/x+ \/x = 4x (x + x1/2)? => 2=4x(4) (x + x2) 1? (1+ 5x1/?) + (x + x12)? (4) 


= (x+ x)? [2x (1+ sz) +4(x+ Vv) = (x+ x)? (2x + /x+4x+4/%) = eer 
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35. 


36. 
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= sin 0 2 dr __ sin 0 (cos 6 — 1)(cos #) — (sin )(—sin @) 
= Case, = (art) (cos 0 = 1) 
— ( sin 0 ) cos? 6 — cos 0+ sin? 6 — (sin 6) —cos 6) — _—2sin@ 
~ cos 8@—1 (cos 6— 1)? (cos 8 —1)8 “™ (cos —17 

_ /sind+1)2 dr _ sin@+1 (1 —cos @)(cos @) — (sin 6 + 1)(sin 6) 
t= Geer) = dé oe) (1 —cos 6)? 











_ 2sin@+1) 2 +9 2(sin 8 + 1)(cos 6 — sin 6 — 1) 
= G cos? (COS 9 — cos” 6 — sin* 6 — sin 8) = ewer 








37. y= (2x +) 2x41 =(2x4 13? > © =3 0x4 D122) =3/2x41 

38. y = 20(3x — 4)!/4(3x — 4)-¥5 = 20(3x — 4)/29 => & = 20 (55) Bx — 4919903) = as 

39. y =3(5x? + sin 2x) /? = 9 = 3 (— 3) (5x? + sin 2x) [10x + (cos 2x)(2)] = te 

40. y = (3 + cos® 3x) 8 > oy = — (3 +cos® 3x) ue (3 cos? 3x) (—sin 3x)(3) = mao 

41. xy+2x+3y=1 > (xy’+y)+243y =0 => xy’+3y =-2-y = y(«+3)=-2-ys y= ——— 


42. 


43. 


44. 


45. 


46. x 


47. 


48. 


49. 


50. 








Xt xy ty —Sx=2 > xt (x+y) +2 %-5=0 + xB +2y ®=5 2x y > 2(«+2y) 


dy _ 5—2x-y 


=5— 2x y= dx = x+2y 











x3 + 4xy — 3y48 = 2x > 3x24 (4x & + dy) 4y/3 W 2 = 4x © — dyl/3 W — 2 — 3x? — dy 


— 3x2 — 











Sx4/5 + 10y8/5 = 15 = 4x-V8 4 12y/5 Y= 0 => Idyll & = 4g 8 > A= dx My = 

Gye =l = Joy (x dy +y) =0 => xl/yl/2 ay = —x7}/2yl/2 ay =-xly => ay =? 
vy=1 > x (2y $ w) + yQx) =0 => Ixy ¥ = Ixy? > Yay 

Pay oy = Se 5 Ba 








2 _ (14x)1/2 A_ 14x 3 dy _ (l—x)d)—(+x)(-]) dy _ 1 
y=()" = y= = a ae = ax > & = Fd=x? 








p? + 4pq—3q? =2 = 3p? 2 +4(p+a 2) —6q=0 > 3p? B +4q 2 = 6q—4p > (Bp? +4q) = 6q—4p 
d 6q—4 
=> a = 3p ta 


q = (5p? +2p)°? = 1 = —3 (5p? + 2p)” (Lop e424 2) => —3 (5p? + 2p)” = 2 (0p +2) 


dp _ __ (Sp?+2p)"” 


> Gq =~ 36pt) 
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rcos2s+sin?s=7 > r(— sin 2s)(2) + (cos 2s) (# «) +2 sins coss =0 => * (cos 2s) = 2r sin 2s — 2 sin $ COS S 


dr _ 2rsin2s—sin2s __ @r—1)(sin2s) __ 
= ds ~~ cos 2s _ cos 2s = (2r — 1)(tan 2s) 






































2rs —r—s+s?=-3 > 2(r+s#)-#-14+2s=0 > £Qs—1)=1-2s-2r > # = 15554 
2 2 dy 
2 9 d d 2 a y*(—2x) — (—x*) (2y & 
(a) ®+y=1 > 3x°+3y F=0> 2 2 a yi (va) 
9 2 
= Py —2xy? + (2yx’) (- *) _ —2xy? — 284 __ ~2xy? — 2x4 
dx2 — y! —_ y! = y 
a 2 d 2 d 1 di 2)-1 dy _ 2-2 2d 
) Y=1-2 = wH=3 = $=2 = $=0x)" > B=-Or)" pewter sg 
= ty _ 729-* (Gr) aay? 
dx. y2xd ~~ y3x4 
2 Dis dy _ dy _ dy _ 
@ eoyfal => k-22=0 > ly 2= 2x => R=} 
d @y _ yay-x® — y-x(5 a ee 
(b) ea = 5 => we = r dx, — (5) = y o = ys (since y’ — x? = —1) 


(a) Let h(x) = 6f(x) — g(x) > W(x) = 6f"(x) — g/(@®) = WC) = 6f(1) — g() = 6 (4) — (-4) =7 

















(b) Let h(x) = f(x)g*(x) = h(x) = el (2g(x)) g/(x) + g°(x)F"(x) = h'(0) = 2f(0)g(0)g'(0) + g7(O)F"(0) 
= 2(1)(1) (3) + G)?(-3) = - 
(c) Leth(x) = SS => = sist => hi(1) = s+ proto 
_ 6+DG)-3(-4 _ 5 
(5+ 1? ~~ 12 
(d) Let h(x) = f(g(x)) > h'(x) = f/(g@)g'(~) = h'O) = f(g(0))g'(0) = f(D (5) = (3) (G) = 3 


(e) Let h(x) = g(f(x)) > h’(x) = g/(f(x))f/(x) > h'(O) = g/(f(0))f’(0) = g’(1)£/(0) = (—4) (—3) = 12 
(f) Let h(x) = (x + f(x))3/? > h(x) = 2 (x + fo)? (1+ f(x) > WC) = 304 fC)? (1+ £0) 
= 3(1+3)'/?(1+4) =3 

Let h(x) = f(x + g(x)) = h'(x) = f(x + g(x) (1 + 2x) = hb’) = f’(g@)) (1 + g'(0)) 


=Fa(i+4) =) =3 


wN 


(g 





(a) Let h(x) = \/xf(x) > h'(x) = \/xf!(x) + f() - 7 => h(l) = V1f') +f) - sae =4+(-3)(4)=-# 
i] 
3 














(b) Let h(x) = (f())/?_ = h'(x) = 5 5 (f(x)) 1? (f/(x)) = h’(0) = 5 + (f(0))~ oo 5 5 (9) 1/2(_2) = — 

(c) Leth) = f(/x) > Woo =f" (Vx) +3 = ny =" ( V1)-5 1isd 

(d) Let h(x) = f(1 —5 tanx) => h’(x) = f'(1 — 5 tan x) (—5 sec?x) => ne — a — 5 tan 0) (—5 sec? 0) 
= f'(1)(—5) = $(-5) = -1 

(e) Let h(x) = ; A =. h(x) = (2 +cos ore a sin x) = h'(0) = Caro ain = aC 2) _ : 


(f) Let h(x) = 10 sin (3) f?(x) > h(x) = 10 sin (@ x) (2f(x)f’(x)) + f? - (10 cos (#)) (g) 
=> h’(1) = 10 sin (4) (2f()f’(1)) + f? (1) (10 cos (4)) (4) = 20(—3) (4) +0 = -12 





x=Pt+a > ©=2y=3sin2x > © = 3(cos 2x)(2) = 6 cos 2x = 6 cos (2t? + 2) = 6 cos (217) ; thus, 
WY — D.& — 6 cos (2t?)-2t > & 9 = 9008 (0) -0 = 0 
2/3 


t=(u?+2uy? > # = 1 (y? +2u) 


(Qu +2) = 2 (v2 +2u)??a41);s=P4+5t > &=245 
= 2(u? + 2u)'* + 5; thus & = &. ot [2 (u2 + 2u)'/* +5] (3) (w +2u) 3a +-1) 
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> £] = [202 +22)" +5] (3) 2 +2) 72+ 1 =2 (2-84 +5) (8°) = 22-2+5)(3) =3 
59. r= 8sin(s+ 2) => a = 8 cos (s+ Z) w = sin (\/r — 2) => dw = cos (,/r — 2) (7) 
cos 4/8 sin(s+2 cos 8 sin (s+ 2%) —2 
Sati ee. ee ( G+) -2) - [8 cos (s + 4)] 
24/8 sin (s s+) : 7 7 2 1/8 sin( s+) 
4 cos ( 8 sin (Z) “th -8 cos (6) _ (cos 0)(8) (4) Ja 
> = = 
ase 24/8 sin (2 z) 2/4 
_@ 1/3 
60. t+0=1 > (6 4+1(20%))+%=-0 5 amt) =-8 = =F r= 6247)" 
=> £1947) 06) = 20(67 +7) 7"; nowt =O and Ot+0=1 > 6=1s0tha#| = 5) =-1 
2 a 1 dr dr dé 1 1 
and {% geal) 2/3 — & =? ale di lw” ot wo = (%)(-D=-% 
61. y>+y=2cosx => 3y? ay + % =-2sinx > ay (3y? +1) =—-2sinx > dy = ey => wy 
0.1) 
_ 2 sin@) __ 0: ay (3y? +1) (—2 cos x) — (—2 sin x) (6y #) 
~ 341 > dx? (3y? + 1)” 
ay — B+DG 2 cos 0) — (—2 sin 0)(6- 0) _ 1 
> oe 1) B+1" 2 
2/3 _y2/3 
62. x34 yl 24 > Exp sys Xi0 > S=-4, = 2 enh aes 
ey _ 2) (—3y 48 B)- (v9) Gx) yf (89) [2-8-1] + (87) (2-8-1) 
= dx? (x2/3)? = dx? (68) ~~ 84/3 
i ee 
~ “378 —~ 4 ~ 6 


es ree 
63. f(t) _ oh and f(t +h) = =e f(t+h)—f(t) _—  20¢h+1T ~ 2-7 2t+1—(2t+2h+ 1) 














2th) +1 h -_ h = @t+2h+ D@t+ Dh 
= —2h = ~2 la) — Jim f+ m-f _ ~2 
= Game pati — Geman ~ FO= jm h = ea @tpo2h+ hat+h 
~2 
= Gap 


64. g(x) = 2x? + 1 and g(x +h) = 2(x +h)? +1 = 2x? + 4xh4 2h? +1 > seth—e 
(2x2 4+4xh+ 2h? 4-1) — (2x7 +1) _ 4xh+ 2h? 
= h nm h 





= "yy = | gxt+h—gx) _ 7 
=4x+2h > gi(x)= Jim, 4 Jim, (4x + 2h) 
= 4x 


65. (a) 





10 =| x,-1<x<0 


-x2, O<sx<1 


(b) lim f(x)= lim_ x?=Oand lim f(x)= lim —x?=0 => lim f(x) =0. Since lim_ f(x) = 0 = f(0) it 
x > 07 x 07 x > OF x > 0 x0 x—-0 
follows that f is continuous at x = 0. 


(c) lim_ f'(x)= lim_ (2x)=Oand lim f’(x)= lim (—2x)=0 = lim f’(x) = 0. Since this limit exists, it 
x0 x0 x > OF x > 0* x—0 
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follows that f is differentiable at x = 0. 






66. (a) . 
1 
x, -1sx<0 
Had { ea Osxsn/4 
-1 s 
-1 
(b) lim f(xk)= lim x=Oand lim f(x)= lim tanx=0O => lim f(x) =0. Since lim f(x) = 0 = f(0), it 
x3 07 x07 x 3 0t x > Ot x—0 x—0 


follows that f is continuous at x = 0. 
(c) lim f’(x)= lim 1=1and lim f’(x)= lim sec?x=1 => lim f/(x) = 1. Since this limit exists it 
x0 x0 x3 0t x > 0t x0 


follows that f is differentiable at x = 0. 
67. (a) 


if _ d% O<x<l1 
YF log lex<2 





(b) lim f(x%)= lim x=Jland lim f(x)= lim (2—x)=1 > lim f(x) =1. Since lim f(x) = 1 = f(J), it 
x17 xo 1- x > 1+ x > 1+ xl xl 
follows that f is continuous at x = 1. 
; Pees a _ . ipo oa an : j : ; : ; 
(c) im f@) = lim _ l= fund en 1 1=> ,im_f@) A lim, f'@, so lim, f'@) does 


not exist = fis not differentiable at x = 1. 


68. (a) lim  f(k)= lim_ sin2x=Oand lim f(x)= lim. mx=0 = lim f(x) = 0, independent of m; since 
x0 x0 x3 0t x > OF x0 
f(0) =0= lim, f(x) it follows that f is continuous at x = 0 for all values of m. 
x-> 
(b) lim_ f'(x)= lim (sin2x)’= lim 2cos2x=2and lim f’(x)= lim (mx) = lim m=m =>} fis 
x0 x > 0 x — 0 x > 0+ x > 0* x07 
differentiable at x = 0 provided that lim _f(x)= esa " f(x) > m=2. 
x— x7 
69. y= F454, =§x4+Q02x-4)1 = wy = } — 2(2x — 4); the slope of the tangent is — 3 > —3 
ee $ —2(2x —4)? => -2=-22x-4)>? => 1= ORO => 2x—4?=1 => 4x?—-16x+ 16=1 
=> 4x?- 16x+15=0 => (2x —5)(2x —3) =0 x 2 orx 3 (3, 3) and (3,- 4) are points on the 


curve where the slope is — 3 : 

















70. y=x-z => = 1+ aap = 1 + ss; the slope of the tangent is 3 => 3=1+5 2 sy ee j 
>x= +4 => (5,-4) and (—3,3) are points on the curve where the slope is 3. 


71. y = 2x? — 3x? — 12x +20 = & = 6x? — 6x — 12; the tangent is parallel to the x-axis when & = 0 
=> 6x?-6x—-12=0 > x?—-x-2=0 = (x-2yx+1=0 x=2orx=-—l (2, 0) and (—1, 27) are 


points on the curve where the tangent is parallel to the x-axis. 














[pe eae oy 3x? dy = 12; an equation of the tangent line at (—2, —8) is y + 8 = 12(x + 2) 
) 
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=> y= 12x + 16; x-intercept: 0 = 12x+ 16 > x=— ; => (- +,0) ; y-intercept: y = 12(0) + 16 = 16 => (0, 16) 


73. y = 2x3 — 3x? — 12x +20 > & = 6x? — 6x — 12 


x 


(a) The tangent is perpendicular to the line y = 1 — 5; when wv — = (z ty) = 24; 6x? — 6x — 12 = 24 
(34) 
= —2orx=3 => (—2, 16) and (3, 11) are 





=> x?-x-2=4 5 ¥-x-6=05 Cae >x 
points where the tangent is perpendicular to y = 1 — 37 - 

(b) The tangent is parallel to the line y = af — 12x when $ 2 =-12 => 6x? — 6x -12=-12 => x?-x=0 
=> x(x-—1)=0 x=Oorx=1 (0, 20) and (1, 7) are points where the tangent is parallel to 


y = V2 — 12x. 








74. y= 7 sin x = wy = x(7 cos x) = sin x)(1) mi w 














x= x=—1 


Since m, = — 7 the tangents intersect at right angles. 


75. y=tanx,-5<x<> => # — sec” x; now the slope A 


of y= — Fis — 5 => a normal line is parallel to 





y = —X when # =2. Thus, sec?x =2 > —)_ =2 


cos’ x 
2 1 


=> cos’ x 5 COS X 











= T ae, 
a > X=—Zandx=7 
for—3 <x <% = (—4%,-1) and (7, 1) are points 


where the normal is ansilet toy=— 












1 1 
7/2 —7/4 





x 
3° 





dy 


76. y=1+cosx >  — —sinx > ik 





=> the tangent at (Z, 1) is the line y — 1 = — (x — z) 
=> y=-—x+ 5 +1; the normal at (3, 1) is 
y-1=(1)(x-43) > y=x-f+41 





yue-X+ ret 


2 





Tl y=xX+Cs w =2xandy=x > ay = 1; the parabola is tangent to y = x when 2x = 1 x 5 y 


d 
thus, } = (4)’+C =>c=! 











(i. ee = 3x? ed = 3a? = the tangent line at (a, a®) is y — a® = 3a?(x — a). The tangent line 


intersects y = x? when x® — a? = 3a2(x — a) > (x —a)(x? + xa+ a’) = 3a%(x —a) > (x —a) (x? +xa— 2a”) =0 








=> (x—a)*(x + 2a) =0 xX =aorx = —2a. Now dy = 3(—2a)” = 12a? = 4 (3a7), so the slope at 
x=—2a 


x = —2a is 4 times as large as the slope at (a, a®) where x = a. 


79. The line through (0, 3) and (5, —2) has slope m = = —1 => the line through (0, 3) and (5, —2) is 


y=-x+3;y=— = & = <s5y. so the curve is tangent to y = —x +3 => wv — _ oa ee 


x+1 

=> (x+ 1)? =c,x #—1. Moreover, Y= mq = ~X+3,x 4-1 

=> c=(x+1)(-x4+3),x4-1. Thusc=c => (K+ 1? = («4 1)(-x4+ 3) > K+ )D[K+1-(C-x*4+3)] 
=0,x 4-1 > («+ 12x—-2)=0 > x=1(sineex 4-1) > c=4, 








intersects y= —x+3 => 
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Let (0. + —b?) be a point on the circle x? + y? = a”. Thenx? + y? =a? > 2x+2y 5 Y¥_9Qs a = = 
w = ae normal line through (b, + Va? — b?) has slope ayeuh = normal line is 
x=b xrya— 

















y (+ ve? be) = v= b) > y# Va b? = 2Ve—P ye Jw > y= t VOM 


which passes through the origin. 





























x4 2y?=9 > x+4y% 0 wy fs % = i = the tangent line is y = 2 — ¢ (x — 1) 
x x y Xx (1,2) 

=— axt+ i, and the normal line is y = 2+ 4(x — 1) = 4x —2. 

xe +y2=2 > 3x?+2y dy 0 dy = dy a 3 = the tangent line is y = 1+ $3 (x — 1) 





= — 3x + 3 and the normal line is y = 1 + 3 (x — 1) = $x+4. 



































xy +2x—Sy=2 > (x2+y)+2-5% =0 > #«-5=-y-25 $=27 => 2] =2 
3.2) 
=> the tangent line is y = 2 + 2(x — 3) = 2x — 4 and the normal line is y = 2+ >} (x —3)=—4x+2. 
(y—x=2x4+4 5 ay -») (¢-1) =2 5 y¥-x)X=l+y-x > Hales 4 23 
X y x xX (6,2) 
= the tangent line is y = 2 + ? (x —6) = 3 x — 3 and the normal line is y = 2 — 3 (x —6) = —$x+10. 
x + =6 > 14+ pho (x Pty) =0 + x84 —-2/y> N= = a a => 
VX a Jry \X ax TY y y dx = ae 
= the tangent line is y = 1 — 3 (x — 4) = — 3x + 6 and the normal line is y = 1+ $ (x —4)= #x-4. 
x3/2 + 2y8/4 — 17 => 3x1? 4 3yl/? & — 9 oy ae s = —4 = the tangent line is 
(14) 
y=4 i(k l= +x + +7 and the normal line is y = 4 + 4(x — 1) = 4x. 





ey+y=x+y => [x? (39° ®) + y8 (3x?)| +2y F=14 2% => 3x¥y? F + 2y © — 9 = 1 — 3x*y8 


> 2 (3x3y? 





+2y—-1)=1-3x*yi > Ya toy a wl) 8 2 but is undefined. 
a-) 


dx 3x3y? + 2y — 1 dx aay 


Therefore, the curve has slope — $ at (1, 1) but the slope is undefined at (1, —1). 


dy __ 


y = sin(x — sinx) = | = [cos(x — sin x)](1 — cos x); y =O = sin(x—sinx)=0 => x—sinx=kz, 





k = —2, —1, 0, 1, 2 (for our interval) = cos(x — sin x) = cos(k7) = +1. Therefore, & = O and y = 0 when 


1 —cos x = 0 and x = kz. For —27 < x < 27, these equations hold when k = —2, 0, ee 2 (since 


cos (—7) = cos 7 = —1). Thus the curve has horizontal tangents at the x-axis for the x-values —27, 0, and 27 


(which are even integer multiples of 7) = the curve has an infinite number of horizontal tangents. 









































= fang y=Jecct + = Mi = tee wet int eB) = sing = Bien g 
=> x=}tan? = andy =1 sec =l>y= VBx41; 89 dy'lat eT 2costt > SF], 
= dos! (f) =} 
(3) 
x=1+4,y=1-? dy syd (3) at & 5 (2) = —3;t=2 x=1+ 4 =}and 
i 
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13, @y _ dydt _ (—3) 
Sk + 7s ae = Gera G 3) 
p 

















343 dy _ 3 9\3 _ 
at a], ay" =6 


91. B = graph of f, A = graph of f’. Curve B cannot be the derivative of A because A has only negative slopes 
while some of B's values are positive. 


92. A = graph of f, B = graph of f’. Curve A cannot be the derivative of B because B has only negative slopes 
while A has positive values for x > 0. 

















94. 
y 
x 
(1,-2) 
95. (a) 0,0 (b) largest 1700, smallest about 1400 
96. rabbits/day and foxes/day 
97. lim, SB = Jim, [(824) - gh] = (4) =-1 
yi 3x — tan 7x 3x sin 7x 3 . 1 in 7x 1 3 7 
98. Jim, os = im, (x ears = 2 iim, (she . a . dy) = 2 (1 el 3) ==2 








99, lim, ae = tim, (S88 - a2 -4) = (4) () fim, eB = (3) (4) = 3 


tan 2r 








100. lim, 2G — tim (S22) (2) = Jim BEE Letx =sin 8. Thenx + Oasd + 0 














650 sin 0 6 6 30 sin 8 
: sin(sin@) __ 4; sinx __ 
or gt aggre 
2 4+,+i7) 
i 4 tan" 6+tan@+1 _ i ( tnd T tan?) _ (4+0+0) _ 
101. lim - tan? 9 +5 6 lim (i+ 5 ) “~ (+0) 
9 — () — (5) iano 
1 2) 
: —~2cot? . cot 0-2) 2 
102. lim ~}>2008  _— Jim (a =e =-2 
9 — 0+ 5 cot2@—7 cot @—8 9 — 0+ (5 co =n) 6-0-0 5 
. . & xk Xx ‘ 
4 X Sin X — 4 X SIN X — - X SIN X — 4 9°92 S sin X 
103. lim, 228555 = lim, ag = lim, zesty = tim, [att | 





5s] = (Cy) = 1 




















: l-cos@ _ 1: 2 sin? (4) _ 4 sin (8) sin ($) it'| 1 — 7 
ey ee | ®° @ 2 = (0G) =e 
105. lim, @* = lim (4. - 8%) = 1; letO=tanx > 6 — Oasx—> 0 > lim g(x)= lim, S2 
x > 0 x x > 0 \cosx x x > 0 x — 0 tan x 
a ee tan é = 1. Therefore, to make g continuous at the origin, define g(0) = 1. 
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lim f(x) = lim S20") — jim | Meany. sins _ | _1_| —]. Jim —*"*_ (using the result of 
x— 0 x—0 sin (sin x) x —>0 tan x sin(sinx) cos x x30 sin (sin x) 

. 5 c sin ee OQ __ 
#105); let @ = sinx > 0 — Oasx —~ 0 => Jim, uci Pe Ing = |. Therefore, to make f 


continuous at the origin, define f(0) = 1. 


(a) S = 2nr? + 2nrhandh constant = {8 = 4nr 4 + 27h # = (4nr + 27th) # 
(b) S = 2ar? + 2nrh andrconstant > as = 2nt a 
(c) S=2ar?+2nrh > BS = 4ar +20 (r P +h |) = (4nr+ 2th) $+ 2ar H 
dr —r_ dh 


(d) Sconstant > 8 =0 > 0= (4ar+ 2nh) £+2mr% > Qr+h)f=—+1# > f= oH 

















& i, 
S=ar/r+h? > 8 = gy. CHO G) tar/r+h? £; 
2 dr 
dh dS _ 7G Pope a lead Bae mr _| de 
(a) h constant a =O ai Jeep +aVvr +h? o = [7 Bat ee sie | dt 


(b) r constant it 


ds _ 2) ar h_ dh 
(c) In general, & = [rv r++ oe =| ait Jayne dt 


















































Azam => “&=2ar€;sor=10and $ = —2 m/sec > % = (27)(10) (— 2) = —40 m/sec 

Vas > Y= 3s?-S > B= & F; sos = 20 and YF = 1200 cm/min > $ = gaqp (1200) = 1 cm/min 
dR; __ _ dR, __ y T. <= iL —1 dR _ —1 dR, 1 dRo 

tT 1 ohm/sec, i= 0.5 ohm/sec; and RR + R- Rat R dt Rod Also, 


R, = 75 ohms and Ry = 50 ohms => z = * + a = R= 30 ohms. Therefore, from the derivative equation, 


-1 dR_ - 1 = 1 1 dR _ 5000-5625) _ _9(625) _ 1 
GO dt — (75)? (—1) 60; (0.5) = ( sexs 5000) > tt = (—300) ( 30253000 ) —~ 50(5625) — 50 


= 0.02 ohm/sec. 














dR dX 
oR = 3 ohms/sec and as = —2 ohms/sec; Z = \/ R? + X? e a aoe so that R = 10 ohms and 


= dZ _ (10)3)+@0)(-2) _ -1 
X = 20 ohms it JP +20 a 0.45 ohm/sec. 











Given % = 10 m/sec and = = 5 m/sec, let D be the distance from the origin = D? = x?+y? = 2D © 


=2x®%i2y% > DP =x &+y%. When (x,y) = (3, —4), D = 1/3? + (—4)* = 5 and 


5 o = (5)(10) + (12)(5) => ® — 0 = 22. Therefore, the particle is moving away from the origin at 22 m/sec 


(because the distance D is increasing). 


Let D be the distance from the origin. We are given that = 11 units/sec. Then D? = x? + y? 


= x2 +4 (x3/2)? =x? 4x3 => 2D P = 2x & 43x? ® = x(24 3x) 3x =3 > D= 32 +33 =6 


and substitution in the derivative equation gives (2)(6)(11) = (3)(2 + 9) & => ae = 4 units/sec. 








(a) From the diagram we have 2 = 4 >r= 2 h. 

_ lop 1 (2 4)2, _ 4ch3 dV _ 4rh? dh dV _ _ dh 125 : 
(b) V=qgrPh=4r(Zh) has Cie S50 % =—-Sandh=6 > S=— 2 fein. 
From the sketch in the text,s =r? => as =f e +4 o Also r = 1.2 is constant => a =0 
=> ds =r e = (1.2) oT Therefore, ds = 6 ft/sec andr = 1.2 ft > ae = 5 rad/sec 
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117. (a) From the sketch in the text, e = —0.6 rad/sec and x = tan @. Alsox = tan@d => x = sec? 0 w at 


point A,x =0 d6=0 (sec? 0) (—0.6) = —0.6. Therefore the speed of the light is 0.6 = 2 km/sec 


when it reaches point A. 


(b) (3/5)rad | lrev | 60sec _ 18 
sec 2n rad mn 7 








revs/min 





























118. From the figure, # = a = yrs . We are given y 
that ris constant. Differentiation gives, C 
vb? =) () — © (spb) (®) 
= ¢ -_ ( = 0 da) s : Then, 
b 
b = 2rand # = —0.3r 
| vaRrBCa39-e0 ( aes) : : —— * 
a dt — F (2r)? — r2 








12 ST) 
_ v3P(-031)+ 9 Br) (0.30) + (42) 0.31) _ 03r _ 
= 3r - 3/32 ~~ 34/3 10 
the distance OA is increasing when OB = 2r, and B is moving toward O at the rate of 0.3r m/sec. 








a m/sec. Since ts is positive, 


119.(a) If f(x) = tan x and x = — 7, then f’(x) = sec? x, 
F= _) = —land f’ (— =) = 2. The linearization of 
f(x) is L(x) = 2 (x +") +(-1) = 2x4 "2. 






1 y=tanx 


y=2x + (w-2)/2 





(-a/4, -1) 


(b) If f(x) = sec x and x = — a , then f’(x) = sec x tan x, 
f(-—$) = \/2 and f’ (-7) = —/2. The linearization 
of f(x) is L(x) = —/2 (x + 2) + V2 
= —/2x+ va 











ya-Vax+ Va (4-n\/4 


120.f(x) = Tem > f(x)= qe . The linearization at x = 0 is L(x) = f’(0)(x — 0) + {(0) = 1 — x. 


121.f(x) = /x+1+sinx—0.5 = (x +1)? +sinx—0.5 => f'(x) = (4) (x + I? +cos x 
=> L(x) = f’(0)« — 0) + f(0) = 1.5% —0) + 0.5 => L(x) = 1.5x + 0.5, the linearization of f(x). 


122.f(x) = * +4/1+x-3.1=20 —x)!+(04+x)!4-31 = P@)=-201 -2-7(-D + $(1 +x) 1/2 
=a 2 + Dyes: L(x) = f'(0)(x — 0) + f(0) = 2.5x — 0.1, the linearization of f(x). 








123.8 = mrv/r? +h’, rconstant > dS = mr-d(r° + nh)? 2h dh = Jaye. Height changes from hg to hp + dh 
= dS = mt ho(dh) 


r +h? 
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124.(a) S = 6r? = dS = 12r dr. We want |dS| < (2%)S = |12rdr| < Lr => |dr| < 74). The measurement of the 


edge r must have an error less than 1%. 
(b) When V = r’, then dV = 3r? dr. The accuracy of the volume is (%) (100%) = (35*) (100%) 
= (2) (dr)(100%) = (2) (;) (100%) = 3% 


T 





125.C =2nr > r= £,8 =4nr and V = 4ar? = &.. Italso follows that dr = 4 dC, dS = 2€ dC and 
dV = = dC. Recall that C = ie cm and dC = oa cm. 
(a) dr= $4 =~ cm => (*) (100%) = (%) (7) (100%) = (.04)(100%) = 4% 


T T qT 


(b) dS = eae 8 cm > (8) (100%) = (2) (5) (100%) = 8% 


qT 


(c) dV = 5, 0.4) = 3 om = () (100%) = (22) (85; ) (100%) = 12% 











15 


126.Similar triangles yield a =— = h= 14ft. The same triangles imply that ca = 2% > h=120a'+6 


= dh =—120a? da= — 4 da= (- ) (4 4) = (-#)(44)=+ 2 ~ + .0444 ft = + 0.53 inches. 


a? 12 15? 




















a) 
CHAPTER 3 ADDITIONAL AND ADVANCED EXERCISES 


1. (a) sin20=2sin@cos?é > 4 (sin 20) = 4 (2 sin @ cos 8) = 2 cos 26 = 2[(sin 6)(—sin 0) + (cos 8)(cos 0)] 
=> cos 26 = cos? 6 — sin? 0 
(b) cos 20 = cos” @ — sin? @ = 4 (cos 20) = 4 (cos? 6 — sin?) = —2 sin 20 = (2 cos 6)(—sin @) — (2 sin 0)(cos 6) 
=> sin20=cos@sin@+sin@cos? > “108 = 2 sin 6 cos 0 


2. The derivative of sin (x + a) = sin x cos a+ cos x sin a with respect to x is 
cos (x + a) = cos X cos a — sin x sin a, which is also an identity. This principle does not apply to the 
equation x? — 2x — 8 = 0, since x? — 2x — 8 = 0 is not an identity: it holds for 2 values of x (—2 and 4), but not 
for all x. 





3. (a) f(x) =cosx f(x) = —sinx => f"(x) = —cos x, and g(x) = a+ bx+cx? > g/(x) =b+2cx > g"(x) = 2c; 
also, {(0) = ¢(0) > cos(0)=a > a=1;f'(0) = 80) => -sin(0)=b > b=0;f"(0) = g’(0) 
= —cos(0) = 2c = c=—=5;. Therefore, g(x) = 1—5 x? 





(b) f(x) = sin(x +a) = f'(x) =cos(x +a), and g(x) = bsinx +ccosx => g/(x) = bcos x —c sin x; also, 

f(0) = g(0) = sin(a) = b sin(0)+ccos(0) = c=sina; f’(0) = g/(0) = cos(a) = b cos(0) —c sin (0) 
= b=cosa. Therefore, g(x) = sin x cos a+ cos x sin a. 

(c) When f(x) = cos x, f””(x) = sin x and f(x) = cos x; when g(x) = 1 — 2%, 2!"(x) = O and g(x) = 0. 
Thus f’”"(0) = 0 = g’”(0) so the third derivatives agree at x = 0. However, the fourth derivatives do not 
agree since f (40) = | but 240) = 0. Incase (b), when f(x) = sin (x + a) and g(x) 

= sin X cos a+ cos x sin a, notice that f(x) = g(x) for all x, not just x = 0. Since this is an identity, we 


have f")(x) = g(x) for any x and any positive integer n. 














4. (a) y=sinx y’ =cos x y” = —sinx => y”+y = —sinx + sinx = 0; y = cos x y’ = —sin x 
=> y”=-cosx > y”+y=-—cosx+cosx =0;y=acosx+bsinx => y’ = —asinx+bcosx 
=> y”=—acosx—bsinx => y”+y =(—acos x — b sin x) + (acos x +b sin x) = 
(b) y =sin(2x) => y’ =2cos(2x) > y” = —4sin(2x) => y” + 4y = —4 sin (2x) + 4 sin (2x) = 0. Similarly, 


y = cos (2x) and y = acos (2x) + b sin (2x) satisfy the differential equation y” + 4y = 0. In general, 
y = cos(mx), y = sin (mx) and y = a cos (mx) + b sin (mx) satisfy the differential equation y” + m’y = 0. 
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5. If the circle (x — h)? + (y —k)? = a? and y = x? + 1 are tangent at (1, 2), then the slope of this tangent is 
m = 2x\| a2) = 2 and the tangent line is y = 2x. The line containing (h, k) and (1, 2) is perpendicular to 


y = 2x k=* = —} = h=5-—2k = the location of the center is (5 — 2k, k). Also, (x — h)? + (y — k)? = 2” 








> x—h+(y—by =0 = 14+(y)?+G%-—by” =0 5 y"= Ley At the point (1, 2) we know 
y’ = 2 from the tangent line and that y” = 2 from the parabola. Since the second derivatives are equal at (1, 2) 
we obtain 2 = 1+@F -. «= 2%. Thenh =5—2k=—4 = the circle is (x + 4)? + (y — 2)” =a. Since (1,2) 
lies on the circle we have that a = Hs ; 
6. The total revenue is the number of people times the price of the fare: r(x) = xp = x (3 = x) : , where 
0 <x < 60. The marginal revenue is x = (3 — a + 2x (3 x) ( a) => 7a = (3 x) [(3 x) x| 
=3 (3 aa x) (1 a x) . Then a =0 => x= 40 (since x = 120 does not belong to the domain). When 40 people 





are on the bus the marginal revenue is zero and the fare is p(40) = (3 oz x) | = $4.00. 
x=40 


7. (a) y=uv > a = a v+u w = (0.04u)v + u(0.05v) = 0.09uv = 0.09y = the rate of growth of the total production is 






9% per year. 
(b) If au = —0.02u and a = 0.03v, then a = (—0.02u)v + (0.03v)u = 0.0luv = 0.01y, increasing at 1% per 
year. 
8. When x? + y? = 225, then y’ = — ;- The tangent y 
line to the balloon at (12, —9) is y +9 = 4 (x — 12) x? + y? = 225 


>y= +x — 25. The top of the gondola is 15 + 8 

= 23 ft below the center of the balloon. The inter- 

section of y = —23 and y = $x — 25 is at the far 

right edge of the gondola > —23 = 3 x — 25 

>x= 3 . Thus the gondola is 2x = 3 ft wide. 
Suspension cables —_— A scale af 

Gondola Hi 

—| | Width 


NOT TO SCALE 


9. Answers will vary. Here is one possibility. 





10. s(t) = 10cos (t+) > v(t)=* =—10sin(t+7) > a(t) = * = £$ = -10cos (t+) 
(a) s(0) = 10 cos (4) = ZB 
(b) Left: —10, Right: 10 











(c) Solving 10 cos (t + t) = —-10 => cos (t + z) =-lsSst= a when the particle is farthest to the left. 
Solving 10 cos (t + 7) =10 => cos (t + *) =l1>t=—j,butt>0 >t=271+7= 7 when the particle 
is farthest to the right. Thus, v (2) = ,v(4 = 0, a (32) = 10, and a (4) = —10. 

(d) Solving 10 cos (t+ t) =O>t=45> v (4) = —10, v(4)| — 10 and a (4) = 0. 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Chapter 3 Additional and Advanced Exercises 193 


(a) s(t) = 64t — 16t? > v(t) = as = 64 — 32t = 32(2 — t). The maximum height is reached when v(t) = 0 
=> t=2-sec. The velocity when it leaves the hand is v(0) = 64 ft/sec. 

(b) s(t) = 64t — 2.6t?7 > v(t) = ts = 64 —5.2t. The maximum height is reached when v(t) = 0 => t ¥ 12.31 sec. 
The maximum height is about s(12.31) = 393.85 ft. 


s, = 3t? — 12t? + 18t +5 ands, = —-t? 4+ 9? — 12t = v, = 9t? — 24t + 18 and v. = —3t? + 18t — 12; vy = vo 
=> 9? — 24t+ 18 = -37 + 18t-12 => 2? —74+5=0 => (t— 1)(2t—5) =0 => t=1 sec andt = 2.5 sec. 





m(v? — vj) =k (xj — x?) = m (2v $) =k(—2x F) > mg =k(—F) F +S m | = —kx(j) |. Then 
dv 


substituting B =v>m z= —kx, as claimed. 


(a) x =A? +Bt+Con [t,t] > v= & =2At+B => v(452) = 2A (242) + B=A (ti + ty) + Bis the 
instantaneous velocity at the midpoint. The average velocity over the time interval is v,, = » 


— (AB +B +C)—(AH+Bti+C) _ (t—t) [A(t+t)+B] _ 
= te-t ; ; _ e wR : =A(to+t) +B. 


(b) On the graph of the parabola x = At” + Bt + C, the slope of the curve at the midpoint of the interval 
[t1, tz] is the same as the average slope of the curve over the interval. 











(a) To be continuous at x = 7 requires that | lim_ sin xX = lim | (mx+b) > 0=mr+b > m= —2; 
= XT 
cosx,x<7. .. : F 

(b) Ify’ = { is differentiable atx = 7, then lim_cosx =m > m=-—landb=7T. 

m, xX >7 x7 

; . : = 08 ‘ = ; i cosx_() 

f(x) is continuous at 0 because lim 1=** = 0 = f(0). f/(0) = lim. “2 = jim x 
(x) x70 x (0) (0) x0 *-0 x70 x 


=. qs 1—cos x l+cosx\) _ } sin x )2 1 —., il 7 . 7 1 
= Jim, (295%) (iss) = Jim, ( x ) (az) = ;. Therefore f"(0) exists with value 5 . 














(a) For all a, b and for all x + 2, fis differentiable at x. Next, f differentiable at x = 2 = f continuous at x = 2 
=> lim_ f(x) = f{(2) > 2a=4a-—2b+3 > 2a—2b4+3 =0. Also, f differentiable at x 4 2 
x— 


pes a,x <2 
" LO ae 


Then 2a — 2b +3 =O and 3a=b > a= jandb=}. 


For x < 2, the graph of f is a straight line having a slope of 3 and passing through the origin; for x > 2, the graph of f 


In order that f’(2) exist we must have a = 2a(2) -b > a=4a—b => 3a=b. 


(b 


we 


is a parabola. At x = 2, the value of the y-coordinate on the parabola is 3 which matches the y-coordinate of the point 
on the straight line at x = 2. In addition, the slope of the parabola at the match up point is 3 which is equal to the 


slope of the straight line. Therefore, since the graph is differentiable at the match up point, the graph is smooth there. 


(a) For any a, b and for any x 4 —1, g is differentiable at x. Next, g differentiable atx = —1 => g continuous at 
x=-l=> J g(x) = g(-1l) > -a-1+2b=-a+b => b=1. Also, g differentiable at x 4 —1 
x7 


a, x<—l 


: 1 : — 24(_1)2 = 
aed ee a In order that g’(—1) exist we must have a = 3a(—1)°> + 1 > a=3a+1 


> s@= { 
1 


>a=-—}. 
2 
(b) For x < —1, the graph of f is a straight line having a slope of — 5 and a y-intercept of 1. For x > —1, the graph of f is 
a parabola. At x = —1, the value of the y-coordinate on the parabola is 3 which matches the y-coordinate of the point 
on the straight line at x = —1. In addition, the slope of the parabola at the match up point is 5 which is equal to the 


slope of the straight line. Therefore, since the graph is differentiable at the match up point, the graph is smooth there. 








fodd > f(-x)=-f@) > £(@(-x) = £(C-f@) = f(-x\(-) = -f'(«) = f(s) =f'@ = f" is even. 
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20. feven > f(-x) =f) = £(4(—~) = 2 @) = f(-x(-D =f'@ = f(x) =f’) = fr is odd. 


21. 


22. 


23. 


24. 


25. 


26. 





Let h(x) = (fg)(x) = f(x) g@) > h'@) = , tim, MORRO = fim ecg Bad C0) 


X— Xo X — Xo X— Xo 


Zs ls f(x) g(x) — f(x) (xo) + f(X) g(Ko) — f(Ko) $0) __ ys g(x) — g(x) : f(x) — f(xo) 
= lim = lim. [Fc | = ]] + him [2Cxo) [ ]] 


X= Xo X—Xg X— Xo 








= f(x) lim, [22=#2] + g(x0) 4x0) =O lim, [2H] + a¢x0)1"(%0) = 6%0) f"(%0), if gis 


—Xo 


continuous at xy. Therefore (fg)(x) is differentiable at xo if f(xq) = 0, and (fg)’ (xo) = g(Xo) f"(xo). 


From Exercise 21 we have that fg is differentiable at 0 if f is differentiable at 0, f(0) = 0 and g is continuous 

at 0. 

(a) If f(x) = sin x and g(x) = |x|, then |x| sin x is differentiable because f’(0) = cos (0) = 1, f(0) = sin(0) = 0 
and g(x) = |x| is continuous at x = 0. 

















(b) If f(x) = sin x and g(x) = x2/*, then x?/8 sin x is differentiable because f’(0) = cos (0) = 1, f(0) = sin (0) 





and g(x) = x?/ is continuous at x = 0. 

(c) If f(x) = 1 — cos x and g(x) = a) % then 3/x( — cos x) is differentiable because f’(0) = sin (0) = 0, 
f(0) = 1 — cos (0) = O and g(x) = x!/* is continuous at x = 0. 

(d) If f(x) = x and g(x) = x sin (2) , then x” sin (+) is differentiable because f’(0) = 1, f(0) = 0 and 


x x 
. 1 . 
. . . sin | — . . . 
lim_ x sin (4) = lim an Cs) = lim “* =0(s0 gis continuous at x = 0). 
x0 x x30 x too |! 


If f(x) = x and g(x) = x sin (2) , then x? sin (2) is differentiable at x = 0 because f’(0) = 1, {(0) = 0 and 
L sint 


+ = 0(so g is continuous at x = 0). In fact, from Exercise 21, 


in (1 . 
i= lim on lim 
x—-0 =| t— c 


h’(0) = g(0) f’(0) = 0. However, for x 4 0, h’(x) = [x? cos (+)] (- =) + 2x sin (2) . But 


x 


lim x sin ( 
x70 


x Xx x 


lim_h’(x) = lim [—cos (2) + 2x sin (2)] does not exist because cos (2) has no limit as x — 0. Therefore, 
x—0 x—0 


the derivative is not continuous at x = 0 because it has no limit there. 


From the given conditions we have f(x + h) = f(x) f(h), f(h) — 1 = hg(h) and Jim, g(h) = 1. Therefore, 


Ny) — lim f@th=fe) _ 7 feofhy-foy _ 1; f(b) 1] _ . = oo 
a ae 7 rut h fo foo) | A nx) tim, 2(h)| i aa 


= f'(x) = f(x) and f’(x)exists at every value of x. 














5 = : : _ dy — dy duy 
Step 1: The formula holds for n = 2 (a single product) since y = ujug > Fo = Gi wtW Z.- 
Step 2: Assume the formula holds for n = k: 
d du du. du 
y =Ujyug ye > = = Ge ous Uy, + Uy Ze Ug Uk +... + Ug UR Ge 

_ _ dy _— d(ujug---u,) du, 
Tf y = UyUg-* UU = (UpUg* Ux) U1, then = SY a) + uu: uy, SE 

du du. du; du; 
= (Go uous: sug + uy GP ges Foe uy U GE) Ug Fug? Uy GE 


du du: du, du, 
Ge UQU37 Us HU GP Ugh Ue Ho UUs yy GE Ue FU Us + Uy Ge . 





Thus the original formula holds for n = (k+1) whenever it holds for n = k. 








m\ _ m! m\ _ m! = m m _ m! m! 
Recall G) = Gai: Then Gi) = Tm pr — mand (q) air (iw) = Tm-E ° ELpim—k= i! 
— mi(k+1)+m!(m—k) _ m! (m+ 1) _ (m+ 1)! _ eae 
= —~kehli@—-b! > &EDIm@_—w! ~ RED msD—-&+ Dy! ~ A+ 


Leibniz's rule by mathematical induction. 








) . Now, we prove 








Step 1: Ifn = 1, then aw) =u i" +Vv ue . Assume that the statement is true for n = k, that is: 

















dtuv) _ d‘u du dv k) du dv k du d©'yv dv 
ae ae geet ge) ae ae a) ee 
i _ dy) _ d f{duv)\) — sdu dtu dv dtu dv du dv 
Step 2: Ifn=k-+ 1, then dxet dx dx _ [i v+ dx* ll + |k dx dx +k dx! dx? 
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+ [(5) Soe + (5) Se St. + (E+) By 


+[S a tude] = vt at DS St (+O) wet 














dx! 
k k du d*v dy _ d&tlu dtu dv k+1) d&u @v 
+ ea) + (1 oe at Oger — gee VI) ae me cat 2 ) ae! ag tee 
k+1) du d*yv dy 
+ k eo ers 


Therefore the formula (c) holds for n = (k + 1) whenever it holds for n = k. 





T@ Pee! 2.2 sf = Cee) = Laneisek 


























g 4n2 An 
2 _ 4n?L _ Qn ‘ _ QW 1 _ = ‘ -_ T rs 
(b) T : T VL dS Fo = ae = eee (0.01 ft) ~ 0.00613 sec. 


(c) Since there are 86,400 sec in a day, we have (0.00613 sec)(86,400 sec/day) + 529.6 sec/day, or 8.83 min/day; the 


clock will lose about 8.83 min/day. 








28. v=s? > & = 3s?& = —k(6s”) > & = —2k. If so = the initial length of the cube's side, then s; = sy — 2k 


1/3 
=> 2k = so — s;. Let t = the time it will take the ice cube to melt. Now, t= 3} = “> = a 
so) (vo)'/* — (30) ’ 





1 = (3) 
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NOTES: 
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CHAPTER 4 APPLICATIONS OF DERIVATIVES 


4.1 EXTREME VALUES OF FUNCTIONS 


13. 


14. 


An absolute minimum at x = cg, an absolute maximum at x = b. Theorem | guarantees the existence of such 
extreme values because h is continuous on [a, b]. 


An absolute minimum at x = b, an absolute maximum at x = c. Theorem | guarantees the existence of such 
extreme values because f is continuous on [a, b]. 


No absolute minimum. An absolute maximum at x = c. Since the function's domain is an open interval, the 
function does not satisfy the hypotheses of Theorem | and need not have absolute extreme values. 


No absolute extrema. The function is neither continuous nor defined on a closed interval, so it need not fulfill 
the conclusions of Theorem 1. 


An absolute minimum at x = a and an absolute maximum at x = c. Note that y = g(x) is not continuous but 
still has extrema. When the hypothesis of Theorem | is satisfied then extrema are guaranteed, but when the 
hypothesis is not satisfied, absolute extrema may or may not occur. 

Absolute minimum at x = c and an absolute maximum at x = a. Note that y = g(x) is not continuous but still 
has absolute extrema. When the hypothesis of Theorem | is satisfied then extrema are guaranteed, but when 
the hypothesis is not satisfied, absolute extrema may or may not occur. 

Local minimum at (—1, 0), local maximum at (1, 0) 


Minima at (—2, 0) and (2, 0), maximum at (0, 2) 


Maximum at (0, 5). Note that there is no minimum since the endpoint (2, 0) is excluded from the graph. 


. Local maximum at (—3, 0), local minimum at (2, 0), maximum at (1, 2), minimum at (0, —1) 
. Graph (c), since this the only graph that has positive slope at c. 


. Graph (b), since this is the only graph that represents a differentiable function at a and b and has negative slope at c. 


Graph (d), since this is the only graph representing a funtion that is differentiable at b but not at a. 


Graph (a), since this is the only graph that represents a function that is not differentiable at a or b. 
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15. 


16. 


17. 


18. 


19. 


Chapter 4 Applications of Derivatives 


f(x) = 2x -5> f= 5 = no critical points; He 
f(—2) = — 2, {() = —3 = the absolute maximum 1} +1, 
is —3 at x = 3 and the absolute minimum is — 2 at 


x=-—2 (3, -3) 





(-2, -19/3) 

















f(x) = -x-4 => f'(x)=-1 no critical points; 
f(—4) = 0, fa) = —-5 the absolute maximum is 0 
at x = —4 and the absolute minimum is —5 at x = 1 


f(x) =x? -1 = f'(x)=2x => acritical point at 

x = 0; f(—1) = 0, f(0) = —1, (2) = 3 = the absolute 
maximum is 3 at x = 2 and the absolute minimum is —1 
atx =0 











f(x) =4-—x? f'(x) = —2x a critical point at 
x = 0; f(—3) = —5, {(0) = 4, f1) = 3 = the absolute 
maximum is 4 at x = O and the absolute minimum is —5 





atx = —3 








F(x) —4 —x? PO) =2x" 2 , however 





xX = Ois not a critical point since 0 is not in the domain; 
F(0.5) = —4, F(2) = —0.25 = the absolute maximum is 
—0.25 at x = 2 and the absolute minimum is —4 at 

x =0.5 
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20. 


21. 


22. 


23: 


24. 


25. 





F(x) =—-+=-x"! F(x) =x? = 4, however 





xX = Ois not a critical point since 0 is not in the domain; 
F(—2) = 5 , F(—1) = 1 = the absolute maximum is 1 at 


x = —1 and the absolute minimum is 5 atx = —2 








iisteaa" h(x) = } x2/3 = a critical point 
at x = 0; h(—1) = —1, h(O) = 0, h(8) = 2 = the absolute 
maximum is 2 at x = 8 and the absolute minimum is —1 


atx =—1 


h(x) = —3x?/3 = h(x) = —2x~!/3 = acritical point at 
x = 0; h(—1) = —3, h(O) = 0, h(1) = —3 = the absolute 
maximum is 0 at x = O and the absolute minimum is —3 


atx = l andatx = —1 


g(x) = (4—x2 = (4-x2)!? 

=> g(x) =4(4—x2) (2x) = si {3 

= critical points at x = —2 and x = 0, but not at x = 2 
because 2 is not in the domain; g(—2) = 0, g(0) = 2, 

gd) = J3 => the absolute maximum is 2 at x = O and the 


absolute minimum is 0 at x = —2 





a(x) = — 5 — x2 = — (5 — x2)? (5 — x2) (2x) 
g’(x) (5) Tee 7 critical points at x = —/5 














and x = 0, but not at x = J5 because J5 is not in the 
domain; f (-v5) = 0, {(0) = i 
=> the absolute maximum is 0 at x = — J5 and the absolute 


minimum is —/5 atx = 0 








f(@) = sind => f'(0) =cos6é 6 = 5 is acritical point, 


but 6 = = is not a critical point because = is not interior to 


the domain; f (=?) = —1, f ($) = 1, f(%) =4 
= the absolute maximum is | at 6 = . and the absolute 


—T 


minimum is —1 at 6 = a 


Section 4.1 Extreme Values of Functions 


(-1,1) y 








A(x) = —3x7? 


(-1,-3) (1,-3) 








(7/2, 1) Abs max 


> 





1 1 
m2 = Salo 


y=sin 0-1/2 <0 < 57/6 
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26. f(0) = tan @ f'(0) = sec? 6 f has no critical points in y (n/4,1) 
1 


(=, t), The extreme values therefore occur at the 


endpoints: f (=) = —/3 and f (7) = 1 = the absolute 
maximum is | at 6 = t and the absolute 


Ee : —— 
minimum is —/3 ato = = 






-1 -0.8 -0.6 -0.4 -0.2 














(-1/3 > -/3) 
27. g(x) = csc x g’(x) = —(csc x)(cot x) = acritical point a Abs max Abs max 
_ fm. _ 2 = In\ _ 2 /3, 21N3) — (2mr/3, 2/13 
atx=8(8)=%.2(3)=Le(¥) = 3 = the oe ee) 
bsol ins he ane" andah ost 258% Gat 
absolute maximum is A atx = 3 and x = %', and the Del ™3S*S2R/3 Abs 
min 
absolute minimum is | at x = 5 . 
9] a a 
28. g(x) = sec x go’ (x) = (sec x)(tan x) = acritical point at (-1/3,2) y 








x=0;¢g (- z) = 2,2(0)=1,g (2) = a = the absolute 








maximum is 2 at x = — 3 and the absolute minimum is 1 


(1/6,2/¥3) 
atx =0 


(0,1) 






g(x) = secx 


ol 0.8 0.6 0.4 02 0.2 0.4 


29. f(t) =2—|t| =2- /2=2- (0) 
= fH =-1(?) ay =-+=-t 


2 It| 

= acritical point at t = 0; f(—1) = 1, 

f(0) = 2, {(3) = —1 = the absolute maximum is 2 at t = 0 
and the absolute minimum is —1 at t = 3 











30. f(t) = |t—5| = /@—5P = ((t—5)*)"” = FH 
-1/2 = = 
= 3 (¢- 5) @t- 5) = FS = EG 
= acritical point at t = 5; f(4) = 1, f(5) = 0, f{(7) =2 
=> the absolute maximum is 2 at t = 7 and the absolute 














minimum is 0 att = 5 ft) =|t-5l 














31. f(x) = x48 f'(x) = } x'/3 = a critical point at x = 0; f(—1) = 1, f(0) = 0, f(8) = 16 the absolute 


maximum is 16 at x = 8 and the absolute minimum is 0 at x = 0 








32. f(x) = x°/8 f!(x) = 2x?/3 = accritical point at x = 0; f(—1) = —1, f(0) = 0, {(8) = 32 = the absolute 


maximum is 32 at x = 8 and the absolute minimum is —1 at x = —1 





33. 9(6) = @/® g'(0) = 20-7/° = acritical point at 6 = 0; g(—32) = —8, g(0) = 0, g(1) = 1 = the absolute 


maximum is | at 6 = 1| and the absolute minimum is —8 at 0 = —32 





Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


Section 4.1 Extreme Values of Functions 


34. h(0) = 3602/8 h’(0) = 20-'/8 = acritical point at 9 = 0; h(—27) = 27, h(0) = 0, h(8) = 12 = the absolute 
maximum is 27 at 96 = —27 and the absolute minimum is 0 at 6 = 0 








35. Minimum value is 1 at x = 2. Yy 








36. To find the exact values, note that y’ = 3x? — 2, 





which is zero when x = + 3 . Local maximum at 
(- 24+ +/¢) ~ (—0.816, 5.089); local 


minimum at (4/2, 4— 4¥®) ~ (0.816, 2.911) 





[-6.6] by [-2,7] 


37. To find the exact values, note that that y’ = 3x? + 2x — 8 


= (3x — 4)(x + 2), which is zero when x = —2 or x = 3. 
Local maximum at (—2, 17); local minimum at (G, —#t) 











t xX 
-6 4 6 
-5 
[-6,6] by [-5,20] 
38. Note that y’ = 3x? — 6x + 3 = 3(x — 1)”, which is zero at 
x = 1. The graph shows that the function assumes lower 
values to the left and higher values to the right of this point, 
so the function has no local or global extreme values. ’ — 
6 -4 4 6 





39. Minimum value is 0 when x = —1l orx = 1. 








=ge 
[-6,6] by [-2,4] 
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40. The minimum value is | at x = 0. Y 
a2 
2+ 
+ + > xX 
-1 1 
[-1.5,1.5] by [-0.5,3] 
41. The actual graph of the function has asymptotes atx = + 1, i 
so there are no extrema near these values. (This is an 3 
example of grapher failure.) There is a local minimum at : 
(0, 1). 
x 
~ -1 
-2+ 
34 
[-4.7,4.7] by [-3.1,3.1] 
42. Maximum value is 2 at x = 1; i 
minimum value is 0 at x = —1 andx = 3. ? 
2 4 
ALY. 
x 
-4 -2 2 4 
-1; 


-2 4+ 





-34 
[-4.7,4.7] by [-3.1,3.1] 


43. Maximum value is $ atx = 1; 


minimum value is —} asx = —l. 


44. Maximum value is $ at x = 0; 


minimum value is —4 asx = —2. 








[-5,5] by [-0.8,0.6] 
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45. y! = x?/3(1) ay 2x V3 (x + 2) — dx+4 


30/x 








crit. pt. | derivative | extremum | value 
x=-3 0 local max | 3210/3 = 1.034 
x=0 undefined | local min | 0 











46. y! = x?/3(2x) + 2x-M/3(x? — 4) = ae 


crit. pt. | derivative | extremum | value 





x=-l 0 minimum | —3 
x= undefined | local max 0 
eit 0 minimum 3 


























— =x? 4(4—x?) 4-25? 

J4—x? V4—x? 
crit. pt. | derivative | extremum |} value 
x= undefined | local max 0 


minimum | —2 


x=-/2 0 
x= 2 0 


maximum 2 




















x= undefined | local min 0 
48. y! =x", —( —1)+2x/3-x 
—x’ + (4x)(3—x) _ _5x?+412x 
2/3 —x 2/3 —x 


crit. pt. | derivative | extremum | value 








x=0 0 minimum 0 
x= 2 0 local max te 15t/? = 4.462 
x= undefined | minimum 0 


49. y={ 7 x<l 





Ty. x1 
crit. pt. | derivative | extremum | value 
x=1 | undefined | minimum | 2 


Section 4.1 Extreme Values of Functions 





34 
[-4,4] by [-3,3] 























[-4.7,4.7] by [-1,5] 


-4 4 


-2 2 
[-4.7,4.7] by [0,6.2] 
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_ —-l, x<0 
50. y= { 2—2x, x>0 


crit. pt. | derivative | extremum | value 























x=0 undefined | local min 3 
x=1 0 local max 4 
t + + + + + He X 
-4 -2 | 2 4 
[-4,4] by [-1,6] 
—2x—-2, x<l Y 
' 2 
SL eee anit x>1 6} 


crit. pt. | derivative | extremum | value 














x=-l 0 maximum 5 
x=1 undefined | local min 1 =f, 
x=3 0 maximum 5 4 / 


-2t 
[-4,6] by [-2,6] 


‘ a / : : —1y2?_ 1x4 5 x<l 
52. We begin by determining whether f’(x) is defined at x = 1, where f(x) = ae a a 
x? — 6x? + 8x, x>1 
1 


Clearly, f(x) = —3x —4ifx <1, and lim f"(1 +h) = —1. Also, f’(x) = 3x? — 12x + 8 if x > 1, and 


jim f"(1 +h) = —1. Since f is continuous at x = 1, we have that f/(1) = —1. Thus, 
1 1 
f!(x) = 9X — x<1 
3x2 -—12x+8, x>1 





Note that —}x — ; = 0 when x = —1, and 3x2 — 12x + 8 = 0 whenx = =v oe — es 2+ 2v3. 


But 2 — avs & 0.845 < 1, so the critical points occur at x = —1 andx = 2+ ve w 3.155. 











crit. pt. derivative | extremum | value Y 





x=-l 0 local max 4 
x & 3.155 0 local min x —3.079 








[-4,6] by [-5,5] 


53. (a) No, since f(x) = 3(x — aa which is undefined at x = 2. 
(b) The derivative is defined and nonzero for all x 4 2. Also, f(2) = 0 and f(x) > 0 for all x 4 2. 
(c) No, f(x) need not have a global maximum because its domain is all real numbers. Any restriction of f to a closed 
interval of the form [a, b] would have both a maximum value and minimum value on the interval. 
(d) The answers are the same as (a) and (b) with 2 replaced by a. 


—x?+9x, x<-30r0<x<3 —3x3° +9, x <-—30r0<x <3 
x? —9x, -3<x<O0orx>3 3x3 -9, -3<x<0Oorx>3 
(a) No, since the left- and right-hand derivatives at x = 0, are —9 and 9, respectively. 


54. Note that f(x) = { Therefore, f’(x) = { 


(b) No, since the left- and right-hand derivatives at x = 3, are —18 and 18, respectively. 
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(c) No, since the left- and right-hand derivatives at x = —3, are 18 and —18, respectively. 
(d) The critical points occur when f'(x) = 0 (atx = + /3) and when f’(x) is undefined (at x = 0 and x = +3). The 


minimum value is 0 at x = —3, at x = 0, and at x = 3; local maxima occur at (-v3, 6/3) and (v3, 6/3). 








35: 
DF 


Vx? +16 


A E R 


x cam 


(a) The construction cost is C(x) = 0.31/16 + x? + 0.2(9 — x) million dollars, where 0 < x < 9 miles. The following is 
a graph of C(x). 


x (miles) 
0.3x 


Solving C’(x) = Vin —0.2=0givesx = + oe = + 3.58 miles, but only x = 3.58 miles is a critical point is 


the specified domain. Evaluating the costs at the critical and endpoints gives C(0) = $3 million, C ( ‘y) = $2.694 














million, and C(9) ~ $2.955 million. Therefore, to minimize the cost of construction, the pipeline should be placed 
from the docking facility to point B, 3.58 miles along the shore from point A, and then along the shore from B to the 








refinery. 
(b) If the per mile cost of underwater construction is p, then C(x) = p16 + x? + 0.2(9 ) and 
/ _ 0.3x =_ — — 
C’(x) Jims 0.2 = 0 gives x, = ee which minimizes the construction cost ee Xe < 9. The value 


of p that gives x, = 9 miles is 0.218864. Consequently, if the underwater construction costs $218,864 per mile or less, 
then running the pipeline along a straight line directly from the docking facility to the refinery will minimize the cost 
of construction. 

In theory, p would have to be infinite to justify running the pipe directly from the docking facility to point A (i.e., for 
X, to be zero). For all values of p > 0.218864 there is always an x, € (0, 9) that will give a minimum value for C. 


This is proved by looking at C’(x,) = Goat which is always positive for p > 0. 


56. There are two options to consider. The first is to build a new road straight from Village A to Village B. The second is to 
build a new highway segment from Village A to the Old Road, reconstruct a segment of Old Road, and build a new 
highway segment from Old Road to Village B, as shown in the figure. The cost of the first option is C; = 0.5(150) million 


dollars = 75 million dollars. 
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A gue Construction oe B 
2 
50 2500 + x 2500 + x? 50 
Old Road 


x 150-2x x 
The construction cost for the second option is C2(x) = 0.5 (2 2500 + *) + 0.3(150 — 2x) million dollars for 


0 <x < 75 miles. The following is a graph of C2(x). 


C2 (million dollars) 
& 








65 
0 § 10 15 20 25 30 35 40 45 50 55 60 65 70 75 
x (miles) 
Solving C5(x) = Tamas — 0.6 = 0 give x = + 37.5 miles, but only x = 37.5 miles is in the specified domain. In 


summary, C, = million, C)(0) = million, C)(37.5) = million, and C2(75) = ; million. Consequently, 
y,C $75 million, C2(0) = $95 million, C2 (37.5) = $85 milli d C.(75) = $90.139 million. C quently 


a new road straight from village A to village B is the least expensive option. 


57. 





25 + (10 —x)? 





The length of pipeline is L(x) = \/4 + x? + \/25 + (10 — x)” for 0 < x < 10. The following is a graph of L(x). 
18.8 


0 2 4 6 8 10 
(my 

















Setting the derivative of L(x) equal to zero gives L'(x) = Vas rT mar ) via 0. Note that Vaae = cos 6, and 
xv 25 + (10—x x 


oa = cos Og, therefore, L’(x) = 0 when cos 04 = cos 6g, or 04 = Op and AACP is similar to ABDP. Use 
25+ (10—x 
20 ~ 


simple proportions to determine x as follows: 5 = wu => X = > © 2.857 miles along the coast from town A to town B. 
If the two towns were on opposite sides of the river, the obvious solution would be to place the pump station on a straight 
line (the shortest distance) between two towns, again forcing 64 = 0g. The shortest length of pipe is the same regardless of 


whether the towns are on thee same or opposite sides of the river. 
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59. 


60. 


61. 


{2500+ (150—x)" : 
50 ft — 900 +x? 
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30 ft 


9g 8 














D  150-x * x 7 
(a) The length of guy wire is L(x) = 900 + x? + 2500 + (150 — x)? for 0 < x < 150. The following is a graph of 
L(x). 
205 
200 
195 
190 
= 195 
al 
180 
175 
170 
165 
0 50 100 150 
x (f 
Setting L’(x) equal to zero gives L’(x) = —— le! = 0. Note that ——~—; = cos 6, and 
. ¥/900 + x? 1/2500 + (150 — x)? : 900 + x? a 
——=2) = cos 03. Therefore, L’(x) = 0 when cos 64 = cos 0g, or 04 = Og and AACE is similar to AABD. 


(b 


wm 


(a) 


(b 


wm 


(a) 


(b 


wm 


2500 + (150—x)° 





Use simple proportions to determine x: 35 ue *=>x = 56.25 feet. 


If the heights of the towers are hg and hc, and the horizontal distance between them is s, then 


L(x = [nk +x? + y/ne + s —x)? and L’(x) = —~ (s=*) __ However, —X— = cos O¢ and 
( ) Cc B ( ) ( ) tee Jia + (8—x)" ier? C 




















re = cos 63. Therefore, L’(x) = 0 when cos 6c = cos Og, or Oc = Og and AACE is similar to AABD. 
hg + (s—x 





- : < : ‘ .X _ §-x _ h, 
Simple proportions can again be used to determine the optimum x:;- = => > x = (ax) S. 


V(x) = 160x — 52x? + 4x 

V'(x) = 160 — 104x + 12x? = 4(x — 2)(3x — 20) 

The only critical point in the interval (0, 5) is at x = 2. The maximum value of V(x) is 144 at x = 2. 
The largest possible volume of the box is 144 cubic units, and it occurs when x = 2 units. 


P’(x) = 2 — 200x~? 
The only critical point in the interval (0, co) is at x = 10. The minimum value of P(x) is 40 at x = 10. 
The smallest possible perimeter of the rectangel is 40 units and it occurs at x = 10 units which makes the rectangle a 


10 by 10 square. 


Let x represent the length of the base and \/ 25 — x? the height of the triangle. The area of the triangle is represented by 
A(x) = 5 V 25 — x? where 0 < x < 5. Consequently, solving A’(x) = 0 25 — 2x" — 0 >x = +. Since 








V2 


2/25 — x2 
SL 


A(0) = A(5) = 0, A(x) is maximized at x = Ta The largest possible area is A( 5,) =") cm’, 
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62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


Chapter 4 Applications of Derivatives 


(a) From the diagram the perimeter P = 2x + 2zr = 400 
=> x = 200 — ar. The area A is 2rx 
=> A(r) = 400r — 2rr? where 0 <r < 


(b) A’(r) = 400 — 4zr so the only critical point is r = 


Since A(r) = 0 ifr = 0 and x = 200 — ar = 0, the 
100 


100 
a 


values r = ~ 31.83 m and x = 100 m maximize the 


area over the intervalO <r< 200 








Ss = — gt” + vot + 8 => $F = —gt+vo =O > t= ¥. Now s(t) = sp + t(—F + vo) 0st=Oort ape 


2 2 
Thus s(%) = —32(2) + vo( %) + So = a + So > So is the maximum height over the intervalO <t < oo 


dt = —2sin t + 2cos t, solving a 0 > tant = 1—+t= [| +nz where n is a nonnegative integer (in this exercise t is 








never negative) = the peak current is 2/2 amps. 


1/2 -1/2 


Yes, since f(x) = |x| = x? = (x?) 


is not required that f’ be zero at a local extreme point since f’ may be undefined there. 


> fi(x*)= 5 es me = ~ is not defined at x = 0. Thus it 


Ix| 


If f(c) is a local maximum value of f, then f(x) < f(c) for all x in some open interval (a, b) containing c. Since 

f is even, f(—x) = f(x) < f(c) = f(—c) for all —x in the open interval (—b, —a) containing —c. That is, f assumes 
a local maximum at the point —c. This is also clear from the graph of f because the graph of an even function 

is symmetric about the y-axis. 


If g(c) is a local minimum value of g, then g(x) > g(c) for all x in some open interval (a, b) containing c. Since 





g is odd, g(—x) = —g(x) < —g(c) = g(—c) for all —x in the open interval (—b, —a) containing —c. That is, g 
assumes a local maximum at the point —c. This is also clear from the graph of g because the graph of an odd 
function is symmetric about the origin. 


If there are no boundary points or critical points the function will have no extreme values in its domain. Such 
functions do indeed exist, for example f(x) = x for —co < x < oo. (Any other linear function f(x) = mx + b 


with m ¥ 0 will do as well.) 


(a) f'(x) = 3ax? + 2bx + cisa quadratic, so it can have 0, 1, or 2 zeros, which would be the critical points of f. The 


function f(x) = x? — 3x has two critical points atx = —1 and x = 1. The function f(x) = x? — 1 has one critical point 


atx = 0). The function f(x) = x? + x has no critical points. 
y y y 


yextx 





(b) The function can have either two local extreme values or no extreme values. (If there is only one critical point, the 
cubic function has no extreme values.) 
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70. (a) 








[-0.1,0.6] by [-1.5,1.5] 


f(0) = 0 is not a local extreme value because in any open interval containing x = 0, there are infinitely many points 
where f(x) = 1 and where f(x) = —1. 
(b) One possible answer, on the interval [0, 1]: 
= pe < 
= (1 — x)cos >>, O0<x<l 
0, x=1 


This function has no local extreme value at x = 1. Note that it is continuous on [0, 1]. 


71. Maximum value is 11 at x = 5; Y 
minimum value is 5 on the interval [—3, 2]; - 
local maximum at (—5, 9) 8 
6 
4 
2 
x 
-6 -4 -2 2 4 6 


[-6,6] by [0,12] 


72. Maximum value is 4 on the interval [5, 7]; Y 
minimum value is —4 on the interval [—2, 1]. 








73. Maximum value is 5 on the interval [3, co); 
minimum value is —5 on the interval (—oo, —2]. 











-6L 
[-6,6] by [-6,6] 
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74. Minimum value is 4 on the interval [—1, 3] 








[-6,6] by [0,9] 


75-80. Example CAS commands: 
Maple: 
with(student): 
f:= x -> x4 - 8*x42 + 4*x + 2; 
domain := x=-20/25..64/25; 
plot( f(x), domain, color=black, title="Section 4.1 #75(a)" ); 
Df := D(f); 
plot( Df(x), domain, color=black, title="Section 4.1 #75(b)" ) 
StatPt := fsolve( Df(x)=0, domain ) 
SingPt := NULL; 
EndPt := op(rhs(domain)); 
Pts :=evalf([EndPt,StatPt,SingPt]); 
Values := [seq( f(x), x=Pts )]; 
Maximum value is 2.7608 and occurs at x=2.56 (right endpoint). 
Minimum value 2“is -6.2680 and occurs at x=1.86081 (singular point). 
Mathematica: (functions may vary) (see section 2.5 re. RealsOnly ): 
<<Miscellaneous ~RealOnly~ 


Clear[f,x] 
a=—1;b=10/3; 
f[x_] =2 + 2x — 3 x8 
f[x] 


Plot[{f[x], f[x]}, {x, a, b}] 

NSolve[f[x]==0, x] 

{f[a], f[0], f[x]/.%, f[b]//N 
In more complicated expressions, NSolve may not yield results. In this case, an approximate solution (say 1.1 here) 
is observed from the graph and the following command is used: 

FindRoot[f[x]==0, {x, 1.1}] 


4.2 THE MEAN VALUE THEOREM 


1. When f(x) = x? + 2x — 1 for0 <x < 1, then “9% — fc) > 3=2e+2 > c=}. 


2. When f(x) = x?/ for0 <x < 1, then “2% =f) > 1= (3) V8 > c=. 


3. When f(x) =x +2 for} <x < 2, then O43 =f) > 0O=1-4 S cH 1. 








4. When f(x) = /x — 1 for 1 <x < 3, then 21 = fc) 2 = 1 c= 3. 
5. Does not; f(x) is not differentiable at x = 0 in (—1, 8). 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


Section 4.2 The Mean Value Theorem 


Does; f(x) is continuous for every point of [0, 1] and differentiable for every point in (0, 1). 
Does; f(x) is continuous for every point of [0, 1] and differentiable for every point in (0, 1). 


Does not; f(x) is not continuous at x = 0 because lim _ f(x) = 140 = f(0). 
x— 


Since f(x) is not continuous on 0 < x < 1, Rolle's Theorem does not apply: lim_ f(x) = lim x=l1 
x— x— 


#0 = f(1). 








Since f(x) must be continuous at x = 0 and x = 1 we have ue f(x) = a= f(0) a= 3 and 
x— 


lim_ f(x) = on, f(x) > -14+3+a=m+b > 5=m+bD. Since f(x) must also be differentiable at 
x—- x= 














x = 1 we have im f(x) = im, f(x) > —2x+3|,_,=ml|,_, > 1 =m. Therefore, a = 3,m = 1 andb = 4. 
(a) i 7 . . >x 

ii oe ot Se >x 

iii <0 5 as 

iv —— ——a 
(b) Let r; and rz be zeros of the polynomial P(x) = x" + a,.;x"! +... + a,x + ag, then P(r) = P(r2) = 0. 


Since polynomials are everywhere continuous and differentiable, by Rolle's Theorem P’(r) = 0 for some r 
between r; and ra, where P’(x) = nx™! + (n— 1)a,.x"? +... +a). 


With f both differentiable and continuous on [a, b] and f(r,) = f(r2) = f(r3) = O where ry, rg and rg are in [a, b], 
then by Rolle's Theorem there exists a c, between r, and ro such that f’(c,) = 0 and a cy between ro and r3 
such that f’(c2) = 0. Since f’ is both differentiable and continuous on [a, b], Rolle's Theorem again applies and 
we have a c3 between c; and cy such that f”"(c3) = 0. To generalize, if f has n+1 zeros in [a, b] and f (") is 


continuous on [a, b], then f (") has at least one zero between a and b. 


Since f” exists throughout [a, b] the derivative function f’ is continuous there. If f’ has more than one zero in 
[a, b], say f’(r1) = f’(r2) = 0 for r, ¥ ro, then by Rolle's Theorem there is a c between r, and r2 such that 

f"(c) = 0, contrary to f” > 0 throughout [a,b]. Therefore f’ has at most one zero in [a,b]. The same argument 
holds if f” < 0 throughout [a, b]. 


If f(x) is a cubic polynomial with four or more zeros, then by Rolle's Theorem f’(x) has three or more zeros, 
f(x) has 2 or more zeros and f’”(x) has at least one zero. This is a contradiction since f’”(x) is a non-zero 
constant when f(x) is a cubic polynomial. 


With f(—2) = 11 > O and f(—1) = —1 < 0 we conclude from the Intermediate Value Theorem that 
f(x) = x‘ +3x + 1 has at least one zero between —2 and —1. Then -—2<x<—-l1 => -8<x° <-1 


=> -32<4x3<-4 => —-29 < 4x3+3<-1 > f(x) < 0for—2 <x <—1 = f(x) is decreasing on [—2, —1] 


= f(x) = 0 has exactly one solution in the interval (—2, —1). 


f(x) = x? + 4 +7 => f!(x) = 3x?- = > 0 on (—oco,0) = f(x) is increasing on (—co,0). Also, f(x) < 0if 
x < —2 and f(x) > Oif —2 <x <0 = f(x) has exactly one zero in (—o0«, 0). 





g(t) = Jt+ Vt+1-4 > g(HD= a + eat >0O => g(t) is increasing for t in (0, 00); g(3) = Ga-2 <0 
and g(15) = V 15 >0 = g(t) has exactly one zero in (0, co). 
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18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


21: 


28. 


29. 


30. 


31. 


32. 


33. 


g(t) = i +/14+t-3.1 > 2(H= a + OaAEE >0 => g(t) is increasing for t in (—1, 1); 
g(—0.99) = —2.5 and g(0.99) = 98.3 = g(t) has exactly one zero in (—1, 1). 


r(0) = 6 + sin? (8) —-8 => r@=1+ 5 sin ($) cos (4) =1+ 4 sin (22) > 0on(—oo, co) => 1(9) is 
increasing on (—o0o, 00); r(0) = —8 and r(8) = sin? ($) >0O = 1(0) has exactly one zero in (—oo, 00). 

r(9) = 20 — cos? 0 + af 2 => (0) =242sin@cos@ =2+sin 20 > 00n(—co, 0) = 1(8) is increasing on 
(—00, 00); r(—27) = —4r — cos(—2m) + \/2 = —4n — 1+ 2 < Oand1(2m) = 4n9 —14+ 2 >0 = 1(6) has 
exactly one zero in (—00, 00). 





r(9) = sec 9 — r +5 => r(60) = (sec @)(tan 6) + a >0Oon (0, z) => r(6) is increasing on (0, z) : 

r(0.1) + —994 and r(1.57) & 1260.5 = 1(@) has exactly one zero in (0, a) F 

r(9) = tan 0 — cot@—6 = 1'(0) = sec? 6 + csc? 9 — 1 = sec? 6 + cot” @ > 0 on (0,4) => 1() is increasing 
on (0, z) <F (3) = — 7 < Oandr(1.57) © 1254.2 = r(@) has exactly one zero in (0, z) : 

By Corollary 1, f’(x) = 0 for all x = f(x) =C, where C is a constant. Since f(—1) = 3 we have C = 3 

=> f(x) = 3 forall x. 


g(x) = 2x+5 => g'(x) = 2 =f"(x) forall x. By Corollary 2, f(x) = g(x) + C for some constant C. Then 
f{(0) = g0)+C > 5=54+C C=0 f(x) = g(x) = 2x +5 for all x. 








g(x) = x? => g'(x) = 2x = f(x) for all x. By Corollary 2, f(x) = g(x) +C. 
(a) f(0)=0 => 0=g(0)+C=04+C C=0 f(x) =x? => f(2)=4 
(b) (1) =0 > O=9(1) + C=14C S C=-1 = f(x) =x2-1 = £2) =3 


(c) f(-2)=3 > 3=g(-2)+C 3=4+C C=-1 f(x) =x?-1 > f2)=3 


















































g(x) = mx g’(x) = m, aconstant. If f’(x) = m, then by Corollary 2, f(x) = g(x) + b = mx + b where 





bis aconstant. Therefore all functions whose derivatives are constant can be graphed as straight lines 


y=mx-+b. 

(@) y=5+C (b) y=$+C () y=%+C 

(a) y=x°4+C (b) y=x?-x+C (c) y=x®4+x?-x+C 
(a) y=-x? > y=14C (b) y=x+i4+C (c) y=5x-—i+C 

(a) yo=hx? > y=x¥?4+C > y= \/x+C (b) y=2,/x+C 


(c) y= 2x?—2,/k+C 


(a) y=—}cos2t+C (b) y=2sin5+C 


__ 1 . 
(c) y=—5 cos 2t+2sin§+C 


(a) y=tand+C (b) WHO? > y= PPP24C (c) y= $63? —tand+C 


f(x) = x? -x + C:0 =f) =0?-0+C = C=0 = f(x) =x?-x 
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34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


49. 


50. 
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g(x) = —44+%°+C,1=g9(-1)=-44+(-D?+C => C=-1 g(x) = —44+x?-1 





1(9) = 80 + cot6+C;0=1(%) =8 (4) + cot (4) +C > 0O=2n+14+C > C=-27r-1 
=> 1(0) = 806+ cot? —27-1 








r(t) = sect —t+C;0 =1r(0) = sec(0) —0+C C=-1 r(t) = sect—t—1 
v= §=98t+5>s= 4.9 + 5t+C; ats = 10 andt = 0 we haveC = 10 > s = 4.9t? + 5t + 10 


v= 8 = 32t-2>s8 = 16? — 2t+C; ats = 4 andt = } wehaveC=1>s=6t?-2t+1 











v= =sin(mt) Ss —1cos(at) + C; at s = 0 and t = 0 we have C = 1 + 5 = 1780870 
v = * = 2cos(#) > s = sin(#) +C; ats = landt=7? we have C= 1 => s = sin(#) +1 


a= 32> v = 32t+Cj,; at v = 20 andt = 0 we have C, = 20 > v = 32t+ 20 > s = 16t? + 20t+ Cy; ats = 5 and 
t= 0wehave Co =5>s= 16? + 20t+5 


a=98=>v=9.8t+C; atv = —3 andt = 0 wehaveC; = -3 > v=9.8t—-3>s = 4.9t? — 3t+Cy; ats = 0 and 
t= 0 we have Co =0>s = 4.9t? — 3t 


a = —Asin(2t) > v = 2cos(2t) + Cy); at v = 2 andt = 0 we have C; = 0 => v = 2cos(2t) > s = sin(2t) + Ca; ats = —3 
and t = 0 we have Cp = —3 > s = sin(2t) — 3 


a= cos (# t) > v= Ssin(# *) + Cy; at v = 0 and t = 0 we have Cy = 0 > v = 4sin(#) > s = —cos(# t) + Co; at 
= —land t = 0 we have C2 = 0 > s = —cos(*) 


If T(t) is the temperature of the thermometer at time t, then T(0) = —19° C and T(14) = 100° C. From the 
Mean Value Theorem there exists a0 < ty < 14 such that TO = = 8.5° C/sec = T'(tg), the rate at which 


the temperature was changing at t = tp as measured by the rising mercury on the thermometer. 


Because the trucker's average speed was 79.5 mph, by the Mean Value Theorem, the trucker must have been going that 
speed at least once during the trip. 


Because its average speed was approximately 7.667 knots, and by the Mean Value Theorem, it must have been going that 
speed at least once during the trip. 


The runner's average speed for the marathon was approximately 11.909 mph. Therefore, by the Mean Value Theorem, the 
runner must have been going that speed at least once during the marathon. Since the initial speed and final speed are both 0 
mph and the runner's speed is continuous, by the Intermediate Value Theorem, the runner's speed must have been 11 mph 
at least twice. 


Let d(t) represent the distance the automobile traveled in time t. The average speed over 0 < t < 2 is 
12-60) | The Mean Value Theorem says that for some 0 < tg < 2, d’(ty) = ss) The value d’(tg) is 


ie pedi of the automobile at time tg (which is read on the speedometer). 








a(t) = v(t) = 1.6 > v(t) = 1.6t+ C; at (0, 0) we have C = 0 = v(t) = 1.6t. When t = 30, then v(30) = 48 m/sec. 
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51. 


52. 


23. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 








ieee 
The conclusion of the Mean Value Theorem yields }—* = — = = oe (252) =a—b > c= Vab. 
The conclusion of the Mean Value Theorem yields = a =20 c= ae 





f'(x) = [cos x sin(x + 2) + sin x cos(x + 2)] — 2 sin(x + 1) cos(x + 1) = sin(x + x 4+ 2) — sin 2(x + 1) 
= sin (2x + 2) — sin(2x + 2) = 0. Therefore, the function has the constant value f(0) = —sin? 1 & —0.7081 
which explains why the graph is a horizontal line. 


(a) f(x) = (x +2)(x + 1)x(x — 1)(x — 2) = x° — 5x3 + 4x is one possibility. 
(b) Graphing f(x) = x° — 5x? + 4x and f’(x) = 5x* — 15x? + 4 on [—3, 3] by [—7, 7] we see that each x-intercept of 
f'(x) lies between a pair of x-intercepts of f(x), as expected by Rolle's Theorem. 








(c) Yes, since sin is continuous and differentiable on ( — co, oo). 


f(x) must be zero at least once between a and b by the Intermediate Value Theorem. Now suppose that f(x) is zero twice 
between a and b. Then by the Mean Value Theorem, f’(x) would have to be zero at least once between the two zeros of 
f(x), but this can't be true since we are given that f’(x) 4 0 on this interval. Therefore, f(x) is zero once and only once 
between a and b. 


Consider the function k(x) = f(x) — g(x). k(x) is continuous 
and differentiable on [a, b], and since k(a) = f(a) — g(a) and 
k(b) = f(b) — g(b), by the Mean Value Theorem, there must 
be a point c in (a, b) where k’(c) = 0. But since 

k’(c) = f’(c) — g’(c), this means that f’(c) = g’(c), and cisa 
point where the graphs of f and g have tangent lines with the 

same slope, so these lines are either parallel or are the same 











line. 


Yes. By Corollary 2 we have f(x) = g(x) + c since f’(x) = g(x). If the graphs start at the same point x = a, 
then f(a) = g(a) > c=0 f(x) = g(x). 








Let f(x) = sin x fora < x < b. From the Mean Value Theorem there exists a c between a and b such that 
sinbooina =cosc > -l< winba sin <l= nba <1 => |sinb-—sinal| < |b—al. 

By the Mean Value Theorem we have 
we have f(b) — f(a) <0 = f'(c) <0. 


Ab) — fa) = f'(c) for some point c between a and b. Since b — a > 0 and f(b) < f(a), 


The condition is that f’ should be continuous over [a, b]. The Mean Value Theorem then guarantees the 
f(b) — f(a) 
b-a 
maximum value on [a, b], and min f’ < f’(c) < max f’, as required. 


existence of a point c in (a, b) such that = f'(c). If f’ is continuous, then it has a minimum and 
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4.3 
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f'(x) = (1+x4cosx) > => f(x) = —(1 +x! cos x) ” (4x3 cos x — x! sin x) 
= — x3 (1+ x* cos x) (4 cos x — x sinx) < Ofor0 <x < 0.1 = f'(x) is decreasing when 0 < x < 0.1 
= min f’ ~ 0.9999 and max f’ = 1. Now we have 0.9999 < ®°U=1 <1 = 0.09999 < £(0.1)—1< 0.1 
=> 1.09999 < f(0.1) < 1.1. 
f(x) =(1- xt)! => f"~m~=-(1- xt)? (—4x3) = —*_, > 0 for0 <x < 0.1 = f’(x) is increasing when 


x 
0<x<0.1 => minf’ = 1 and max f’ = 1.0001. -~ we have 1 < “0-* < 1.0001 


=> 0.1 < f(0.1) —2 < 0.10001 => 2.1 < f(0.1) < 2.10001. 


(a) Suppose x < 1, then by the Mean Value Theorem “ f— KD fu 


2<0 => f(x) > f(1). Suppose x > 1, then by the 
Mean Value Theorem f—f) >0O => f(x) > fd). ieee f(x) > 1 for all x since f(1) = 1. 
(b) Yes. From part (a), lim_ fi) < 0 and en H)— A) > 0. Since f’(1) exists, these two one-sided 
x—- x—> 


limits are equal and have the value f’(1) = f’(1) < Oandf’(1) >0 = f’(1) =0. 


From the Mean Value Theorem we have A) — fa) 


= f'(c) where c is between a and b. But f’(c) = 2pe-+q=0 


has only one solution c = — a (Note: p 4 0 since f is a quadratic function.) 


MONOTONIC FUNCTIONS AND THE FIRST DERIVATIVE TEST 

(a) f'(x) = x(x — 1) = critical points at 0 and 1 

(b) f’ =+++ | -——— | +++ = increasing on (—oo, 0) and (1, 00), decreasing on (0, 1) 
0 1 

(c) Local maximum at x = 0 and a local minimum at x = 1 


(a) f(x) = (x — 1)(K+2) => critical points at —2 and 1 
(b) f/ = +++] —-—|+++ = increasing on (—oo, —2) and (1, 00), decreasing on (—2, 1) 
2 1 


(c) Local maximum at x = —2 and a local minimum at x = | 


(a) f(x) = (x — 1)?(x+ 2) = critical points at —2 and 1 
(b) f’ = —-—— | +++ ]|++4++ =} increasing on (—2, 1) and (1, 00), decreasing on (—oo, —2) 
2 1 


(c) No local maximum and a local minimum at x = —2 


(a) f(x) = (x—1)?(x4+ 2)? => critical points at —2 and 1 
(b) f’ = +++] +++]|+4++4+ = increasing on (—co, —2) U (—2, 1) U (1, co), never decreasing 
—2 1 


(c) No local extrema 


(a) f'(x) = (x — 1)(K + 2)(x — 3) => critical points at —2, 1 and 3 
(b) f’ = ——— | +++] —-—-— | +++ = increasing on (—2, 1) and (3, 00), decreasing on (—oo, —2) and (1, 3) 
—2 1 3 


(c) Local maximum at x = 1, local minima at x = —2 andx = 3 


(a) f(x) = (kK -—7)(K+ 1I(K+5) => critical points at —5, —1 and 7 


(b) f! = —-—— Faas es Lore => increasing on (—5, —1) and (7, co), decreasing on (—oo, —5) and (—1,7) 


(c) Local maximum at x = —1, local minima at x = —5 andx = 7 
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7. (a) f(x) =x (x +2) = critical points at —2 and 0 
(b) f’ = +++] —-—)(4+++ =} increasing on (—oo, —2) and (0, 00), decreasing on (—2, 0) 
—2 0 


(c) Local maximum at x = —2, local minimum at x = 0 
8. (a) f/(x) =x7!/2(x —3) = critical points at 0 and 3 
(b) f’ =(——— | +++ = increasing on (3, co), decreasing on (0, 3) 
0 3 


(c) No local maximum and a local minimum at x = 3 





9. (a) g(t) =-t? -3t+3 => g(t) =—2t-—3 => acritical point att = —2;g/=+++]| ——-, increasing on 
: —3/2 
(—oo, — 3) , decreasing on (— 3, 00) 
(b) local maximum value of g ( 3) a | att = a 
(c) absolute maximum is a att = — 3 
(d) 
g(t) 


g(t)=-t?-3t+3 6 








10. (a) g(t) = —3t? + 9t+5 => g/(t) =—6t+9 = acritical point att = 3; g’ =+++ | ——-, increasing on 
3/2 

(—00, 3) , decreasing on (3, 

(b) local maximum value of g (3) a a att = 3 


00) 


(c) absolute maximum is u att = 3 


(d) 


g(t) 
15 


g(t)=-3t? +9t+5 








t >-t 
-2 4 
11. (a) h(x) = —x? + 2x? = h(x) = —3x? + 4x = x(4 — 3x) = critical points at x = 0, ; 
=> h’ = ——-—|+++]| —-—-, increasing on (0, +) , decreasing on (—oo, 0) and (3, oo) 
0 4/3 


(b) local maximum value of h (4) -_ BS atx = 4; local minimum value of h(0) = 0 at x = 0 


(c) no absolute extrema 
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(d) 





-2 








12. (a) h(x) = 2x? — 18x > h(x) = 6x2 — 18 =6 (x + V3) (x s V3) => critical points atx = + /3 


=> h’=4+++ | -—-—| +44, increasing on (-co, -/3) and (v3, 00) , decreasing on (-v3, V3) 
-V3 V3 
(b) a local maximum is h (-v3) = 12V3atx= —/3; local minimum is h (v3) = —12,/3 atx = V3 


(c) no absolute extrema 











(d) 
h(x) 
-20 7+ 
13. (a) £(0) = 36? — 468 = £0) = 60 — 126? = 66(1 — 26) = critical points at? =0, 5 => f’ =---—|+++4+]| ---, 


0 1/2 
increasing on (0, 5) , decreasing on (—oo, 0) and (5, oo) 
(b) alocal maximum is f (5) = t at? = 5. a local minimum is f(0) = 0 at 0 = 0 
(c) no absolute extrema 


(d) 











14. (a) £6) —60-@ = f'(6) —6 - 302 =3 (v2 = 6) (v2+ 6) = critical points at@ = +./2 = 


f'=—-——| +++]| —-—-, increasing on (-v2, /2), decreasing on (—co, -/2) and (v2, 00) 
2 ya 


(b) a local maximum is f (v2) = 4,/2 at 9 = /2, a local minimum is f (-v2) = —4,/2 at 9 = 4/2 


(c) no absolute extrema 
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(d) 











15. (a) f) =3r?+16r > f'@) = 9r? +16 => nocritical points > f’ = +4+++4, increasing on (—oo, 00), never 
decreasing 

(b 

(c 

(d) 


no local extrema 


wm 


no absolute extrema 


wa 


£(r) 
200 4 






f(r) =3r° +16r 








16. (a) h@) =(4+7 = WW) =3(r+7)? = acritical point atr = —7 > h’ = +++] +++, increasing on 
—7 


(—oo, —7) U (—7, oo), never decreasing 
(b) no local extrema 
(c) no absolute extrema 





-10 8 -6 -4 -2 





17. (a) f(x) = x*— 8x? +16 = f’(x) = 4x3 — 16x = 4x(x + 2)(x — 2) = critical points atx =O andx = +2 














=> f/=—-——| +44 | ——— | +++, increasing on (—2, 0) and (2, 00), decreasing on (—oo, —2) and (0, 2) 
—2 0 2 
(b) a local maximum is f(0) = 16 at x = 0, local minima are f( +2) =Oatx = +2 
(c) no absolute maximum; absolute minimum is 0 atx = +2 
(d) 
£ (x) f (x)=x*—8x’ +16 
1 
12 
8 
4 
> xX 
-3 -20 -1 1 2 3 
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18. (a) g(x) = x*— 4x94 4x? => g'(x) = 4x3 — 12x? + 8x = 4x(x — 2)(x — 1) = critical points at x = 0, 1, 2 
=> g = —-——|+44 | —-— | +44, increasing on (0, 1) and (2, 00), decreasing on (—o0o, 0) and (1, 2) 
0 1 2 


(b) alocal maximum is g(1) = | at x = 1, local minima are g(0) = 0 at x = 0 and g(2) = Oatx =2 
(c) no absolute maximum; absolute minimum is 0 at x = 0, 2 





(d) 
g (x) 
24 
g(x)=x*—4x° 44x? 
1 i 
+ + > xX 
-2 -1 1 2 3 4 

-11 








19. (a) Ht) = 2t'-& > HW = 6t? — 6 = 61 + (1 — t) = critical points att = 0, +1 








=> H’ =+++] —--— | +++ | ——-, increasing on (—oo, —1) and (0, 1), decreasing on (—1, 0) and (1, co) 
—1 0 1 
(b) the local maxima are H(—1) = $ at t = —1 and H(1) = $ at t = 1, the local minimum is H(O) = 0 att = 0 
(c) absolute maximum is 5 att = +1; no absolute minimum 
(d) 
H(t) 
it 
H(t)=4t*-t° 
I + + + t 
-2 -1 1 2 





20. (a) K(t) = 15? —t© > K"(t) = 45t? — st! = 523 +03 —t) = critical points att = 0, +3 
=> K’ = —-—]| +44 |++4 | ——-, increasing on (—3, 0) U (0, 3), decreasing on (—oo, —3) and (3, 00) 
3 0 3 





(b) alocal maximum is K(3) = 162 at t = 3, a local minimum is K(—3) = —162 at t = —3 
(c) no absolute extrema 


(d) 
R(t) K(t)=15t'-t° 


150 t % 


100 3 

















21. (a) g(x) =xV8—x? =x(8— x2)” = gx) = (8— x2) +x (}) (8-2) 7-20) = Teay ere 5 


= critical points atx = £2, +2/23g'=( —--- | +++ —) _ ,increasing on (—2, 2), decreasing on 


0/9 —2 a 2/2 
(-2V2, -2) and (2,2v2) 
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(b) local maxima are g(2) = 4 atx = 2 and g ( 2/2) =Oatx= =24/9, local minima are g(—2) = —4 at 
X= —2 and g (22) = Oatx =2\/2 

(c) absolute maximum is 4 at x = 2; absolute minimum is —4 at x = —2 

(d) 


- g(x) =xVv8—x’ 











22. (a) g(x) = x25 —x =x2(5—x)!/? = g'(x) = 2x(5 — x)? +x? (2) (5 — x) M4(-1) = 















































2\/5-x 
=> critical points atx =0,4and5 => g’ = ——— | +++ |-—--—), increasing on (0, 4), decreasing on (—oo, 0) 
0 4 5) 
and (4, 5) 
(b) alocal maximum is g(4) = 16 at x = 4, a local minimum is 0 at x = 0 andx = 5 
(c) no absolute maximum; absolute minimum is 0 at x = 0, 5 
(d) 
23. (a) f(x) = X=} = f'@ = 22 c IY = &2C—D = critical points at x = 1,3 
=> f/=++4++ | -——)(—-—— | +44, increasing on (—co, 1) and (3, co), decreasing on (1, 2) and (2,3), 
1 2 3 
discontinuous at x = 2 
(b) alocal maximum is f(1) = 2 at x = 1, a local minimum is f(3) = 6 at x = 3 
(c) no absolute extrema 
(d) 
£ (x) 
x’ -3 
f(x)= 
ee 
+ + > xX 
4 6 
x2 x2 — x3 xX x2 x2 ae ‘ 
24. (a) f(x) mo f!(x) = sore (6x) _ oa ope a critical point at x = 0 





=> f!=+++ | +44, increasing on (—oo, 0) U (0, 00), and never decreasing 
0 


(b) no local extrema 
(c) no absolute extrema 
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(d) 
£ (x) 
0.05 
x3 
f(x)= 
) 3x7 +1 
t + > xX 
-0.5 0.5 
-0.05 
25. (a) f(x) = x(x + 8) = x43 + 8xt/3 => f(x) = $x¥/3 + $x-7/3 = “AED = critical points at x = 0, —2 
=> f/=——— | +4+4+)(444, increasing on (—2, 0) U (0, 00), decreasing on (—oo, —2) 
—2 0 
(b) no local maximum, a local minimum is f(—2) = —6 3/2 =~ —7.56 at x = —2 
(c) no absolute maximum; absolute minimum is —6 Tp) atx = —2 
(d) 
£ (x) 
10 4 
51 f(x)=x'? (x +8) 
t + + + + >x 
a, 1 2 3 
-10 
26. (a) g(x) = x/3(x +5) = x9/3 4 5x7/3 => glx) = 3x78 4 Wx dB = aie => critical points at x = —2 and 
x=0 > g =4+4+4| —-—)(444-, increasing on (—oo, —2) and (0, co), decreasing on (—2, 0) 
—2 0 
(b) local maximum is g(—2) = 3 3/4 & 4.762 at x = —2, a local minimum is g(0) = 0 atx = 0 
(c) no absolute extrema 
(d) 
g (x) 
Tx +2 Tx —2 
27. (a) h(x) = x3 (x? — 4) = x8 — 4x8 = h(x) = P x48 — Fx 8 = ae => critical points at 
x=0, Ar => h'=+4+ | ---)(---— | +44, increasing on (-co, =) and (=: 00) , decreasing on 


2/7 9 a7 
2 se 
(0) and (0, F) 
(b) local maximum is h (3) = 24 V2 3.12 atx = =, the local minimum is h (=) = ale x —3.12 








7 Th v7 7 


(c) no absolute extrema 
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(d) 











28. (a) k(x) = x?/3 (x? — 4) = x8/9 — 42/8 => k(x) = & x5/3 —§&x B= ct) a => critical points at 














x=0, +1 kK’ = ——— | +4++4+)(—-—-— | +44, increasing on (—1, 0) and (1, 00), decreasing on (—o00, —1) 
—1 0 1 
and (0, 1) 
(b) local maximum is k(0) = 0 at x = 0, local minima are k( + 1) = —3 atx = +1 
(c) no absolute maximum; absolute minimum is —3 atx = +1 
(d) 
h(x) 
a4 








29. (a) f(x) =2x—x? > f(x) =2—2x = 2(1 —x) = acritical point atx =1 > f’ =++4+4+ | -——] and f(1) = 1, 
1 2 


f(2) = 0 => a local maximum is 1 at x = 1, alocal minimum is 0 at x = 2 
(b) absolute maximum is | at x = 1; no absolute minimum 


(c) 











30. (a) f) =(k+1) = f'%) =2K+4+1) = acritical point atx = -—1 => f’ =——— | +++] and f(-1) = 0, f() =1 
—1 0 


= alocal maximum is | at x = 0, alocal minimum is 0 at x = —1 
(b) no absolute maximum; absolute minimum is 0 at x = —1 


(c) 
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31. (a) g(x) =x? -— 4x44 => g/(x) = 2x —4 = 2(x —2) = acritical point atx =2 > g’ =[ ——- | +++ and 
1 2 


gQ.) = 1, g2) =0 = a local maximum is | at x = 1, alocal minimum is g(2) = 0 atx = 2 
(b) no absolute maximum; absolute minimum is 0 at x = 2 


(c) 


g(x) 











32. (a) g(x) = —x? — 6x —9 => g/(x) = —2x —6 = —2(x +3) = acritical point atx = —3 > g’ =[ +++]| ——— and 
—4 —3 














g(—4) = —1, g(—3) = 0 = a local maximum is 0 at x = —3, a local minimum is —1 at x = —4 
(b) absolute maximum is 0 at x = —3; no absolute minimum 
(c) 
g (x) 
A 
33. (a) f(t) =12t-t®? = f(t) = 12 —3t? = 3(2+1)(2 -t) => critical points att = +2 > f’=[ —-—| +++]|-—-- 
-3 —2 2 


and f(—3) = —9, f(—2) = —16, f(2) = 16 = local maxima are —9 at t = —3 and 16 at t = —2, a local 
minimum is —16 at t = —2 





(b) absolute maximum is 16 at t = 2; no absolute minimum 


(c) 


£(t) 








34. (a) f(t) = t?-—3t? > f(t) = 3t? — 6t = 3t(t — 2) => critical points at t = 0 andt = 2 
=> f/=+++ | ——— | +44] and f(0) = 0, f(2) = —4, f3) = 0 => a local maximum is 0 at t = 0 andt = 3,a 
0 2 3 


local minimum is —4 at t = 2 
(b) absolute maximum is 0 at t = 0, 3; no absolute minimum 
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(c) 











35. (a) h(x) = x —2x*+4x => h(x) =x? -4x+4=(x-2) = acritical point atx =2 > h’=[+++4+| +++ and 
0 2 


h(O) = 0 = no local maximum, a local minimum is 0 at x = 0 
(b) no absolute maximum; absolute minimum is 0 at x = 0 


(c) 


h(x) 


PND WwW PP UO 








36. (a) k(x) = x9 4+3x?43x+1 > k’(x) = 3x? + 6x43 =3(x4 1)? = acritical point atx = —1 
=> k=+4+4+| 


+++ ] and k(—1) = 0, k(O) = 1 => a local maximum is | at x = 0, no local minimum 
—1 0 
(b) absolute maximum is 1 at x = 0; no absolute minimum 


(c) 


k (x) 






k(x) =x? +3x7 +3x+1 


-2 


=i. 





37. (a) f(x) = } —2 sin (3) => f'(x) = 5 — cos (3) , f(x) =0 = cos (3) i 


5) = 3 = Acritical point at x = *E 
= oe ae / ra] and f(0) = 0, f (4) 
27/3 1 


=F- V/3, f(27) = a => local maxima are 0 at x = 0 and 7 


at x = 27, a local minimum is 7 — V3 atx = E 
(b) The graph of f rises when f’ > 0, falls when f’ < 0, 
and has a local minimum value at the point where f’ Y 


changes from negative to positive. 


f(x) = 5 ~2sin5, O<x<2x 
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38. (a) f(x) = —2 cosx —cos?x => f'(x) = 2 sinx + 2 cos x sin x = 2(sin x)(1 +. cos x) => critical points at 
x=—7,0,7 => f'=[ ——— | +44] and f(—7) = 1, f(0) = —3, f(7) = 1 = a local maximum is | at 
—T 0 T 
xX = +7, a local minimum is —3 at x = 0 
(b) The graph of f rises when f’ > 0, falls when f’ < 0, 


and has local extreme values where f’ = 0. The 
function f has a local minimum value at x = 0, where 
the values of f’ change from negative to positive. 





fix) =—2cosx —cos?x, -m exer 
39. (a) f(x) =csc?x —2cotx => f(x) = 2(csc x)(—csc x)(cot x) — 2 (—csc? x) = —2 (csc? x) (cot x — 1) > acritical 
pointatx= 7 => f'=(—-——| +++) and f (7) = 0 = no local maximum, a local minimum is 0 at x = 7 
0 7/4 a 
(b) The graph of f rises when f’ > 0, falls when f’ < 0, f(x) =csc?x—2cotxz, O<x<m 


and has a local minimum value at the point where 
f’ = 0 and the values of f’ change from negative to 





positive. The graph of f steepens as f’(x) — + oo. 





40. (a) f(x) = sec?x —2tanx => f’(x) = 2(sec x)(sec x)(tan x) — 2 sec?x = (2 sec? x) (tanx — 1) = accritical point 


k= 2 Sat || ae) and f (2) = 0 = no local maximum, a local minimum is 0 at x = | 
—1/2 1/4 m/2 
(b) The graph of f rises when f’ > 0, falls when f’ < 0, Y 


and has a local minimum value where f’ = 0 and the 
values of f’ change from negative to positive. 





41. h(@) = 3 cos (%) = h'(0) = — 2 sin($) > h’' =[ ———] , (0,3) and (27, —3) = a local maximum is 3 at 6 = 0, 
0 20 


a local minimum is —3 at 6 = 27 


42. h(@) = 5 sin (8) => h’(@)= 3 cos (4) => h’ =[ +++], (0,0) and (7,5) => a local maximum is 5 at 9 = 7, a local 
0 T 


minimum is 0 at é = 0 
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43. (a) 





44. (a) r (b) 





45. (a) ) (b) 





47. f(x) =x°® —3x+2 => f(x) = 3x? -3 =3-—)Dt+) = f' =44++| —-—|+4++ = rising forx =c = 2since 
—1 1 


f'(x) > Oforx =c =2. 


48. f(x) = ax? + bx +e=a(x? + 2x) +o=a(x? + Ext “) -Hsc=a(x+ »)* _ b= 4a | 4 parabola whose 


vertex isatx=— >. Thus when a > 0, f is increasing on ($ : oo) and decreasing on ( oO, 52) ; when a < 0, 


f is increasing on (—00, =) and decreasing on (=, oo) . Also note that f’(x) = 2ax + b = 2a (x + 2) = for 
a>0,f?’=—---—| ++4+;fora<0,f/=+++ | —-—-. 
—b/2a —b/2a 


4.4 CONCAVITY AND CURVE SKETCHING 


1. y=S-®-2x+} => y =x -x-2=(-2)K4+1) > y” =2x-—1=2(x— 4). The graph is rising on 


(—oo, —1) and (2, oo), falling on (—1, 2), concave up on (3, oo) and concave down on (—o0, 5) . Consequently, 


a local maximum is 3 at x = —1,a local minimum is —3 at x = 2, and (5, — 3) is a point of inflection. 
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y=%-2x?+4 => y =x? —4x =x (x? -4) = x(K+2)(x—-2) = y" =3x?-4= (Vx +2) (V3x-2). The 


graph is rising on (—2, 0) and (2, oo), falling on (—oo, —2) and (0, 2), concave up on (-co, =,) and (3 : 00) 








and concave down on (- ai 5). Consequently, a local maximum is 4 at x = 0, local minima are 0 at 
X= +2, and (-3 Ja? is) and (+ 12) are points of inflection. 
y=3@?-1"" = ¥=() GZ) @- Mewax@e I y = etl Ghed eee one 
=> the graph is rising on (—1, 0) and (1, oo), falling on (—oo, —1) and (0,1) = a local maximum is ; at x = 0, local 
minima are 0 atx = +1: y"” = (x?-1) 7 +@ (—4) (2 4) "oxy= ae ; 
(x?-1 
yy =4+++| )¢ ¢ | +++ => the graph is concave up on (-c, -/3) and (v3, 0), concave 
1 


-/3 1 V3 


down on (-v3 ; V3) = points of inflection at ( ae V3, sv) 





ya =) Se Se Oa ey | ar eae ck 


= the graph is ees on (—oo, —1) and (1, oo), falling on (—1,1) = a local maximum is 2 atx = nm a ai 
minimum is — 2 atx = 1; y” = —x—5/3 (x? — 1) + 3x3 = 2x1/8 4 5-5/8 — x-5/8 (252 4 1), 


y” =—---)( nn => the graph is concave up on (0, co), concave down on (—oo, 0) = a point of inflection at 
0 


(0, 0) 
y =x+sin2x > y’=1+2cos2x,y’=[ -—---—| +++] ---—]  & the graph is rising on (- £, 2), falling 
—27/3 —1/3 m/3 2/3 


t) and (G 22) = local maxima are 2m + ie atx = on and z + ve atx = q , local minima are 
Ls 
3 











323 
and 22 — ¥3 atx = 22; y” = —4 sin 2x, y" = [  —---| ++4+4+]|---|] +++] & the 
—27/3 —7/2 0 m/2 27/3 


Qn 
3°? 


graph is concave up on (- zg ,0) and (3, 2) , concave down on (- 


? = z) and (0, z) = points of inflection at 


(—Fi= 4) 0,0)and (G54) 





y =tanx —4x => y’=sec?x—4,y’=( +4++| ---| +++) = the graphis rising on (— $,—) and 
—1/2 —1/3 se m/2 
(4, a), falling on (-% a) z) = a local maximum is V3 3+ 4 3 atx = — 7, a local minimum is - a atx = 3; 
y" = 2(sec x)(sec x)(tan x) = 2 (sec? x) (tan x), y” = (| —-—| +++) => the graph is concave up on (0, 3), 
—1/2 0 m/2 


concave down on (- as 0) = a point of inflection at (0, 0) 














If x > 0, sin |x| = sin x and if x < 0, sin |x| = sin (—x) ¥ 

= —sin x. From the sketch the graph is rising on y =sin|x|,-20 <x < 27 
(— 3,— 4), (0, 5) and (22, 27), falling on (—27, — 32), 

(- 7.0) and (, 3) ; local minima are —1 atx = + a 

and 0 at x = 0; local maxima are | atx = + a and 

0 atx = + 27; concave up on (—27, —7) and (7, 277), and 


concavedown on (—7,0) and (0,7) = points of inflection 
are (—77, 0) and (7, 0) 
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8. y=2cosx— 2x => y’ =—2sinx—V/2,y=[ --—| +++] ---— | 444+]. = risingon 
~T = 39/4 —1/4 51/4 37/2 
( an +)and (77, =), oe TT, a) and ( t,t) = local maxima are —24+7/2atx= —T, Mea 
atx = — f and — ca at x = =, and local minima are af B+ ula atx = — #2 and J2 sun es kets 
y” = —2cosx,y” = [ +++ i ——— | +++] +} concave up on ( T, 5) and (2,3) , concave down on 
—T 
—1/2 m/2 30/2 





(- a z) = points of inflection at (-3 3 


i) and (3 i) 
9. When y = x? — 4x + 3, then y’ = 2x — 4 = 2(x — 2) and , 
y” = 2. The curve rises on (2, co) and falls on (—o«, 2). 
At x = 2 there isa minimum. Since y” > 0, the curve is 
concave up for all x. 





-4 3 -2 -1 0 
-1 


10. When y = 6 — 2x — x’, then y’ = —2 — 2x = —2(1 + x) and Y 
y” = —2. The curve rises on (—oo, —1) and falls on 
(—1, 00). Atx = —1 there is a maximum. Since y” < 0, the 
curve is concave down for all x. 


11. When y = x? — 3x 4+ 3, then y’ = 3x? — 3 = 3(x— 1)(x + 1) 
and y” = 6x. The curve rises on (—oo, —1) U (1, co) and 
falls on (—1, 1). At x = —1 there is a local maximum and at 
x = 1 alocal minimum. The curve is concave down on 
(—oo, 0) and concave up on (0, co). There is a point of 
inflection at x = 0. 








12. When y = x(6 — 2x)’, then y’ = —4x(6 — 2x) + (6 — 2x)? 
= 12(3 — x)(1 — x) and y” = —12(3 — x) — 121 — x) 
= 24(x — 2). The curve rises on (—oo, 1) U (8, 00) and 
falls on (1,3). The curve is concave down on (—oo, 2) and 





concave up on (2,00). At x = 2 there is a point of 
inflection. 
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13. When y = —2x° + 6x? — 3, then y’ = —6x? + 12x 


14. 


15. 


16. 


= —6x(x — 2) and y” = —12x + 12 = —12(x — 1). The 
curve rises on (0, 2) and falls on (—oo, 0) and (2, oo). 
At x = 0 there is a local minimum and at x = 2 a local 
maximum. The curve is concave up on (—oo, 1) and 
concave down on (1, co). At x = 1 there is a point of 
inflection. 


When y = 1 — 9x — 6x” — x3, then y’ = —9 — 12x — 3x? 
= —3(x + 3)(a + 1) and y” = —12 — 6x = —6(x + 2). 
The curve rises on (—3, —1) and falls on (—oo, —3) and 


(—1,00). At x = —1 there is a local maximum and at 
x = —3 a local minimum. The curve is concave up on 
(—oo, —2) and concave down on (—2, co). Atx = —2 


there is a point of inflection. 


When y = (x — 2)? + 1, then y’ = 3(x — 2)? and 

y” = 6(x — 2). The curve never falls and there are no 
local extrema. The curve is concave down on (—oo, 2) 
and concave up on (2, co). At x = 2 there is a point 
of inflection. 


When y = 1 — (x + 1)3, then y’ = —3(x + 1)? and 

y” = —6(x + 1). The curve never rises and there are 

no local extrema. The curve is concave up on (—oo, —1) 
and concave down on (—1, co). At x = —1 thereisa 


point of inflection. 


Section 4.4 Concavity and Curve Sketching 


2. 
A 


(2, 5) Loc max 








(0, -3) 
Loc min y=-2x3 +6x7-3 





y =1-—9x — 6x? — x3 





ys(x-2)3 +1 






y=1-(x +1) 
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17. When y = x* — 2x?, then y’ = 4x? — 4x = 4x(x + 1)(x — 1) 


18. 


19. 


20. 


and y” = 12x?-4=12 (x -+ 4,) (x a 4,) . The curve 
rises on (—1, 0) and (1, oo) and falls on (—oo, —1) and (0, 1). 
Atx = +1 there are local minima and at x = 0 a local 
maximum. The curve is concave up on (-co, = 4;) and 


(4,09) and concave down on (- Wt 4,) . Atx = 


+1 





there are points of inflection. 


When y = —x* + 6x? — 4, then y’ = —4x? + 12x 

= —4x (x+ V3) (x — V3) and y” = —12x? + 12 

= —12(x + 1)(k — 1). The curve rises on (-co, -/3) 
and (0, V3) , and falls on (-v3, 0) and (v3, 00) . At 


x= \/3there are local maxima and at x = 0 a local 
minimum. The curve is concave up on (—1, 1) and concave 





down on (—co, —1) and (1,00). Atx = + | there are points 
of inflection. 


When y = 4x? — x4, then y’ = 12x? — 4x3 = 4x?(3 — x) and 
y” = 24x — 12x? = 12x(2 — x). The curve rises on (—oo, 3) 
and falls on (3, co). At x = 3 there is a local maximum, but 
there is no local minimum. The graph is concave up on 

(0, 2) and concave down on (—oo, 0) and (2, co). There are 
inflection points at x = 0 and x = 2. 


When y = x* + 2x3, then y’ = 4x? + 6x? = 2x?(2x + 3) and 
y” = 12x? + 12x = 12x(x + 1). The curve rises on 
(- 3, oo) and falls on (—o0, = 3) . There is a local 
minimum at x = — 3 but no local maximum. The curve is 
concave up on (—oo, —1) and (0, oo), and concave down on 


(—1,0). At x = —1 and x = 0 there are points of inflection. 


yoxt 2x2 








Loc min | Loc min 


(V3, 5/9) | (13, -519) 
Inf] 


Infl 


(- ¥3,5) (73,5) 








[il Ga Ds Ro Ul Sai) 
Le 
N 
i 
S) 
$ 
wv 
SI 
2 











(-3/2,-27/16) 
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21. 


22: 


23. 


24. 


25. 


Section 4.4 Concavity and Curve Sketching 


When y = x> — 5x‘, then y’ = 5x* — 20x? = 5x3(x — 4) and 
y” = 20x? — 60x? = 20x?(x — 3). The curve rises on 

(—oo, 0) and (4, oo), and falls on (0, 4). There is a local 
maximum at x = 0, and a local minimum at x = 4. The 
curve is concave down on (—oo, 3) and concave up on 
(3,00). At x = 3 there is a point of inflection. 


When y = x (3 5)*, then y’ = (3 — 5)" + x(4)(% — s) (3) 


2 
= (5 —5)° (} —5) ,and y” = 3 (5 — 5)” (3) (F -5) 
+ (3 - 5)° (3) =) (3 5) "(x — 4). The curve is rising 
on (—oo, 2) and (10, oo), and falling on (2, 10). There is a 
local maximum at x = 2 and a local minimum at x = 10. 
The curve is concave down on (—oo, 4) and concave up on 
(4,00). At x = 4 there is a point of inflection. 


When y = x + sin x, then y’ = 1 + cos x and y” = —sin x. 
The curve rises on (0,27). At x = 0 there is a local and 
absolute minimum and at x = 27 there is a local and absolute 
maximum. The curve is concave down on (0, 7) and concave 
up on (7, 27). At x = 7 there is a point of inflection. 


When y = x — sin x, then y’ = 1 — cos x and y” = sin x. 
The curve rises on (0,277). At x = 0 there is a local and 
absolute minimum and at x = 27 there is a local and absolute 
maximum. The curve is concave up on (0, 7) and concave 
down on (7, 27). At x = 7 there is a point of inflection. 


— yl/5 r_ 1-4/5 MW 4 .-9/5 
When y = x!/5, then y’ = 5X /5 and y = — 755X i 
The curve rises on (—oo, co) and there are no extrema. 
The curve is concave up on (—oo, 0) and concave down 


on (0,00). At x = 0 there is a point of inflection. 
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(2,512) 


y=xtsinx 


(a, 7) 


Max 
(2a, 277) 
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26. 


27. 


28. 


29. 


30. 


— y3/5 1 3-2/5 Wn 6 y-7/5 
When y = x?/®, then y’ = ox /5 and y"” = — 55X i 
The curve rises on (—0oo, co) and there are no extrema. 
The curve is concave up on (—oo, 0) and concave down 


on (0,00). At x = 0 there is a point of inflection. 


When y = x”/5, then y’ = 2 x-9/5 and y” = — & x-8/5, 
The curve is rising on (0, oo) and falling on (—oo, 0). At 
x = 0 there is a local and absolute minimum. There is 
no local or absolute maximum. The curve is concave 
down on (—co, 0) and (0, co). There are no points of 


inflection, but a cusp exists at x = 0. 


When y = x*/>, then y’ = $x7/5 and y” = — 2 x-%/5, 
The curve is rising on (0, oo) and falling on (—0oo0, 0). At 
x = 0 there is a local and absolute minimum. There is 
no local or absolute maximum. The curve is concave 
down on (—co, 0) and (0, co). There are no points of 


inflection, but a cusp exists at x = 0. 


When y = 2x — 3x?/3, then y’ = 2 — 2x~"/3 and 

y= 3 x 4/3, The curve is rising on (—oo, 0) and 

(1, oo), and falling on (0,1). There is a local maximum 
at x = 0 and a local minimum at x = 1. The curve is 
concave up on (—oo, 0) and (0, 00). There are no 


points of inflection, but a cusp exists at x = 0. 


When y = 5x?/5 — 2x, then y = 2x3 2-2 (ee = 1) 


and y” = —£x~*/9, The curve is rising on (0, 1) and 
falling on (—oo, 0) and (1, 00). There is a local minimum 
at x = 0 and a local maximum at x = |. The curve is 
concave down on (—oo, 0) and (0, 00). There are no 
points of inflection, but a cusp exists at x = 0. 
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(0,0) 


(0,0) 


» 
A 
a y=2x-3x 
- Cusp, Loc max 
(0, 0) 
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y =x 





31. 


32. 


33. 


34. 


When y = x?/3 (3 — x) = 3x?/3 — x9/9, then 
yl = 2x73 — 3 x7/3 = 3 x M3] — x) and 

y" =-3 3-4/3 _ a xB = 2x 4/31 + 2x). 

The curve is rising on (0, 1) and falling on (—oo, 0) and 
(1,00). There is a local minimum at x = 0 and a local 
maximum at x = 1. The curve is concave up on (—00, om +) 
and concave down on (- 5, 0) and (0, co). There is a point 


of inflection at x = — 5 and a cusp at x = 0. 


When y = eG —5)= ae 5x2/3, then 

y= 3 x2/3 — uy xo l/3 — 5 x13(q — 2) and 

y"= it x3 4 10 0x H/3 = x43 + 1). The curve 
is rising on (—oo, 0) and (2, oo), and falling on (0, 2). 
There is a local minimum at x = 2 and a local maximum 
at x = 0. The curve is concave up on (—1, 0) and (0, 00), 
and concave down on (—oo, —1). There is a point of 
inflection at x = —1 and acusp atx = 0. 


When y = x\/8 — x2 = x (8 — x2)”, then 

y = (8— x2)? +(x) (4) (8- x2) ia = ox ) 

= (8 _ 2)? (8 2x?) _ 2(2 — x)(2 +x) and 
 (2v2-+%) (2v2-x) 


eee 1) (g — x2)"2(—2x)(8 — 2x2) + (8 — x2) 2(—4x) 
2x (x? — 12) 
~ Ve-ey 


n (-2v2, -2) and (2,2v2) . There are local minima 
X = —2andx = 2,/2, and local maxima at x = y/o and 
xX = 2. The curve is concave up on (-2V2, 0) and 




















. The curve is rising on (—2, 2), and falling 


concave down on (0, 2/2) . There is a point of inflection 


atx = 0. 


When y = (2 — x2)”, then y’ = 5 (2 — x2)/?(—2x) 
= —-3xV2-x= axl (v2 x) (V2+x) and 


y” = (—3) (2 — x2)? 4 (—3x) (2) (2 — x2) 17-2) 
—6(1 — x)(1 +x) 


Vi) (V9) 
(-v2, 0) and falling on (0, v2) . There is a local 


maximum at x = 0, and local minima at x = + yee The 














The curve is rising on 





curve is concave down on (—1, 1) and concave up on 
(-v2, -1) and (4, v2) . There are points of inflection at 
x= 21. 


Section 4.4 Concavity and Curve Sketching 233 















y =x%3 (x — 5) 


(2.0,-4.76) 








(0,272) y= (2-22)? 
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3D: 


36. 


37. 


38. 


2x(x — 2) — (x? — 3) (1) 
(x-2)? 





3 r 
When y = 4-5, then y’ = 
— (=3)x-) 
~ «= 2/2 
nw (2x—4)(x — 2)? — (x? — 4x +3)2(x-2) _ 2 
, = 2) = &-2F° 


The curve is rising on (—oo, 1) and (3, 00), and falling on 


and 








(1, 2) and (2,3). There is a local maximum at x = | anda 
local minimum at x = 3. The curve is concave down on 
(—oo, 2) and concave up on (2, co). There are no points 
of inflection because x = 2 is not in the domain. 


3 
== Xx 

When y = 377° 

3x2 (x? +1) 

~ Bx241) 

(12x + 6x) (3x2 +1) — 2 (3x? +.1)(6x) (3x4 + 3x?) 
Y= (3x2 + 1)" 

— 6x(1—x)(1+x) 

~  Bx24+1)% 
there are no local extrema. The curve is concave up on 


y 3x? (3x? +1) — x3(6x) 
then y=  Ge+ie 


and 





. The curve is rising on (—oo, co) so 


(—oo, —1) and (0, 1), and concave down on (—1, 0) and 
(1,00). There are points of inflection atx = —1,x = 0, 
and x = 1. 


x? —1, |x| >1 
1 —x?, |x| <1 


2x, |x| >1 2, |x| >1 
/ ? NW > 
y={ : and y” = { 92, aLeie 


When y =[x? 1] = { , then 


curve rises on (—1, 0) and (1, oo) and falls on (—co, —1) 

and (0,1). There is a local maximum at x = 0 and local 
minima atx = +1. The curve is concave up on (—co, —1) 
and (1, co), and concave down on (—1, 1). There are no 
points of inflection because y is not differentiable atx = + 1 
(so there is no tangent line at those points). 


( x?—2x, x <0 
When y = |x? — 2x| = ¢ 2x —x?, 0<x <2, then 
x? —2x, x >2 


2x —-2,x<0 2,x<0 
y =< 2-2x,0<x<2,andy”=<¢ -2,0<x<2. 
2x—2,x>2 2,x>2 


The curve is rising on (0, 1) and (2, oo), and falling on 
(—oo, 0) and (1, 2). There is a local maximum at x = | and 
local minima at x = 0 and x = 2. The curve is concave up 
on (—oo, 0) and (2, 00), and concave down on (0, 2). 

There are no points of inflection because y is not 
differentiable at x = 0 and x = 2 (so there is no tangent 

at those points). 













! 
8 f 
f 
: (3, 6) L 
2 ! , 6) Loc min 
yet oat 
2 id, 2) Loc max 
pi eg 
38) 124 6 8 





(1,1/4) 


(~ 1.- 1/4) 
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39. 


40. 


41. 


42. 


43. 


Section 4.4 Concavity and Curve Sketching 





When y = VI =| Vx. x20 , then 











/-x, x <0 
1 _ 3/2 
1 24/x? x>0 ii =a ~r> 0 
y= -1 <0 and y= ~(=xy-3/2 : 
ij? * 7, x <0 
Since lim_ y’ = —coand lim. y’ = oo thereisa 
x > 07 x — OF 


cusp at x = 0. There is a local minimum at x = 0, but no 
local maximum. The curve is concave down on (—co, 0) 


and (0,00). There are no points of inflection. 


Vx-— > 
When y = \/ |x —4| = . 4, X24 hen 
V4—-—x,x<4 
—— , x >4 ~(«-473? 
y= 2 x4’ antyt = 4 ,x>4 
= -1 = ~(4— x)73/2 : 
saat ¢ 2 ,x<4 
Since lim_ y’ = —ocoand lim. y’ = ov there is a cusp 
x4 x—4t 


atx — 4. There is a local minimum at x = 4, but no local 
maximum. The curve is concave down on (—co, 4) 


and (4, 00). There are no points of inflection. 


y =2+x-x2=(1+x)2—-x),y’=—--- | ++4+]--- 
—1 2 


= rising on (—1, 2), falling on (—oo, —1) and (2, co) 





= there is a local maximum at x = 2 and a local minimum 
atx = —l;y"=1—2x,y"=+++| ——— 
1/2 
1 1 
= concave up on (—00, 5) , concave down on (5 oo) 


= a point of inflection at x = $ 


x=-l1 


y¥ =x -s-62(-Jet2)y =444(——— |e 
—2 3 


= rising on (—oo, —2) and (3, 00), falling on (—2, 3) 
=> there is a local maximum at x = —2 and a local 
minimum at x = 3; y” = 2x — 1, y” = ——— | +44 





=> concave up on (3, oo) , concave down on (—00, s) 


= a point of inflection at x = 5 


y =x(x-3),y = a eee oes => rising on 


(0, co), falling on (—co,0) = no local maximum, but there 





is a local minimum at x = 0; y” = (x — 3)? + x(2)(x — 3) 
= 3(x — 3)(x—- 1), y” =+4++|---—|+4++ = concave 
1 3 





up on (—oo, 1) and (3, 00), concave down on (1,3) => 
points of inflection at x = 1 and x = 3 
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44. y' = x°(2—x), y’ = +4++4+|+++|--- = rising on Aa 
0 2 
(—oo, 2), falling on (2,00) = there is a local maximum at as 
x = 2, but no local minimum; y” = 2x(2 — x) + x?(—1) i 
=4— 35), y= | | Se concave up 
0 4/3 


on (0, +) , concave down on (—oo, 0) and (3, ov) => points 


of inflection atx = 0 and x = t 


45, yi = x(x? — 12) =x (x—2V/3) (x +2V3), on 


; ae ‘nfl Infl x= 2 
y =--- +++ ]—---— | 444 = rising on Loc min/ y=—2 Loe min 


| 
—2,/3 y 2/3 x=-2N3 x=2N3 


(-2V3, 0) and (2v3, 00) , falling on (—co, -2,/3) 


and (0, 2/3) = alocal maximum at x = 0, local minima 


atx = + 2/3; y” = (1) (x? — 12) + (&)(2x) 
= 3(x — 2)(x + 2), y” = +44 | —-— | +++ 
—2 2 





= concave up on (—oo, —2) and (2, 00), concave down on 





(—2,2) = points of inflection atx = +2 
46. y = («—1)?(x+3),y =--- | +4++/+++ 
—3/2 1 
=> rising on (- 3, oo) , falling on (—o0, = 3) = no local xe 
maximum, a local minimum at x = — 3, 
y” = 2x — 1)(2x +3) + (x — 1)?(2) = 2x — 1)(x 4+ 2), x=-28 
y’=+4++ | --—|+++ = concave up on 
—2/3 1 
x= -W2 


(—o0, — z) and (1, co), concave down on (- z, 1) 


= points of inflection at x = — ; and x = 1 


47. y' = (8x — 5x”) (4 — x)? = x(8 — 5x)(4— x)’, 
y =---|+++]| ---|--— = rising on (0, 2), 
0 8/5 4 
falling on (—oo, 0) and (3, oo) = alocal maximum at 
fy 
y” = (8 — 10x)(4 — x)? + (8x — 5x?) (2)(4 — x(-1) 
= 4(4 — x) (5x? — 16x + 8), 


y’=444+ | ---— | 444|---— = concave up 
8-2/6 8+2,/6 4 
5 


8-2/6 8+2/6 
on (—c0, 7) and (74,4) , concave down on 





x= a local minimum at x = 0; 











) and (4,00) = points of inflection at 
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48. 


49. 


50. 


51. 


52. 


y’ = (x? — 2x) (x — 5)? = x(x — 2)(x — 5)’, 
y =+++|--—|+++]|+++ = rising on (—co, 0) 
0 2 5 


and (2, oo), falling on (0,2) = a local maximum at x = 0, 
a local minimum at x = 2; 

y” = (2x — 2)(x — 5)? + (x? — 2x) (2)(x — 5) 

= 2(x — 5) (2x? — 8x +5), 

y’=---— | +++ | -—--—|+++4 = concave up 


2 
7 (4 4+ /6 








a) ) and (5, 00), concave down on 





2 
(—co, ive) and (4, 5) => points of inflection at 


x= ve and x =5 








y' =sec?x,y’= ( +++) = risingon (—%,%), 
—1/2 m/2 


never falling = no local extrema; 
y” = 2sec x)(sec x)(tan x) = 2 (sec? x) (tan x), 


y"= ¢ ae a = concave up on (0, 3), 
—/2 nm /2 


concave down on (- oe 0) , 0 is a opoint of inflection. 


y’ = tanx, y’ = 7 ee) = rising on (0, 4), 
—7/2 mT /2 


falling on (- of 0) => no local maximum, a local minimum 


atx =0;y” =sec?x,y”= ( +++) = concave up 
—1/2 m/2 


on (— 3,2) => no points of inflection 


y’ = cot g ,y oy mea ala = rising on (0,7), 
TT 


falling on (7,27) = a local maximum at 6 = 7, no local 
1 


minimum; y! = — 5 csc? gy” =(-—--) = never 
0 20 

concave up, concave down on (0, 277) = no points of 

inflection 


y’ = ese? 4 ,y =(44++4+) = rising on (0,27), never 
0 20 
falling = no local extrema; 


y" =2 (ese 5) (ese 5) (cot 5) (3) 
= — (csc? 4) (cot 8), y” = (--— | +++) 
( 2) (cot $).y 6 i; de 


= concave up on (7, 27), concave down on (0, 77) 
= a point of inflection at 9 = 7 
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53. y’ = tan? @ — 1 = (tan @ — 1)(tan 0 +4 1), 


y=( 4+4+4+| ---| +++) = risingon 
—n/2  -n/4 n/4 7/2 


(— £,—4) and (2, 4), falling on (— 4, 3) 








= alocal maximum at 0? = — 7, a local minimum at @ = 7; 
y” = 2 tan 6 sec? @,y”" = ( —-—|4+4+4) 
—n/2 0 a /2 


m 
2 
= a point of inflection at 0 = 0 


=> concave up on (0 ) , concave down on (- me 0) 


54. y’ = 1 —cot?@ = (1 — cot 0)(1 + cot 8), 





y =(---| +++] -—-—) = rising on (7, %), 
0 1/4 3/4 o 
falling on (0, z) and (¥, T) = alocal maximum at 
G= ar a local minimum at 6 = 7; 
y” = —2(cot 9) (—csc? 6), y” =(+4++]| --—) 
0 m/2 uf 


x 
»2 
T 


=> a point of inflection at 6 = 5 


) , concave down on (4, TT) 


=> concave up on (0 7 


53, ¥ [cost y =[4+++| --—— | +e] = msing on t=% " 
oc max 
0 n/2 31/2 an Loc max t= 2a 
(0, 5) and (22, 2m) , falling on (4, +z) => local maxima at ae ed 
t = % andt = 2r, local minima at t = 0 andt = *; ee 
y” = -sint, y’ = [--—-— | +44] 
0 7 27 
= concave up on (7, 27), concave down 
on (0,7) = a point of inflection at t = 7 
56. y’ =sint,y’=[+++]|--—] = rising on (0,7), tan 
0 7 20 
falling on (7,277) = a local maximum at t = 7, local cade t= 3/2 


minima at t = 0 andt = 27; y” = cost, 

y’=[+++| --- | +++] = concave up on (0, 5) si te2n 
1/2 30/2 20 

and (#2, 2m) , concave down on (3, 


of inflection at t = 5 and t = an 


3a 


37) => points 


57. y’ = (x +1773, y’ = +44) (44+ = rising on 
=f 





(—oo, oo), never falling = no local extrema; 
yo 26D y= tH) (-—= 


=> concave up on (—oco, —1), concave down on (—1, 00) 
= a point of inflection and vertical tangent at x = —1 
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58. 


59. 


60. 


61. 


62. 


y¥ =%-—2) 4,7" = sae +++ => rising on (2, 00), 


falling on (—oo, 2) = no local maximum, but a local 
minimum at x = 2; y” = — 3 (x — 2)-4, 


y” = ———)(——— = concave down on (—oo, 2) and 


(2,00) = no points of inflection, but there is a cusp at 
X=2 


y =x (x — 1), y = --—)(--— | +++ = rising on 
0 1 
(1, co), falling on (—oo, 1) = no local maximum, but a 
local minimum at x = 1; y” = i x2/3 $x9/8 
= 3x 3x42), y” = +44 | —--)(+4++ 
—2 0 
= concave up on (—oo, —2) and (0,00), concave down on 


(—2,0) = points of inflection at x = —2 and x = 0, anda 


vertical tangent at x = 0 


y =x 45x +), y! = --- | +++)(+++ => rising on 
—1 0 


(—1, 0) and (0, co), falling on (—oo, -1) = no local 
maximum, but a local minimum at x = —1; 
7 = yx 4/5 _ $x 79/5 = x 9/5(x — 4), 


y” = +4++)(——— | +++ = concave up on (—oo, 0) and 
0 4 


(4,00), concave down on (0,4) = points of inflection at 
x = O and x = 4, and a vertical tangent at x = 0 


ae x <0 y =+4++|++4 = rising on 
2x, x>0°’ 0 


—2,x<0 
7 | ? 
(—oo, 00) = no local extrema; y” = { 2,x>0 * 
y” = ———)(+++ = concave up on (0, co), concave 
0 


down on (—co,0) = a point of inflection at x = 0 


,y =—--—| +44 = rising on 
0 


(0, co), falling on (—oco,0) = no local maximum, but a 
—2x, x <0 


local minimum at x = 0; y” = { 2x, x >0’ 


y” = +4++ | +++ => concave up on (—ov, 00) 
0 


= no point of inflection 


Section 4.4 Concavity and Curve Sketching 
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63. The graph of y = f’(x) = the graph of y = f(x) is concave eciiae x 
up on (0, 00), concave down on (—oo, 0) = a point of 





inflection at x = 0; the graph of y = f’(x) 
=> y =+44 | ---—|+++4 = the graph y = f(x) has 
both a local maximum and a local minimum 


Loc min 





> x 





64. The graph of y = f’(x) > y” =+++]|-—-—— => the 
graph of y = f(x) has a point of inflection, the graph of 
y=f'(x%) => y’ =—---—|+++4+]|--—— = the graph of 


y = f(x) has both a local maximum and a local minimum 


65. The graph of y = f’(x) > y” = —-—|+4+4+]|--- 
=> the graph of y = f(x) has two points of inflection, the 
graph of y = f(x) > y’ = —-—|++4+4 = the graph of 





y = f(x) has a local minimum 





66. The graph of y = f’(x) > y” = +++ |-—-—— = the y 
graph of y = f(x) has a point of inflection; the graph of 
ar are ee “i 
y=f'x) > y= | +++ | = the graph of Vi se y" 
y = f(x) has both a local maximum and a local minimum oe aA 








| 
o| +e 











P 
Q + 

R + — 
S 0 

T 
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70. 


71. 


72. 


73. 


74. 


75. 
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Graphs printed in color can shift during a press run, so your values may differ somewhat from those given here. 

(a) The body is moving away from the origin when |displacement| is increasing as t increases, 0 < t < 2 and 
6 <t < 9.5; the body is moving toward the origin when |displacement| is decreasing as t increases, 2 < t < 6 
and9.5<t< 15 

(b) The velocity will be zero when the slope of the tangent line for y = s(t) is horizontal. The velocity is zero 
when t is approximately 2, 6, or 9.5 sec. 

(c) The acceleration will be zero at those values of t where the curve y = s(t) has points of inflection. The 
acceleration is zero when t is approximately 4, 7.5, or 12.5 sec. 

(d) The acceleration is positive when the concavity is up, 4 < t < 7.5 and 12.5 < t < 15; the acceleration is 
negative when the concavity is down, 0 <t<4and7.5 <t< 12.5 


(a) The body is moving away from the origin when |displacement| is increasing as t increases, 1.5 < t < 4, 
10 <t < 12 and 13.5 <t < 16; the body is moving toward the origin when |displacement| is decreasing as t 
increases,0 <t< 1.5,4<t< 10and12<t< 13.5 


(b) The velocity will be zero when the slope of the tangent line for y = s(t) is horizontal. The velocity is zero 


we 


when t is approximately 0, 4, 12 or 16 sec. 
(c) The acceleration will be zero at those values of t where the curve y = s(t) has points of inflection. The 
acceleration is zero when t is approximately 1.5, 6, 8, 10.5, or 13.5 sec. 
The acceleration is positive when the concavity is up, 0 < t < 1.5,6 <t< 8 and 10 <t < 13.5, the 
acceleration is negative when the concavity is down, 1.5<t< 6,8 <t< 10 and 13.5 <t< 16. 


(d 


wa 


The marginal cost is & which changes from decreasing to increasing when its derivative gs is zero. This is a 


point of inflection of the cost curve and occurs when the production level x is approximately 60 thousand units. 


: - yh & E i ‘ < dy - ae 
The marginal revenue is i and it is increasing when its derivative a is positive = the curve is concave up 


2 
=> 0<t<2and5 <t < 9; marginal revenue is decreasing when ay <0 = the curve is concave down 


=> 2<t<S5Sand9<t< 12. 





When y’ = (x — 1)*(x — 2), then y” = 2(x — 1)(x — 2) + (x — 1)”. The curve falls on (—oo, 2) and rises on 
(2,00). At x = 2 there is a local minimum. There is no local maximum. The curve is concave upward on (—oo, 1) and 
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78. 


79. 
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81. 
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Chapter 4 Applications of Derivatives 


(3, oo) , and concave downward on (1, 3) . Atx=lorx= 3 there are inflection points. 


When y’ = (x — 1)?(x — 2)(x — 4), then y” = 2(x — 1)(x — 2)(x —4) + & — 1? — 4) + (« — D?K — 2) 
= (x — 1) [2 (x? — 6x + 8) + (x? — 5x +4) + (x? — 3x + 2)] = 2(x — 1) (2x? — 10x + 11). The curve rises on 
(—oo, 2) and (4, oo) and falls on (2,4). At x = 2 there is a local maximum and at x = 4a local minimum. The 





. 5-3 5+3 5-3 
curve is concave downward on (—oo, 1) and (54, sv) and concave upward on (1, 4) and 


(4, 0) . Atx = 1, So es and pas there are inflection points. 


The graph must be concave down for x > 0 because y 
f"(x)=-4 <0. 








The second derivative, being continuous and never zero, cannot change sign. Therefore the graph will always 
be concave up or concave down so it will have no inflection points and no cusps or corners. 


The curve will have a point of inflection at x = 1 if 1 is a solution of y” = 0; y = x3 + bx? + cx +d 
=> y =3x?+2bxt+e => y” = 6x+ 2band 6(1)+ 2b=0 > b=-3. 


(a) True. If f(x) is a polynomial of even degree then f’ is of odd degree. Every polynomial of odd degree has 
at least one real root = f’(x) = 0 for some x =r => f has a horizontal tangent at x = r. 

(b) False. For example, f(x) = x — 1 is a polynomial of odd degree but f'(x) = 1 is never 0. As another 
example, y = § x® + x” + x is a polynomial of odd degree, but y’ = x? + 2x + 1 = (x + 1)? > 0 forall x. 


a 


(a) f(x) = ax? + bx +e =a(x?+ 2x) +e=a(P+h04+H) —~P 4e=a(xt+ 2)? — M5 a parabola 





whose vertex is at x = — z => the coordinates of the vertex are (- 2, =f zit) 
b) The second derivative, f(x) = 2a, describes concavity = whena > 0 the parabola is concave up and 
y Pp p 


when a < 0 the parabola is concave down. 


No, f(x) could be decreasing to zero at x = c and then increase again so it would be concave up on every 
interval even though f(x) = 0. For example f(x) = x‘ is always concave up even though f’(0) = 0. 


A quadratic curve never has an inflection point. If y = ax? + bx + c where a # 0, then y’ = 2ax + b and 
y” = 2a. Since 2a is a constant, it is not possible for y” to change signs. 


A cubic curve always has exactly one inflection point. If y = ax® + bx? + cx + d where a # 0, then 
y’ = 3ax? + 2bx +c and y” = 6ax + 2b. Since = is a solution of y” = 0, we have that y” changes its sign 
atx = — 2 and y’ exists everywhere (so there is a tangent at x = — 2), Thus the curve has an inflection 


point atx = — 2 . There are no other inflection points because y” changes sign only at this zero. 
a 
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If y = x° — 5x* — 240, then y’ = 5x3(x — 4) and 
y” = 20x?(x — 3). The zeros of y’ are extrema, and 





there is a point of inflection at x = 3. 





If y = x? — 12x?, then y’ = 3x(x — 8) and 
y” = 6(x — 4). The zeros of y’ and y” are 





extrema and points of inflection, respectively. y = 3x(x -8) 









y =x? — 12x? 


If y = $x° + 16x” — 25, then y’ = 4x (x? + 8) and cree oe 





y” = 16(x® + 2). The zeros of y’ and y” are 
extrema and points of inflection, respectively. 





b y= Sx + 16x? 25 










100 
y" = 16(x3 + 2) 
Ify = © — = — 4x? + 12x + 20, then ¥" = (Bx + 4)(x—2) ae 
xX 2 
y =x? — x? — 8x +12 = (x + 3)(x — 2)". Y=4-5 74% + 12x +20 
So y has a local minimum at x = —3 as its only extreme és 


value. Also y” = 3x? — 2x — 8 = (3x + 4)(x — 2) and there 


are inflection points at both zeros, —$ and 2, of y”. 


y’ = (xX —2)(x + 3)(x — 2) 


The graph of f falls where f’ < 0, rises where f’ > 0, 

and has horizontal tangents where f’ = 0. It has local 
minima at points where f’ changes from negative to 

positive and local maxima where f’ changes from 

positive to negative. The graph of f is concave down 

where f” < 0 and concave up where f” > 0. It has an 
inflection point each time f’changes sign, provided a tangent 
line exists there. 
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90. The graph f is concave down where f” < 0, and concave 
up where f” > 0. It has an inflection point each time 
f” changes sign, provided a tangent line exists there. 


91. (a) 


(b 


wm 


(c) 


92. (a) 


Chapter 4 Applications of Derivatives 


It appears to control the number and magnitude of the 
local extrema. If k < 0, there is a local maximum to the 
left of the origin and a local minimum to the right. The 
larger the magnitude of k (k < 0), the greater the 
magnitude of the extrema. If k > 0, the graph has only 
positive slopes and lies entirely in the first and third 
quadrants with no local extrema. The graph becomes 
increasingly steep and straight ask — oo. 





f'(x) = 3x? +k = the discriminant 0? — 4(3)(k) = —12k is positive for k < 0, zero for k = 0, and 





negative for k > 0; f’ has two zeros x = + 4/— ‘ when k < 0, one zero x = 0 when k = 0 and no real zeros 


when k > 0; the sign of k controls the number of local extrema. 
Ask — o, f(x) — oo and the graph becomes 

increasingly steep and straight. Ask — —oo, the 

crest of the graph (local maximum) in the second 

quadrant becomes increasingly high and the trough 

(ocal minimum) in the fourth quadrant becomes 

increasingly deep. 


It appears to control the concavity and the number of 
local extrema. 





k=-10 
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(b) f(x) = x4 +kx? + 6x? => f(x) = 4x3 + 3kx? + 12x 
=> f"(x) = 12x? + 6kx + 12 = the discriminant is 
36k? — 4(12)(12) = 36(k + 4)(k — 4), so the sign line 
of the discriminant is +++ ham I +++ => the 


discriminant is positive when |k| > 4, zero when 
k = +4, and negative when |k| < 4; f(x) = 0 has 
two zeros when |k| > 4, one zero whenk = + 4, and 











no real zeros for |k| < 4; the value of k controls the 
number of possible points of inflection. 





(a) Ify = x?/3 (x? — 2), then y’ = $x~1/3 (2x? — 1) and y 

y” = $x-*/3 (10x? + 1). The curve rises on 

1 1 1 

(- i ,0) and (+; ,00) and falls on (-co, = +) . 

and (0. +) . The curve is concave up on (—oo, 0) 

and (0, 00) ta 
(b) Acusp since lim y’ =ooand lim. y’ = —o. 

x > 0 x 07 


2 


(a) Ify = 9x%/9(x — 1), then y’ = 28=2) ana 


nw — 10(x+4) : 
y= aes The curve rises on (—oo, 0) and 


(2, oo) and falls on (0, 2) . The curve is concave 
down on (—00, — <) and concave up on (- i, 0) and 
(0, co). 


(b) Acusp since lim y’ =ooand lim. y’ = —o. 
x > 0 x 07 


Yes: y=x?+3sin2x => y’ = 2x +6cos 2x. The graph 
of y’ is zero near —3 and this indicates a horizontal tangent 
near x = —3. 





y” = 2x + 6 cos 2x 


4.5 APPLIED OPTIMIZATION PROBLEMS 


Let @ and w represent the length and width of the rectangle, respectively. With an area of 16 in.”, we have 
that (£)(w) = 16 = w= 160"! = the perimeter is P = 2¢ + 2w = 2¢ + 32¢-! and P'(0) = 2 — 32 = 2519), 
Solving P’(2)=0 => ee =0 => (= -—4,4. Since @ > 0 for the length of a rectangle, must be 4 and 








w =4 = the perimeter is 16 in., a minimum since P’(¢) = ra > 0. 


Let x represent the length of the rectangle in meters (0 < x < 4) Then the width is 4 — x and the area is 


245 


A(x) = x(4 — x) = 4x — x”. Since A’(x) = 4 — 2x, the critical point occurs at x = 2. Since, A’(x) > 0 for 0 < x < 2 and 


A(x) < 0 for 2 < x < 4, this critical point corresponds to the maximum area. The rectangle with the largest area measures 


2mby 4— 2 = 2m, soit is a square. 
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Graphical Support: 











3. (a) The line containing point P also contains the points (0, 1) and (1,0) = the line containing P is y = 1 — x 
= a general point on that line is (x, 1 — x). 
(b) The area A(x) = 2x(1 — x), whereO <x < 1. 
(c) When A(x) = 2x — 2x?, then A(x) = 0 => 2-—4x=0 5 x= 5 . Since A(O) = 0 and A(1) = 0, we conclude 


that A (4) a 5 sq units is the largest area. The dimensions are 1 unit by 5 unit. 


4. The area of the rectangle is A = 2xy = 2x (12 — x”), y 
where 0 < x < 12. Solving A’(x) =0 > 24—- 6x? =0 
=> x =—2or2. Now —2 is not in the domain, and since 


A(O) = Oand A (Vv 12) = 0, we conclude that A(2) = 32 ? 


square units is the maximum area. The dimensions are 4 units 
by 8 units. 


5. The volume of the box is V(x) = x(15 — 2x)(8 — 2x) 
= 120x — 46x? + 4x3, where 0 < x < 4. Solving V’(x) = 0 
=> 120-92x+ 12x? = 46 —x)(5-3x)=0 > x=? 
or 6, but 6 is not in the domain. Since V(0) = V(4) = 0, 
Vv (2) = 2450 ~ 91 in? must be the maximum volume of 


3 27 
: : : 4. 35 5: 
the box with dimensions 7 Xp XR inches. 





Fl : 1 b 2 y 
6. The area of the triangle is A = 5 ba = 3 400 — b?, where 
dA _ 1 2 b° 0, b) 
0<b< 20. Then G = 5 V400—b SES ( 


= ae =0 the interior critical point is b = 10/2. 








When b = 0 or 20, the area is zero > A (10/2) is the 
maximum area. When a? + b? = 400 and b = 10,/2, the 


value of a is also 10/2 = the maximum area occurs when 
a=b. 
7. The area is A(x) = x(800 — 2x), where 0 < x < 400. river 
Solving A’(x) = 800 —4x =0 => x = 200. With x x 
A(O) = A(400) = 0, the maximum area is 


A(200) = 80,000 m?. The dimensions are 200 m by 400 m. eo ee 
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The area is 2xy = 216 > y= 1s . The amount of fence x * 
needed is P= 4x + 3y = 4x + 324x-!, where 0 < x; y y 
dP 


4 a =0 > x’?—81=05 the critical points are 





O and + 9, but 0 and —9 are not in the domain. Then x x 
P”(9) > 0 => atx =9 there isa minimum = the 
dimensions of the outer rectangle are 18 mby 12 m 

=> 72 meters of fence will be needed. 


(a) We minimize the weight = tS where S is the surface area, and t is the thickness of the steel walls of the tank. The 
surace area is S = x” + 4xy where x is the length of a side of the square base of the tank, and y is its depth. The 
volume of the tank must be 500ft? > y = aM Therefore, the weight of the tank is w(x) = t(x? + 2000). Treating the 

2090) 


thickness as a constant gives w’(x) = t(2x = for x.0. The critical value is at x = 10. Since 


w"(10) = t(2 + a) > 0, there is a minimum at x = 10. Therefore, the optimum dimensions of the tank are 10 ft on 
the base edges and 5 ft deep. 
(b) Minimizing the surface area of the tank minimizes its weight for a given wall thickness. The thickness of the steel 


walls would likely be determined by other considerations such as structural requirements. 


(a) The volume of the tank being 1125 ft®, we have that yx? = 1125 > y= uP. The cost of building the tank is 
c(x) = 5x? + 30x(452), where 0 < x. Then c’(x) = 10x — 39° = 0 = the critical points are 0 and 15, but 0 is not 


x2 





in the domain. Thus, c”(15) > 0 = at x = 15 we have a minimum. The values of x = 15 ft and y = 5 ft will 
minimize the cost. 

(b) The cost function c = Bix? + 4xy) + 10xy, can be separated into two items: (1) the cost of the materials and labor to 
fabricate the tank, and (2) the cost for the excavation. Since the area of the sides and bottom of the tanks is (x? + 4xy), 
it can be deduced that the unit cost to fabricate the tanks is $5/ft?. Normally, excavation costs are per unit volume of 
excavated material. Consequently, the total excavation cost can be taken as 10xy = (22) (x”y). This suggests that the 


$10/ft 
x 


unit cost of excavation is where x is the length of a side of the square base of the tank in feet. For the least 


$10/ft? __ $0.67 _ 
br ~ ff ~— 


$3375, which is the sum of $2625 for fabrication and $750 for the excavation. 





expensive tank, the unit cost for the excavation is ze The total cost of the least expensive tank is 


The area of the printing is (y — 4)(x — 8) = 50. 
Consequently, y = (3%) + 4. The area of the paper is 
A(x) = x ("5 + 4) , where 8 < x. Then 


_ (50 50 — 4x—8)-—400 _ 
A‘(x) ~~ (=e +4) BS (37) ~~ ea =0 








=> the critical points are —2 and 18, but —2 is not in the 
domain. Thus A’(18) > 0 = atx = 18 we have 
aminimum. Therefore the dimensions 18 by 9 inches 





minimize the amount of paper. 


The volume of the cone is V = i mr’h, where r = x = \/9 — y? andh = y + 3 (from the figure in the text). 

Thus, V(y) = 3 (9 — y*) (y +3) = 3 (27 + 9y — 3y? —y®) = Wy) = § 9 — by — 3y*) = m1 —y)3+y). 

The critical points are —3 and 1, but —3 is not in the domain. Thus V’(1) = 5 (-6-—6(1))<0 => aty=1 
320 


we have a maximum volume of V(1) = 5 (8)(4) = =* cubic units. 
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13. The area of the triangle is A(@) = ab sind , where0 <0 <7. . 
Solving A’() =0 => *2%=0 = @= 4. Since A’(6) yee 
— — absiné => A” (3) < 0, there is a maximum at 0 = $. b 
14. A volume V = 71h = 1000 = h = 1%. The amount of 
material is the surface area given by ie, sides and bottom of h 


the can > S = 2mrh+ ar? = 7000 + ar?,0 <r. Then 








ec — 2090 +2nr=-0 > so 000 = 0. The critical points 


are 0 and wr , but 0 is not in the domain. Since 


2 
as = + 27 > 0, we have a minimum surface area when 


dr 
r= th cm and h = = = Wr cm. Comparing this result to 








the result found in Example 2, if we include both ends of the 
can, then we have a minimum surface area when the can is 
shorter-specifically, when the height of the can is the same as 
its diameter. 


15. With a volume of 1000 cm and V = mr’h, then h = in . The amount of aluminum used per can is 
A = 8r? + 2arh = 81? + 2000 . Then A’(r) = 16r — 2090 =0> 8r'—1000 =0 => the critical ak are 0 and 5, 


but r = 0 results in no can. Since A"(r) = 16 + te > 0 we have aminimum atr=5 => h= “0 and hir = 8:7. 








in., so the volume formula is V(x) = x(10" 9x} (15-2) = 2x3 — 25x? + 75x. 


(b) We require x > 0, 2x < 10, and 2x < 15. Combining these requirements, the domain is the interval (0, 5). 


16. (a) The base measures 10 — 2x in. by ess 





(c) The maximum volume is approximately 66.02 in.? when x ~ 1.96 in. 
Vv 


go + (1.9618739, 66.019118) 














50+ y/(—50)”—4(6)(75) 50+. \/700 
2(6) _ 12 








(d) V/(x) = 6x? — 50x + 75. The critical point occurs when V’(x) = 0, at x = 





= * a , that is, x © 1.96 or x = 6.37. We discard the larger value because it is not in the domain. Since 


v" (x ) = 12x — 50, which is negative when x * 1.96 , the critical point corresponds to the maximum volume. The 


maximum volume occurs when x = eta Al = 1.96, which comfimrs the result in (c). 


17. (a) The" sides" of the suitcase will measure 24 — 2x in. by 18 — 2x in. and will be 2x in. apart, so the volume formula is 
V(x) = 2x(24 — 2x)(18 — 2x) = 8x? — 168x” + 862x. 
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(b) We require x > 0, 2x < 18, and 2x < 24. Combining these requirements, the domain is the interval (0, 9). 
Vv 
1600 4 





1200 + 








-400 + 


(c) The maximum volume is approximately 1309.95 in. when x ~ 3.39 in. 
Vv 


16004 (3.3944503,1309.9547) 


1200 











-400 - 








A+ inte 2 ie 5 
(d) V'(x) = 24x? — 336x + 864 = 24(x? — 14x + 36). The critical point is at x = “=WT AU) _ us in 


= 7+ 138, that is, x © 3.39 or x = 10.61. We discard the larger value because it is not in the domain. Since 
V" (x) = 24(2x — 14) which is negative when x ~ 3.39, the critical point corresponds to the maximum volume. The 








maximum value occurs at x = 7 — J/13 = 3.39, which confirms the results in (c). 

(e) 8x? — 168x? + 862x = 1120 = 8(x? — 21x? + 108x — 140) = 0 > 8(x — 2)(x — 5)(x — 14) = 0. Since 14 is not in 
the fomain, the possible values of x are x = 2 in. or x = 5 in. 

(f) The dimensions of the resulting box are 2x in., (24 — 2x) in., and (18 — 2x). Each of these measurements must be 
positive, so that gives the domain of (0, 9). 


18. If the upper right vertex of the rectangle is located at (x, 4 cos 0.5 x) for 0 < x < 7, then the rectangle has width 2x and 
height 4 cos 0.5x, so the area is A(x) = 8x cos 0.5x. Solving A’(x) = 0 graphically for 0 < x < 7, we find that 
x & 2.214. Evaluating 2x and 4 cos 0.5x for x 2.214, the dimensions of the rectangle are approximately 4.43 (width) by 
1.79 (height), and the maximum area is approximately 7.923. 


19. Let the radius of the cylinder be r cm, 0 < r < 10. Then the height is 2\/ 100 — r? and the volume is 


V(r) = 2mr?V/ 100 — r? cm?. Then, V’(r) = 2zr? (=) (—2r) + (anv 100 — ®) (2r) 


100 




















— 3 | = 7 — 3r2 ed ‘ ‘ ‘ 
= W2nr' + Anr(100— 1) __ 2ar(200- 3") | The critical point for 0 <r < 10 occurs atr = ,/ 200 = 10/2. Since V'(r) > 0 for 
V 100 — r /100 — 12 3 3 


O<r< 10/2 and V'(r) < 0 for 10/2 <r < 10, the critical point corresponds to the maximum volume. The 


dimensions are r = 10/2 = 8.16 cm and h = 22 = 11.55 cm, and the volume is WA ey 2418.40 cm?. 


na 
20. (a) From the diagram we have 4x + @ = 108 and V = x7. x 
The volume of the box is V(x) = x?(108 — 4x), where ! 
0 <x < 27. Then x 


V'(x) = 216x — 12x? = 12x(18 — x) = 0 

=> the critical points are 0 and 18, but x = 0 results in 
no box. Since V(x) = 216 — 24x < Oat x = 18 we 
have a maximum. The dimensions of the box are 

18 x 18 x 36 in. 
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(b) In terms of length, V(¢) = x? = (= zy? é. The graph : 
indicates that the maximum volume occurs near ¢ = 36, 
which is consistent with the result of part (a). 





21. (a) From the diagram we have 3h + 2w = 108 and 
V=b’w => V(h) =h? (54 — 3h) = 54h? — 3h’. 
Then V’(h) = 108h — 2h? = 2h(24 —h) = 








=> h=0Oorh = 24, but h = 0 results in no box. Since P 
V"(h) = 108 — 9h < Oat h = 24, we have a maximum 
volume at h = 24 and w = 54 — 3h = 18. " 
(b) v (24, 10368) 
Abs max 








1 1 1 1 1 1 1 >h 
5 10 15 20 25 30 35 


22. From the diagram the perimeter is P = 2r + 2h+ ar, 
where r is the radius of the semicircle and h is the 
height of the rectangle. The amount of light transmitted 
proportional to 
A= 2th+ $a oe nr 

= rP-— 2r? — dar’. Then “* =P-— 4r— 3ar=0 


























2P 4P 2nP_ __s (4+ 7)P 
7 oie 2h=P— gi3e — 8430 — B30 ° 
Therefore, i= aan 8 = gives the proportions that admit the 
fA _ 3 
most light since Gr = —4-—57 <0. 

23. The fixed volume is V = mr7h + 3 7 h= ae — =, where h is the height of the cylinder and r is the radius 
of the hemisphere. To minimize the cost we must minimize surface area of the cylinder added to twice ee 
surface area of the hemisphere. Thus, we minimize C = 2arh + 4nr? = 2rr ( - 2) +4n1 = ==" +8 mr 

1/3 
Then ee =-— a + ey mr = 0 Vv 8 7 t (*) / . From the volume equation, h = os — 4 
4vi3 2-3U3.yV3 __ 31/3.2.4-vi/3 — 2.31/3.yi/3 3V ye &C i — 4Vv | 16 
~ FIRB 32-0 3-2-71/3 = ( 7 ) Since ro + 30> 0, these 





dimensions do minimize the cost. 


24. The volume of the trough is maximized when the area of the cross section is maximized. From the diagram 
the area of the cross section is A(@) = cos 6 + sin 6 cos 0,0 < @ < 5. Then A’(@) = —sin 6 + cos” @ — sin? 6 
— (2 sin?@ + sin @— 1) = —(2 sin 8 — 1)(sin9 + 1) so A’(0) =0 => sind = 5 or sind = —1 = 6 = # because 
sin @ # —1 when0 <6 < 4. Also, A’(@) > 0 for 0 < 0 < % and A’() < O for <0 < 5. Therefore, at @ = % 


there is a maximum. 
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25. (a) From the diagram we have: AP = x, RA = /L — x?, 


26. 


27. 


28. 


29. 


30. 


(b 


wm 


(c) 


(a) 


(b 


wm 


PB = 8.5 —x, CH = DR= 11-RA=11- /L_- 

OB = /x?— (85 —x), HO = 11-CH-—OB 
ee ic L-x+ ae 
— /L—-x?—./@—(@5—-, RO = RH +HO’ 
= (8.5) +(VL-# 2/285 xP). Ht 

2 D) 2 ; ; 5\ 2 

follows that RP’ = PQ” + RQ = V=+( Dx —/e-& a + (8.5)? 
=> V=4L?-? ee 


Px 17x3 


























=> 17x? = 4(L? — x”) (17x — (8.5?) = L? =x? + a0 Pay] = Thx 8Sy 

_ 17x3 4x3 = 2x3 

— me) “ 4x—17 ~ 2x—8.5° 

If f(x) = = 77 is minimized, then L? is minimized. Now f’(x) = sata => f'(x) < 0 whenx < 2 


and f’(x) > 0 when x > oT . Thus L? is minimized when x = =. 
When x = ¥, then L © 11.0 in. 


PHN WwW Ww 





From the figure in the text we have P = 2x + 2y > y= & —x. If P = 36, then y = 18 — x. When the 
cylinder is formed, x = 27r = r= 3- andh=y => h=18~—x. The volume of the cylinder is V = mrh 
=> V(x) = a Solving V'(x) = axe =*) =0 => x =Oor 12; but when x = 0, there is no cylinder. 
Then V"(x) = = (3 — x) => V"(12) <0 = there is a maximum at x = 12. The values of x = 12 cm and 

y = 6cm give the largest volume. 

In this case V(x) = 1x?(18 — x). Solving V’(x) = 3ax(12 — x) =0 => x =Oor 12; but x = 0 would result in 
no cylinder. Then V(x) = 67(6 — x) = V"(12) <0 = there is a maximum at x = 12. The values of 

x = 12 cmand y = 6cm give the largest volume. 


Note that h? + r? = 3 and sor = \/3 — h?. Then the volume is given by V = $1°h = 3(3 —h*)h = wh — hi? for 
O0<h< V/3, and so {¥ = 7 — gr? = r(1 —r?). The critical point (for h > 0) occurs at h = 1. Since © “> 0 for 


0<h<1,and i < i forl <<h< V3, the critical point corresponds to the maximum volume. The cone of greatest 


20 a3 


volume has radius /2 2 m, height 1m, and volume ale 


(a) f(x) =x? +2 => f(x) =x? (2x* — a), so that f(x) = 0 when x = 2 implies a = 16 
(b) f(x) =x? +2 => f(x) = 2x"? (x? +a), so that f(x) = 0 when x = 1 implies a= —1 


If f(x) = x? + 2, then f/(x) = 2x — ax? and f"(x) = 2 + 2ax~*. The critical points are 0 and Ve, but x 4 0. 


Now f” ( Ve ) 6>0 at x Ve there is a local minimum. However, no local maximum exists for any a. 








If f(x) = x® + ax? + bx, then f’(x) = 3x? + 2ax + b and f(x) = 6x + 2a. 
(a) A local maximum at x = —1 and local minimum at x = 3 => f’(—1) = Oandf’(3) =0 = 3-—2a+b=Oand 


27+6a+b=0 => a=-—3andb= —49. 


(b) A local minimum at x = 4 and a point of inflection atx = 1 => f’(4)=Oandf"(1)=0 => 484+ 8a+b=0 
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and6+ 2a=0 => a=-—3andb = —24. 


31. (a) s(t) = —16t? + 96t+ 112 > v(t) = 


s'(t) = —32t + 96. At t = 0, the velocity is v(0) = 96 ft/sec. 
(b) The maximum height ocurs when v(t) = 


0, when t = 3. The maximum height is s(3) = 256 ft and it occurs at t = 3 
sec. 

(c) Note that s(t) = —16t? + 96t + 112 = —16(t+1)(t— 7), sos = 0 att = —1 ort = 7. Choosing the positive value 
of t, the velocity when s = 0 is v(7) = —128 ft/sec. 


32. 
+——— 6 mi ——_—_+ 
bex-+——— 6 - x — Village 


ah gee (Ls 
' 4+x° miles 
mG 


Let x be the distance from the point on the shoreline nearest Jane's boat to the point where she lands her boat. Then she 


needs to row 1/4 + x? mi at 2 mph and walk 6 — x mi at 5 mph. The total amount of time to reach the village is 























f(x) = vate + &* hours (0 < x < 6). Then f’(x) = EN ew D+ .= Tae, z. Solving f/(x) = 0, we 
have: aE: = 5S ine 2/4 = Oe = dS I a lS xe + Ta . We discard the negative 


value of x because it is not in the domain. Checking the endpoints and critical point, we have f(0) = 2.2, 
(4) = 2.12, and f(6) ~ 3.16. Jane should land her boat a 0.87 miles donw the shoreline from the point 


nearest her boat. 


33. — h? + (x +27)" 





= = V( 8+ BS)" + (x+ 27)? when x > 0. Note that L(x) is L 
minimized when f(x) = (8 + = + (x + 27)’ is 

minimized. If f’(x) = 0, then ca 
2(8 + 28) (— 28) + 2(x+ 27) =0 


=> (x + 27)(1 — +48) =0 = x = —27 (not acceptable 
since distance is never negative or x = 12. ThenL(12) = 2197 = 46.87 ft. 


34. (a) From the diagram we have d? = 4r? — w”. The strength of the beam is S = kwd? = kw (4r? — w”). When 
r = 6, then S = 144kw — kw?. Also, S/(w) = 144k — 3kw? = 3k (48 — w) so S’(w) =0 > w= + 4/3; 
Ss" (43) < 0 and —4,/3 is not acceptable. Therefore S (43) is the maximum strength. The dimensions 





of the strongest beam are 4/3 by 4/6 inches. 


(b) (c) 
60 600 
50 500 
400 400 
300 300 
200 200 s=0°V144-a? 





q 6 8 to 12” a 4 6 6 1012 


Both graphs indicate the same maximum value and are consistent with each other. Changing k does not 
change the dimensions that give the strongest beam (i.e., do not change the values of w and d that produce 
the strongest beam). 
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35. (a) From the situation we have w? = 144 — d?. The stiffness of the beam is S = kwd? = kd? (144 — a2)'”?, 


where 0 < d < 12. Also, S/d) = “*G8%=") —. critical points at 0, 12, and 6/3. Both d = 0 and 


V 144-2 
d= 12 cause S = 0. The maximum occurs at d = 6/3. The dimensions are 6 by 6/3 inches. 
(b) (c) 
6000 
5000} 
4000 


s=d°V144~-d? 





6 6 i012" 
Both graphs indicate the same maximum value and are consistent with each other. The changing of k has 


no effect. 


36. (a) 8; =S. > sin t = sin (t+ 7) => sint =sintcos 3 +sin 3 cost > sint =} sint + 2 cost => tant = \/3 


—fo 
=> t= Fors 


(b 


wm 


The distance between the particles is s(t) = |s1 — so| = |sin t — sin (t + z) | =i sin t— V3 cos | 


(sin t- /3 cos t) (cos t+ /3 sin t) 
2 [sin t - V3 cos] 


are 0, %, 5, 4", Un, an; then s(0) = ¥2, 8 (7) =0,s (57) = 1,8 (47) =0,8(U") = 1,527) = 2 = the 

greatest distance between the particles is 1. 

(sin t— 3 cos t) (cos t+ V3 sin t) 
2|sin t— /3 cos t 


the distance between the particles is changing the fastest near these points. 


> s\(v= 





since £ |x| = zk] = Critical times and endpoints 





(c) Since s’(t) = we can conclude that at t = 5 and an s’(t) has cusps and 





37. (a) s=10cos(mt) > v= —107sin(nt) => speed = |107 sin (zt)| = 107 |sin (xt)| the maximum speed is 
107 ~ 31.42 cm/sec since the maximum value of |sin (zt)| is 1; the cart is moving the fastest at t = 0.5 sec, 
1.5 sec, 2.5 sec and 3.5 sec when |sin (zt)| is 1. At these times the distance is s = 10 cos (3) = 0 cm and 
a = —107 cos(nt) = |a| = 107? |cos(at)| = |al = 0 cm/sec? 
(b) |a| = 107? |cos (zt)| is greatest at t = 0.0 sec, 1.0 sec, 2.0 sec, 3.0 sec and 4.0 sec, and at these times the 
magnitude of the cart's position is |s] = 10 cm from the rest position and the speed is 0 cm/sec. 


38. (a) 2sint=sin2t > 2sint—2sintcost=0 => (2sint)\(1 —cost)=0 => t=kza where k is a positive 
integer 


(b 1/2 


wm 


The vertical distance between the masses is s(t) = |s; — s2| = ((s1 — s)”) ei ((sin 2t — 2 sin t)”) 


= s(t) = (4) ((sin 2t — 2 sin 2) /7(2)(sin 2t — 2 sin t)(2 cos 2t — 2 cos t) 


__ 2(cos 2t—cos t)(sin 2t—2sint) __ 4(2 cos t+ 1)(cos t — 1)(sin t)(cos t — 1) sas : 
_ [sin 2t—2 sin] = isin 2t—2 sin {| => critical times at 








0, 2, m, 4, 2m; then s(0) = 0, s (2%) = |sin (4%) — 2 sin (28)| = 3¥8, s(n) = 0, s (47) 








= |sin (%) 2 sin (*)| = ae s(277) = 0 = the greatest distance is Ne att = * and " 





39. (a) s= (2 — 120? + (8H? = ((12 — 128)? + 6412)” 


a= : ne _ ___208t— 144 
(b) 8 = § (12 — 120? + 6402) 77212 — 121)(—12) + 128e] = Ro 
=& 9 = ~!2 knots and fs _, = 8 knots 
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40. The distance OT + TB is minimized when OB is 


41. 


42. 


43. 


44. 


(c) The graph indicates that the ships did not see s 
each other because s(t) > 5 for all values of t. 


s = V(12-121)? + 642 





(d) The graph supports the conclusions in parts (b) 
and (c). 





7 ds 208t — 144 


~104_-- - 
——" m Vit2-12? + 64? 
mt) 
(e) tim ds f/f Jing 2 08t= 144 i (ey 208? 208 =4 
= 114) = =,/ 7 —4,/1 
he dt po, 4 — 0? + 64 Pears 144 (1-1) 464 744464 


which equals the square root of the sums of the squares of the individual speeds. 








a straight line. Hence Za = 723 => 6, = 62. 





If v = kax — kx”, then v’ = ka — 2kx and v” = —2k, sow =0 => x= 5. Atx = 5 there is a maximum since 
vl (3) = —2k < 0. The maximum value of v is ~ 
(a) According to the graph, y’(0) = 0. 


(b) According to the graph, y’(—L) = 

(c) y(0) = 0,s0d = 0. Now y’(x) = 3ax? + 2bx + c, so y/(0) = 0 implies that c = 0. There fore, y(x) = ax? + bx? and 
y'(x) = 3ax? + 2bx. Then y(—L) = —aL? + bL? = H and y/(—L) = 3aL? — 2bL = 0, so we have two linear 
equations in two app ia a and b. The second equation gives b = Sak Substituting into the first equation, we have 


—aL? + Sal? =H, or “> =H, soa= 275 H Therefore, b = 377 Hand the equation for y is 


y(x) = ai! - aH’, or y(x) = H[2(e)° + 3(f) ‘|: 


The profit is p = nx — nc = n(x — c) = [a(x — c)"! + b(100 — x)] (x —c) = a+ b(100 — x)(x —c) 
=a-+t(be + 100b)x — 100be — bx”. Then p’(x) = be + 100b — 2bx and p’(x) = —2b. Solving p’(x) = 
x = § +50. Atx = § + 50 there is a maximum profit since p"(x) = —2b < 0 for all x. 


Let x represent the number of people over 50. The profit is p(x) = (50 + x)(200 — 2x) — 32(50 + x) — 6000 


= —2x? + 68x + 2400. Then p’(x) = —4x + 68 and p” = —4. Solving p(x) =0 => x=17. Atx = 17 thereisa 
maximum since p”(17) < 0. It would take 67 people to maximize the profit. 
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46. 


47. 


48. 


49. 


50. 
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(a) A(q) = kmq~! + cm+ !q, where q > 0 = A‘(q) = —kmq-? + 2 = ne and A"(q) = 2kmq~?. The 


critical points are —, / 2km , 0, and ,/ 2m , but only ,/ 2km is in the domain. Then A” (V 24m ) >0 => at 


q=\/ 2h there is a minimum average weekly cost. 


(b) A(q) = SP" + om + $.q = kmq"! + bm + cm + §4q, where q > 0 A’(q) = Oat q 24 as in (a). 








Also A"(q) = 2kmq~? > 0 so the most economical quantity to order is still gq = ,/ au which minimizes 


the average weekly cost. 


We start with c(x) = the cost of producing x items, x > 0, and ox) = the average cost of producing x items, assumed 


to be differentiable. If the average cost can be minimized, it will be at a production level at which a (#2) =0 


Cc 


=> xe) ots) = 0 (by the quotient rule) = x c'(x) — c(x) = 0 (multiply both sides by x”) > c’(x) = ot) where 

c'(x) is the marginal cost. This concludes the proof. (Note: The theorem does not assure a production level that will give a 
minimum cost, but rather, it indicates where to look to see if there is one. Find the production levels where the average cost 
equals the marginal cost, then check to see if any of them give a mimimum.) 


The profit p(x) = r(x) — c(x) = 6x — (x? — 6x? + 15x) = —x? + 6x? — 9x, where x > 0. Then 
p(x) = —3x? + 12x — 9 = —3(x — 3)(x — 1) and p’ (x) = —6x + 12. The critical points are 1 and 3. Thus 
pp’) =6>0 => atx =1 there is a local minimum, and p’(3) = —6 < 0 = at x = 3 there is a local maximum. 











But p(3) = 0 = the best you can do is break even. 


The average cost of producing x items is c(x) = ) — x? — 20x + 20,000 > c’(x) = 2x —- 20 =0 > x = 10, the 


xX 


only critical value. The average cost is ¢(10) = $19, 900 per item is a minimum cost because ¢”(10) = 2 > 0. 


(a) The artisan should order px units of material in order to have enough until the next delivery. 

(b) The average number of units in storage until the next delivery is 5 and so the cost of storing then is s() per 
day, and the total cost for x days is (E) sx. When added to the delivery cost, the total cost for delivery and storage 
for each cycle is: cost per cycle = d+ BESX. 


(4+ 8) 
x 





(c) The average cost per day for storage and delivery of materials is: average cost per day = + a + ee 
To minimize the average cost per day, set the derivative equal to zero. a (d(x) + Bx) =- lee ie +P =0 


=>x=+,/ — Only the positive root makes sense in this context so that x* = ,/ = To verify that x* gives a 


2d 


minimum, check the second derivative e( _ d(x)? + ®)] | — 2d — —2d 
[24 
ps 


3 
2d 2d 
ps ps 


> 0 => aminimum. 





x8 





The amount to deliver is px* = / 2d 





(d) The line and the hyperbola intersect when = i % Solving for X giveS Xintersection = = 4/ a For x > 0, 
Xinisiseciion — 2d — x*_ From this result, the average cost per day is minimized when the average daily cost of 


ps 


delivery is equal to the average daily cost of storage. 





Average Cost: oe) = 7000 + 96 + 4x!/? = ¢ (@) = — 200 4 2x-1/? = 0 => x = 100. Check for a minimum: 
ae (2) = we — 100-8/? = 0.003 > 0 > a minimum at x = 100. At a production level of 100, 000 units, 
x=100 


the average cost will be minimized at $156 per unit. 
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51. We have $8 = CM — M?. Solving “8 = C-2M=0=>M= S. Also, $8 = —2<0=>atM= S thereisa 








> dM? — 
maximum. 


52. (a) If v =cror? — cr®, then v’ = 2cror — 3cr? = cr (2rq — 3r) and v” = 2crg — 6cr = 2c (rp — 3r). The solution of 


33: 


54. 


D9: 


56. 


57. 


v' = 0isr = 0 or , but 0 is not in the domain. Also, v’ > 0 forr < 2% and v! < Oforr> am => at 


r= 2 there is a maximum. 


(b) The graph confirms the findings in (a). 





0.1 0.2 O13 OL 0. 


Ifx > 0, then(x-—1? >0 => x?4+1>2x 5 etl > 2. In particular if a, b, c and d are positive integers, 


then (*#4) (f+) (<4) (*+) > 16. 





-1/2 

















Pe} 2y1/2 2/2 2 2 2 2 2 
(a) f(x) = f(x) = SPO eee 8 ee = 0 
Va +x (a? +x?) (a2 + x2)*/ (a2 + x2)*/ 
=> f(x) is an increasing function of x 
= ee: = (b? +d =x?) 7? +d —x)? (b? +(d—0)2) 1? 
(b) g(x) Jee GoaE g'(x) b+ (d—xP 


_— = (b?+d—~")+d=xP _ —b? 
(b? + (d—x)*” (b? + (d—x)) 





gz <0 = g(x) is a decreasing function of x 


(c) Since cj, co > 0, the derivative gt is an increasing function of x (from part (a)) minus a decreasing 


function of x (from part (b)): “t = 4 f(x) — 4 g(x) = £t = 1 f(x) — 1 g'(x) > O since f/(x) > 0 and 
p dx cy cy & dx’ cy cy & 


g(x)<0= a is an increasing function of x. 





At x = c, the tangents to the curves are parallel. Justification: The vertical distance between the curves is 
D(x) = f(x) — g(x), so D’(x) = f’(x) — g/(x). The maximum value of D will occur at a point c where D' = 0. At 
such a point, f’(c) — g/(c) = 0, or f’(c) = g’(c). 


(a) f(x) =3+4 cos x + cos 2x is a periodic function with period 27 


(b) No, f(x) =3 +4 cos x + cos 2x = 3 +4 cos x + (2 cos?x — 1) = 2(1 +2 cos x + cos? x) = 2(1 + cos x)? > 0 
= f(x) is never negative 


(a) Ify =cotx — 2 csc X where 0 < x < 7, then y’ = (csc x) (v2 cot xX — csc x). Solving y’ = 0 





cos X = a x = 4. ForO <x < $ wehave y’ > 0, and y’ < 0 when | <x <7. Therefore, atx = 7 


there is a maximum value of y = —1. 
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y = cotx — V2 csc x 


~-4 
-6 


~8; 


The graph confirms the findings in (a). 


+ /3 


x=t 73 but a is not in the domain. Also, y” = 2 sec? x tan x + 3 csc? x cot x > 0 for allO << x < a : 


58. (a) Ify = tan x + 3 cot x where 0 <x < 5, theny’ = sec” x — 3 csc? x. Solving y’ = 0 tanx = 














Therefore at x = 3 there is a minimum value of y = 2/ 3. 


(b) 


y 
80 
60 


40) 


y = tan x +3 cotx 
20: 


0.25 0.5 0.75 i 4.25 1.5" 
The graph confirms the findings in (a). 


59. (a) The square of the distance is D(x) = (x — oF + (/x+ 0)’ = x? — 2x + 4, so D/(x) = 2x — 2 and the critical 
point occurs at x = 1. Since D/(x) < 0 for x < 1 and D’(x) > 0 for x > 1, the critical point corresponds to the 
minimum distance. The minimum distance is ,/D(1) = a, 

(b) 


,D = 
¥ DO) Daya? 2x49 








0.5 1 15: 2 2.5 


The minimum distance is from the point (3, 0) to the point (1, 1) on the graph of y = eo and this occurs at the 


value x = 1 where D(x), the distance squared, has its minimum value. 


60. (a) Calculus Method: 
The square of the distance from the point (1, V3) to (x, Vv 16 — x) is given by 
2 
D(x) = (x —1)? + (16 — x - v3) = x? — 2x 4+14+16—x? —2,/48— 3x2 +3 = — 2x +20 — 2/48 — 3x2. 


My) — 2 _ 6x Ny) — 6x = 2./48 — 3x2 
Then D’/(x) = — 2 ig il 6x) = —2+ Jaa Solving D'(x) = 0 we have: 6x = 21/48 — 3x 














Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


258 Chapter 4 Applications of Derivatives 





=> 36x? = 4(48 — 3x”) > 9x? = 48 — 3x? > 12x? = 48 > x = + 2. We discard x = —2 as an extraneous solution, 
leaving x = 2. Since D’(x) < 0 for —4 < x < 2 and D'(x) > 0 for 2 < x < 4, the critical point corresponds to the 





minimum distance. The minimum distance is ,/D(2) = 2. 
Geometry Method: 


The semicircle is centered at the origin and has radius 4. The distance from the origin to (1, v3) is 


2 
1+ (v3) = 2. The shortest distance from the point to the semicircle is the distance along the radius 


containing the point (1, V3). That distance is 4 — 2 = 2. 
(b) 


y, D(x) 
8 





4 2 2 4 
The minimum distance is from the point ec V3) to the point (2, 2/3) on the graph of y = / 16 — x?, and this 


occurs at the value x = 2 where D(x), the distance squared, has its minimum value. 


61. (a) The base radius of the cone is r = ao and so the height ish = \/ a? — r? = \/a? — (23=*) i Therefore, 


V(x) = $n = $2524) fa? — CH) 





To simplify the calculations, we shall consider the volume as a function of r: volume = f(r) = gre/ a? — r?, where 


O<r<af(r) =F8(P a? 2) =3[P hot ee 


(b 


wm 























on} Qar—3r3 | _ ar(2a? — 34’) ie ‘ 2 _ /3= av 
3 | Vere | 3Jaoe The critical point occurs when r =, which gives r = ay/ 5 . Then 


h=Vae—-rP= v2 2a — rE = ae Using r = ae and h = “nf we may now find the values of r and h 











for the given values of a. 


When a = 4: r= 46, n= 8, 


? 





When a = 5: _ = Sy6 b= ivi, 
When a = 6: a 2/3; 
When a = 8: r= 876 h = 8y3, 


(c) Since r = aye and h = es , the relationship is - = = /2. 


62. (a) Let xo represent the fixed value of x at the point P, so that P has the coordinates (xo, a), and let m = f’(xo) be the 
slope of the line RT. Then the equation of the line RT is y = m(x — xg) + a. The y-intercept of this line is 
m(0 — Xo) + a= a— mx, and the x-intercept is the solution of m(x — x9) + a= 0, orx = ““—*, Let O designate 
the origin. Then 
(Area of triangle RST) 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


Section 4.5 Applied Optimization Problems 259 


= 2(Area of triangle ORT) 
=2- +(x-intercept of line RT)(y-intercept of line RT) 
=2-3(™=2) (a — mxq) 
eee aa a 
ae 


= —m(xo~ f): 


2 
Substituting x for Xo, f’(x) for m, and f(x) for a, we have A(x) = —f’(x) c = | : 





= —m( 





(b) The domain is the open interval (0, 10). To graph, let y, = f(x) =5+ 5/1 - x, y2 = f’(x) = NDER(y}), and 


y3 = A(x) = —yo (x — 2)" The graph of the area function y3; = A(x) is shown below. 
A(x) 
500 4 
400 + 
300 + 
200 


100 + 








+ + + + + + + + + x 


2 4 6 8 10 
The vertical asymptotes at x = 0 and x = 10 correspond to horizontal or vertical tangent lines, which do not form 
triangles. 
(c) Using our expression for the y-intercept of the tangent line, the height of the triangle is 


_ - —f'(x)-x = L — x2 — __=%__y = L — x2 4 —_x 
a— mx = f(x) —f!(x)-x=5+ 5V100—-x Wimoe a 100 — x? + es 
We may use graphing methods or the analytic method in part (d) to find that the minimum value of A(x) occurs at 
xX & 8.66. Substituting this value into the expression above, the height of the triangle is 15. This is 3 times the 


y-coordinate of the center of the ellipse. 
(d 


wm 


Part (a) remains ee Assuming C > B, the domain is . C). To graph, note that 


= 2 2 1 _ —Bx 
f(x) =B+By,/1 % =B+ 8VC? — x? and f'( =2 Tie aK 2x) = eos Therefore we have 
2 2 2 2 
era) ie (: eee) 
—Bx 































































































CV = x2 CVC a as 
2 
-— ks [Bx ze (Bc +BVC—x? °) (Ve = ®)| - —1 [Bx +BCV@— 2+ B(C2 -x)] 
2 Bc(C+ V@—#): 
~ sapm ee(e+ Ve=a)]' - EE 
2 2 | 12 2 a. | 2 2 7 —x i 2 
A'(x) _RC. ave x) (2)(C + fC? —x )( r= 2). S Cc x) (xs t/C (1) 
= ae ae 9x2 (c+ J@-x) (sate + VE=*)] 
2 y2 

_ ane =) | 2x2 4 TE 5 CVC? = x? x2 4x 2( _ «| 

BC(C+ /C? — x Bc(C+ /@— x2 
— Ge — x?) (3&5 Cv C2 — x? — 2) = - m Pup [cx C(C? x") Cy C2 — x] 
= ENO) (oe - 8 - Va) 


To find the critical points for 0 < x < C, we solve: 2x? — C2 = C\/C2 — x? = 4x4 — 402x? + C# = Ct — C2x? 
=> 4x* — 3C?x? = 0 = x?(4x? — 3C?) = 0. The minimum value of A(x) for 0 < x < C occurs at the critical point 
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x=“ orx? = ae The corresponding triangle height is 
a — mx = f(x) — f’(x)-x 


=B+8VC x2 4 


i Bx? 
eye - 


=B+EVC-x?+ o) 




















cje= 
ge ieee 
=B+¢(5) + 
— B 3B 
= 3B 


This shows that the traingle has minimum arrea when its height is 3B. 


4.6 INDETERMINATE FORMS AND L'HOPITAL'S RULE 


10. 


11. 


12. 

































































'H6pital: lim. 4=2 = 3 =lor lim 3—2 = lim 24 = lim -, =} 
Pp x32 -4 2x | 9 4 x32 -4 x2 2 (k—2)(x+2) x32 x+2 4 
I'HOpital: lim “85% — Scossx = Sor lim “225 =5 lim es es 
x—-0 * x=0 x30 * x0 a 
3 
WA Rtey. 45 5x2-3x ys 10x-3 _ 7; 10 _ 5 : 5x2-3x _ 5 5x _5 
l'Hopital: , um, wi =, limi _ =, lim “= 3 or , lim. a4 = , lim, 7t = 7 
TA n tal i a en F 3x7 3 : xe-l _ (x-D(P+x+)) 
VHopital: lim) gsa—3 = im) per = 7 Ot im, ais = lim, ears) 
_ : (@+x+1) _ 3 
= lim, Geraxe3) = Ti 
A. : aes : <i ‘ . i aes : J- eas 
I'HOpital: lim) 98% = lim @* = lim. S* = for lim. -S8* = lim ate ees) ce peace ene) 
x0 x—0 x0 2 x > 0 x ey x 1 +cos x 
=. “[s sin? x axe “Ge sin X sin x 1 1 
= Jim, x?(1 + cos x) = Jim, ( x )( x Games) ~~ 32 
2 3 
(Hopi: tin, 22 = jie Se te Dede tim, 2 BtS toe, te RO 
pian am Saxe x eT x O&K x00 M+xt1 ~ x oo 145445 7 1 
Xx x" 
‘ tnd “ 2 
lim sint® __ lim 2t cos t —0 
to ¢ t—0 1 
2x-7 __ ne = 29 
X—> 1/2 cos x 9 7/2 —sinx -1 
lim “= lim S@=4=1 
Q@>7 7 >on 7 = 
. l—sinx __ : —cosx __ ‘ sin x _, af — f 
lim J=smx = Jim = tlm ee 
x 1/2 1+ cos 2x X > 1/2 —2 sin 2x X > 17/2 —4 cos 2x —4(-1) 4 
sinx —cosx __ li cosx+sinx __ 2 Jf2 _ 9 
xe =, AM 1 Sg Tg = 
x3 7/4 4 x3 7/4 
1 
: cosx—z : —sinx __ _ V3 
lim co = lim SF = - 4 
x 1/3 3 x3 1/3 
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» . —(x— 3) sinx , = —x) cosx+sinx(—1 = 
13. lim —(x- 5) tanx = lim aD lim = — Ga = =) 
x 7/2 x 1/2 ene x3 7/2 ae 
‘ : : 4x 4.0 
14. lim x = lim — = lim sa = 0 
x20 *t+7/x x50 ean x30 2/x+7 2-047 
1s. i 2x? — (3x + 1),/x +2 li 9x2 — 3x3/2 —xW2 4.9 1 4x — 5x'/? me 
, mn — —— = om ee = lim - = = 1 
xl x1 xl x1 xl 1 
-1/2 
16. lim. YO t5-3 — jim 2 +5) (2x) _ 1 1 
a) x2 —4 x—-2 2x x32 2Vx?4+5 6 
17. lim, W@*8-* — jim —a— = 2. = 1, wherea> 0. 
x0 x x 30 2Va?+ax Va 2 
: 10(sin t — t) : 10(cos t — 1) : 10(—sin t) : —10cost —10-1 5 
18. lim ——— = lim — = = lim. ——— = lim = = a 
t—>0 6 t—0 3 t—0 6t t—0 6 6 3 
19. lim x(cos x= 1) __ lim =Xsinmxtecosx=1 — qjpy =xoosx=2sinx _ ]jpy Xoosx+2sinx _ ]jpy =xsinx+3cosx _ 3 _ 3 
“yi 9 sinx—-x x 50 cos x — 1 x—0 —sin x x—0 sin x = Se ES cos X a’ 
20. lim sin(a+h)—sina __ li cos(a+h)—cosa __ 0 
“ho h h-—0 1 
2 a(m —1 2 pol , ee : ss . 
21. lim ; ) lim om =an lim 1°! = an, where n is a positive integer. 
r>1 fT rol ro 1 
. 1 a1)_y,; 1- Jx _ [{ VHopital's rule \ __ : _ 1 _ 
22. ey (2 +.) _ ams ( x ) 7 ions _ Pe (1 Vx) x 
2 2 2 _x 
, _ 2 , Ae _ 2 x+Vx4+x\)_ 4; xia (+x) _ xX 
23: , im (x Vx +x) = , lim, (x Vx +x) (4 x) = , lim, ee or = , lim, 7, 
x x2 
li 1 — _1 [ l'Hopital's rule 
X00 44,/,41 — 2 \ is unnecessary 
x 
1 V gadif'd 
tan( = — sec? ( ) 
24. lim. xtan(+) = lim (x) = lim. ~—— lim_ sec?(4) = sec?0 = 1 
X — 60 = 00 . x 0O a} x 
¥ 3x-5  _ : = 
25. ~ im Ix =x +2 = , jim .. a1 — 9 
H sin7x _ 7; Tcos(7x) _ 7-1 _ 7 
26. lim, ianiix = iM, TetGix) = i = 11 
: J9x+1 : 9x+1 _ : = = 
21. re Vxt+l oy x+1 oie 1 V9=3 
28. lim, He = /—t = t=! 
x > Qt Vsinx im, a 1 
: secxX __ : 1 cosx\ __ : ‘ ee 
29. ee tanx as (sax) (S25) _ re sinx 
ctx i (388) 
30. li ccx = im, 78% = lim, cosx=1 
x 07 x07 (gas) x > 07 
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31. Part (b) is correct because part (a) is neither in the 8 nor = form and so I'H6pital's rule may not be used. 


32. Answers may vary. 
(a) f(x) = 3x+ lsg(x) =x 





lim = lim #+!= lim 2=3 
X00 g(x) Xx > 00 x x—oo l 
(b) f(x) =x + lsig(x) = x? 
lim, go) =xlim, SP = lim, x =0 
(c) f(x) =x7;g(x) =x4+1 
lim @&—= x lim. 2% = oo 


X > 0O ax) — x x#1~ x60 1 








33. If f(x) is to be continuous at x = 0, then lim_ f(x) = f(0) c= f(0) = lim, 3538 = lim 2=2c9s3x 
x70 x0 zs x—>0 15x 
a. aS 27sin3x _ 1; 81 cos 3x __ 27 
Se eg a 





34. (a) Forx 40, f’(x) = a (x + 2) = 1 and g/(x) = a (x + 1) = 1. Therefore, lim Ee) =! —=1, while lim i) 
x x x0 2&1 x0 8 





— xt+2 _ 042 _ 
= x41 +i = 2 








(b) This does not contradict l'HOpital's rule because neither f nor g is differentiable at x = 0 


(as evidenced by the fact that neither is continuous at x = 0), so l'H6pital's rule does not apply. 








35. The graph indicates a limit near —1. The limit leads to the y 
2 2 
: : : 2x? — 3x+1 2 ~(3x+1) 
indeterminate form o: lim zis sul Le ae yom x+1x+2 
x—1 x-l x-1 
Fi /9 9 / ad -1/ 
= fj, Saws 4x—5 x? 5x1? 
x1 x1 x71 1 
_ 4-3-3 _ 4-5 _ 
SS Sy 
36. (a) 
y 
A 








y=x-vx° +x 





-1 
(b) The limit leads to the indeterminate form oo — oo: 


x im, (x- Y x +x) = , lim, (x- V +x) ( a) =_ lim (oe 


= lim —s~— 
xt Vx2+x X>0O x4+/x?4+x 























X* +X X — OO 
_ i ie et es 
= , im, 14Vit 1+ /1+0 2 
37. Graphing f(x) = L—eosx! on th window [—1, 1] by [—0.5, 1] it appears that lim f(x) = 0. However, we see that if we let 
x? 








u=x°, then lim f(x) = lim 4—$S" = lim S@" = Jim cos4 = 1, 
x—0 u-0 " uo 2u u—>0 2 a 





38. (a) We seek c in (—2, 0) so that a a ars = pt — —5. Since f'(c) = 1 and g’(c) = 2c we have that + = — 
>c=-l. 


L 
2 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


Section 4.7 Newton's Method 263 


(b) We seek c in any open interval (a, b) so that we = oe — tS = CEDIGES) m > x m >o= bta 























) 2 
(c) We seek c in (0, 3) so that ne = ae it 1 ee 5 => 3c? + 2c-12=05c= ee 


(Note that c = eee is is not in the given interval (0, 3).) 




















Pes : : ‘ <> ~ <—> 
39. (a) By similar triangles, ye = ce where E is the pointon AB such that CE 1 AB: 
1-x _ l-cos@ ¢: : : __ 4(1—cos 0) 
Thus ~>* = 7-7, since the coordinates of C are (cos @, sin 0). Hence, 1 — x = 4—. 
(b) lim (1 = x) = lim ae - cose = lim 6 sind +1 — cos a lim 8cos 0+ sin +sin@ _ lim 8 cos i+ 2sin a 
(7) > 0 0 ae 0 — sin 0 > 0 — COS (4) = 0 sin (4) Lily, 0 sin 
— lim Bicone pees eore — lim =6 sin 6 + 3cos 8 = 0+3 _3 
§@—>0 cos 0 6—0 cos 0 1 


(c) We have that lim [(1 — x) — (1 —cos 6)] = , iim. HA — 00s 8) —(1—cos@)| = , lim (1 — cos @) in - i 


— CO 
As 8 — 00, (1 — cos @) oscillates between 0 and 2, and so it is bounded. Since , im (45 — 1) =1—1=0; 
— oO 
P lim (1 —cos 6) on — i = 0. Geometrically, this means that as 6 — oo, the distance between points P and D 
— oO 


approaches 0. 


T 


40. Throughout this problem note that r? = y? + 1, r > y and that both r — 00 and y > co as 6 > a. 





(a) ee oe ye ry =O 

b) li 2_ye= |i = a 

ee 

(c) We have that r? — y? = (r—y)(r? +ry +y?) = ees > Mee De = ay = 3y-2. 


Since lim 3y-+= lim 3sin0-y =oowehavethat lim r? —y? = oo. 
0 1/2 On 0 7/2 


/2 


4.7 NEWTON'S METHOD 
































2 
a) a _ XptXn-b _ 141-1 _ 2 
1. y=x +x-1 > y=2x41 > y4=%- xt sXo=lo>xm=l- 2+1 ~ 3 
4,2 
2 443-1 —2_469_2_ 1_13, cee =]—litl.=_ 
i eek ame X= 3-49 = 3 — af = ay © 61905; x) = —1 > xm = 1- SR = -2 
_ 4-2-1 _ 5 
=> X,7=-—2 ae Gee tas 1.66667 
3 
3 po RS Xit3xatl | 1 1 
2 yar +3xt]1 = y= 3x7+3 > x =m — “eg XO =O > m= 0-3 =-3 
i 
gene Salt _ 1 __ 29 
> x=} = 3 + 99 = — 59 © —0.32222 
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3. 


10. 


11. 


12. 


xt4+x,—3 



























































2 a 1 yy3 , 141-3 _ 6 
y=x°+x-3 5 y =4x°4+1 Xap = "Ky axe+1 sXo=l>xn=1-Sr =5 
ss x, — 6 — sets3 _ 6 _ 1296+750-1875 _ 6 _ 171 _ 57683 1 16542-x, — -] > x, = —] — 1223 
2 5 Say 5 43204625. ~ 5 4945 4945 ~ °° Pan 1 —441 
=k _ 16-2-3 _ ui st 
=-2 > % =-2- Sy = 2 + = — Fy © 1.64516 
2 
= 2 r _ 2Xn—Xpt] - 0-041 _ 1 
y=2x-—x*4+1 > y=2-2x > Xnut = Xn — 3-9, 3 Xo = O >x,=0-G9 =7-3 
a oe ee oe ee a) Se a3 att 
=> k= 5 ois a a += Dp 41667; x9 =2 > x, =2 a4 =5 > X2>= 35 75 
_ 5 20-2544 5 1 2,2, 
=5 <= 3 - p= © 2.41667 
4 625 
_ y4 1 3 Xy-2 = 19-2 5 _ 5 _ 3372 _ 5 _ 625-512 
y=x'-2> y=4x Ant = ager 2 Se a ha re a a oe 
_ 5 113 __ 2500-113 __ 2387 
= 5 — 3060 = 2000 = 3000 © 1.1935 
4 625 
‘ x,—2 = $9 __2 
From Exercise 5, X,,; = X, 4x3 ;Xo = —1 xX, =-l = 1 i= 3 => X= —F- 25 
16 
5 625-512 _ 5 | 113 
4 =3900 = — 4 + 3000 © 1.1935 








f(Xo) = O and f’(xp) 40 > Xu. =X — me gives X; = Xg X2 = Xo X, = Xo for alln > 0. That is, all of 


the approximations in Newton's method will be the root of f(x) = 0. 


It does matter. If you start too far away from x = 5 , the calculated values may approach some other root. 


Starting with x» = —0.5, for instance, leads to x = — 5 as the root, notx = 5. 


2 





Ifxo =h>0 5 xy =x) —- SM =nh- © 



































Fao) ~~ FG) 
=h- 7 =n- (vin) (2vin) ay 
(xa) 
ifx) =—-h<0 => x1 =Xo an =-—h ae 
ee eee eee ee (vin) (2vin) =i 
(xi) 
1/3 ' 1) ,-2/3 a 
f(x) =x f(x) (4) x Xnu1 = Xa — Ow 
3 n 
= —2x,;X9 = 1 Xj = —2, Xo = 4, x3 = —8, and 





x4 = 16 and so forth. Since |x,| = 2|x,_,| we may conclude 
thatn — oo => |x,| — oo. 





i) is equivalent to solving x? — 3x —1=0. 

ii) is equivalent to solving x? — 3x —1=0. 
iii) is equivalent to solving x? — 3x —1=0. 
iv) is equivalent to solving x? — 3x —1=0. 


All four equations are equivalent. 








f(x) =x—1-0.5sinx => f(x) =1—0.5cosx > Xu, =%& a ise - if xo = 1.5, then 
x; = 1.49870 
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13. For x9 = —0.3, the procedure converges to the root —0.32218535.... 
(a) 





Foti Flote Plots 
sw1Bx*3t+3x+1 
se2OnDer Calas: x3 


BREE WIND 200M TRACE GRAFH 
Be Ee Be 4 


(e) Values for x will vary. 


14. (a) f(x) =x? -—3x—-1 => f(x) =3x?-3 > x, =x, - Se ee = the two negative zeros are — 1.53209 
and —0.34730 

The estimated solutions of x? — 3x — 1 = Oare 

—1.53209, —0.34730, 1.87939. 


(b 


we 





(c) The estimated x-values where Y 
g(x) = 0.25x* — 1.5x? — x + 5 has horizontal tangents st 
are the roots of g/(x) = x? — 3x — 1, and these are 
—1.53209, —0.34730, 1.87939. 





g(x) =0.25x*-1.5x°-x+5 








-2 -1 1 2 


15. f(x) =tanx —2x > f(x) =see2®’x—-2 > %& =X sang) 5 xg =1 > x, = 12920445 


=> Xg = 1.155327774 => x16 = X17 = 1.165561185 


‘ 4 _ 9x3 _ x2 9x, 42 
16. f(x) = x4 — 2x3 — x? 2x42 > f(x) = 4x3 — 6x? 2x -2 > xy = 4 - BQ, 
x3 — 6x2 — 2x, —2 





if x9 = 0.5, then x4 = 0.630115396; if xp = 2.5, then x4 = 2.57327196 
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17. (a) The graph of f(x) = sin 3x — 0.99 + x? in the window 
—2<x <2,-2 <y <3 suggests three roots. 
However, when you zoom in on the x-axis near x = 1.2, 





3} y = sin(3x) — 0.99 +x : 





you can see that the graph lies above the axis there. 
There are only two roots, one near x = —1, the other 
near x = 0.4. 

(b) f(x) = sin 3x — 0.99 + x? > f'(x) = 3 cos 3x + 2x as 


sin (3x,) — 0.99-+x? 
3 cos (3Xn) + 2Xn 


are approximately 0.35003501505249 and 
—1.0261731615301 


and the solutions 





> Xn¢1 = Xn 


«< 


18. (a) Yes, three times as indicted by the 
graphs 

f(x) = cos 3x —x => f'(x) 
=-—3sin3x-1 > Xu 


COS (3Xn)—Xn 
n ~ =3 sin (3X_) — 1’ at 


approximately —0.979367, 
—0.887726, and 0.39004 we have 
cos 3x = x 


~0.84 


(b 


Ye 





4_ 4y2 
19. f(x) = 2x4 — 4x2 +41 = f(x) = 8x3 — 8x > xq = Xp — A" if xy = —2, then xp = —1.30656296; if 


Xo = —0.5, then x3 = —0.5411961; the roots are approximately + 0.5411961 and + 1.30656296 because f(x) is 
an even function. 








tan (Xn) , 
sec? (Xp) ’ 











20. f(x) = tan x f’(x) = sec? x Xn41 = Xa Xp = 3 xX, = 3.13971 => xXy = 3.14159 and we 


approximate 7 to be 3.14159. 


21. From the graph we let xp = 0.5 and f(x) = cos x — 2x 


COS (Xp) — 2Xp 


=> Xu1 =X — ice => x, = .45063 


=> xX» = 45018 => atx = 0.45 we have cos x = 2x. 


22. From the graph we let x) = —0.7 and f(x) = cos x + x 


Xn + C08 (Xn) 
Xn+1 =X 1—sin (Xn) Xj = —.73944 








=> Xo = —.73908 => at x = —0.74 we have cos x = —x. 
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w16— -~-- ~~ = oan x 


~-0.84 


23. 


24. 


25, 


26. 


27. 


28. 


29. 
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If f(x) = x® + 2x — 4, then f(1) = —1 < 0 and f(2) = 8 > 0 = by the Intermediate Value Theorem the equation 
x} +2x,—4 
3x2 +2 
Then xp = | x, = 1.2 Xg = 1.17975 = xg = 1.179509 = x4 = 1.1795090 = the root is approximately 
1.17951. 


x? + 2x — 4 = 0 has a solution between 1| and 2. Consequently, f’(x) = 3x? +2 and x4, =X, — 








We wish to solve 8x* — 14x? — 9x? + 11x — 1 = 0. Let f(x) = 8x* — 14x? — 9x? + 11x — 1, then 


4 3 2 
! _ 3. 8x, — 14x) — 9x, + 11x, — 1 
f"(x) = 32x° — 42x* — 18x + 11 Xnu1 = Xn 300 — 4x2 — 18x, 4 Tl 




















Xqg | approximation of corresponding root 
—1.0 —0.976823589 
0.1 0.100363332 
0.6 0.642746671 
2.0 1.983713587 
f(x) = 4x* — 4x? => f!(x) = 16x? — 8x > xi =X; me =X a Iterations are performed using the 


procedure in problem 13 in this section. 

(a) For xo = 2 or Xp = —0.8, x; — —1 asi gets large. 
(b) For xg = —0.5 or xp = 0.25, x; — 0 as i gets large. 
(c) For Xo = 0.8 or Xo = 2, xj — 1 as i gets large. 

(d 


wm 


(If your calculator has a CAS, put it in exact mode, otherwise approximate the radicals with a decimal value.) 


For Xo = mE or Xp = 21 


—~—, Newton's method does not converge. The values of x; alternate between 


21 V2l os 
Xp = Or Xp = a ee aS 1 increases. 


(a) The distance can be represented by 
D(x) = Ve — 2)? + (x24 4)”, where x > 0. The 
distance D(x) is minimized when 
f(x) = (x — 2)? + (x? + a is minimized. If 
f(x) = (x — 2)? + (x? + 4)’, then 
f(x) = 4 (x? +x — 1) and f(x) = 4 (3x? +1) > 0. 
Now f(x) =0 > x°8+x-1=0 => x(xX?+1)=1 
> x= ay 


(b) Let g(x) = a —-x= (x? 44 ier -x > g(x)=- (x? + 1)°(2x) —-l= FEET, —1 


1 
> x 
(ata ») 


=> Xu =X. — ( ) ;X9 = 1 => x4 = 0.68233 to five decimal places. 














—2xn 
TNE 
(xR+1) -1 


f — 1)*9 f’ = 40 1)39 a: (x, — 1)*° — 39x, +1 
@®)=@- I > £1) = 40% -D" > naam — Sie = 


gave Xg7 = Xgg = Xgg = +++ = Xa99 = 1.11051, coming within 0.11051 of the root x = 1. 





. With xg = 2, our computer 








f(x) = 4x! — 4x2 => £"(x) = 16x3 — 8x = 8x (2x2 —1) S Xp =X eee : if xp = .65, then 


X12 & —.000004, if x9 = .7, then x32 = — 1.000004; if xo = .8, then xg = 1.000000. NOTE: va = .654654 








3 2 pee 
f(x) = x3 + 3.6x? — 36.4 => f(x) = 3x? + 7.2K = yy = Xa — BES ng = 2 > xy = 2.5308 


=> Xo = 2.45418225 => x3 = 2.45238021 = x4 = 2.45237921 which is 2.45 to two decimal places. Recall that 
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x = 10¢[H3;0+] = [H30+] = (x) (10-4) = (2.45) (10-4) = 0.000245 


30. Newton's method yields the following: 





the initial value 2 i V3 +i 














the approached value | 1 | —5.55931i | —29.5815 — 17.07891 








4.8 ANTIDERIVATIVES 


1. @ x (b) § () -x? +x 

2 ay oe (b) © (c) © — 3x? + 8x 
3G a (b) —*> (c) —% +x? +3x 
4. (a) —x~? (b) —* +2 (ce) 3 +8 —x 
5. (a) = (b) = (c) 2x+2 

6: @ 2 (b) () Sta 


7. (a) Vx3 (b) \/x (c) 2x8 +2,/x 


8. (a) x*/8 (b) 5 x?/3 (c) 3 x4/3 + 3x28 

9, ay x? (i) x (cpa 

10. (a) x!/? (b) x7/2 (c) x-3/2 

11. (a) cos (7x) (b) —3 cos x (c) = + cos (3x) 
12. (a) sin (7x) (b) sin (@) (c) (2) sin (3) + 7 sinx 
13. (a) tan x (b) 2tan (%) (c) —# tan (3) 

14. (a) —cot x (b) cot (3%) (c) x +4 cot (2x) 

15. (a) —csc x (b) £ csc (5x) (c) 2 csc (%) 

16. (a) sec x (b) 4 sec (3x) (c) 2 sec (%) 

17. f(&+Ddx=¥4x4+C 18. f (5 — 6x) dx = 5x—3x?+C 

19. f 32+4)dt=8+4+84+C 20. f (§+4e)a=f4+r+e 
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21. 


23. 


24. 


25. 


27. 


28. 


29. 


30. 


31 


32. 
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x4 — 3x? 4 7x+C 22. f (1—x? - 3x5) dx =x—1x3 1x64 


dole 





JG - 3428) des f(§- 20-8 + 2x) dx = fx- (AP) FF+C= Ft ate +e 
fx@ax = 4+C=3x2%4C 2. [xP4dx= 2 4+c0=44+C 
pres? | a Aare. 


J (Ve + V5) dx = f (0? + x18) dx = 4 PCH Fx? 4 Ex EC 


3 
2 





nil 


= J Qs? 420%) a=) 12(0P) +e pe e404 


| 2 3/4 
J (8y-#) ay = ff (8y — 2y-4) ay = F = 2 (H) += ay? Sy 4 








[x?@4 Dax = fw? +x) dk = +(S)+e=-1-+e 


J 4pta=f (e+) dt = f (241-3) d= 4 (St) +e=2Vi-34+C 





feta f(s 


: f -2 cost dt = —2sint+C 


. f7sin $ d6 = -21 cos $+C 





+) dt = f (4t-3 + 1-5/2) at=4($)+(V)+c=-3-gr+e 


3 
~ 2 
36. f —Ssintdt =5cost+C 


38. [ 3cos50d0 = 3 sin50+C 





. f 3 csc? x dx = 3 cotx+C 4O. ‘ Beck dx = mz +C 


f sse8s0t@ do = —1escO+C 


42. J 2 sec 6 tan 9 dO = 2 sec9+C 


. [ sec x tan x — 2 sec? x) dx = 4 sec x — 2 tanx+C 
: f 4 (csc? x — ese x cot x) dx = —2 cotx+iesex+C 
__f (sin 2x — esc? x) dx = — } cos 2x + cotx+C 46. J (2 cos 2x — 3 sin 3x) dx = sin 2x + cos 3x + C 


of Se de f (24 Pcosat) at— $44 2 () pa 4 


: f 1— cos 64 dt = f ( 


L 
2 


2 


— eos 6t) dt = $t—} (SAH) +0=$- HH 4c 
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49. fa + tan? @) do = [ sec? 6 dO = tand+C 





50. f (2+tan?6) dd = f[ (1+1+4 tan?) do = f (1 +sec? 6) dd = 0+ tand+C 
51. f cot?x dx = f (csc?x — 1) dx = —cotx—x+C 
52. f (1 —cot?x) dx = f (1 — (csc? x — 1)) dx = f (2 — esc? x) dx = 2x + cotx+C 


53. J cos 0 (tan @ + sec 6) dd = f (sin 9 + 1) dd = —cos0+0+C 





54. f scSey dO = f (cba) (S28) 0 = [reg dO = ff by dO = f sec? 0 a = tan d-+0 





55. 2 (G5 +) = 152 — x - 2) 


56, 2 (- S32 4c) = - (- S42 ®) - Gx +5) 


57. # (§ tan(5x — 1) + C) = £ (sec? (5x — 1)) (5) = sec? (5x — 1) 





58. a (-3 cot (5 


t) +.) = —3 (ese? (AH) (§) = ene? 54) 


59. £ (3440) =(-D-D«&+)? = ot 60. £ (25 +C) = WO = 














61. (a) Wrong: é (= sinx +C) = * sinx + © cosx =x sinx + % cosx # x sinx 


(b) Wrong: a (—x cos x + C) = —cos x + x sinx # x sin x 


(c) Right: 4 (—x cos x + sin x + C) = —cos x + x sin x + cos x = x sin x 


62. (a) Wrong: 4 (= us c) = Seec's sec" 4 (sec 6 tan 0) = sec® 6 tan 0 # tan @ sec? 6 
(b) Right: 4 (4 tan? 9 + C) = =5 1 (2 tan 0) sec? 6 = tan @ sec? 0 


(c) Right: 4 (4 sec? 6 + C) = 4(2 sec ) sec @ tan 6 = tan 8 sec? 0 


63. (a) Wrong: ¢ (SY +c) = sv — 90x 41)? Ox +1) 
(b) Wrong: © ((2x +1)? +C) = 3(2x + 1)2(2) = 62x + 1)? 4 32x + 1)? 
(c) Right: # ((2x + 1)? + C) = 6(2x + 1) 


1/2 


—1/2 
=1(?+x+C) PQx+) =; Pele ¢ J+ 





64. (a) Wrong: # (x? +x +C) 
a 





(b) Wrong: £ ( (x? pay +C) = 5 (x? +x) WOx41)= et # \/2x4+1 
(c) Right: (4( 2x + Vixtl) + c)=% (4 (2x + 1)9/?+C) = 2x4 D722) = 2x +1 


65. Graph (b), because { a =22 > y=x’?4+C. Theny(1)=4 > C=3. 


66. Graph (b), because & = —z > y=—}x?+C. Theny(-l)=1 > C=3 
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67. 


68. 


69. 


70. 


71. 


72. 


13: 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 
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Y —2x-7 > y=x?—7x+C; atx =2 and y = 0 we have 0 = 2? — 7(2)+C C= 10 y =x?—-7x+ 10 








® = 10-x => y = 10x —* +C;atx = 0andy = —1 we have -1 = 100) -& + C => C=-1l 


=> y=10x—%-1 


© —-b4x=x%4x => y=—x!+24C atx =2andy=1 wehavel =-2!42%4C5 C=-} 
> y=-x!+¥-jory=-i+¥-3 
 — ox? — 4x +5 => y = 3x? — 2x? + 5x +C; atx = —1 and y = 0 we have 0 = 3(—1)? — 2(—1)? + 5(-1) + C 











C=10 > y = 3x3 — 2x? +5x+10 


3x1/3 


i 
3 


+C=9; atx = 9x!/3 4 C; atx = —1 and y = —5 we have —5 = 9(-1)'9 +C 3 C=4 





® — 3x-7/8 > y= 


=> y= ox 44 


& = aly?  y=x?+Catx=4 andy =0wehave0 = 447 +C C=-2 y=xl/2_2 


2,/x 2 














G —!+cost > s=t+sint+C; att =0ands =4wehave4 =0+sin0+C C=4 s=t+sint+4 





4 = cost+sint => s=sint—cost+C;att=aands=1wehavel=sina —cos7+C > C=0 


=> s=sint—cost 


* = —r sin 70 => r=cos(70)+C; atr = 0 and 6 = 0 we have 0 = cos (70) + C C=-1 r= cos(70) — 1 








“=cos7 => r= + sin(0)+C; atr = 1 and 0 = 0 we have 1 = + sin(70)+C C=1 r + sin (70) + 1 








® — + secttant > v=4sect+C;atv = 1 andt =0 we have 1 = } sec(0)+C C=3 Vv 5 sect+ 4 











® = 8t+ese?t > v= 4t? —cott+C; atv = —7 andt = § we have 7=4(2)" cot (3) +C = C=-7 -9r° 
=> v=4t? —cott—7—-—7 





wy — 26x => & = 2x — 3x2 4+ Cy; at & = 4 and x = 0 we have 4 = 2(0) — 30)? +C, > C =4 

=> ® = 2x — 3x? +4 => y=x?—x34+4x4+ Cy; at y = 1 andx = 0 we have 1 = 0? - 0° + 4(0) + Cp > Cp = 1 
=> y=x?-x3+4x+1 

“0 = %=C); at & =2 andx = 0 we have C) 2 dy _ 9 y = 2x + Cy; at y = 0 and x = 0 we 
have 0 = 2(0) + Cy C, =0 y = 2x 





























fr —2=23 > © = +24; at =1andt=1wehavel = —-(1)?+C;) > C1} =2 > “= -t?42 
=> r=t!4+2t+C;atr=1 andt=1 we have 1 = 17! + 2(1) + Cy Co = -2 r=t!4+2t—2or 


r=++2t-2 

















20 3 2 3(4)2 2 3 
G=t= fs — 4); at © =3 andt =4 we have3 = “9 +C, Cc; =0 ds 3t S= a. + Cat 


dt 16 
s=4andt=4wehave4 = £+C, Co =0 s io 
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84. 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


93. 
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fy —6 > £¥ — 6x +); at BY = —8 and x = 0 we have -8 = 60) +C) > C, =-8 > SY =6x-8 


=> & = 3x? — 8x + Co; at & = 0 and x = 0 we have 0 = 3(0)? — 8(0) +C, > C2 =0 > & = 3x? — 8x 
=> y=x? — 4x? +Cs3; at y = 5 and x = 0 we have 5 = 0° — 4(0)? + C3 C3 =5 y =x? — 4x7 45 














0=> 





= £8 — C; at ©? = —2 andt = 0 we have £% = 2> ¢= 2t+C»; at @ = — }andt = 0 we 


have — $ = —2(0) + Cp Co i> @ 2t 1 g=-t?—1t+C;at0 = \/2 andt = 0 we have 


J} =-0? 0? —1(0)+C; + CG3= V2 > 0=-?-1t4+ V2 

















y4 = -sint+cost > y” =cost+sint+ Cy; at y” = 7 and t = 0 we have 7 = cos (0) + sin(0) + C; 

C, =6 y” =cost+sint+6 > y” =sint—cost+ 6t+ Co; at y’ = —1 andt = 0 we have 
—1 = sin (0) — cos (0) + 6(0) + Cy C, =0 y” =sint—cost+6t > y’ = —cost—sint+ 3t? +C3; 
at y’ = —1 and t = 0 we have —1 = —cos (0) — sin (0) + 3(0)? + C3 C3; =0 y’ = —cost — sint + 3t? 
=> y=-sint+cost+t?+Cy; at y = 0 andt = 0 we have 0 = —sin(0) + cos(0) + 0°? + Cy = Cy = — 
=> y=-sint+cost+t?—1 




















y“ = —cos x + 8 sin(2x) > y’” = —sin x — 4 cos (2x) + Cy; at y” = 0 and x = 0 we have 

0 = —sin (0) — 4 cos (2(0)) + Cy C,; =4 y” = —sin x — 4 cos(2x) +4 = y” =cos x — 2 sin(2x) + 4x + Cy; 
at y” = 1 and x = 0 we have | = cos (0) — 2 sin (2(0)) + 4(0) + C2 Co =0 y” = cos x — 2 sin(2x) + 4x 

=> y’ =sin x + cos (2x) + 2x? + Cs; at y’ = 1 and x = 0 we have 1 = sin(0) + cos (2(0)) + 2(0)? + C3 + C3 =0 
=> y’ =sinx +cos (2x) +2x? > y =—cosx+ ; sin (2x) + 2x3 + C4; at y = 3 and x = 0 we have 

3 = —cos(0) + $ sin (2(0)) + $ (0)? + Cy Cy =4 y = —cos x + 4 sin(2x) + 3x3 +4 
































m=y’ 3,/x 3x!/2 y = 2x*/? + C; at (9,4) we have 4 = 2(9)7/2 + C C = —50 y = 2x°/? — 50 








(a) fy — 6x = dy — 3x? + (Cy; at y’ = O and x = 0 we have 0 = 3(0)? + Cy C,; =0 dy 3x? 
=> y=x?+Co;aty =1andx =OwehaveC2 =1 > y=x?+1 
(b) One, because any other possible function would differ from x? + 1 by a constant that must be zero because 


of the initial conditions 


dy =1-3x8 > y= f (1— 4x") dx = x — x*/3 + C; at (1, 0.5) on the curve we have 0.5 = 1— 14 +C 
C i. y=x—x4341 























WY —x-1 => y=f@-Ddx=£-x+C; at (-1 , 1) on the curve we have 1 = [> uy —(-D+C 
x2 
C=-} y= $-x-] 
dy =sinx—cosx > y= J (sin x — cos x) dx = —cos x — sin x + C; at (—7, —1) on the curve we have 
1 = —cos(—7) — sin(—77) + C C=-2 => y=-—cosx—sinx —2 
vy — = aa tT sin x = 5x? 4 arsinax > y= f ($x? + sin rx) dx = x’? — cos rx + C; at (1, 2) on the 





curve we have 2 = 1!/? — cos 7(1) +C CcC=0 y = \/x — cos 7x 





(a) &=98t-3 > s= 4.91? — 3t+C; (i ats =5 andt =0 we haveC=5 > s= 4.9? —3t+5; 
displacement = s(3) — s(1) = ((4.9)(9) —9+ 5) — (4.9 -—3 +5) = 33.2 units; (ii) ats = —2 and t = 0 we have 
C=-2 > s=4.9t? — 3t — 2; displacement = s(3) — s(1) = ((4.9)(9) — 9 — 2) — (4.9 — 3 — 2) = 33.2 units; 
(iii) at s = sy and t = 0 we have C = sy) => s = 4.9t? — 3t + so; displacement = s(3) — s(1) 


= ((4.9)9) — 9 + so) — (4.9 — 3 + so) = 33.2 units 
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(b) True. Given an antiderivative f(t) of the velocity function, we know that the body's position function is 
s = f(t) ++ C for some constant C. Therefore, the displacement from t = a to t = bis (f(b) + C) — (f(a) + C) 
= f(b) — f(a). Thus we can find the displacement from any antiderivative f as the numerical difference 
f(b) — f(a) without knowing the exact values of C and s. 





94. a(t) = v(t) = 20 v(t) = 20t + C; at (0,0) we have C=0 => v(t) = 20t. When t = 60, then v(60) = 20(60) 
= 1200 m/sec. 








95. Step1: {$=—k > *& = —kt+Cy; at & = 88 andt = 0 we have C; = 88 > “= —kt+88 > 


s=— (5) + 88t + Cy; ats = O and t = 0 we have C: = 0 => s=—E + gat 


. ds _ 2 _ 88 
Step2: 7 =0 > 0=—-kt+88 >= t= 


2 2 
Step 3: 242 = *) + gg (88) = 242 = — OH 4 8 = n4n = OF = k= 16 














96. #§ =k = = f —kdt = —kt+C; at & = 44 whent = 0 we have 44 = —k(0) +C > C=44 
=> Ga akt+4 = s=— "© 4 44t+ Cy; at s = 0 when t = 0 we have 0 = — © + 4400) + C => C,=0 





2 
=> s=— 4 44t. Then =0 > —kt+44=0 > t= # ands (#) = x) + 44 (4) = 45 
=> — 268 4 1936 45 = 98 — 45 > k= 8 wy 215 2 


sec? * 








97. (a) v= fadt= f (st? — 3-7?) dt = 1008/? — 6? +; () =4 => 4= 100)?” — 6(1)'/? +C > C=0 
=> v= 10/2 — 6t!/2 
(b) s= fvdt= f (1008/2 — 6t!/?) dt = 4t5/? — 45/2 + C3811) =0 = 0 = 4(1)9/? —4(1)9/7+C > C=0 
=> 3 = 415/2 — 43/2 








98. = 5.2 > ® = —5.2t+Cy; at © =Oandt=OwehaveC; =0 > & = —5.2t > s=—2.6t?+Cy; ats =4 


andt = 0 we have C2 = 4 => s=—2.6t?+4. Thens=0 = 0=-2.67?+4 5 t= 35 ~ 1.24 sec, since t > 0 














99, &s a cs fadt at + C; © = vo whent 0 C= vo = at+vp > s=* 4+ vot+Ciss = 


dt 
_ _ ad? at? 
whent=0 => 8s = —- + v(0)+Cy C, = so S= > + Vot + So 














100. The appropriate initial value problem is: Differential Equation: fs = —g with Initial Conditions: ds = Vo and 
s = So when t = 0. Thus, “ = f —g dt = —gt + Ci; ©) = vo > vo = (—g)(0)+C) > Cr =vo 
= © = —gt + vo. Thus s = J Cot+ vo) dt = — 4 gt” + vot + Co; s(0) = so = — § (g)(0)? + vo(0) + Co => Co = 59 


Thus s = — § gt? + vot + So, 


101. (@) /f(x)dx =1- 4/24, =-\/x+C (b) fex)dx =x4+24C,=x4+C 
(c) f-f@) dx=-(1- fe) +Q = Yx+C (d) f—g(x) dx = —(x+2)+C) =-x+C 
(e) ff) +g@] dx = (1- x) +K42)4C,=x-VxtC 
() fff) — g@] dx = (1- x) —@& 42940, =-x-Vxt+C 


102. Yes. If F(x) and G(x) both solve the initial value problem on an interval I then they both have the same first 
derivative. Therefore, by Corollary 2 of the Mean Value Theorem there is a constant C such that 
F(x) = G(x) + C for all x. In particular, F(xo) = G(x9) + C, so C = F(xo) — G(X) = 0. Hence F(x) = G(x) 
for all x. 
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103 — 106 Example CAS commands: 
Maple: 
with(student): 
f := x -> cos(x)*2 + sin(x); 
ic := [x=Pi,y=1]; 
F := unapply( int( f(x), x ) + C, x ); 
eq := eval( y=F(x), ic ); 
solnC := solve( eq, {C} ); 
Y := unapply( eval( F(x), solnC ), x ); 
DEplot( diff(y(x),x) = f(x), y(x), x=0..2*Pi, [Ly(PD=1]], 
color=black, linecolor=black, stepsize=0.05, title="Section 4.8 #103" ); 
Mathematica: (functions and values may vary) 
The following commands use the definite integral and the Fundamental Theorem of calculus to construct the solution 
of the initial value problems for exercises 103 - 105. 
Clear[x, y, yprime] 
yprime[x_] = Cos[x]* + Sin[x]; 
initxvalue = 7; inityvalue = 1; 
y[x_] = Integrate[yprime[t], {t, initxvalue, x}] + inityvalue 
If the solution satisfies the differential equation and initial condition, the following yield True 
yprime[x]==D[y[x], x] //Simplify 
y[initx value ]==inityvalue 
Since exercise 106 is a second order differential equation, two integrations will be required. 
Clear[x, y, yprime] 
y2prime[x_] = 3 Exp[x/2] + 1; 
initxval = 0; inityval = 4; inityprimeval = —1; 
yprime[x_] = Integrate[y2prime[t],{t, initxval, x}] + inityprimeval 
y[x_] = Integrate[yprime[t], {t, initxval, x}] + inityval 
Verify that y[x] solves the differential equation and initial condition and plot the solution (red) and its derivative (blue). 
y2prime[x]==D[y[x], {x, 2}]//Simplify 
y[initxval]==inityval 
yprime[initxval]==inityprimeval 
Plot[{y[x], yprime[x]}, {x, initxval — 3, initxval + 3}, PlotStyle — {RGBColor[1,0,0], RGBColor[0,0,1]}] 


CHAPTER 4 PRACTICE EXERCISES 
1. No, since f(x) = x? +2x+tanx > f(x) = 3x?+2+4sec?x > 0 = f(x) is always increasing on its domain 


2. No, since g(x) = csc x +2cotx > g/(x) = —csc x cot x — 2 csc? x = — SS* 2 = !_ (cosx +2) <0 


sin? x sin? x sin? x 





= g(x) is always decreasing on its domain 





3. No absolute minimum because , lim, (7 + x)(11 — 3x)!/3 = —o0. Next f(x) = 
(11 — 3x)'8 — (7 + x) — 3x) 98 = OY = as => x = Land x = § are critical points. 


Since f’ > Oif x < landf’ < Oif x > 1, f(1) = 16 is the absolute maximum. 








4. f(x) = B22 > fw) = 2 x et = oe 2: £3) =0=> —4 (a+ 6b+a)=0= 5at 3b=0. 


We require also that f(3) = 1. Thus 1 = 3atb => 3a+b = 8. Solving both equations yields a = 6 and b = —10. Now, 











f'(x) = ooh so that f’ = -—-— | —-—| +++ |++4+4 | ——-—. Thus f’ changes sign at x = 3 from 
= -1 1/3 1 3 


positive to negative so there is a local maximum at x = 3 which has a value f(3) = 1. 
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5. Yes, because at each point of [0, 1) except x = 0, the function's value is a local minimum value as well as a 
local maximum value. At x = 0 the function's value, 0, is not a local minimum value because each open 
interval around x = 0 on the x-axis contains points to the left of 0 where f equals —1. 


6. (a) The first derivative of the function f(x) = x? is zero at x = 0 even though f has no local extreme value at 
x= 0. 
(b) Theorem 2 says only that if f is differentiable and f has a local extreme at x = c then f’(c) = 0. It does not 
assert the (false) reverse implication f’(c) = 0 = f has a local extreme at x = c. 


7. No, because the interval 0 < x < 1 fails to be closed. The Extreme Value Theorem says that if the function is 
continuous throughout a finite closed interval a < x < b then the existence of absolute extrema is guaranteed on 
that interval. 


8. The absolute maximum is |—1| = 1 and the absolute minimum is |0| = 0. This is not inconsistent with the Extreme Value 
Theorem for continuous functions, which says a continuous function on a closed interval attains its extreme values on that 
interval. The theorem says nothing about the behavior of a continuous function on an interval which is half open and half 
closed, such as [—1, 1), so there is nothing to contradict. 














9. (a) There appear to be local minima at x = —1.75 
and 1.8. Points of inflection are indicated at 
approximately x = O0andx = +1. 
(b) f(x) = x’ — 3x® — 5x4 + 15x? = x? (x? — 3) (x? — 5). The pattern y’ = --- | +++ /4+4+4+ | --- | +++ 
4/3 0 3/5 /3 
indicates a local maximum at x = 2/5 and local minima at x = + V3 7 
(c) 
¥ 
7.0179 
7.0178 
7.0177 
7.0176 
7.0175 y = X18 = x92 —x5 + 5x* 
7.0174 
7.0173 


1.72 1.74 1.76 1.78 


10. (a) The graph does not indicate any local 
extremum. Points of inflection are indicated at 


: = 8 = 
approximately x = —j andx = 1. 





(b) f/(x) = x? — 2x45 + 9 = x3 (x3 — 2) (x’ — 5). The pattern f’ = --—)(+++ | —-—— | +4+ indicates 


a 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
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a local maximum at x = V5 and a local minimum at x = vee 


(c) 





1.2585 1.2599 


(a) g(t) =sin?t -—3t > g/(t) =2sintcost —3 =sin(2t)—3 > g’ <0 = g(t) is always falling and hence must 
decrease on every interval in its domain. 


(b) One, since sin? t — 3t — 5 = O and sin? t — 3t = 5 have the same solutions: f(t) = sin? t — 3t — 5 has the same 


wm 


derivative as g(t) in part (a) and is always decreasing with f(—3) > 0 and f(0) < 0. The Intermediate Value 
Theorem guarantees the continuous function f has a root in [—3, 0]. 


(a) y=tand => ay =sec?9>0 => y = tan 0 is always rising on its domain > y = tan 0 increases on every 


interval in its domain 


The interval [4 | is not in the tangent's domain because tan @ is undefined at 9 = 5. Thus the tangent 


(b 


wm 


need not increase on this interval. 


(a) f(x) = x*+2x?-2 => f’(x) = 4x3? + 4x. Since f(0) = —2 < 0, f(1) = 1 > 0 and f’(x) > 0 for0 < x < 1, we 
may conclude from the Intermediate Value Theorem that f(x) has exactly one solution when 0 < x < 1. 


(b) x? = P=V448 50 > = /3-Landx >0 = x & 7320508076 © 8555996772 





@) y= = y= mE? > 0, for all x in the domain of 


x 
x+1 





= Y = 57 is increasing in every interval in 
its domain 

(b) y=x?4+2x => y! = 3x?+2> 0 forall x = the graph of y = x® + 2x is always increasing and can never 
have a local maximum or minimum 


Let V(t) represent the volume of the water in the reservoir at time t, in minutes, let V(O) = ag be the initial 
amount and V(1440) = ap + (1400)(43,560)(7.48) gallons be the amount of water contained in the reservoir 
after the rain, where 24 hr = 1440 min. Assume that V(t) is continuous on [0, 1440] and differentiable on 


(0, 1440). The Mean Value Theorem says that for some tp in (0, 1440) we have V'(tp) = a) 


1440 —0 
ag + (1400)(43,560)(7.48) — a9 __ 456,160,320 gal 
= 1440 = ~~1440 min 


was increasing at a rate in excess of 225,000 gal/min. 





= 316,778 gal/min. Therefore at tp the reservoir's volume 


Yes, all differentiable functions g(x) having 3 as a derivative differ by only a constant. Consequently, the 


difference 3x — g(x) is a constant K because g’(x) = 3 = a (3x). Thus g(x) = 3x + K, the same form as F(x). 








No, qq =1+ ah => = differs from a by the constant 1. Both functions have the same derivative 
d(3)= ew = 1 it (<1) 

dx \x+1/ ~~ («+ 1)? ~~ (xt)? ~ dx \x+1/°* 

f'(x) = g(x) = tS) = g(x) = C for some constant C = the graphs differ by a vertical shift. 


(x? +1) 


The global minimum value of 5 occurs at xX = 2. 
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21. (a) 


22. (a) 


25, 


>< 
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The function is increasing on the intervals [—3, —2] and [1, 2]. 

The function is decreasing on the intervals [—2, 0) and (0, 1]. 

The local maximum values occur only at x = —2, and at x = 2; local minimum values occur at x = —3 and atx = 1 
provided f is continuous at x = 0. 


t= 0, 6, 12 (b) t=3,9 (c) 6<t< 12 (d) 0<t<6,12<t< 14 
t=4 (b) at no time (c) O<t<4 (d) 4<t<8 


24. 





26. 


y= x3 + 6x7 — Ox +3 











>x 





y=£(x 949x?-ox-27 ) 
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31. 32. 














33. (a) y' =16—-x? = y’ =—-—-—| ++4+]|—-—-— = the curve is rising on (—4, 4), falling on (—00, —4) and (4, 00) 
—4 4 
= a local maximum at x = 4 and a local minimum at x = —4; y” = —2x => y”’ =+4+4+4|-——— = the curve 
is concave up on (—oo, 0), concave down on (0, co) = a point of inflection at x = 0 


(b) 


x=a4 





x=-4 


34. (a) y =x? -x-6=(x—-3)K+2) > yw =+4++| -—--—|+4+ &= the curve is rising on (—oo, —2) and (3, 00), 
—2 3 


falling on (—2,3) = local maximum at x = —2 and a local minimum at x = 3; y” = 2x — 1 
=> y” =-—-—| +++ = concave up on (5, oo) , concave down on (—00, $) = apoint of inflection at x = 3 
1/2 
(b) 
X=-2 
X= 1/2 
x=3 
35. (a) y’ = 6x(x + 1)(x — 2) = 6x? — 6x? — 12x => y’ =——— | +++] -—-—|+4++ = the graph is rising on (—1, 0) 
—1 0 2 
and (2, co), falling on (—oo, —1) and (0,2) = alocal maximum at x = 0, local minima at x = —1 and 





(ay = ine taste = 60H 26-2) 6 (6 32) (0-1) 














y”=+44+ | --- | +44 & the curve is concave up on (—co, v7) fer (4, 20) one 
Pav 14/7 
3 3 
on 4, v7) = points of inflection at x = ia 
(P) Loc max 
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36. (a) y’ = x?(6 — 4x) = 6x? — 4x3 = y =4+44+|+4+4+ | -—-— = the curve is rising on (—oo, 3), falling on (3, oo) 
0 3/2 


= alocal maximum at x = 3; y” = 12x — 12x? = 12x(1—x) > y” = —-—|+++]|-——— = concave up on 
0 1 


(0, 1), concave down on (—oo, 0) and (1,00) = points of inflection at x = 0 and x = 1 


(b) 





37. (a) y= xt — 2x? = x?(x?—2) => y'=44+4+ | -—--—|---— | +++ = the curve is rising on (-o0, -v2) and 


(v2, 00) , falling on (-v2, v2) = alocal maximum at x = a 2 and a local minimum at x = J/2; 
y” = 4x9 — 4x = 4x(x — D(x +1) > y” = —--—| +4+4+]|---—|4++4 = concave up on (—1, 0) and (1, 00), 
—1 0 1 





concave down on (—oco, —1) and (0,1) = points of inflection atx =O andx = +1 


(b) 


Loc max 





38. (a) y’ = 4x2 — xt =x? (4—x’) = y’=—-— | +4+4+|4++4+|--- = the curve is rising on (—2, 0) and (0, 2), 
—2 0 2 
falling on (—oo, —2) and (2,00) = alocal maximum at x = 2, a local minimum at x = —2; y” = 8x — 4x? 
= 4x(2-x?) > y7=+4++ | ---|]4++4+] ---— = concave upon (-o0, -v2) and (0. v2) , concave 


aD 0 NE 
down on (-v2, 0) and (v2, 00) = points of inflection atx = 0 andx = + fa 





(b) 





39. The values of the first derivative indicate that the curve is rising on (0, oo) and falling on (—0o, 0). The slope 
of the curve approaches —oo as x — 0°, and approaches 00 as x —> 0* andx — 1. The curve should therefore 
have a cusp and local minimum at x = 0, and a vertical tangent at x = 1. 
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40. The values of the first derivative indicate that the curve is rising on (0, 5) and (1, oo), and falling on (—0o, 0) 
and G, 1) . The derivative changes from positive to negative at x = 5. indicating a local maximum there. The 


slope of the curve approaches —co as x — O07 andx — 17, and approaches oo asx — Ot andasx — 1*, 
indicating cusps and local minima at both x = 0 and x = I. 





41. The values of the first derivative indicate that the curve is always rising. The slope of the curve approaches oo 
asx — Oandasx — 1, indicating vertical tangents at both x = 0 and x = 1. 











42. The graph of the first derivative indicates that the curve is rising on (0. = T v2) and ( ut + ve ; 00) , falling 


17 — 33 17+ \/33 . 17 — \/33 oo 
on (—oo, 0) and (Ee, wiv) = a local maximum at x = —7?3— , a local minimum at 
17+ 33 
16 


indicating a cusp and local minimum at x = 0 and a vertical tangent at x = 1. 


X= . The derivative approaches —oo asx — 07 andx — 1, and approaches co asx — OF, 
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47. 


49. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


y= 
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x3 +4+2 x2 1 
Ix gtx 








y= 























x-4—1- 1, 50. y= aX =14+ 24 














. 2 = 7 

lim * +3x-—4 lim 2x+3 _ 5 
x1 x—1 x1 1 

. xa_] ij ax@-1 _a 
jn Pa aoe bx b 

lim tanx __ tanaz _ 0 
X37 xX ri 


= lim sec? x ee) oe 








1 
x—0 x+sin x x — 0 1l+cosx 141 2 




















: sin? x : Qsinx-cosx __ 7; sin(2x) sy; 2cos(2x) a. 
Jim, tan(x?) Jim, 2x sec?(x?) im, 2x sec?(x?) ~~ Jim, 2x (2sec? (x?)tan(x?)-2x) + 2sec?(x2) ~ O+2-1 1 
: sin(mx) 7; mcos(mx) __ m 
Jim, sin(nx) ~_ Jim, ncos(nx) — n 
lim sec(7x)cos(3x) = lim cos(3x) _ Jim ae) = 
Pe ( ) ( ) x 4/2 cos(7x) x3 0/27 —7sin(7x) 7 
lim \/x sec X = lim vz 06 
x > 0+ x > 0+ COs X 1 
lim. (csex —cotx)= lim: 4=98* = lim 2 =2=9 
x—>0 x—0 sin X x > (0) COSx al 
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: 1 od4iyjy_y 1-X*\_ 1 2), 1 _ 7 Q\ = eee ae = 
60. Jim, (4-4) = lim ( 7 J lim, (l—x°)- a = lim, (1—x°) = lim) 7 =1-00=00 


62. 


63. 


64. 


65. 


66. 

















, im, (VP 4x4+1- Vx? =x) = lim, (VP 4x41 Vx x) Yeesel ~ = 


2x+1 


=i, Ve4+x4+1tVx2-x 
Notice that x = \/x? for x > 0 so this is equivalent to 
Fas 2+t 1 














Jetxt+14+4Vx2—x 














= lim 2 1 

x > 0O paren [x2 wx = , lim, vit 4 am VitV1 

: xe x8 4: (x? +1) — x8(x?-1) 9x3 ‘ 6x2 __ 1 
gs (wh +1 = 2 (x? — 1)(x? + 1) = xd os ad = x MS 12? 


= lim “== lm /+=0 


x> 00 24x x3 Oo 2x 


(a) Maximize f(x) = \/x — /36 — x = x!/? — (36 — x)!/? where 0 < x < 36 





1%) = $x? — 36-912) = aes 


and f(36) = 6 => the numbers are 0 and 36 
(b 


wm 





= derivative fails to exist at 0 and 36; f(0) = —6, 


Maximize g(x) = \/x + /36 —x = x!/? + (36 — x)"/? where 0 < x < 36 


=> g(x) = 2x2 $136 — xy V1 = VEE 


2 Jk V36 — critical points at 0, 18 and 36; g(0) = 6, 


g18) =2V18 = 6/2 and g(36) = 6 = the numbers are 18 and 18 


(a) Maximize f(x) = \/x (20 — x) = 20x!/? — x3/? where 0 < x < 20 = f'(x) = 10x7¥/? — 3x!/? 











20— 3% — 0) x = Oandx = i are critical points; f(0) = f(20) = 0 and f (2) = =,/ ~ (20 20) 


2\/x 
— 40,/20 


=, 
=f => the numbers are 22 and 





(b 


wm 


=> /20-x=i>x= 2 . The critical points are x = 


2 
the numbers must be 2 and ; . 


A(x) = § (2x) (27 — x”) for0 <x < 27 

= A’(x) = 3(3 + x) — x) and A/(x) = — 

The critical points are —3 and 3, but —3 is not in the 
domain. Since A’’(3) = —18 < Oand A (v27) =0, 


the maximum occurs atx = 3 = the largest area is 
A(3) = 54 sq units. 








The volume is V = x2h = 32 h= 23. The 


surface area is S(x) = x? + 4x (33) = xe + 2s, 


where x > 0 => S/(x) = cS NS 

=> the critical points are 0 and 4, but 0 is not in the 
domain. Now S’’(4) = 2+ 28 >0O => atx =4 there 
is aminimum. The peer 4 ft by 4 ft by 2 ft 


minimize the surface area. 





3 


Maximize g(x) = x + \/20 — x = x + (20 — x)!/? where 0 < x < 20 = g/(x) = = *—' =O 





2,/20 — x 


2 and x = 20. Since g (2) = st and g(20) = 20, 


yo27-x? 
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67. 


68. 


69. 


70. 
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2 
From the diagram we have ey +r= (v3) 


> P= 2 


V = arth = 2 (254 “\h=5 (12h — h?) , where 


0<h<2,/3. Then V'(h) = * (2 +h)(2 —h) BS 
Y 


The volume of the cylinder is 





=> the critical points are —2 and 2, but —2 is not in 
the domain. At h = 2 there is a maximum since 
v"(2) = —3n <0. The dimensions of the largest 
cylinder are radius = /2 and height = 2. 


From the diagram we have x = radius and 

y = height = 12 — 2x and V(x) = 3 UK7(12 — 2x), where 
0<x<6=5 V'(x) = 2nx(4— x) and V’(4) = —87. The 
critical points are 0 and 4; V(O) = V(6)=0 => x=4 
gives the maximum. Thus the values of r = 4 and 








h = 4 yield the largest volume for the smaller cone. 


The — P = 2px + py = 2px+ p (sete 1) | 


P(x) = oa 4 > (x? — 10x + 20) = the critical points are (5 — V5),5 5, and (5 + V5), but only (5- V5) isin 
the domain. Now P’(x) > 0 for0 <x < (s — V5) and P’(x) < 0 for (s — V5) <x<4-> atx= (5 — V5) there 
is a local maximum. Also P(0) = 8p, P (s - V5) = 4p (5 = V5) ~ l1p, and P(4) = 8p > atx = (5 - V5) there 


is an absolute maximum. The maximum occurs when x = (s = V3) and y = 2 (s — V5) , the units are 


where p is the profit on grade B tires and 0 < x < 4. Thus 


hundreds of tires, i.e., x + 276 tires and y + 553 tires. 


(a) The distance between the particles is |f(t)| where f(t) = —cos t + cos(t + 4). Then, f’(t) = sin t — sin(t+ 4). 
Solving f’(t) = 0 graphically, we obtain t = 1.178, t = 4.320, and so on. 





1.1780972,0 








—2+ 











Alternatively, f’(t) = 0 may be solved analytically as follows. f’(t) = sin l(t +2) - z] — sin (0 +2) + z] 
= [sin(t + Z)cos 7 = cos(t + Z) sin z] — sin(t + Z)cos 2 oh cos(t + 2) sin z] = —2sin Zcos(t + z) 
so the critical points occur when cos (t + z) = 0, ort = ae + ka. At each of these values, f(t) = + cos a 





~ + 0.765 units, so the maximum distance between the nadislees is 0.765 units. 
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(b) Solving cos t = cos (t + =) graphically, we obtain t + 2.749, t = 5.890, and so on. 
4 
2 








(2.7488936, 0.9238795) 





—2+ 
Alternatively, this problem can be solved analytically as follows. 
cos t = cos (t+ =) 


cos| (t+ z) — z| = cos| (t+ z) + z| 
cos(t + Z)cos Z + sin(t + 2)sin = cos(t+ %)cos Z — sin(t + %)sin 2 
2sin (t+ )sin Z =0 
sin (t+ q) —0 
t= B+ kr 


The particles collide when t = ¥ ~ 2.749. (plus multiples of 7 if they keep going.) 
The dimensions will be x in. by 10 — 2x in. by 16 — 2x in., so V(x) = x(10 — 2x)(16 — 2x) = 4x? — 52x? + 160x for 

0 <x <5. Then V’(x) = 12x? — 104x + 160 = 4(x — 2)(3x — 20) , so the critical point in the correct domain is x = 2. 
This critical point corresponds to the maximum possible volume because V’(x) > 0 for 0 < x < 2 and V’(x) < 0 for 

2 <x <5. The box of largest volume has a height of 2 in. and a base measuring 6 in. by 12 in., and its volume is 144 in. 


Graphical support: 


160 t (2,144) 














The length of the ladder is d; + dz = 8 sec 9+ 6csc 6. We 
wish to maximize I(0) = 8 sec? +6csc 6 => I’(0) 
= 8 sec 0 tan 6 — 6 csc 0 cot 8. Then I'(0) = 0 
V6 


=> 8 sin? @—6cos?6=0 tang = 


2 
dy = 44/4 + 4/36 and dy = 3/36 1/4 + 3/36 


=> the length of the ladder is about 


(4 Ae 36) 4/44 4/36 = (4 Ae 36) ~ 19.7 ft. 


g(x) = 3x —x? +4 => g(2) =2 > Oand g(3) = —14 <0 = g(x) = 0 in the interval [2, 3] by the Intermediate 


8 sec 6 =d, 
6cscO=d, 

















3 oe 
Value Theorem. Then g/(x) = 3 — 3x? > xy) =X, — So att 5X9 =2 x, = 2.22 Xg = 2.196215, and 


so forth to x5 = 2.195823345. 
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74. g(x) =x*— x3 —75 > g(3) = —21 < Oand g(4) = 117 >0 = g(x) = 0 in the interval [3, 4] by the Intermediate 
xt — x3 7 


Value Theorem. Then g/(x) = 4x? — 3x? Xap1 =X. — “a — 5X9 =3 X1 = 3.259259 
=> X» = 3.229050, and so forth to x5 = 3.22857729. 








75. f(84+5x—7)dx=54+2_—724C€ 


76. J(se-S4e)a=8-F4 54-2 -F454C 





77. f (3yt+ 4) a= f (3t/? + 4r-2) dt = 88 4 4c = 208? -44C¢ 


(3) 
78. f (syp-a) a= fGe?—3e4) a=3 (i) 362 02a iee 


79. Lettu=r+5 => du=dr 


Spt oS afer = G45 +c=-Pyte 


80. Letu=r—/2 => du=dr 
Ir _ _ lu __ = = uw? — - _s 
Six =6f =6f% =6f wv au=6(%) +C=-3u PCa tate 





81. Letu=6?+1 du = 20 dé + du = 6 dd 


J 30/e +140 = f[ /u(3 du) =} ful? au=3(%) +e=w 4 C= 41)" +C 








82. Lettu=7+ 6? du = 26 dé i du=6d0 


Shae 0 = J Je Ga) fw? d=} (47) +C=w?2+C= V7+# +C 


i 
2 














83. Letu=1+x* => du=4x° dx = + du = x? dx 


fea4xty 4 dx = for (du) =2 fu/4du=} (¢) +C=tu/44+C= 14x)? +0 
a 








84. Lettu=2—x => du=-—dx —du = dx 
f 2% dx = f u9/5(— du) = — fu9/ du = — 4 +C=- 885 4C=-8 2-8/5 4+C 


(3) 








85. Letu ie du 7 ds > 10 du =ds 


f sec? 4 ds = f (sec? u) (10 du) = 10 f sec?udu = 10 tanu+C = 10tan 5 +C 








du = ds 





86. Letu = 7s du = 7 ds 4 
csc? as ds = f (csc u) (4 du) = 1 fesc?udu = —1 cotu+C=—cotast+C 


87. Letu=/20 > du=\/2d0 = Tz du = dé 


fcsc 20 cot /20 40 = f (csc u cot u) (5 du) = Tq (—eseu) + C = — J, ese /20+C 
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Letu= 4% > du=4d0 > 3du=dd 





J sec $ tan $ dd = f (sec u tan u)(3 du) = 3 secu+C =3sec $+C 





x 
Let u 7 du 


J sin? ¥ ax = f (sin?u) 4 dw) = f 4 (4-282) du = 2f (1 — cos 2u) du = 2 (u— S824) +C 
= 2u — sin 2u+C = 2 (%) —sin2 (4) +C = %—sin3+C 


i dx 4 du = dx 














Let u . du 5 dx 2 du = dx 


f cos? ¥ dx = f (cos? u) (2 du) = [2 (+2022) du = f (1 +cos 2u) du=u+ 2% 4+C 
= <4 5sinx+C 


y=f SPax= f 4x2) dx =x-x14+C=x-14Cy=-1whenx=1 3 1-44+0=-1 
C=-1 y=x- 








me 
| 
mn 


y=f (+1) ax= f (24244) dx = f (2 +24x%)dx= 2 42x-x14C= 042x146 
y=l1whenx=1 > 4$+2-}+C=1 C=-} y=5+2x—-1-3 








a _ f (asvi+ 3.) dt = f (15t/? + 3t-¥/2) dt = 1008/2 + 61/2 +; © = 8 whent = 1 


= 10(1)?/? + 6(1)/? +C=8 > C=-8. Thus * = 1019/ + 6/2? -8 > r= f (1018/2 + 64/2 — 8) dt 
= 41/2 + 43/2 — 81+ C;r =O whent=1 = 4(1)9/? + 4(1)3/? — 8(11) + C; =0 = C, =0. Therefore, 
r= 415/2 + 4143/2 — gt 

ft — [ —cos t dt = —sint +C; r’ = 0 when t = 0 => -smnd0+C=0 => C=0. Thus, “! = —sint 

=> a — f[ —sint dt =cost+Ci;1 =0 whent =0 => 14C,=0> C,=-1. Then = cost—1 

=> r= f (cost—1)dt=sint—t+Co;r=—1 whent=0 => 0-04+C,=-1>C =- 1. Therefore, 


r=sint—t—1l 


CHAPTER 4 ADDITIONAL AND ADVANCED EXERCISES 


1. 


If M and m are the maximum and minimum values, respectively, then m < f(x) < M forallx € I. Ifm=M 
then f is constant on I. 


3x +6, —2<x<0 
9—x?, 0<x<2 


maximum value of 9 at x = 0, but it is discontinuous at x = 0. 


No, the function f(x) = { has an absolute minimum value of 0 at x = —2 and an absolute 


On an open interval the extreme values of a continuous function (if any) must occur at an interior critical 
point. On a half-open interval the extreme values of a continuous function may be at a critical point or at the 
closed endpoint. Extreme values occur only where f’ = 0, f’ does not exist, or at the endpoints of the interval. 
Thus the extreme points will not be at the ends of an open interval. 


The pattern f’ = +++ | -—-—— | -——— | ++++4 | +44 indicates a local maximum at x = 1 and a local 
1 2 3 4 


minimum at x = 3. 
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10. 


11. 


12. 


13. 
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(a) If y’ = 6(x + 1)(x — 2)”, then y’ < 0 for x < —l andy’ > 0 forx > —1. The sign pattern is 
f’=—-—| +4+]|+4++4+ = fhasa local minimum at x = —1. Also y” = 6(x — 2)? + 12(x + 1) — 2) 
—1 2 


= 6(x — 2)(3x) > y” > 0 forx <Oorx > 2, while y” < 0 for0 <x <2. Therefore f has points of inflection 
at x = 0 and x = 2. There is no local maximum. 

If y’ = 6x(x + 1)(x — 2), then y’ < Oforx < —land0 <x < 2; y’ > O for —1 <x < Oandx > 2. The sign 
sign pattern is y’ = ——— nc | --- } +++. Therefore f has a local maximum at x = 0 and 


(b 


wm 





local minima at x = —1 and x = 2. Also, y” = 18 [x (5%) Ix (47) , 80 y” <0 for 





— <x< ee and y” > 0 for all other x = f has points of inflection at x = a : 


The Mean Value Theorem indicates that = = f'(c) < 2 for some c in (0,6). Then f(6) — (0) < 12 


indicates the most that f can increase is 12. 


If f is continuous on [a, c) and f’(x) < 0 on [a, c), then by the Mean Value Theorem for all x € [a,c) we have 
Ae)— Te) <0 = f(c)— f(x) <0 = f(x) > f(c). Also if f is continuous on (c, b] and f’(x) > 0 on (c, b], then for 
all x € (c, b] we have fo — fo) >0 => f(x)-—f(c) >0 = f(x) => f(c). Therefore f(x) > f(c) for all x € [a, b]. 





@y Forallx,—@+1)? <0<G@=1)? = =(1+x7)<2e< (142) > —9s par <5 
(b) There exists c € (a,b) such that a = = f)—t» > fe) =a) a =|; na 5s from part (a) 











= |f(b) — f(a) < 5 |b—al. 
No. Corollary 1 requires that f’(x) = 0 for all x in some interval I, not f’(x) = 0 at a single point in I. 


(a) h(x) = f(x)g(x) = h’(x) = f’(x)g(x) + f(x)g’(x) which changes signs at x = a since f’(x), g’(x) > 0 when 
x <a, f’(x), g/(x) < 0 when x > aand f(x), g(x) > 0 for all x. Therefore h(x) does have a local maximum 

















atx =a. 
(b) No, let f(x) = g(x) = x? which have points of inflection at x = 0, but h(x) = x® has no point of inflection 
(it has a local minimum at x = 0). 
From (ii), f(—1) = ats =0 => a= 1; from (iii), either 1 = , um, f(x) or 1 = Z jim. f(x). In either case, 
P x41 : 1+ . 
, Jim f(x) = , im a eee ara = , jim .. bxte+? =1 b=0 andc = 1. Forif b = 1, then 
if Lg 1+ : 1+: 











= Oand ifc = 0, then _ Jim — + = lim z~* = too. Thusa=1,b=0,ande = 1. 


m = 
x— 1OO rpe+? 














Y — 3x? +2kx +3 =0 => x = kya —36 => x has only one value when 4k? — 36 =0 = k? = 9or 
k= +3. 





The area of the AABC is A(x) = 3 (2) /1 — x? = aya y 
where 0 < x < 1. Thus A’(x) = as = Oand ae Nix )o 








critical points. Also A( + 1) = 0so A(O) = 1 is the 
maximum. When x = 0 the AABC is isosceles since 
AC =BC= v2. 
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17. 
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fet nto) f"(c) for « = 5 |f"(c)| > 0 there exists a 6 > 0 such that 0 < |h| < 6 








lim 

h—0 

=> [Ferm _ e"@)] < Lf"). Thenf'(c) =0 > —3[f"(©| < 2 -£"@ < LIF") 

=> £"(c)— 2 |f"(©| < St® < +4 |f"O|. If f"© <, then |f"(c)| = -f"(C) 

= 2£%c) < “St < 1 fc) < 0; likewise if f”(c) > 0, then 0 < 3 £"(c) < “St® < 3 £%). 

(a) Iff"(c) < 0, then -—6 <h <0 = f'(c+h)>Oand0<h<6 = f'(c+h) < 0. Therefore, f(c) is a local 
maximum. 


(b) Iff”(c) > 0, then -6 <h <0 = f'(c +h) <Oand0<h<6é = f'(c+h)>0. Therefore, f(c) is a local 
minimum. 


The time it would take the water to hit the ground from height y is , / , where g is the acceleration of 


gravity. The product of time and exit velocity (rate) yields the distance the water travels: 


Diy) = 1/2 oh — y) = 8/2 (hy - yy o<y<h > Diy= —4 \/2 (hy - y2) 7h —2y) = 0, 2 andh 


are critical points. Now D(O) = 0, D (2) = ae and D(h) = 0 = the best place to drill the hole is at y = h : 











| 1 — b+a. tan 3 + tan 0 . 
From the figure in the text, tan(@ + 6) = >>; tan(@ + 6) = Tinea and tan 6 = 2. These equations 
«  b+a tan B+ 5 htan B+a : : = 
give "= {ft B — h—atnd Solving for tan @ gives tan 3 = Pats or 


(h? — a(b + a)) tan G = bh. Differentiating both sides with respect to h gives 
2h tan 3 + (h? + a(b +-a)) sec? 6 % =b. Then? =0 > 2htanB=b > 2h ( 
=> Qbh? = bh? + ab(b+a) > h? =a(b+a) > h=,/a(a+b). 


rics) = b 


The surface area of the cylinder is S = 27r? + 27rh. From 
H-h 


the diagram we have ; = =p = h= Ra and = 
| 
S(t) = 2ar@e + h) = 2nr (r +H—-r ®) aa 


= 2n (1— 8) 9 + 2nHr, whereO <r <R. H 
Case 1: H< R => S(r) is a quadratic equation containing | 
the origin and concave upward = S(r) is maximum at —_—— 
r=R. R 
Case 2: H=R => S(r) is a linear equation containing the 
origin with a positive slope = S(r) is maximum at 
r=R. 
Case 3: H>R = S(r) is a quadratic equation containing the origin and concave downward. Then 
& — 4n (1— #)r+ 2H and $ =0 = 40 (1-#)r+2nH=0 > r= 


RH eT ee 
HR * For simplification 

__RH | 
we let 1* = THB: 


(a) IfR <H <2R, then0 >H—2R > H>2H-R) = xq > R which is impossible. 


(b) If H = 2R, then r* = 2 


(c) IfH > 2R, then 2R+H<2H > H<2H-R) = 


=R => S(t) is maximum atr=R. 


<ls= <R = rr <R. Therefore, 


H 
2(H — R) THR wD 


S(r) is a maximum at r = r* = To ; 

Conclusion: If H € (0, R] or H = 2R, then the maximum surface area is atr = R. If H € (R, 2R), thenr > R 
which is not possible. If H € (2R, oo), then the maximum is at r = r* = Taos . 

f(x) = mx —1+ i > f'(x)=m-— + and f’’(x) = = > 0 when x > 0. Then f(x) =0 => x= ae yields a 


minimum. If f ( +.) > 0, then J/m —1+ fn = 2,/m -1>05>m=e2 >. Thus the smallest acceptable value 
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formis?+. 



























































4 
. 2sin(5x) : 2sin(5x) : 10 sin(5x) 10 10 
19. (a2) lim. ~~“ = lim =i =Fs-l= 
(a) x30 3x x0 F(x) x20 3 (5x) 3 3 
: : : in(5x)cos(3x) : —3sin(5x)sin(3x) + 5cos(5x)cos(3x) 5 
b) lim. sin(5x)cot(3x) = lim Svcs) — jim =5 
(b) x—0 ( ) ( ) x—0 sin(3x) x—0 3cos(3x) 3 
1 
: 2 : x : 1 : VV 2x : Vx 
c) lim. xcse*2x= lim ——= lim —=— == lim ——S = lin. ——S— 
(©) x0 x0 simV2x x 30 Zenyl2semey x30 sin(2 2x) x0 cos(2/2x) Fe 
= lim, —4=— =} 
x0 cos(2 2x)-2 2 
(d) lim, (secx—tanx)= lim, 1=5"* lim =<s* — 
x37 x 7/2 COSX x— 7/2 —sinx 
: x—siNnx _ 1: l—cosx _ ]; l—cosx _ 1; cosx—l _ 1; —sin xX _ yg —sinx __ 
(e) Jim, x—tanx Jim, l—sec2x Jim, —tan?x im, tan2x Jim, 2tanx sec2x Jim, 2sinx 
cos’ x 
3 
— lim ces ——1 
x30 —2 a 
. sin(x?) 7: 2x cos(x?) 4; —(2x”)sin(x?) + 2cos(x?) _ 2 __ 
(f) Jim, xsinx din Q xcos x+sinx Jim, —xsin x+2cos x i 1 
(g) lim s€ x = lim sec x tan xX __ lim sec x + tan? x sec x =: D0 a 1 
x 0 . x > 0 i x0 a 2 2 
: 3 : — 2)(x? + 2x + 4) : xe 4+2x44 44444 
h) lim %=8= lim S720 +%+49 _ jim = =3 
ca x52 ©-4 7 x9 (x = 2)(x +2) x2 x+2 4 
Vx+5 5 
ae 145 
: Vxt5 : [x ‘ x ft 
20. (a) , im, EHS = , lim, Piss =, lim ee =j=l1 
xX 





X — 0O X — 0O 


‘ 2x x 
(b) _ lim ae lit, aoe = 


21. (a) The profit function is P(x) = (c — ex)x — (a+ bx) = —ex? + (c — b)x —a. P’(x) = —2ex+c-—b=0 
































=x = 5». P"(x) = —2e < Oife > 0 so that the profit function is maximized at x = =. 

(b) The price therefore that corresponds to a production level yeilding a maximum profit is 
P| o, =o7 e(*) = + dollars. 

7 a . 5 ‘ c—b\2 oa c—by" 

(c) The weekly profit at this production level is P(x) = —e(*=®)” + (c — b)(S2) -a= ( 2) a. 

(d) The tax increases cost to the new profit function is F(x) = (c — ex)x — (a+ bx + tx) = —ex? + (c—b—t)x—a. 
Now F’(x) = —2ex +c —b —t = 0 whenx = #8=* = £=2=—! Since P’(x) = —2e < 0 ife > 0, Fis maximized 
when x = capt units per week. Thus the price per unit is p= c e(£ ==") a rR dollars. Thus, such a tax 
increases the cost per unit by ctbtt — cep = § dollars if units are priced to maximize profit. 

22. (a) 
-g'4 
The x-intercept occurs when i —3=0 t 3>xX ; 
i 
(b) By Newton's method, xy41 = Xn — me. Here f’(x,) = —x,? = Ss. So Xn41 = Xn — M4- = Xn + (2 se 3) os 


= Xp t+ Xp — 3x? = 2Xq — 3x? = Xq(2 — 3x). 
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24. 


25. 


26. 


27, 


28. 


29. 


30. 


31. 


32. 
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q q q 
f(xo) Xg—a qxi—x—a xg(q—1)—a (=) a (2) . : 
Xj =X =x T= - = =X — | = ] so that x; is a weighted average of x 
: 0 ¥(xa) 0 qxd 1 qxd qx 1 OV" + xd T\q 1 & § {) 
a . . _ q-l _ 
and <a with weights mpg = "a: and m, = =. 
-1 a 1\_ ia q-1 1\__a 
In the case where x, —_ we have x? = aandx a (: ) = (2) = a (32 1) = 7: 
ae 0 a xt hog T Ser \g xe! qa tq xi 








We have that (x — h)” + (y — h)? =r? and so 2(x — h) + 2(y — h)*& = 0 and 2 + 2% + 2(y — h) “3 = O hold. 


Thus 2x + 2y*% = 2h + 2h®, by the former. Solving for h, we obtain h = * 
Vax dx y g 





ey 
ay - Substituting this into the second 


d 
xty3 
1+ 








equation yields 2 + 2% ot ayy a 2( 








(a) a(t) =s"(t)=—k (k>0) => s(t) = —kt + C), where s’(0) = 88 > C; = 88 = s/(t) = —kt+ 88. So 
s(t) = ke + 88t + C2 where s(0) =0=> — = 0 so s(t) = = + 88t. Now s(t) = 100 when 
a + 88t = 100. Solving for t we obtain t = ==Y"=—=—* ss 200k At such t we want s’(t) = 0, thus 

k(Ses SS’ — 200k ) + 88 = 0 or k(#= ya = 20 x) + 88 = 0. In either case we obtain 88” — 200k = 0 


88? 
so that k = x00 © 38.72 ft/sec?. 


The initial condition that s’(0) = 44 ft/sec implies that s’(t) = —kt + 44 and s(t) = =e + 44t where k is as above. 
The car is stopped at a time t such that s'(t) = —kt+44=0=>t= a At this time fhe car has traveled a distance 


s(+*) = + ei + 44(#) = “= a 268 — = 968 (227) = 25 feet. Thus halving the initial velocity quarters 











(b 


Ye 





stopping distance. 


h(x) = £°(x) + g?(x) = h’(x) = 2f(x)f"(x) + 2g(x)g'(x) = 2[F(x g(x)g'(x)] = 2[f(x)g(x) + g(x)(—£(x))] 
= 2-0 =0. Thus h(x) = c, aconstant. Since h(0) = 5, h(x )=5 - ‘i x in the domain of h. Thus h(10) = 5. 





Yes. The curve y = x satisfies all three conditions since dy] everywhere, when x = 0, y = 0, and 5 ay na = 0 everywhere. 


dx 





y’ = 3x? +2 forallx > y=x? 4 2x+Cwhere —-1=19+2-1+CS3C=—-45 y=x?+2x—-4. 











“sar Sv as (0) + + C. We seek vo = s'(0) = C. We know that s(t*) = b for some t* and s is at a 
maximum for this t*. Since s(t) = > +Ct+k and s(0) = 0 we have that s(t) = 5, + Ct and also s/(t*) = 0 so that 


tt = (3C)'8, so EGO"T 4 cise)? =b => (30)'8(C — 8S) =b > (30)'8(22) =b > 38H = 




















+C= Thus vp = s/(0) oe 2y2n3/4, 
(a) s"(t) =t/? —tl/? = v(t) = s(t) = 3t3/? — 2t'/? + k where v(0) =k = $ = v(t) = 3t3/? — at? + 3 
(b) s(t) = t’/? — $°/? + Ft + ky where s(0) = ky = —#. Thus s(t) = AO? — 4/2 + St— 4. 


The graph of f(x) = ax? + bx + c with a > 0 is a parabola opening upwards. Thus f(x) > 0 for all x if f(x) = 0 for at most 


—2b + 4/ (2b)? — dac 
2a 





one real value of x. The solutions to f(x) = 0 are, by the quadratic equation 


(2b)? — dac < 0 > b? — ac < 0. 


. Thus we require 


(a) Clearly f(x) = (a;x +b)? +... + (anx + by)? > 0 for all x. Expanding we see 
f(x) = (a?x? + 2a;b)x + b2) + + (a2x? + 2a,b,x + b?) 
= (a? +ae+...+a2)x? + Dae es ba? ... + agby)x + (bj + b3 +... +b?) > 0. 
Thus (ab; + agby + ... + anb)” — (a? + a2 +... +. a2)(b? + b2 +... +b?) < 0 by Exercise 31. 
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Thus (ab; + agby + ... + andy)? < (a? + a2 +... 4+a2)(b? + b2 + ... + b?). 
(b) Referring to Exercise 31: It is clear that f(x) = 0 for some real x = b? — 4ac = 0, by quadratic formula. 
Now notice that this implies that 
f(x) = (a,x +b)? +... + (anx + ba)” 
= (af +a3 +... +a2)x? + 2(ayby + agbg + ... + anba)x + (bj + bf + ...+b2) =0 
& (ayb, + agby +... + anbn)” — (a2? + a8 +... +a2)(b? +63 + ...4+b2) =0 
& (ayb, + agbp + ... + anbn)” = (a? +2 +... +a2)(b? +b? + ... +b?) 
But now f(x) =0<ax+b; = 0foralli=1,2,...,n@ax = —b; = 0 foralli=1,2,...,n. 
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CHAPTER 5 INTEGRATION 


5.1 ESTIMATING WITH FINITE SUMS 














Nile 


Aln 


Ble 


Since f is increasing on [0, 1], we use left endpoints to obtain 
lower sums and right endpoints to obtain upper sums. 


ers. 
<a 
— 
b 
+ 
ey: 
om 
— 
iS 
+ 
ey, 
Blee 
—" 
i) 
Set 
lI 
BIE 
IN 
lI 
S|n 


=1-(@)=8 


Since f is increasing on [0, 1], we use left endpoints to obtain 


lower sums and right endpoints to obtain upper sums. 








NI 


Ale 


1. 
> x 
ae 
(a) Ax = 15° 1 and x; = iAx = 1 = a lower sumis }>(i)* 
i=0 
; ae 
(b) Ax = 452 1 and x; = iAx = 4 > a lower sum is )7(i)* 
i=0 
2 
= : i 7 i\2 
(c) Ax= it 5 and xj = iAx = 5 = an upper sum is (3) 
; a 54 
(d) Ax= it z and x; = iAx = ; = an upper sum is =) 
ye b oe 
y 
A 
1+ 
oe + > x 
1 
: do 
(a) Ax = 159 = 1 and x; = iAx = 4 > a lower sumis )>(+)°- 
i=0 
3 
= 7 i ‘ i\3 
(b) Ax = 15° = j and x; = iAx = + = a lower sum is )>(}) 
i=0 
2 
= : i : i\3 
(c) Ax = “yi = 9 and x; =iAx= 3 > an upper sumis > (3) . 
. Boh 
(d) Ax = 152 = 1 and x; =iAx = 4 = an upper sumis >(+)°- 





i=1 
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3. 10)=4 Since f is decreasing on [0, 1], we use left endpoints to obtain 
y upper sums and right endpoints to obtain lower sums. 
A 








2 





(a) Ax = 254 = 2 and x, = 1+iAx = 1+ 2i > a lower sum is dix 2 =2¢+:)=2 
= OST oe — i ee eo a ais EE, 
(b) Ax = 23 = land x; = 1 +iAx = 1+i= a lower sum is Sax =1(5 +5 +4 i+ t)=f 


1 
(c) Ax= oot = 2and x; = 1+ iAx = 1+ 2i > an upper sum is )> + - 2 = 2(1 + 4) =& 
i=0- 








3 
(d) Ax= = = Land x; = 1+iAx =1+i= anupper sumis )>4+-1=1(1+5+4+ 4) = 2 
i=0- 


4. f(x) =4-—x? Since f is increasing on [—2, 0] and decreasing on [0, 2], we use 

Y left endpoints on [—2, 0] and right endpoints on [0, 2] to obtain 
lower sums and use right endpoints on [—2, 0] and left endpoints 
on [0, 2] to obtain upper sums. 








-2 2 





(a) Ax = 2= ©) — 9 and x, = -2 +iAx = —2 + 2i > a lower sum is 2- (4 — (—2)”) +2-(4— 2%) =0 








1 . 4 
(b) Ax = 2-2) = land x, = —2+iAx = —2+i = a lower sumis )> (4 — (xi)*) -1+ (4- (x;)) 1 
i=0 i=3 


= 1((4—(-2)") + 4-(-1)’) + (4-1?) + (4-2?) =6 
(c) Ax = 2-0) — 2 and x, = -2 +iAx = —2 + 2i > a upper sum is 2- (4 — (0)”) +2-(4—0*) =16 











2 € © 
(d) Ax = 2-2) = land x; = —2+iAx = —2 +i = a upper sum is > (4 — (xi)*) -1+ (4 - (x:)) “1 








i=l i=2 
= 1((4—(-1)’) + (4-0) + (4-0?) +(4-1)) = 14 
5. f(x) =x? Using 2 rectangles = Ax = +59 = } = 3(f(}) +£()) 
| 2 2 é 
it =3(()'+@))=8= 38 
ne 4 rectangles > Ax = aa = ; 


#(2) +£(8) £(2) 42(2) 
)? + (3)? + (8)? + 2") = 2 
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t= = 2(A(4) +4(8)) 
=3((1)'+@)") = Fh = 





Using 2 rectangles > Ax 





Using 4 rectangles > Ax = +59 = 


= (f(s) + £(5) + (3) + £05) 
_ 1 (Ester) _ 496 _ 124 _ 31 


Ale 





4-83 ~~ 88 128 














y Using 2 rectangles > Ax = 25+ = 2 = 2(f(2) + f(4)) 
4 

ce eee 
1 =264¢2)= 5 


: — 5-1 _ 
Using 4 rectangles = Ax = “7- = 1 


= 1(6(8) +118) +09) +40) 


4/2 ,24,24 2) _ 1488 _ 496 _ 496 
=1G+3+5+ 5) =ses bo = ae 














+ +—> X 
1 2 os « s 
Using 2 rectangles > Ax = 2-9) = 2 => 2(f(-1) + f(1)) 
= 2(3+3) =12 
Using 4 rectangles > Ax = a! =1 
= 1(F(—3) + f(—3) + (5) + £6) 
=1((4— (-9)”) + (4-H) + (4- @’) +(4-@)) 
=e =16-($-2+4-2)=16-V=a11 











. (a) D& OG) + 12)0) + (22)C:) + 10)1) + (5)C1) + 23)0) + A1)) + (6)0) + (2)0) + (6)C) = 87 inches 
(b) D& (12)01) + (22)C1) + 0)C) + (5)C) + 13)0) + ADC) + (6)C) + (2)C:) + (6)C1) + (0)(1) = 87 inches 





. (a) D& (1)(300) + (1.2)(300) + (1.7)(300) + (2.0)(300) + (1.8)(300) + (1.6)(300) + (1.4)(300) + (1.2)(300) 
+ (1.0)(300) + (1.8)(300) + (1.5)(300) + (1.2)(300) = 5220 meters (NOTE: 5 minutes = 300 seconds) 

D ® (1.2)(00) + (1.7)(300) + (2.0)(300) + (1.8)(300) + (1.6)(300) + (1.4)(300) + (1.2)(300) + (1.0)(300) 
+ (1.8)(300) + (1.5)(300) + (1.2)(300) + (0)(300) = 4920 meters (NOTE: 5 minutes = 300 seconds) 


(b 


wm 








. (a) D & (0)(10) + (44)(10) + (15)(10) + (35)(10) + (30)(10) + (44)(10) + (35)(10) + (15)(10) + (22)(10) 
+ (35)(10) + (44)(10) + (30)(10) = 3490 feet ~ 0.66 miles 

D © (44)(10) + (15)(10) + (35)(10) + (30)(10) + (44)(10) + (35)(10) + (15)(10) + (22)(10) + (35)(10) 
+ (44)(10) + (30)(10) + (35)(10) = 3840 feet ~ 0.73 miles 


(b 


we 








. (a) The distance traveled will be the area under the curve. We will use the approximate velocities at the 
midpoints of each time interval to approximate this area using rectangles. Thus, 

D & (20)(0.001) + (50)(0.001) + (72)(0.001) + (90)(0.001) + (102)(0.001) + (112)(0.001) + (120)(0.001) 
+ (128)(0.001) + (134)(0.001) + (139)(0.001) ~ 0.967 miles 

Roughly, after 0.0063 hours, the car would have gone 0.484 miles, where 0.0060 hours = 22.7 sec. At 22.7 
sec, the velocity was approximately 120 mi/hr. 


(b 


wm 
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13. 


14. 


15. 


16. 


17. 


18. 


Chapter 5 Integration 


(a) Because the acceleration is decreasing, an upper estimate is obtained using left end-points in summing 
acceleration - At. Thus, At = 1 and speed [32.00 + 19.41 + 11.77 + 7.14 + 4.33](1) = 74.65 ft/sec 


(b) Using right end-points we obtain a lower estimate: speed ~ [19.41 + 11.77 + 7.14 + 4.33 + 2.63](1) 
= 45.28 ft/sec 

(c) Upper estimates for the speed at each second are: 
t | 0 1 2 3 4 5 





Vv | 0 32.00 51.41 63.18 70.32 74.65 
Thus, the distance fallen when t = 3 seconds is s © [32.00 + 51.41 + 63.18](1) = 146.59 ft. 


(a) The speed is a decreasing function of time = right end-points give an lower estimate for the height (distance) 


attained. Also 
t | 0 1 2 3 4 5 
v | 400 368 336 304 272 240 
gives the time-velocity table by subtracting the constant g = 32 from the speed at each time increment 
At = 1 sec. Thus, the speed = 240 ft/sec after 5 seconds. 
(b) A lower estimate for height attained is h = [368 + 336 + 304 + 272 + 240](1) = 1520 ft. 





Partition [0, 2] into the four subintervals [0, 0.5], [0.5, 1], [1, 1.5], and [1.5, 2]. The midpoints of these 
subintervals are my = 0.25, my = ° 75, m3 = 1.25, and ie = 1.75. The heights of the four approximating 
aq (mp) = (0.75)? = 24, (ms) = (1.25)? = 2, and f(my) = (1.75)? = 38 


64? 
Notice that the average value is approximated by } 7 l(a)” (5) + (3)? (5) + Gy (3) + ey ()| = a 


rectangles are f(m,) = (0. 25)3 = 2 


approximate area under 


= o—* 3 . We use this observation in solving the next several exercises. 
length of [0,2] curve f(x) =x 


Partition [1,9] into the four subintervals [1, 3], (3, 5], [5,7], and [7,9]. The midpoints of these subintervals are 


m; = 2,m. = 4, ms = 6, and my = 8. The heights of the four approximating rectangles are f(m;) = 5. 











f(m 2) = i f(m3) = zs and f(m,4) = :: The width of each rectangle is Ax = 2. Thus, 
2 ne, area = 3 — 25 
Area = 2(3) +2 (2) +2(2) +2(}) = 3 > average values attry = GP = 3B. 


Partition [0, 2] into the four subintervals [0, 0.5], [0.5, 1], [1, 1.5], and [1.5, 2]. The midpoints of the subintervals 
are m, = 0.25, my = 0.75, mg = 1.25, and my = 1.75. The heights of the four approximating rectangles are 


2 
a ee ee ees 


2 
=$+$=l,andf(m) =$+sin? F=5+ (- +) = 1. The width of each rectangle is Ax = $. Thus, 
ery tents =2 = average value © Fahey = Sd, 


Partition [0, 4] into the four acai [0, 1], (1,2, ], [2,3], and [3,4]. The midpoints of the subintervals 





1 3 
3, My = 5, Ms 3, and my = 


f(m,) = 1 = (cos (e4u))* = 1 — (cos (2))* = 0.27145 (to 5 decimal places), 


7 
2° 
( 
f(m2) = 1 — (cos (=@2))" =l1- (cos (32 ‘ = 0.97855, f(m3) = 1 — (cos (B))" =l|- (cos (=)y° 
‘) 


are m; 





The heights of the four approximating rectangles are 


(3) 
2 





4 
= 0.97855, and f(m4) = 1 — (cos (+ SS =1- (cos (=\)" = 0.27145. The width of each rectangle is 
Ax = 1. Thus, Area © (0.27145)(1) + (0.97855)(1) + (0.97855)(1) + (0.27145)(1) = 2.5 = average 


value ~ 2.5 


ea = 
in “of (04) 4 7 


colNn 
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19. Since the leakage is increasing, an upper estimate uses right endpoints and a lower estimate uses left 


Section 5.1 Estimating with Finite Sums 


endpoints: 


(a) 


(b) 


(c) 


20. Since the pollutant release increases over time, an upper estimate uses right endpoints and a lower estimate 


upper estimate = (70)(1) + (97)(1) + (136)(1) + (190)(1) + (265)(1) = 758 gal, 
lower estimate = (50)(1) + (70)(1) + (97)(1) + 136)(1) + (190)(1) = 543 gal. 
upper estimate = (70 + 97 + 136 + 190 + 265 + 369 + 516 + 720) = 2363 gal, 
lower estimate = (50 + 70 + 97 + 136 + 190 + 265 + 369 + 516) = 1693 gal. 
worst case: 2363 + 720t = 25,000 => t = 31.4 hrs; 

best case: 1693 + 720t = 25,000 = t = 32.4 hrs 











uses left endpoints: 


(a) 


(b) 


21. (a 
(b) 


wm 


(c 


wa 


(d) 


22. (a 


wm 


(b 
(c 


~~ S&S 


23-26. 


upper estimate = (0.2)(30) + (0.25)(30) + (0.27)(30) + (0.34)(30) + (0.45)(30) + (0.52)(30) = 60.9 tons 
lower estimate = (0.05)(30) + (0.2)(30) + (0.25)(30) + (0.27)(30) + (0.34)(30) + (0.45)(30) = 46.8 tons 
Using the lower (best case) estimate: 46.8 + (0.52)(30) + (0.63)(30) + (0.70)(30) + (0.81)(30) = 126.6 tons, 








so near the end of September 125 tons of pollutants will have been released. 


2 
The diagonal of the square has length 2, so the side length is 4/2 Area = (v2) =2 


297 


Think of the octagon as a collection of 16 right triangles with a hypotenuse of length 1 and an acute angle measuring 


20 T 


16 8° 
Area = 16(3) (sin z) (cos z) =4sin 7 = 2/2 & 2.828 


Think of the 16-gon as a collection of 32 right triangles with a hypotenuse of length | and an acute angle measuring 


20 T 


32 — 16° 
Area = 32(4) (sin x) (cos x) = 8sin§ = a/9 & 3.061 
Each area is less than the area of the circle, 7. As n increases, the area approaches 7. 


Each of the isosceles triangles is made up of two right triangles having hypotenuse | and an acute angle measuring 


Qa 
2n 


= ;.- The area of each isosceles triangle is Ay = 2(4) (sin =) (cos =) = 5 sin 


Qn 
mae 
Parte i 
. Sih. 
=lima7-—=7 
n—-o0o (=) 


Qn 
n 


Qn 
n 





The area of the polygon is Ap = nAr = 5 sin +, so lim 5 sin 
Multiply each area by 1’. 

Ar = $r’sin 22 

Ap = 2r’sin 22 
lim Ap = ar” 


no 


Example CAS commands: 


Maple: 


with( Student[Calculus1] ); 
f :=x -> sin(x); 


a :=0; 

b := Pi; 

plot( f(x), x=a..b, title="#23(a) (Section 5.1)" ); 

N :=[ 100, 200, 1000 ]; # (b) 


for nin N do 
Xlist := [ a+1.*(b-a)/n*i $ i=0..n ]; 
Ylist := map( f, Xlist ); 

end do: 

for nin N do # (c) 
Avg[n] := evalf(add(y,y=Ylist)/nops(Ylist)); 
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end do; 

avg := FunctionAverage( f(x), x=a..b, output=value ); 

evalf( avg ); 

FunctionAverage(f(x),x=a..b,output=plot); # (d) 

fsolve( f(x)=avg, x=0.5 ); 

fsolve( f(x)=avg, x=2.5 ); 

fsolve( f(x)=Avg[1000], x=0.5 ); 

fsolve( f(x)=Avg[1000], x=2.5 ); 
Mathematica: (assigned function and values for a and b may vary): 
Symbols for 7, — , powers, roots, fractions, etc. are available in Palettes (under File). 
Never insert a space between the name of a function and its argument. 

Clear[x] 

f[x_]:=x Sin[1/x] 

{a,b}={7/4, a} 

Plot[f[x],{x, a, b}] 
The following code computes the value of the function for each interval midpoint and then finds the average. Each 
sequence of commands for a different value of n (number of subdivisions) should be placed in a separate cell. 

n=100; dx = (b — a) /n; 

values = Table[N[f[x]], {x, a + dx/2, b, dx}] 

average=Sum[values[[i]],{i, 1, Length[values]}]/n 

n =200; dx = (b — a) /n; 

values = Table[N[f[x]],{x, a + dx/2, b, dx}] 

average=Sum|[values[[i]],{i, 1, Length[values]}] /n 

n =1000; dx = (b — a) /n; 

values = Table[N[f[x]],{x, a + dx/2, b, dx}] 

average=Sum[values[[i]],{i, 1, Length[values]}] /n 

FindRoot([f[x] == average, {x, a}] 


5.2 SIGMA NOTATION AND LIMITS OF FINITE SUMS 


— 60) 4 62) 
_ [+1 1 241 





Mes 
ies 
TR 
Ae 


— 6 12) 
=§42=7 


il 











3 
1 — 1=1 2-1 3-1 _ 1 De 2h 
a ee a a ge a 


k=1 


4 
3. S> cos km = cos (17) + cos (277) + cos (37) + cos (47) = —1+1-—14+1=0 


k=1 


| 
4. )> sin ka = sin(17) + sin (27) + sin 37) + sin (47) + sin(57) =0+0+04+0+0=0 


k=1 


3 
5. Do (DS! sin § = (HD sin F + (— sin § + (— 1)? sin § = O- 1 + Vi _ i= 





6. > (—1)* cos kt = (—1)! cos (17) + (—1)? cos (277) + (—1)? cos (377) + (—1)4 cos (477) 


k=1 


= —~(-1I)+1-(-1I) +1=4 
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10. 


11. 


14. 


17. 


(a) 
(b) 


(c) 


(a) 


(b 


wm 


(c) 


(a) 


(b) 


(a) 


(b) 


(b) 


(c) 


(d) 


(e) 


Section 5.2 Sigma Notation and Limits of Finite Sums 





6 

eta 2hty 214214 att4 214 261514244484 164 32 
k=1 

yy 2 = 20421422 423 424425 = 1424448416432 

k=0 

4 

Dy Jett — g-l4l 4 9041 4 gl+l 4 9241 4 9341 4 94tl — 14944484 164 32 


k=-1 


All of them represent 1 + 2+4+8-+ 16+ 32 





> (—2)1 = (-2)'-1 + (—2)?-*1 4 (— 2)! + (2) 1 + (-2)81 + (-2)8 1 = 1-244-84 16 - 32 


> (D2 = (-1)02 + (2! +. 22? + (-1)828 + (24 + (1525 = 1 


k=0 


> (—1)s*12*+2 — (=<1r2 ee + (—1)7t+12-1+2 ao (—1)9t!20+2 + (—1)'t 1212 + (—1)?+!22+2 


k=-2 


2+4—8+ 16-32 





+ (—1)3+123+7 = -142-—4+48- 164 32; 
(a) and (b) represent 1 — 2 + 4 — 8 + 16 — 32; (c) is not equivalent to the other two 





ps _ Ciet |, cpt? | Cpt _ 11 
for aa PY aap ao Lag 3 














2 
~ DF _ Ci, Cit, Cl? _ Lp 2 
Leet = ger Te a+ 3 











ye (bt (-1)° (-1y) _ 1 il 
2. 142 + 043 + 142 = ae 3 


(a) and (c) are equivalent; (b) is not equivalent to the other two. 


Sk— 1? =(1— 1? + 2-194 3-1)? 44-9? =0414449 


k=1 


3 
> k4+ 1? =(-14+ 1? +0417 +0412 + 2412+ 641? =041444+9+16 


ye =( 3)? + (—2)? + (-1)? =9+4+1 


(a) and (c) are equivalent to each other; (b) is not equivalent to the other two. 





4 
k 12. 3k Le 
k=1 k=1 
5 
2k 15. 3 (- } 16. 5*(-iy ¥ 
k=1 k=1 


Dd (a +b) = a+ ob = -5+6=1 
k=l k=l k=l 

>> (& — bb) = Do a — Ob, = -5 -6=-11 
k=l k=l k=l 


5b, — 2a) = 3b 23 = 6— 2-5) = 16 
k=1 k=1 


k=1 
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18. 


19. 


20. 


21. 


23. 


24. 


25: 


26. 


21: 


28. 


29. 


Chapter 5 Integration 











(a) > 8a =8 > a = 8(0) = (b) >> 250b, = 250 5> b, = 250(1) = 250 

k=1 k=1 k=1 
©) S@tD)=atdS1=0+n=n d@) i(k —-D)=>2b—-Yl=l1-n 

k=1 = = k=1 k=1 k=1 

10 
(a) 3 k= oae+) — —55 (b) > ire _ 1od0-F VETO) +D = 385 
2 

() EK = [00-2] = 55? = 3025 

k=1 

13 13 
(a) > k= Bass) —9| (b) > kK = a = 819 

13 3 2 
(c) ok = [BOY] = 1? = 8281 

k=1 
, : 17 +1) a. nk : 5(5 +1) 
3 2k = -2 7k = -2 (EY) = -56 2.» H=8dk= 8 (SY) = 
k=1 k=1 k=1 k=1 
> (3 _ k?) = > 3 = k2 _ 3(6) 6(6 + 1)(2(6) + 1) 73 
k=1 k=1 k=1 
6 6 
y (P —5) = — 5 = EOE) — 56) = 61 
k=1 k=1 k=1 
5 3. 
SkGE+ 3) = GR 45K) <3 PR 4S kK 3 (Ssenesen) 45 (850) — 249 
k=1 k=1 k=1 k=1 
7 7 
3 kk +1) = OK +k) <2 4k =2 (2eemen) + W+0 — 308 
= k=1 k=1 k=1 
5 kK = k a 1 = k3 2 k ° 1 ay 5(54+ 1) o 
wast (Dk) =a De + (a = os (SY ) + (22 ) = 3376 

Ce ew ee ae 3 w4+yn\? 1 f77en\? 
2k -he= 2k -2 DK = ( 5; ) ( . ) = 588 
(a) (b) (c) 
x ; z 
3b (2, 3) Ae es 3) at (2, 3) 
tera ree ea 
| Lefthana | Righthand | 3 | Midpoint 
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31. (a) (b) (c) 


y 
F(x) = sin x, 
—7SxXST7 
Right-hand —— 





32. (a) (b) (c) 





n/2 r 
f(x) = sinx +1 





33. |x; — Xo] = [1.2 — 0| = 1.2, [xp — x1| = [1.5 — 1.2| = 0.3, [xg — xa = [2.3 — 1.5] = 0.8, 
and |x; — x4| = |3 — 2.6] = 0.4; the largest is ||P|| = 1.2. 





X4 — X3| = |2.6 _ 2.3} = 0.3, 








34. |x; —x9| = |—1.6 — (—2)| = 04, [xo — x1| = |-0.5 — (-1.6)| = 1.1, |xg — x9] = [0 — (-0.5)| = 0.5, 
|x4 — x3] = |0.8 — 0] = 0.8, and |x5 — x4| = |1 — 0.8] = 0.2; the largest is ||P|| = 1.1. 

















35. f(x) =1-—x? Since f is decreasing on [0, 1] we use left endpoints to obtain 
y upper sums. Ax = tt = and x; = iAx = £. Soan upper sum 
1 / v1 _ 1S i)? 1 yo _ 2 
is D(1-x)t=2 N(1-(2)’) = 5 Nw? -?) 
| i=0 i=0 i=0 
n 
_ mt a: Ly =i = De@@— +I) =4 Qn? — sn’ tn 
i=0 
a 3 1 
=1- soe Thus, 
i 1 Fa- j= ii eee a ee ee 
Fisaes i=0 Xn areca 6 ~ 3 3 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


302 Chapter 5 Integration 


36. f(x) = 2x 























> xX 
> xX 
> xX 
39. f(x) =x+x (1+ x) 
y 
2 
f 
x 
‘ 
> xX 











Since f is increasing on [0, 3] we use right endpoints to obtain 
upper sums. Ax = 3-0 = 3 and xj = iAx = a So an upper 


n nn. n 
nae 22xi(7) = 4 32 Byyjak. n(n+1) _ a 








n oon nr nr 2 
i=1 i=1 
Thus, lim yi -3 = lim ™ on = lim (9+ 2) =9. 
N00 5-4 a n—-0o n—-oo 


Since f is increasing on [0, 3] we use right endpoints to obtain 
upper sums. Ax = 2-2 3 and xj = iAx = a So an upper 


suis S92 +1)3 = (4)? 41)$ = 3 (8 +1) 
i=l i=1 


i=1 
= 272 4 3 we zy (aie yen 43 


— oltor+a) 43 BEE 4 3. Thus, 
n 


lim S(0P + 1)8 = tim (=F + 3) =9+4+3=12, 


n—00 jy n—0o 


Since f is increasing on [0, q we use right endpoints to obtain 
upper sums. Ax = 42 = 7 1 and x; = iAx = a: SO an upper sum 


is 9s) = pal)" = 8 De= 8 (a) 
i=1 i=1 i 





on 43n2¢n _ 2+h+m : 92/1 
= 3 = “. Thus, lim 5$°3x; (+) 
2n 2 n-00 {74 1\n 


3 1 
=lim(**#*e ) 221 
n—-oco 2 2 : 


Since f is increasing on [0, q we use right endpauts to obtain 


1-0 _ 
upper sums. Ax = => = 5 1 and x; =iAx = 5. Soan upper sum 


oe i i\2 ay ai 
is Sw DE =H(1 + (7) = AE TY 
i=1 i i=1 i=1 











i=l 
— 1 fnm4i) 44 n(n+1)(2nt+1)\) _ tn | 2n°4+3n? +n 
~ 2 n° 6 “Qn? 6n? 


n 


. Thus, lim >(x; + x?)+ 


n—-co i=l 
_4j Lg otete \| 214 es 
=m | (454) + ( 6 Sate ee 


Since f is increasing on [0, q we use right endpents to obtain 


144 242 ates 
= y+ 

















ee sums. Ax = 1-0 =e + and xj = i1Ax = {. Soan up sum 
n . Aw) n 
is 32 (3x; + 2x2)? =F(%42(8 b= Spi +38 
i=1 i=1 i=l 
= 3 (mae) a 2 (a tune) — Se us = 


n 


. Thus, lim }>(3x; + 2x?)+ 


00:4 
M00 j=] 


_ 4 3+3 eteta\ | se 8 
= im | (254) + ( 3 \)as+3=8. 


3 
= Sta fe 2+3 at 
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5.3 THE DEFINITE INTEGRAL 





2 0 5 
i, J x dx 2. {2x dx a. i (x? — 3x) dx 
4 3 1 
4, fora 5. J, rig x 6. f, V4—# ax 
0 n/4 
7. J ee x) dx 8. a (tan x) dx 
2 1 5 
9. (a) f g(x) dx = 0 (b) f. g(x) dx = — } g(x) dx = —8 
2 2: 5 5 2 
(c) i 3f(x) dx = 3f f(x) dx = 3(—4) = —12 (d) f, f(x) dx = Hi f(x) dx — J f(x) dx = 6 — (—4) = 10 
5 5 5 
(e) f [f(x) — g(x)] dx = f f(x) dx — J g(x) dx =6-—-8=-—2 
5 5 5 
(f) 1 [4f(x) — g(x)] dx = 4 J f(x) dx — f g(x) dx = 4(6) — 8 = 16 
9 9 
10. (a) i —2f(x) dx = —2 J f(x) dx = —2(-1) =2 
9 9 9 
(b) i [f(x) + h(x)] dx = if f(x) dx + / h(x) dx =54+4=9 
9 9 9 
(c) i, [2f(x) — 3h(x)] dx = 2 i f(x) dx — 3 i h(x) dx = 2(5) — 3(4) = —2 
1 9 
(d) ip f(x) dx = — J f(x) dx = -(-l) =1 
7 9 9 
(e) f tooax =f f(x) dx — f f(x) dx = -1-—5=-—6 
it 9 9 9 
(f) i. [h(x) — f(x)] dx = if [f(x) — h(x)] dx = i f(x) dx — f. h(x) dx =5-4=1 
2 2 2 2 
11. (a) } f(u) du = f f(x) dx = 5 (b) J V3 f(z) dz = \/3 f f(z) dz = 5/3 
1 2: 2 2 
(c) f, f(t) dt = — f f(t) dt = —5 (d) a [—f(x)] dx = — f f(x) dx = —5 
—3 0 0 0 
12 @ fo ema=- ff, a=-y2 ) f,ewau= fi, eat= V2 
0 0 0 0 
©) f,t-scolex=- f, eax =-V2 @ J ,@ar=, J ewa=(4) (v2) =1 
4 4 3 
13. (a) f, f(z) dz = i. f(z) dz — J f(z) dz=7-3=4 
3 4 
(b) 1, f(t) dt = — {, f(t) dt = —4 
3 3 1 
14. (a) i h(r) dr = f no dr — ie h(r) dr = 6—-0=6 
al 3 3 
(b) — f, h(u) du = — ( f h(u) au) = J h(u) du = 6 
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15. The area of the trapezoid is A = 5 (B + b)h 


4 
$(5+2)(6) =21 > f, (3 +3) dx 


= 21 square units 


16. The area of the trapezoid is A = $ (B + b)h 


3/2 
=16+p0)=25 fi, C2x+4 dx 


= 2 square units 


17. The area of the semicircle is A = $ mr? = $.7(3)? 


3 
9 — x2 dx = 2 i 
=571 > [v9 x? dx = 5 7 square units 


18. The graph of the quarter circle is A = § mr? = 3 (4)? 


0 
=4r => a 16 — x? dx = 4m square units 


19. The area of the triangle on the left is A = 5 bh = 
= 2. The area of the triangle on the right is A = 
= 3 (1)q1) = 5. Then, the total area is 2.5 


1 
=> f, |x| dx = 2.5 square units 








=i a8 1 i: 2* 
h 
TY 
x 
aq, =e. ot ‘ace aan 
y 
x 
24 — ee et 





—-2 1 1 
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20. The area of the triangle is A = 5 bh = ; (2)) = 1 y 
1 
=> fia — |x|) dx = 1 square unit f(x) = 1-|x| 
x 
-1 1 
21. The area of the triangular peak is A = 4 bh = 4 (2)(1) = 1. y 


f(x) = 2—[x| 






The area of the rectangular base is S = €w = (2)(1) = 2. 


1 
Then the total area is 3 => fie — |x|) dx = 3 square units 


_ Re 5 See eee 


22, y=1+V1-x => y-1l=V1-» 


> (y-1P =1-xX* > xX 4+(y—- 1) = L,acircle with 
center (0, 1) and radius of 1 > y= 1+ 1 — x? is the 
upper semicircle. The area of this semicircle is 





A= 4a? = $7(1) = §. The area of the rectangular base 


is A = Cw = (2)(1) = 2. Then the total area is 2 + 3 


1 
> ia (1 +V1- x?) dx = 2+ 5 square units 





b 
23. i Xdx= yh) =h 24 
02 2 2 4 
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25 





45. 


4 


Oo 


4 


~— 


b 
: f 2s ds = } b(2b) — § a(2a) = b? — a? 


y 


y 





oo 2.5) 0.5) 
4 ae: |, xdx = @Y _ OF _ 
0 2 2 


30. 








0.3 
32. J. s? ds = ©3" — 0.009 


m/2 r\3 
34. f° @ ag = = 2 





3a ay a 
36. are ea —£ =a? 


3b 3 
38. i x? dx = S = 9p3 


b 
26. f 3t dt = 4 b(3b) — 5 a(3a) = 3 (b” — a”) 


a —2 
. fax = 70-3) =-14 40. J V2 dx = /2(-2 — 0) = -2,/2 


& 


2 2 5 5 
_ J, sxdxas f xax=5 [2 -¥] =10 42. fxax=} ff xdx = 35 - 





» fa-sya=2 frra- fosa=2[% | 3220) =4-6 =—2 





i (t- v2) a= fv ta—f vaa- "| ga a a 





1 1 1 1 2 
Zz a Zz ae _ Oe Py _ 
fi G42 a= fi tact fo tae ff) tae-2 f cae = 1-2) 1/2 -¥] = 





fer 3de= frzde— fo 3ae=-2 f zae— fo 3az= 2/3 F| 3[0 — 3] = 





_ fie aa=a fiveau=3| five au J} woo] =3([8-$] -[$-$]) =3 [8 - 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


Section 5.3 The Definite Integral 





307 


ff Ge 4x5) ax=3 wdc t fo xdx— fo sax=3 [3 F| + (3 | 50-0) = 8 42)—10=0 








. Let Ax = mut = S and let xy = 0, x; = Ax, 
Xp = 2Ax,... ,X,_) = (n— LAx, x, = nAx=b. 
Let the c,'s be the right end-points of the subintervals 

=> Cy = X1, C2 = Xg, and so on. The rectangles 
defined have areas: 


f(c,) Ax = f(Ax) Ax = 3(Ax)? Ax = 3(Ax)3 


f(cy) Ax = f(2Ax) Ax = 3(2Ax)? Ax = 3(2)?(Ax)? 
f(c3) Ax = f(3Ax) Ax = 3(3Ax)? Ax = 3(3)?(Ax)8 


£(C,) Ax = f(nAx) Ax = 3(nAx)? Ax = 3(n)?(Ax)? 


Then S, = > f(c,) Ax = 5 3k?(Ax)3 


k=1 k=1 


a 3(Ax)" D> = 3 (5) (aetna) 


b 
=EQ+3+ 8) > [rs dx = lim $2+3+ 4) =o 





52. Let Ax = 2=® = 2B and let xp = 0, x; = Ax, 


n 


Xp = 2Ax,... ,X,_; = (n— 1)Ax, x, = nAx=b. 
Let the c,'s be the right end-points of the subintervals 


=> Cy = X1, C2 = Xg, and soon. The rectangles 


defined have areas: 


f(c,) Ax = f(Ax) Ax = 1(Ax)? Ax = 1(Axy3 
f(c.) Ax = f(2Ax) Ax = m(2Ax)? Ax = 1(2)?(Ax)3 
f(c3) Ax = f(Ax) Ax = 7(3Ax)? Ax = 7(3)?(Ax)? 


(ca) Ax = f(nAx) Ax = m(nAx)? Ax = 2(n)?(Ax)? 


Then S, = )> f(q,) Ax = 32 wk2(Ax)? 


k=1 k=1 


=a(Axy > aa (3) (noe nen+n) 


k=1 


ae (b,30’) 
3b 
f(x) =3x° 
x 
XO Xo X,y X_p eb 
2 
on (o,nb*) 
mb 
f(x) aa 
Xx 
X%=0 Xo Xi X_,=b 


b 
3 ; 3 3 
= ae (2+ 3 + =) => {, 1x? dx = lim ae (2+ i + =) = ee . 
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53. Let Ax = p—0 = 2 and let x) = 0, xj = Ax, 

Xp = 2Ax,... ,X,_) = (n— LAx, x, = nAx=b 

Let the c,'s be the right end-points of the subintervals 

=> C1 = X1, C2 = X2, and so on. The rectangles 

defined have areas: 
f(c,) Ax = f(Ax) Ax = 2(Ax)(Ax) = 2(Ax)? 
f(c2) Ax = f(2Ax) Ax = 2(2Ax)(Ax) = 2(2)(Ax)? 
f(c3) Ax = f(3Ax) Ax = 2(3Ax)(Ax) = 2(3)(Ax)? 


f(a) Ax = f(nAx) Ax = 2(nAx)(Ax) = 2(n)(Ax)? 
Then S, = 37 f(c,) Ax = 52 2k(Ax)? 


k=1 k=1 


= (Ax)? » k=2(8) (se) 





b 
=b’(1++) = [2x ax = lim, b? (1+ +) =b?. 





54. Let Ax = 2=® = ® and let xp = 0, x; = Ax, y 
Xp = 2Ax,... ,X,_; = (n— LAx, x, = nAx=b fx) =F +1 
Let the c,'s be the right end-points of the subintervals 


=> Cy = X1, C2 = Xg, and so on. The rectangles 
defined have areas: 


f(c1) Ax = f(Ax) Ax = (4% + 1) (Ax) = 3 (Ax)? + Ax . 
f(c2) Ax = f(2Ax) Ax = (74% + 1) (Ax) = 3(2)(Ax)? + Ax MnO XX 7 Xe1  X_=b 
f(c3) Ax = f(3Ax) Ax = (39 + 1) (Ax) = 3 (3)(Ax)? + Ax 


L 
2 


f(s) Ax = f(nAx) Ax = (2% + 1) (Ax) = 5 (n)(Ax)? + Ax 
Then S, = => f(c,) Ax = = (1 k(Ax)? + Ax) = (Ax? 2 k+ Ax S01 = (2) (a2) + (2) @) 


n 


=4b7?(1+4)+b = [GQ 1) de lim (4b (+4) +b) 4b +b 
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il 
57. avif) = (45) ff ( 3x? — 1) dx = 


59. av(f) = (345 ff (t— 1)? dt 


3 
frea- 2 frat frat 


1 
3 
=1($)-3($-$)+46--=1. 








60. avif) = (Ls) vi (2 —t) dt 





61. (a) av(g) = 5) f (|x| — 1) dx 
fie x—1)dx+$ fo w-ax 


0 1 
fixax-i ff, ldx+5 1 [x dx— Lf ax 


Go Os -o 





Nie MIF we 
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3 3 
avi) = (343) fi si ax = fo 1 ax 


3 3 
1 1 1 (3? 1 1 


(b 


wm 


l 
an 


3 
(©) avg) = (s-by) J lls|- Dax 
1 3 
=! f dx\-tpaxt} fi (x|-1) x 


= ; (-1+2)= ; (see parts (a) and (b) above). 





: 2 C1? 
= — 0 ee 
= | xax= 5 y= 7G: 


0 0 y 
62. (a) av(h) = (45) fo-kk dx= f -(—0 dx 
h(x) = -{x] 











(c) av(h) = (5) f, — |x| dx 


0 1 h(x) = —|x| 
ai (I Ixldx+ f Ix ax) 


= }(-—}+(—$)) =— 4 Gee parts (a) and (b) 


above). 














63. To find where x — x? > 0, letx—x? =0 = x(1—x)=0 => x=Oorx=1. If0<x<1,then0<x-x? = a=0 
and b = | maximize the integral. 
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64. To find where x* — 2x? < 0, let x* — 2x? =0 = x?(x?— 2) =0 x=Oorx= + Tee By the sign graph, 


+4+4++4+4+ 0  -—-0--0_+++4++++4, we can see that xt — 2x? < 0on |-v2, v2] => a=-V/2andb= V2 
“fa 9 VA 


minimize the integral. 











65. f(x) = j a is decreasing on [0,1] = maximum value of f occurs atO = max f = f(0) = 1; minimum value of f 





occurs at | min f = f(1) = it = 5. Therefore, (1 — 0) minf < fre i dx < (1 — 0) max f 


=>i< 








5 fice 


66. See Exercise 65 above. On [0,0.5], max f = —,; = 1, minf = = 0.8. Therefore 


1 
ea T+(5" 


0.5 5 
(0.5—0)minf < f f(x) dx < (0.5 — 0) max f > z<f- Tew dk< On [0.5, 1], max f = — =~; = 0.8 and 


1 

2° TOF 
1 

min f = 7 ier = 0:5. ieee ead win dx < (1 —0.5)maxf > } Lc fe pas}. 


0.5 1 
13 9 
Then 4 +2 cn Toe dk + ja Tr dx < i i 42 > 0 <f2 Tex dx < To: 


1 
67. —1 < sin(x?) <1 forallx > (1—0)(-1l) < f sin (x*) dx < (1 — 0)(1) or f, sinx? dx <1 => » Sin x” dx cannot 
equal 2. 


68. f(x) = Vx + 8 is increasing on [0,1] > max f = f(1) = \/1 + 8 = 3 and min f = f(0) = 0+ 8 = 2/2. 
1 1 
Therefore, (1 —O)minf < f /x+8 dx < (1—0)maxf > aJr< fo Ve+Bax <3. 


b 
69. If f(x) > 0 on [a, b], then min f > 0 and max f > 0 on [a, b]. Now, (b — a) minf < f f(x) dx < (b — a) max f. 


b 
Thenb>a > b-—-a>0O => (b—-a)minf>0 => J foo ax >0. 


b 
70. If f(x) < 0 on [a, b], then min f < 0 and max f < 0. Now, (b — a) min f < f f(x) dx < (b — a) max f. Then 


b 
b>a => b-a>0 => (b—a)maxf <0 => J foo ax <0. 


1 1 1 
71. snx <xforx>0O => sinx—x<Oforx>0 => J, (sin x — x) dx < 0 (see Exercise 70) => fi sinxax— fx ax 


1 1 1 1 
<0=> f sin x dx < 1 xdx > jf sin x dx < (¢ _ ¢) => f, sin x dx < £. Thus an upper bound is Z. 
0 0 0 2 2 0 2 2 


1 ‘ 
12s secx > 1+ on(—#,£) => secx- (1+) > 0on (— §, 2) => { [sec x — (1+ 5)] dx > 0 (see 


1 1 1 
Exercise 69) since [0, 1] is contained in (- on z) => J, sec x dx — i, (1 + =) dx >0 > f, sec x dx 


1 1 1 1 1 1 
> J, (+4) ax = fi secxax> fo tax+3f ax = Ji secxdx > 0-0 +4 (4) => J) sec x dx > 2. 


Thus a lower bound is i. 


b b b 
73. Yes, for the following reasons: av(f) = a mi f(x) dx is aconstant K. Thus in av(f) dx = f K dx 


= K(b-—a) => [Pav dx = - aK = (b —a)- sig ft dx = fie) ae. 
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74. All three rules hold. The reasons: On any interval [a,b] on which f and g are integrable, we have: 


b b b b b 
_ HO) + g@)] dx = 54, | f f(x) dx + f g(x) ax = 4 f f(x) dx + 54. i g(x) dx 


b 
i ie a 





(a) av(f+g)= 
= av(f) + av(g) 


b 
(b) av(kf) = > us kf(x) dx = 7 








b 
1 f f(x) ax = kav(f) 


, b], and > an g(x) dx = av(g). 








(c) av(f) = 
Therefore, av(f) < a: 


75. Consider the partition P that subdivides the interval [a, b] into n subintervals of width a“ re how and let cy be the right 





endpoint of each subinterval. So the partition is P= {a,a + 8, a+ ab—a) 4) sap =} andc, = a+ Kib—a) a» 
We get the Riemann sum vice = Sie. ba a olb— # os = etb—a) ) an =c(b— a Asn — oo and ||P|| — 0 
k=1 k=1 k=1 


b 
this expression remains c(b — a). Thus, f c dx = c(b — a). 


76. Consider the partition P that subdivides the interval [a, b] into n subintervals of width Ax = b= 





























endpoint of each subinterval. So the partition is P = {a,a + °—*, a+ ab—a) a) a+ n{b—a) =) a Ck = at kib—a) ' 
n 2 
We get the Riemann sum Sitlex) Ox a veil") = <> i + Koa)? _ = b=ay~ (¢ + a“ -e ae ) 
= ke k=1 k=1 
_p-alfv Ca 2a(b. 2a(b—a) (b=a) 2\ _ zat = n(n+1) , (b—a)® n(n $1)(2n+1) 
=82( Sat De ath) a -na? + ea 7 
—a (n n 5 i —a)s 2 34,1 
= (b—a)a’ + a(b yioegia tl ‘ a +) = (b aja” + a(b a)? a 4 OY . ae 
Asn — oo and ||P|| — 0 this expression has value (b — a)a? + a(b — a)”- 1+ fe 2 
b 
= ba? — a3 + ab? — 2ab + a3 + 1(b3 — 3ba + 3ba? — a?) = © — = Thus, L rde= > ©. 
77. (a) U = max, Ax + maxy Ax +... + max, Ax where max, = f(x,), maxy = f(x2),... , max, = f(x,) since f is 


increasing on [a, b]; L = min, Ax + ming Ax +... + min, Ax where min, = f(x), ming = f(x,),... , 

min, = f(x,_;) since f is increasing on [a, b]. Therefore 

U — L = (max, — min,) Ax + (max — ming) Ax +... + (max, — min,) Ax 

= (f(x) — fo) Ax + (F(z) — FK1))Ax +... + (Fn) — £1) Ax = (f,) — f(xo)) Ax = (f(b) — f(a) Ax. 
(b) U = max; Ax; + maxy Ax) +... + max, Ax, where max; = f(x;), maxy = f(x), ... , max, = f(x,) since f 

is increasing on[a, b]; L = min, Ax; + ming Axg +... + min, Ax, where 

min; = f(Xo), ming = f(x;),... , min, = f(x,_,) since f is increasing on [a, b]. Therefore 

U — L = (max, — min,) Ax, + (maxy — ming) Axy +... + (max, — min,) Ax, 

= (f(x) — f(0)) Axi + (f(X2) — f(x Axe +... + En) — £1) Ax 

< (f(K1) — f(Ko)) AXmax + (£OK2) — £061) AXmax +--+ + (fKn) — £O%n-1)) AXmax - Then 

U—-L< (f(&,) — f(Ko)) AXmax = (f(b) — f(a)) AXmax = |f(b) — f(a)| AXmax since f(b) > f(a). Thus 


ie , (U-L)= iP ope (f(b) — f(a)) AXmax = 0, since AXmax = ||P|| - 
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78. (a) U = max; Ax + max) Ax +... + max, Ax where 
max, = f(x9), max = f(x;),... , max, = f(x,_,) 
since f is decreasing on [a, b]; 
L = min, Ax + ming Ax +... + min, Ax where 
min, = f(x;), ming = f(x), ... , min, = f(x,) 
since f is decreasing on [a, b]. Therefore 

U — L = (max, — min,) Ax + (maxy — ming) Ax 
+... + (max, — min,) Ax 

= (f(x) — f0x1)) Ax + (£1) — f(K2))Ax 

+... + F%n1) — F%n)) Ax = (f(Ko) — fn) Ax 
= (f(a) — f(b)) Ax. 

(b) U = max; Ax; + maxy Axy +... + max, Ax, where max, = f(xg), max = f(x;), ... , max, = f(x,_,) since 

f is decreasing on[a, b]; L = min, Ax; + ming Axy +... + min, Ax, where 

min; = f(x;), ming = f(X2),... , min, = f(x,) since f is decreasing on [a, b]. Therefore 

U — L = (max, — min,) Ax, + (max — ming) Axo +... + (max, — min,) Ax, 

= (f(x) — fx1)) Axi + (f(x1) — f(x2))Ax2 +... + EOn-1) — £0) Ax 

< (f(Ko) — £(K,)) AXmax = (f(a) — f(b) AXmax = |f(b) — f(a)| AXmax since f(b) < f(a). Thus 


(U-L)= i 0 \f(b) — f(a)| AXmax = 0, since AXmax = ||P|| . 





lim 
P| +0 


79. (a) Partition (0, Z| into n subintervals, each of length Ax = 3, With points x9 = 0, x; = Ax, 
X = 2Ax,... ,X, =nAx = 5. Since sin x is increasing on [0, Z| , the upper sum U is the sum of the areas 
of the circumscribed rectangles of areas f(x,) Ax = (sin Ax)Ax, f(x) Ax = (sin 2Ax) Ax,... , f(x,) Ax 


Ax _ 1 
= (sin nAx) Ax. Then U = (sin Ax + sin 2Ax +... +sinnAx) Ax = |= rit! os Ax) Ax 


2 sin = 








* Tv 
2sin 





2 eee | (xs) = Reso) ee ee) 











/2 7 TW 
: - : cos cos (3 1—cos. 
(b) The area is A. sinx dx = lim 2 (3 + ia) = 2 —] 
0 n— oo ( in ) 1 
cy 


80. (a) The area of the shaded region is 5+ Ax; - m; which is equal to L. 
i=1 


The area of the shaded region is } * Ax; - Mj which is equal to U. 
i=l 
The area of the shaded region is the difference in the areas of the shaded regions shown in the second part of the figure 


(b 


wm 


(c 


wm 


and the first part of the figure. Thus this area is U — L. 


81. By Exercise 80, U — L = S* Ax, - Mj — > Ax; - m, where M; = max{f(x) on the ith subinterval} and 
i=1 i=1 


m; = min{f(x) on the ith subinterval}. Thus U — L = 5>(M; — m;)Ax; < }“e - Ax; provided Ax; < 6 for each 
i=1 i=1 


i=1,...,n. Since ve- Ax; = € )SAx; = e(b — a) the result, U — L < e(b — a) follows. 
i=l i=1 
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82. The car drove the first 150 miles in 5 hours and the Velocity 
ih 
second 150 miles in 3 hours, which means it drove 300 pe : 


miles in 8 hours, for an average of 300 mi/hr 


= 37.5 mi/hr. In terms of average values of functions, aes = 37.5 mime 
the function whose average value we seek is 4 
30, 0<t<5 : 
v(t) = >. >, 7. and the average value is 
{ 50, 5<1<8 . 
(30)(5) + 50)G3) __ 
yo = 3715. 
t Time 
5 he 


83-88. Example CAS commands: 
Maple: 
with( plots ); 
with( Student[Calculus1] ); 


f :=x -> 1-x; 
a:=0; 
b:=1; 


N :=[ 4, 10, 20, 50 ]; 
P := [seq( RiemannSum( f(x), x=a..b, partition=n, method=random, output=plot ), n=N )]: 
display( P, insequence=true ); 


89-92. Example CAS commands: 


Maple: 
with( Student[Calculus1] ); 
f :=x -> sin(x); 


a :=0; 

b := Pi; 

plot( f(x), x=a..b, title="#23(a) (Section 5.1)" ); 

N :=[ 100, 200, 1000 ]; # (b) 


for nin N do 
Xlist := [ a+1.*(b-a)/n*i $ i=0..n J; 
Ylist := map( f, Xlist ); 


end do: 

for nin N do # (c) 
Avg[n] := evalf(add(y,y=Ylist)/nops(Ylist)); 

end do; 


avg := FunctionAverage( f(x), x=a..b, output=value ); 
evalf( avg ); 
FunctionAverage(f(x),x=a..b,output=plot); # (d) 
fsolve( f(x)=avg, x=0.5 ); 

fsolve( f(x)=avg, x=2.5 ); 

fsolve( f(x)=Avg[1000], x=0.5 ); 

fsolve( f(x)=Avg[1000], x=2.5 ); 


83-92. Example CAS commands: 
Mathematica: (assigned function and values for a, b, and n may vary) 
Sums of rectangles evaluated at left-hand endpoints can be represented and evaluated by this set of commands 
Clear[x, f, a, b, n] 
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{a, b}={0, 7}; n =10; dx = (b — a)/n; 

f = Sin[x]?; 

xvals =Table[N[x], {x, a, b — dx, dx}]; 

yvals =f/.x — xvals; 

boxes = MapThread[Line[{ {#1,0},{#1, #3}, {#2, #3}, {#2, 0}]&,{xvals, xvals + dx, yvals}]; 
Plot[f, {x, a, b}, Epilog — boxes]; 

Sum[yvals[[i]] dx, {i, 1, Length[yvals]}]//N 


Sums of rectangles evaluated at right-hand endpoints can be represented and evaluated by this set of commands. 


Clear[x, f, a, b, n] 

{a, b}={0, 7}; n =10; dx = (b — a)/n; 

f = Sin[x]?; 

xvals =Table[N[x], {x, a + dx, b, dx}]; 

yvals =f /.x — xvals; 

boxes = MapThread[Line[{ {#1,0},{#1, #3}, {#2, #3}, {#2, 0}]&,{xvals — dx,xvals, yvals}]; 
Plot[f, {x, a, b}, Epilog — boxes]; 

Sum[yvals[[i]] dx, {i, 1,.Length[yvals]}]//N 


Sums of rectangles evaluated at midpoints can be represented and evaluated by this set of commands. 


Clear[x, f, a, b, n] 

{a, b}={0, 7}; n =10; dx = (b — a)/n; 

f = Sin[x]?; 

xvals =Table[N[x], {x, a + dx/2, b — dx/2, dx}]; 

yvals = f /.x — xvals; 

boxes = MapThread[Line[{ {#1,0},{#1, #3}, {#2, #3}, {#2, O}]&,{xvals — dx/2, xvals + dx/2, yvals}]; 
Plot[f, {x, a, b},Epilog — boxes]; 

Sum[yvals[[i]] dx, {i, 1, Length[yvals]}]//N 


5.4 THE FUNDAMENTAL THEOREM OF CALCULUS 


I. fiex +5) dx = [x? + Sele = (0? + 5(0)) — ((—2)? + 5(—2)) = 6 


a 





6 —%)dx= [5x 7 | 5 = (54) =) (5 3) i) = 13 





: x3 az xt)* 3(4 é 300) oy! 
i. (3x - +) dx = E | go ( 7 *) ( i o) =8 
” tg3 5 2 : 2 2 (~2)" 2 
fe —2x+3)dx= [+ —x + 3x] 3 (3 —2 + 3(2)) — (> — (-2) + 3(—2)) = 12 


: 1 
Ji? + vs) ax = [F + F209] = (F432) 0-1 


5 
6. 1 ede [Er | ; = 2(5)5/2 — 0 = 2(5)3/? = 10,/5 


= 


~ -6/5 -1/5) 82 5 5 
Jp x88 dx = [-s"] = (-§) - C9) =§ 


-1 =1 
8. [sax fl 2x? dx =[-2x 2} = (3) - (3) = 1 
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9. [sin x ax = [-cos xlf = (—cos 7) — (cos 0) = —(-1) - (1) =2 
10. fra + cos x) dx = [x + sin x]§ = (7 + sin 7) — (0 + sin0) = 7 


a/3 
ii f 2 sec? x dx = [2 tan x]q/? = (2 tan (2)) — (2 tan 0) = 2/3 —0 = 2,3 





12. [oo ese? x ax = [—cot x7," = ( cot (#2)) ( cot (Z)) a ( V3) ( V3) = 2/3 





30/4 
15. [ese cor a0 = [est = (-es(§)) ~ (ee (3) = -V3- (-V3) =0 


n/3 
14. J 4 sec u tan u du = [4 sec uJ" = 4 sec (4) — 4 sec 0 = 4(2) — 4(1) = 4 
0 0 
is: [=e dt = ee + }0cos 2t) dt = [}t+ } sin 2t] 7, = ($0) + 3 sin 20)) — (4 (3) + 3 sin 2(3)) 


as 
4 


—1/3 








a/3 n/3 
1~cos2t qy _ oe _fl lo n/3 
16. ‘a Laem qr = J (4 — } cos 21) dt = [4t— } sin 21] 
l 
2 


(4 (—#) —}sin2(-£)) =$-4sin% 4344 sin(—) =3- 





n/2 m/2 n\3 _xny3 
17. i (89° + sin y) dy = "= — cos y| = (2 COs s) (x = cos ( 5)) — 2a 


—n/4 —n/4 
2 1 _ 2 -2 _ ny —7/4 
18. J (4 sec?t+ 4) dt = ‘oe (4 sec? t+ mt~*) dt = [4 tant — 7] -n/3 


= (4 tan (— 3) — ry) - (4 tan (4) cg) = (A 1) +4) (4( V3) +3) =4V3-3 








—1 -1 <1 3 
19. J, c+iPar= (P+ 2rt I dr= [$+ +r] =(& +( 1)? + ( ») (F+P+1)=-8 





V3 


v3 v3 
2 _ 3 2 — |e yt 2 
20. Jo +e +4yar= fo +t? +4t+4)dt= [e+ § +2 +4t|" 5 


= (rb Gol + 2( va)" +43] (GE + GP a a( va)’ +4(-v3)) = 10/3 








: 7 I T 8 1 (v2) 
a SiG 3) a= [o(8-09) a= [+] = (+s) in) 
fave a) A ae u 16 TF at 2B 16 + a0 16 rt 4 
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24. 


25; 


Nn 


26. 


21. 


28. 


29. 


30. 


31. 


33. 


34. 


35. 


36. 
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= du= f (wr? 1) du = [2x/a—ul5 = (2/4 - 4) - (2/9 -9) =3 
f- ixjdx = f- |x| ax+ fo |x| dx=— fo xdx+ fo xdx= [-¥] ,+ Be ( o + 3) + (4 ¥) 


= 16 








T n/2 T 7/2 
f 1 (cos x + |cos x|) dx = f 5(cos x + cos x) axt J, 5 (COs X — COS x) dx = f cos x dx = [sin x]7/? 


= sin 5 —sin0=1 


é Ki _ 
(a) f cos t dt = [sin t]Y* = sin x-sino=sin yx > (J cos dt) = (sin x) = 00s yx ("1") 


__ cos /x 
— 2 /x 


) ¢ (eos at = (cos s/) ( (/%)) = (cos x) (Fx) = BE 





sin x 


(a) J, 30? dt = [B)* =sinx-1 > x ( 30? dt) = (six — 1) =3 sin? x cos x 


(b) £ (Jf av ct) = (3 sin’ x) (4 (sin x)) = 3 sin? x cos x 


cy JP viau= fw au= [300]; = 309"? -0= 30 = g(f vias) = 4 Ge) =48 
wo) £ (J) Vaan) = Ve (g(t) = 8 48) = 48 


tan 0 


tan @ 
(a) J. sec” y dy = [tan y]"*"° = tan(tan 0) — 0 = tan(tan 0) => 4 (J. sec? y ay) = 4 (tan (tan )) 


= (sec? (tan 0)) sec? 0 


(b) & ( a “sec dy) = (sec? (tan 0)) (4 (tan 0)) = (sec? (tan @)) sec? 0 

y= | Vit®a > &= Vite 32. y= fo tas 2=1,x>0 

y= J sin dt = — fin vdt => & = — (sin (\/x)°) (4 (./x)) = —(sin x) (4x7¥/?) = $4 
y= f cos Via + ¥ = (cos Vx?) ( (x°)) = 2x cos [x 


cos 


sin x 
_ dt T dy _ 1 d (a _ 1 — osx e. : T 
y=f Toe |X| < 5 a aa (4 (sin x)) = Joost (098 X) = Jeosx] = bose = | since |x] < 5 























tan x 
y= fo te > % = (ppb) (A tam) = (GAR) (000?) = 1 
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37. —x?-2x=0 > —x(x+2)=0 x 








0 or x = —2; Area 
= —f, (8-20 ax+ U0 x? — 2x)dx fe x” — 2x)dx 
: si 0 F 2 
== [$e] +8 -9]',- Lb -) 
=— (=e) - 9) 
(4-0) 8-2) 
(-#-2)-($-0)) <3 


38. 3x2 -3 =0 S11 























x = +1; because of symmetry about 
1 2 
the y-axis, Area = 2 (-JS, (3x? — 3)dx + J (3x? — 3)ax) 


2 (- [x3 — 3x]) + [x3 — 3x1) = 2[— ((13 — 31) — (0? — 3(0))) 
+ ((23 — 3(2)) — (13 — 3(1))] = 26) = 12 








39. x? — 3x? +2x=0 = x(x?-3x+2)=0 
=> x(x —2)(xk-1)=0=> x=0, 1, or2; 


1 2 
Area = i, (x? — 3x? + 2x)dx — J (x? — 3x? + 2x)dx 


s 3 2)" e 9)? 
Spee) ae 
0 1 


40. x8-4x=0 = x(x?-4)=0 = x(x—-2)(K+2) =0 


=> x = 0,2, or —2. Area = fie — 4x)dx — fo — 4x)dx 
= | - 2%] 5 [= - 2x| = (¥ -20") 
(spac 28) (G20) - ($-209)] = 











0 8 
41. x/3=0 > x=0; Area=— fx? ax+ x!/3 dx 
= [- 3x49]? + [3x47] 
=(-70)"*) = (-F-D™) +7 @**) - GO*) 
_ 51 
~ a 
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42. x/3 -x=0 = x3 (1 — x?/3) =0 5 x'82 =0or y 


43. 


44. 


45. 


46. 


47. 
48. 


49. 
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3 
1 y=x -x 











1—x2/3 =0 x ls x2/3 x =Oor a 


Lx" x=Oort 
Area=— f ( xl/3_x seco f (x19 —x)ax— f(x — x)ax 
[bess] + feta] Bee), 
--[(10-8)-Goe“") 
+[G}@*- 4) - Gor -§)| 
“[G@*-§)- Gar — 4) 
=1 


1 3 +) = 
ral 20 4g) a 











lovreceeevevceevevevwcceveececccecerenrte | 








The area of the rectangle bounded by the lines y = 2, y = 0, x = 7, and x = Ois 27. The area under the curve 


y = 1+ cos x on [0,7] is 1 (1 + cos x) dx = [x + sin x]j = (7 + sin 7) — (0+ sin 0) = 7. Therefore the area of 


the shaded region is 27 — 7 = 7. 








The area of the rectangle bounded by the lines x = ¢, x . y = sin 5 sin = , and y = Ois 
7/6 
5 (2 _ Z) = . The area under the curve y = sin x on [Z, x is J. sin x dx = [—cos es 





= ( cos .. ( cos z) — ( v3) + v3 = J3. Therefore the area of the shaded region is V3 reat 








On [-3 a 0] : The area of the rectangle bounded by the lines y V2, y = 0,0 =0, and 0 = — Fis V2 (4) 


= a2 . The area between the curve y = sec @ tan @ and y = O is — = sec 6 tan 0 d@ = [—sec 6]° eer 





= (—sec 0) ( sec ( = V2 — 1. Therefore the area of the shaded region on [-7 a 0] is cae + (V2 - 1) ‘ 
On (0, =] : The area of the rectangle bounded by 6 = 7,0 =0,y = V2, and y = Ois V2 (4) = ae . The area 


7/4 
under the curve y = sec 6 tan 0 is f sec # tan 6 dé = [sec aye! * = sec 7 —secO= 2 — 1. Therefore the area 





of the shaded region on (0, 4 is =e (v2 1) . Thus, the area of the total shaded region is 


(32 +v2 1)+( V2+1)=%% 





The area of the rectangle bounded by the lines y = 2, y = 0,t = — 7, andt = 1 is 2 (1 a (- 7)) =2+4. The 


0 
area under the curve y = sec? t on [-4, 0| is J see’ t dt = [tan t]° a = tan 0 — tan (- t) = 1. The area 


1 1 
under the curve y = 1~t® on (0,1]is J) (1 #8) dt = [t—§] = ~£)-( —%)—2. Thus, the total 
0 


area under the curves on [-F re 1] is 1+ 2 = 3 . Therefore the area of the shaded region is (2 + z) — - = 4 aes 


y= f put—3 = 4 — land y(n) = [ i dt —3 =0—3=~—3 = (d) isa solution to this problem. 
x =I 
y= | sectar+4 ke sec x and y(—1) = [ sectdt+4=0+4=4 = (c)isa solution to this problem. 


x 0 
y= fo sectat+4 => 6 = sec x and y(0) = f sectdt+4=0+4=4 = (b) isa solution to this problem. 
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x iL 
50. y=f ¢dt—3 > & — Landy) =f + dt —3 = 0—3 = —3 = (a) isa solution to this problem. 





51. y=f sec t dt + 3 52. y=f 1+t? dt—2 
t t 
53. s=f f(x) dx + so 54. v= f ew dx + Vo 
ee 4h) ,2 4hx? i y 2,2 
55. Area= J (h — 2) x”) dx = x— an h y=h—(4h/d* )x 








—b/2 b/2 








56. (| Ges) a&x=2 ['(1- 2p) dx =2[x-(54)]} =2[(3+ ty) (0+ ay) 


= 2 [34 —1] =2(24) =4.5 or $4500 


s7. Bat ade? son [ita = [Oia Vs 


c(100) — c(1) = V/100 — 1/1 = $9.00 


58. By Exercise 57, c(400) — c(100) = / 400 — \/ 100 = 20 — 10 = $10.00 








59. (a2) v= 8 = 4 a f(x) dx = f(t) v(5) = £(5) = 2 m/sec 
(b) a= a is negative since the slope of the tangent line at t = 5 is negative 
3: 
(c) s= i) f(x) dx = 5 (3)(3) = 2 m since the integral is the area of the triangle formed by y = f(x), the x-axis, 


and x = 3 
(d 
(e) Att =4andt = 7, since there are horizontal tangents there 


wm 


t = 6 since from t = 6 to t = 9, the region lies below the x-axis 


(f) Toward the origin between t = 6 and t = 9 since the velocity is negative on this interval. Away from the 
origin between t = 0 and t = 6 since the velocity is positive there. 








(g) Right or positive side, because the integral of f from 0 to 9 is positive, there being more area above the 
x-axis than below it. 
60. (a) v= a = ¢ f g(x) dx = g(t) v(3) = g(3) = 0 m/sec. 


dt 
(b) a= a is positive, since the slope of the tangent line at t = 3 is positive 
3 
2 . ' ue . — 1 = 
(c) Att = 3, the particle's position is j g(x) dx = 5 3)(—6) = -9 


6 
(d) The particle passes through the origin at t = 6 because s(6) = f g(x) dx = 0 


(e) Att = 7, since there is a horizontal tangent there 


wm 


(f) The particle starts at the origin and moves away to the left for 0 < t < 3. It moves back toward the origin 
for 3 < t < 6, passes through the origin at t = 6, and moves away to the right for t > 6. 


Na 


(g) Right side, since its position at t = 9 is positive, there being more area above the x-axis than below it at t = 9. 
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61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


Section 5.4 The Fundamental Theorem of Calculus 


1 /k 
k >0 = one arch of y = sin kx will occur over the interval (0, z] = the area = j sin kx dx = [- cos kx] a 
= — gos (k(z)) — (— cos) = 5 








* ii . e : So aa pat : — é 1 
liim=s 7 dt = lim—*— = lim = lims—— = &. 
xs0* Jo O+1 x30 ca x0 3x x0 3(X +1) 


fm a= x - 2x41 > fx) = 4 fy at = 4 (2 — 2x +1) = 2x-2 


i f(t) dt = x cos7x => f(x) = 4 i f(t) dt = cos 7x — 7x sin 7x = f(4) = cos 7(4) — 7(4) sin 7(4) = 1 











fe) =2- f” Beat fix a = f’(1) = —3; f(1) = 2 fo" pyat=2 0=2; 
Lax) = —3(«« — 1) +f) = —3(k — 1) +2 = —-3x+5 
g(x) =3+ i sec(t— 1) dt > g’(x) = (sec (x? — 1)) (2x) = 2x sec (x? — 1) > 9/(—1) = 2(-1) sec ((—1)? — 1) 


(-1) 1 
=-2; 1) =34 f sec(t— at = 34 f sec(t — 1) dt = 34+ 0 = 3; L(x) = —2(x — (-1)) + g(-1) 
= -2(x%+1)+3=-2x+4+1 





(a) True: since f is continuous, g is differentiable by Part 1 of the Fundamental Theorem of Calculus. 
(b) True: g is continuous because it is differentiable. 

(c) True, since g’(1) = f(1) = 0. 

(d) False, since g’(1) = f’(1) > 0. 

(e) True, since g’(1) = 0 and g”(1) = f’(1) > 0. 

(f) False: g’(x) = f’(x) > 0, so g” never changes sign. 

(g) True, since g’(1) = f(1) = 0 and g’(x) = f(x) is an increasing function of x (because f’(x) > 0). 


(a) True: by Part 1 of the Fundamental Theorem of Calculus, h’(x) = f(x). Since f is differentiable for all x, 
h has a second derivative for all x. 

(b) True: they are continuous because they are differentiable. 

(c) True, since h’(1) = f(1) = 0. 

(d) True, since h’(1) = 0 and h’(1) = f’(1) < 0. 

(e) False, since h”(1) = f’(1) < 0. 

(f) False, since h’(x) = f’(x) < 0 never changes sign. 

(g) True, since h’(1) = f(1) = 0 and h’(x) = f(x) is a decreasing function of x (because f(x) < 0). 


70. The limit is 3x? 
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71-74. Example CAS commands: 
Maple: 
with( plots ); 
f := x -> x43-4*x4243*x; 
a:=0; 
b:=4; 
F := unapply( int(f(t),t=a..x), x ); # (a) 
pl := plot( [f(x),F(x)], x=a..b, legend=["y = f(x)","y = F(x)"], title="#71(a) (Section 5.4)" ): 
pl; 
dF := D(F); # (b) 
ql := solve( dF(x)=0, x ); 
ptsl := [ seq( [x,f(x)], x=removechas,evalf({q1]),D ) J; 
p2 := plot( pts1, style=point, color=blue, symbolsize=18, symbol=diamond, legend="(x,f(x)) where F '(x)=0" ): 
display( [p1,p2], title="71(b) (Section 5.4)" ); 
incr := solve( dF(x)>0, x ); # (c) 
decr := solve( dF(x)<0, x ); 
df := D(f); # (d) 
p3 := plot( [df(x),F(x)], x=a..b, legend=["y = f '(x)","y = F(x)"], title="#71(d) (Section 5.4)" ): 
p3; 
q2 := solve( df(x)=0, x ); 
pts2 := [ seq( [x,F(x)], x=remove(has,evalf([q2]),D ) J; 
p4 := plot( pts2, style=point, color=blue, symbolsize=18, symbol=diamond, legend="(x,f(x)) where f '(x)=0" ): 
display( [p3,p4], title="71(d) (Section 5.4)" ); 
75-78. Example CAS commands: 
Maple: 
a:=l; 
U != X -> x42; 
f := x -> sqrt(1-x’2); 
F := unapply( int( f(t), t=a..u(x) ), x ); 
dF := D(F); # (b) 
cp := solve( dF(x)=0, x ); 
solve( dF(x)>0, x ); 
solve( dF(x)<0, x ); 
d2F := D(dF); # (c) 
solve( d2F(x)=0, x ); 
plot( F(x), x=-1..1, title="#75(d) (Section 5.4)" ); 
79. Example CAS commands: 
Maple: 
f= fs 
ql := Diff( Int( f(t), t=a..u(x) ), x ); 
dl := value( ql ); 
80. Example CAS commands: 
Maple: 


Chapter 5 Integration 


f=": 
q2 := Diff( Int( f(t), t=a..u(x) ), x,x ); 
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value( q2 ); 


71-80. Example CAS commands: 


5.5 


Mathematica: (assigned function and values for a, and b may vary) 
For transcendental functions the FindRoot is needed instead of the Solve command. 
The Map command executes FindRoot over a set of initial guesses 
Initial guesses will vary as the functions vary. 
Clear[x, f, F] 
{a, b}= {0, 27}; f[x_] = Sin[2x] Cos[x/3] 
F[x_] = Integrate[f[t], {t, a, x}] 
Plot[{f[x], F[x]},{x, a, b}] 
x/.Map[FindRoot[F'[x]==0, {x, #}] &,{2, 3, 5, 6}] 
x/.Map[FindRoot([f[x]==0, {x, #}] &{1, 2, 4,5, 6}] 
Slightly alter above commands for 75 - 80. 
Clear[x, f, F, u] 
a=0; f[x_] =x? —2x-—3 
u[x_] = 1 — x? 
F[x_] = Integrate[f[t], {t, a, u(x)}] 
x/.Map[FindRoot[F'[x]==0, { x, #}] &,{1, 2,3, 4}] 
x/.Map[FindRoot[F"[x]==0, {x,#}] &,{1, 2, 3, 4}] 
After determining an appropriate value for b, the following can be entered 
b=4; 
Plot[{F[x], {x, a, b}] 


INDEFINTE INTEGRALS AND THE SUBSTITUTION RULE 


Let u = 3x du = 3 dx + du = dx 








f sin3xax = f ; sinu du = —} cosu+C = —} cos3x+C 


Let u = 2x? du = 4x dx + du = x dx 











Letu=2t > du=2dt + du = dt 





f sec 2t tan 2t dt = f 4 secutanudu =} secu+C =} sec 2+C 


Letu=1-—cos} > du = 4 sin § dt => 2du=sin 5 dt 


J (1=cos t)? (sin £) dt = f 2u? du = 2u3+C = 2 (1—cos!)?+C 








Let u = 7x — 2 du = 7 dx ; du dx 
f 2807x — 2)-5 ax = f F805 du = f 4u- du = —u"4 + = -(7x-2)-4 + 


Letu=x*-1 > du=4x3 dx > } du=x? dx 


f8(t-1Pax= fiwdu=%4+e=4(0'- 1% +€ 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


Letu=1—r = du=-—3r dr = —3 du =9r? dr 


edt = f —3u7¥/? du = —3Q2u/? +. =-6(1- 1°)? +C 





Letu = y4+4y?+1 => du = (4y?+ 8y) dy > 3 du = 12(y? +2y) dy 
f 1204 + ay? +1)? (9 + 2y) dy = f 3u? du =u? +C = (y! Fy? +1) + 


Letu = x?/?-1 > du= 2 x1/? dx > = du = \/x dx 


J /xsin? ( x3/2 — J) dx = f 2 sintudu = 2 (2-1 sin Qu) +C=1(x 3/2 — 1) — 2 sin (2x3/? — 2)+C 


ff cos? (1) dx = cos? (—u) du =f cos®(u) du = (2 +} sin 2u) +C =— 4 +1 sin(—2) + 


(a) Letu =cot20 = du =—2csc?20d0 = — 4 du =csc* 26 dé 
J csc? 20 cot 2040 = — f 4 udu=—3(¥ 7) +C=-$+C=~} cot? 26 +C 
(b) Letu=csc 20 => du = —2 csc 26 cot 20d0 => — } du = csc 20 cot 20 dé 


J esc? 20 cot 20.49 = f —budu=-4(¥)+C=-¥+C=~fesc?20+C 





(a) Letu=5x+8 => du=5dx + du = dx 


J 5- 1 (4) m=} fur? d= 3 Qu?) +0=2 2y? 4+ C= 2/5x+8+C 
(b) Letu= /5x+8 = du=3(5x+8)1/2(5)dx > 2du=—S 


5x8 
J qa [Fou = 2u4+C= 2 Vix+8+C 











Letu=3-—2s = du=—2ds > —} du=ds 
f V3—2sds = f fa(—4 du) =-3 fu? du = (-4) (209?) +C =-1G-25)97 +€ 


Letu=2x+1 => du=2dx > 5 du=dx 
J @x+1%dx= fui (} du) =} fut du = (4) ($)+C=2@x+Dt+C 








Letu=5s+4 => du=S5ds + du ds 


i, aig ds = f +, (3 du) =} f w-¥? du = (4) (Qu?) +C=2 /5sF44C 











Letu=2—x du —du = dx 


J cin ax= f= 7 uw’ da=—3 3(4) +c=s54+C 


Letu=1—@? > du=—20d0 > —}du=0d0 


fo V1—6 40 = f 4/a(—4 du) =—2} fut au = (3) (4094) +c =-2 (1-4 + 





Letu=6?-1 du = 20 dé 4 du = 86 dé 


f 30 '\Ve 140 = f Xan) =4 fu du =4 (304) +0 =3(8- 1)? +€ 
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20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


Section 5.5 Indefinite Integrals and the Substitution Rule 


Letu = 7—3y? => du=-—6ydy > —} du = 3y dy 


J 39TH BF ay = f Va(—$ au) = —§ fut au = (— 4) Gu) +e= 7-399"? 4 
Letu = 2y?+1 > du=4ydy 


Tarai = f S,au= fw? w= wi +c=2 2y2+1+C 








Letu=1+4/x du = 57 dx = na 


dx = 2m = —24C= 











J Fas rye t 


Letu=1+4/x du = 57, dx = 2du= 7, dx 


f 2  ax= fereay=2(u) +e= 3 (14 9" 














Letu = 3z+4 du = 3 dz du = dz 


3 
J cos (z+ 4) dz = f (cos w (4 du) = 4 f cosudu =} sinu+C =} sin(z+4)+C 


Let u = 8z—5 du = 8 dz 





du = dz 





3 
J sin (82 — 5) dz = f (inu) (% du) = 1 f'sinudu =} (—cos u) + C= — } cos(8z—5)+C 





Letu=3x+2 => du=3dx = }du=dx 
ff sec? (3x + 2) dx = ff (sec? u) (4 du) = } J sec? udu = +tanu+C= } tan(3x + 2)+C 





Let u =tanx = du = sec? x dx 


J tan?x sec? x dx = fu? du = gue +C= Ff tan?x+C 


Let u = sin (3) > du = } cos (% ) dx > 3 du = cos (§ ) dx 


J sin? () cos (%) dx = fu? (3 du) = 3 (4u°) +C = $ sin’ (4) +C 


Letu =tan(3) > => du = } sec ? (3) dx => 2 du = sec? (5) dx 
J tan? (5) sec? (3) dx = fut 2 du) =2 (Lu') += } tan’ (§) +€ 





Letu=%-1 du © dr 6 du =r? dr 


fe(g-1) a= fw (6 du) =6 f wdu=6(#) +C= (4-1) 4e 


Letu=7-5 > du = — jr! dr > —2du=r'dr 


Se(r-§)' a= feceay=-2few=-2(#) +=-1(9-8)'+¢ 


Letu=x??4+1 5 du= 2 xl/? dx > 2 du = x1/? dx 


fx sin (x°/? + 1) dx = f (sinw (3 (¢ du) = 2 f sinudu = 3(- cos u) + C = — 3 cos (x9? +1) +C 
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32. Lettu=x4?-8 = du = $x1/9 dx => 2 d= x? dx 


fx sin (x*/3 — 8) dx = f (sin u) (3 du) =3 f sinudu = = }(—cos u) + C = — 3 cos (x*/3 — 8) +C 


33. Let u = sec (v + 2) > du = sec (v + 3) tan (v + 2) dv 
J sec (v + 8) tan (v + 3) dv fau u+C sec(v+4)+C 




















34. Let u = csc (*5*) => du= 5 esc (57) cot (*5*) dv => —2 du = csc (*5*) cot (54 
J csc (454) cot (45+) = f -2du=-2u+C = —2ese (452) +€ 
35. Letu=cos(2t+1) => du=—2sin(2t+ 1) dt > — } du =sin(2t+ 1) dt 


sin 2t+ 1) 1 du _ 1 
f cos? (2t+ 1) dt = Ff 2w~ Qu C= ean +C 


) dv 














36. Letu=2+sint > du=costdt 
6 cost d= f Sdu=6 fu du=6( 5) +C=-32+sinyy? +C 


(2 +sin ty 


37. Letu=coty > du=-—csc*ydy => —du = csc’ y dy 
f /coty csc? y dy = f /a(—du) = — fut? du = — 2 u9/? + = — 2 (Coty)? +. C = — 3 (cot? yr +e 


38. Letu =secz = du = sec z tan z dz 


J setae =f Spau= fw? du= mw? +0=2/see2+C 





39. Ltu=+-1=t1'-1 > du=-t?dt > —du= 4 dt 


f & cos (4-1) dt = f (cos u(—du) = — f cos u du = -sinu+C=-sin(+—1)+C 


40. Letu= Vt+3=t?+3 > dusjr?dt > 2du= dt 


f qcos (vt +3) dt = f (cos u(2 du) = 2 f cos udu = 2 sinu+C =2sin (Vt +3) +C 


41. Let u = sin j => du= (cos z) (- z) dé => —du = % cos 4 dd 
ly 
gu 


J &sin} cos} = f -udu = - 


42. Letu = ese /@ = du= (~cse 8 cot V8) (<4, 1,) do = —2 du = , cot 0 csc /0 dO 
[2% do = J +, cot Bese 6.9 = f -2du=—2u+C = -2ese VO+C=-—2 +E 


24+C=— 5 sin? a+C 


43. Letu=s*? + 2s?—5s+5 = du= (3s* + 4s — 5) ds 
f (8 +28? — 5s +5) (38? +48 —5) ds= fudu=¥4eos Crs 4 ¢ 


44, Letu=0!—26?+80—2 = du= (409-4048) dd > 1du= (0° —0+42) 40 
5 _ _9)\2 
J (@! 26? +80 —2) (6-042) d0= fu(tdu) =} fud=}(¥)+co=-F* M3 4c 
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du=4t? dt > } 
nee | (i+) 4c 





45. Letu=1+t* 


feat ras fw 
46. Letu 1-3 > du + dx 
d= f 3 xtdx= ft /1—tax= f fadu= ful? du = 2 0/ +C= }( 


f x-l gy — [4 
47. Letu = x? + 1. Then du = 2xdx and du = xdx and x? =u—1. Thus fx? +1dx = f(u-1 udu 
prac 











124-1)? — 144 


—u'/?)du 


4 | 2u5/? — 29/2] ee 1ys/2 _ 1 wage 


= 1 (ewan 3h 
48. Letu=x +15 du = 3x°dx and x3 = u—1.S0 [32° x +1dx= f(u-1 Judu= | ( aN 


ee ae 
dw = dv 








year 






































_ 2 5/2 — 2y8/3 4 C= 263 44 
49. (a) Letu=tanx => du=sec?xdx;v=u® => dv=3u’? du > 6dv= 18u? du;sw=2+Vv 
18 t _ dv _ ff 6dw _ -2 _ -1 _ 
i. ‘eran x= f Me du sa, = f St = 6 f w2dw=-6wt+C=-,2+C 
= 6 
— a ears ahs ee a eae 
(b) Letu=tan?x => du = 3 tan?x sec?x dx = 6du = 18 tan?x sec?x dx;3v =2+u > dv=du 
18 6dv _ __ 6 = 
J Suathxseos dx = ff pitty = J == €+C=-—78+C= — aFeax +C 
(c) Letu=2-+tan?x = du =3 tan?x sec?x dx = 6du = 18 tan’ x sec? x dx 
J Bumtases dx = ap =-§4+C=-77 tC 
x-—1l du = dx; v= sinu dv = cosudu; w=1+Vv? dw = 2v dv 5 dw vdv 
1+ v? dv 
1(14sin?(x— 1)? +C 


P+ C= 


50. (a) Letu 
J V1 sin? &— 1) sin — 1) cos(x — 1) dx = f 1+ sin2u sin u cos udu = f 
23/2 = 4(1+ sin’ u) 
u du 


= fi Jwaw =1w?4c=104v)7?4¢ 
(b) Letu=sin(x—1) > du=cos(x—1)dx:v=1+wW dv = 2u du 5 dv 
= fu 


pe ) eed pa hee 
13/24 C=2(14+u0?)??+C=1(1+4sin?(x-1 
its 


3/2 
(3G) V9") +C= 1)” 
(c) Lettu=1+sin*(x—-1) > Reece ek => ey ae 
= 9\34u 








2 eee V2 du = 2 (23/2) + 
1_ du z dv 


= 4 (1+sin? (x — ny? + 
du = (2r— 1) dr,v=./u > dv= We 





51. Letu = 3(2r— 1)? +6 = du=6(2r—1)(2) dr = 
=zsinv+C= é sin \/u+C 











= py du 
ff cae ar = f (@2¥2) (4 au) = f (cos ») (J dv) =} 
= } sin \/3(2r— 1)? +6+C 
52 Letu = cos /@ > du = (- ke 1,) do = -2 du = 2x4 ao 
=2du — —2 f y-9/? du = —2 (-2u-/”) + = 4 +C 





sin sin V6 _ 


jaf eho ap 
ica w/2 


Taha 
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53. 


54. 


Do: 


56. 


57. 


58. 


59. 


60. 





























Chapter 5 Integration 

= 416 

er 
Let u = 3t? — 1 du = 6t dt 2 du = 12t dt 
s= f12(32-1)* at= fwd) =2 (Lu) +C=1u'+C=1 0-1) 4+; 
s=3whent=1 > 3=!@3-1)'+C = 3=84C 3 C=-5 = s=1(3-1)*-5 
Letu = x?+8 du = 2x dx 2 du = 4x dx 
y= f 4x2 +8) 8 ax = fur 2 du) = 2 (3 uw?) + C = 3023 +C =3(x? +8)" +; 
y=Owhenx=0 5 0=38)44¢C > C=-12 = y=3(x?+8)"_D 








aes => du=dt 


s= f 8 sin? (t ‘t= f 8sin?u du =8 (3 — 4 sin2u) +C =4 (t+ 3) —2sin(2t+ 2) +; 
eee = oe 2sin(Z)+C > C=8-441=9-4 





























=> s=4(t+ 4) —2sin(2t+ 2) +9-F =4t—2sin (2t+ 7) +9 

Letu= 7 —90 —du = dé 

ee a) ee er co (2 0) 3 sin (2 20) +C; 
r=%whend=0 > 2=—%—}sin$+C > C=$4+i > r=—3(¥-6) —}sin(¥ —20) +343 
=>r=36 3 sin (4 20)+24+3 > r=30-fcos20+7+43 
Letu=2t—4 > du=2dt > —2du=—4dt 


2 
ds — [4 sin (2t— 3) dt = f (sin u)(—2 du) = 2. cos u + Cy = 20s (2t— 4) + Ci; 

100 we have 100 = 2 cos (— 3) +C; = C; = 100 > $ =2cos(2t— 3) + 100 
= s= [ (2cos (2t — $) + 100) dt = f (cos u +50) du = sin u + 50u-+ Cy = sin (2t— 3) +50 (2t— 4) +O; 
=) 4+50(—£)+C, > Co =1+250 
=> s = sin (2t— 2) + 100t — 25m + (1 + 257) => s = sin (2t— 2) + + 100t + 1 





= ds _ 
att = Oand | = 





at t = 0 and s = 0 we have 0 = sin (— 





Let u = tan 2x = du =2sec?2x dx => 2 du =4 sec? 2x dx; v = 2x dv 


& — [4 sec? 2x tan 2x dx = f u(2 du) = vw? +C, = tan? 2x +C,; 
CQ =4> 2 
= y = ff (sec? 2x +3) dx = f (sec? v + 3) (4 dv 

at x = O and y = —1 we have —1 = $(0)+0+Cy 








at x = Oand & = 4 we have 4 =0+C; tan? 2x + 4 = (sec? 2x — 1) + 4 = sec? 2x +3 





) =ftanv+iv+CQ,= 
Co -1 y 


5 tan 2x + 3x + Cy; 





5 tan 2x+3x—1 











Letu = 2t 2dt => 3du=6dt 
s= f 6sin2tdt = f (sinu)@ du) = —3 cos u +C = —3 cos 2t + C; 
Cas 3 —3cos2t > s(%) =3—3cos(r) =6m 


> du 





at t= 0 ands = 0 we have 0 = —3 cos0 + C s 








Let u = at du = 7 dt a du = 7? dt 





ve fr cos mt dt = f (cos u)(r du) = 7 sinu + C; = 7 sin(mt) + Cy; 





s= f (x sin(at) +8) dt 
= f sinu du + 8t-+ Cy = —cos(nt) + 8t + Cy; at t= 0 and s = 0 we have 0 = —1+ Cy > Q=1 


at t = O and v = 8 we have 8 = 7(0)+C,; => Ci =8 


t= 7 sin(mt) +8 


v 
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=> s=8t—cos(mat)+1 => s(1l)=8-—cos7+1=10m 


61. All three integrations are correct. In each case, the derivative of the function on the right is the integrand on 
the left, and each formula has an arbitrary constant for generating the remaining antiderivatives. Moreover, 
sin? x + Cy = 1—cos?x +C, > Cy = 14); also —cos?x + Cy = —SS*—-54Cy > C3 =C)—- $5 =C) 4+ 35. 


62. Both integrations are correct. In each case, the derivative of the function on the right is the integrand on the 
left, and each formula has an arbitrary constant for generating the remaining antiderivatives. Moreover, 


2 eo 2 
m*4+C= 1+ C= SX + (CF) 
—— 


a constant 





1/60 
63. (a) (45) J, Vou sim 120nt dt = 60 [—Vax (252) €08(1207)] 5° = — Ye [eos 2m — cos 0] 


= — [1-1] =0 


(b) Vinx = V2 Vins = /2.(240) + 339 volts 
1/60 . 1/60 2 1/60 
(c) ip (Vinax)” sin? 120mt dt = (Vinax)” 7 (A=s0s240mty gp — Wen) J (1 — cos 240nt) dt 


wna) ; 1/60 wan)? ; nn)” 
= “5 [t— (xipe) sin 240mt] °° = “5 (a5 — (cate) sin (4m)) — (0 — (xapz) sin O))] = Sap 








5.6 SUBSTITUTION AND AREA BETWEEN CURVES 





1. (a) Letu=y+1 du = dy;y =0 u=ly=3 u=4 


J, VIF Tay = J wi du = [308] = (2) 4" - GD = G@-(O=F 


(b) Use the same substitution for u as in part (a); y = —1 u=0,y=0 u=1 


0 1 
f vy¥tey = fw? w= [2082], = (2) ay"? -0=2 

















2. (a) Letu=1—r => du=—2rdr > —4§du rdrjr=0 u=l1,r=1 u=0 


1 0 
forvi-Par= f -4 fadu = [- 4087]! =0-(-4) ax? =} 


Use the same substitution for u as in part (a); r = —1 u=0,r=1 u=0 


1 0 
f rvi-Par= [-1 faa=o 





(b 


wm 





























3. (a) Letu=tanx => du =sec?xdx;x =0 u=0,x= 7 u=1 
n/4 1 1 ‘ 
f tan x sec?x dx = f udu Ee 5 -0=3 
(b) Use the same substitution as in part (a); x = u=-—I1,x=0 u=0 
0 0 0 
2 - — |w —g-i-_t 
J jtanx sec xdx= f udu=[¥]" =0 5 = 75 
4. (a) Letu=cosx > du=-—sinxdx => —du=sinxdx;x=0 u=1,x=_7 u=-l 
wT =i 
J°3.cos? x sin x dx = f —3u? du = [-u3] 7? = —(— 3 — (—()3) = 2 
(b) Use the same substitution as in part (a); x = 27 u=1,x=327 u=-l 








37 -1 
: 3 cos?x sin x dx = ff —3u? du = 2 
T 
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u=1+t* du = 4t? dt + du = t? dt;t =0 u=1,t=1 u=2 


‘3 4\3 1 3 wt]? a 14 15 
fr (l-t) a= fodu du= |] =% 16 16 


Use the same substitution as in part (a); t = —1 u=2,t=1 u=2 
1 2 
3 4\3 =f3 3 _ 
f ea+ey a= ,qu du=0 
Letu=t?+1 du = 2t dt 5 du tdt;t=0 u=1,t 


v7 
foe +1 a= J" yu au= (3) a"); =) @*— (w= 4 


Use the same substitution as in part (a); t ft >u=8t=0 u=1 
0 1 8 
2 1/3 fiw =- fue _ 45 
fet +1)" dt= , ul’ du = gue du=— 4 


Letu=4+4+9r? du = 2r dr 1 du=rdrr=-—-1 u=5,r=1 u=5 


2 
Lag? ai 
3 Gat ae dr = Sf gu“ du= 


Use the same substitution as in part (a); r = 0 u=4,r=1 u=5 


fon ar=5f tu2qu=5[-4u “Yt =5(-46)7) -5(-4@) =} 
o (4+4+r) 4 2 2 4 2 2 


























a 
cs 
ioe) 





























Letu=1+v9? > du=3vi?dv > 2 du=10\/vdv;v 0 u=lv=1 u 











if 10/v w=f a (2d )=2 [urdu =— [1]? = yi —1) = 10 
0 (1+v3/2)" 1 a? ( 3 Ji 3 Lu 3 12 : 3 
v=4 u=1+49?2=9 


{ Meg ” 1 (20 gn) — — 2 [1]9 = 20/1 1) _ _ 20 1) _ 70 
1 G+vnpe OY = ala uw =-F[i],= (3-a)=-F(-B =H 








Use the same substitution as in part (a); v = 1 u= 2, 














oe > du=2xdx => 2du = 4x dx;x = 0 u=1,x J3 u=4 


4 
_ 4 

: "oa = x= [4 +. du = J 2u-¥/? du = [4u¥/2] | = 4(4)/? — 4c/? = 4 

Use the same substitution as in part (a); x -/3 u=4,x V3 >u=4 


——= x= aq du = 0 


Letu=x'+9 => du=4x? dx = j du =x? dx;x 0 u=9,x=1 u= 10 


; x ig 10 = 
J, pars x= Jp pet? au = [Fu]? = Fao? — Foy”? = 4 


Use the same substitution as in part (a); x = —1 u=10,x =0 u=9 


0 3 9 / 10 / 3 /i0 
—_— x= f Ly au =— [ ty? dg 
J, Vxi+9 10 4 9 4 2 






































Letu = 1—cos 3t > du=3sin3tdt + 4 du = sin 3tdt;t 0 u=0,t a u 





2 


["@ —cos 30 sin 3tat= [Fu du = [} (¢)]= 1 (1)? — Leo? = _ 


Use the same substitution as in part (a); t = 2 u=1,t 





q u=1l1-—cos7=2 


aS : eal 1 2 . 1 2 1 2 1 
J (1 —cos 31) sin 3tat = ff tudu=[3(#)] =1Q)-1 a)? =1 
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15. 
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17. 


18. 


19. 


20. 


21. 
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(a) Letu=2+tan$ = du=4sec? Sdt > 2du=sec? $dt;t== > u=2+tan(=) =1,t=0 u 





2 2 


0 2 
f (2+ tan 4) sec? tat = f u(2 du) = [u2]{ = 2? - 1? =3 








—n/2 
(b) Use the same substitution as in part (a); t = : = 1 x ae 
n/2 
3 
J+ tan 5) sec? ta=2f udu = [v2]? =3?- 12 =8 





(a) Letu=4+43sinz = du=3coszdz = 4 du=coszdz;z 0 u=4,z=27 u=4 


Qn 4 
) Gitte dz = J) +e (au) =0 





























(b) Use the same substitution as in part (a); z= —7 > u=4+43sin(—7)=4,z=7 u=4 
7 4 
COs Z _ 1 al = 
-r V/4+3sinz dz J Vu (3 du) =O 
(a) Letu=3+2cosw > du=—2sinwdw => — } du = sin w dw; w =o >u=3,w=0 u=5 
0 5: 
sin w - 1 1 p-1)5 1(1 1 1 
J, tar w= fou ?(—3 du) = 3 [u W=3G-p Hs 
(b) Use the same substitution as in part (a); w = 0 u=5,w= 5 u=3 


r/2 3 5 
sin Ww —_— —2(_1 ee | —2 eee 
J, GF2cosw? IW = i u-? (— 5 du) = 5 a0 du = 75 








Letu=t?+2t > du = (St'+2)dt;t=0 > u=0,t=1 w=3 
1 3 
i Vt) + 2t (St* + 2) at= fou? du = [2 u9/?] 5 = 2 @9/? — 2 (0)9/? = 2,/3 











Letu=1l+/y > du=yi sy 1 u=2,y=4 > u=3 


3 


Sage = Li oem fv n= et =) C=} 











Let u = cos 20 = du = —2sin20d0 > — } du = sin 20 dO; 6 0 u=10=¢ u cos2(#) =4 


o —3 : me -3 1 1 a -3 1 fu? 1 1 1 3 
f cos 20 sin 20.0 = [ u (-}qu)=-1 f u du = |-3 (5)]_ =a a4 








Letu=tan(2) = du = sec? (#) dd = 6du=sec? (2) dd;0=n7 > u=tan(Z)=+,0=¥% = 
u=tanZ=1 


J co® (8) se? (¢) a8 = fc"? 6 au) = [5(43) 


1 


-_ 3 )1 _ 3 = 
Pe A 2! ( ay) =" 





Letu=5—4cost > du=4sintdt > i du = sint dt;t =0 => u=5-4cos0=1,t=7 => 


u=5—4cos7 =9 


f° 1/4 1/4 (1 5 fay 5 (4 5/4\]9 _ 95/4 5/2 
» 00 — 4005 t) sintdt= f Su (kau) = fou du = [? (u \},=9 -1=3"-1 








Letu = 1—sin2t > du = —2cos 2tdt + — 4} du =cos 2tdt;t 0 u=1,t 7 u=0 


n/4 0 
f (1 — sin 2t)?/? cos 2t dt = f —1y3/? du = [- 3 (2 u8/)] | = (— 2 @*) - (-2 5”) =} 





331 


Let u = 4y —y?+4y?+1 > du=(4—-2y + 12y”) dy;y=0 > u=l,y=1 > u=4(1)- (1)? +40)? +1=8 





1 8 
i (4y — y? + 4y? + ie (12y? — 2y +4) dy= J vu? du= [30/7 : = 3(8)1/3 — 3(1)'/8 = 3 
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22. 


23. 


24. 


25, 


26. 


27. 


28. 


29. 


30. 


31. 





Let u = y? + 6y? — 12y +9 => du = (3y? + 12y— 12) dy > j du=(y?+4y—4)dy;y=0 > u=9,y=1 
>u=4 


1 4 4 
f (y3 + 6y? — 12y +9)1/? (y? + 4y — 4) dy = i 1-1/2 du = [1 (2u4/2)]) = 2 @? — 2 @)¥? = 22-3) 
2 
3 








Letu = 63/2 = du= 261/249 = 2 du= 6d; 0 0 u-0,0=*/r suet 


Vr 
f V0 cos? (63/2) ao = | cos? u (3 du) = [3 ($+ § sin 2u)] > =} ($+ } sin2r) —3 (0) =F 

















Letu=1++ > du=-t?dtjt=-1 > u=0,t=- 
—1/2 -1 
ia t~? sin 2(14+1 ar= f —sin? u du = [— (2 — 4 sin 2u)] 9° = [( 5 + sin ( 2)) ($ + sin 0)| 











Letu=4-—x? > du=—2xdx > —4du=xdx;x —2 u=0,x=0 u=4,x=2 u=0 


0 4 4 
A=- ft. xJa—wWaxt fo x 4—w dx =— f-2u'? aut f Ly? du=2 f tu? du= fut? au 


= [fu] = 38-308? = 4 





Letu = 1—cosx = du=sinxdx;x =0 u=0,x=7 u=2 


wT 2. a2 
f (1-cosx)sinxdx= foudu=[¥] =%-%=2 





Letu=1+cosx => du=-—sinx dx => —du=sinxdx;x =—-—7 => u=1+cos(—7)=0,x =0 
=> u=1+cos0=2 


0 2 2 
A=- f- 3 (sin x) \/1 + cos x dx = — J 3u/2 (—du) = 3 i) ui? du = [2097] : = 2(2)3/2 — 2(0)3/2 = 25/2 











Letu=7+7 sinx du = 7 cos x dx = 4 du =cos x dx;x = —% u=7+7 sin (—3) 0.x =0 u 





0 T 
Because of symmetry about x = — 5, A= 2 f: ‘ 5 (cos x) (sin (7 + 7 sin x)) dx = 2 f 5 (sin u) (2 du) 


= a sin u du = [—cos u]j = (—cos 77) — (—cos 0) = 2 


For the sketch given, a = 0, b = 1; f(x) — g(x) = 1 — cos? x = sin? x = 4=<08; 





ea i (= c0s20) gy = 1 1 [cos 2x) dx = 3 [x — sn2x]" = £[(r -0)-O-0)] = 


For the sketch given, a = 





2 b= 2700 g(t) = 5 sec*t — (— 4 sin? t) = F sec 2t+4 sin’ t; 


n/3 n/3 n/3 
A= i 5 sec” t+ 4 sin? ee LJ” secttat+a fi opted raza f G— sos 2) att 


a 
Pracaaeal (1 — cos 2t) dt = 3 ftan t], + 2ft— #024] yg 7 34 t_/3=% 


For the sketch given, a = —2, b = 2; f(x) — g(x) = 2x? — (x* — 2x?) = 4x? — x#; 


2 
he like 4x? — x4) dx = [¢ = | = (2 — 2) —[- 2 (-2)] = @— & = 0m _ es 
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35. 
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37. 


38. 


39. 
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For the sketch given, c = 0, d = 1; f(y) — g(y) = y’ _ y’; 


: : : 3) 1 ayl ne ao 
n= flor —vvar= fire feo [8] [ef <5 —set- gta 





For the sketch given, c = 0, d = 1; f(y) — g(y) = (12y? — 12y?) — (2y? — 2y) = 10y” — 12y? + 2y; 

1 1 1 1 1 1 1 
A= ah (10y? — 12y3 + 2y) dy = f 10y? dy 12y3 dy+ f 2y dy = [Ry], -[¥y‘],+ By], 
= (7-0) -G-0+d0-0) =} 
For the sketch given, a = —1, b = 1; f(x) — g(x) = x? — (—2x*) = x? + 2x?; 


1 71 
a= fice +aeyar= [8 +8] =G+)-L 44a) =3+ $= 82 = 2 











We want the area between the line y = 1, 0 < x < 2, and the curve y = . minus the area of a triangle 
2 2 
(formed by y = x and y = 1) with base 1 and height 1. Thus, A = f (1 = +) dx — 1 (1) = [x / 5] = 
0 


12 
=(2 5) 72 7 3=3 





We want the area between the x-axis and the curve y = x”, 0 < x < 1 plus the area of a triangle (formed by x = 1, 
1 1 
x+y =2, and the x-axis) with base | and height 1. Thus, A= fx? dx + 4 (1)(1) = [s] +$=4+4=3 
0 
AREA = Al + A2 


Al: For the sketch given, a = —3 and we find b by solving the equations y = x? — 4 and y = —x” — 2x 


simultaneously for x: x? — 4 = —x? —2x > 2x?+2x-4=0 > 2(x+2)(x-1) > x=—2o0rx=1s0 


m 


b = —2: f(x) — g(x) = (x? — 4) — (—x? — 2x) = 2x? +2x-4 = Al= | (2x? + 2x — 4) dx 


3 
a 
= [+ -4x] = (- $4448) - C8494 12)=9- $= 4 
A2: For the sketch given, a = —2 and b = 1: f(x) — g(x) = (—x? — 2x) — (x? — 4) = —2x? -2x+4 
1 





il 
=> AZ=— J (2x? +2x—4) dx = — [8 +2? — 4a] Pee Coe et oe ee ae 
=-3-14+4-#44+4+8=9; 


Therefore, AREA = Al + A2 = a +9= 38 


AREA = Al + A2 
Al: For the sketch given, a = —2 and b = 0: f(x) — g(x) = (2x? — x? — 5x) — (—x? + 3x) = 2x? — 8x 
0 0 
=> Al = (2x? — 8x) dx = [2s - 8] _, = 9- 8-16) =8; 


A2: For the sketch given, a = 0 and b = 2: f(x) — g(x) = (—x? + 3x) — (2x? — x? — 5x) = 8x — 2x? 
2 2 
k= f (8x — 2x3) dx = [a — a] = 6-8) =8; 


4 
Therefore, AREA = Al + A2 = 16 


AREA = Al + A2+ A3 
Al: For the sketch given, a = —2 and b = —1: f(x) — g(x) = (-x + 2) — (4 x’) =x? -x-2 


) 
ce x x a 1 1 8 
> a= fo (@-x-2 a= [§-¥-2x] = ( Lebegye (a8 











: : 2 4 1 1 1 
> az=—f (xt?-x-2)dx=-[¥-¥-25] = ($=4=4) 4(-1- 149) S-348-1- 
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A3: For the sketch given, a = 2 and b = 3: f(x) — g(x) = (-x + 2) — (4— x”) =x? -x-2 
3 3 

> a3= f(x?-x-2)ax= [8-8-2] = (% #6) = ($A) o9=2 = % 

Therefore, AREA = A1l+ A2+A3=4+42+4(9-3-$%)=9-32=2 





40. AREA = Al + A2+ A3 
Al: For the sketch given, a = —2 and b = 0: f(x) — g(x) = (5 x) z= . +X = i (x3 — 4x) 





0 0 
=> Al=1f (x — 4x) dx = 4 [8 — 2x7] = ~14-8)=4; 


A2: For the sketch given, a = 0 and we find b by solving the equations y = = — xand y = 3 simultaneously 
3 


forx: © -x=% = ©-—4x=0 5 2-2K42) 0 x = —2,x =0,orx =2s0b=2: 








3 


fo) — 90) = § - (8 -x) =-} 08 4x)  aD=- 3 [45 dx = Bf 29) = 3 fae? - 8] 
= 38-4) =4; 





A3: For the sketch given, a = 2 and b = 3: f(x) — g(x) = (= _ x) -—F= ; (x3 — 4x) 





3 3 
afi — 1x — 17s 16 — 1/81 — 25: 
= asa 3 J, (8 4x) dx= 3 [5-20] = 5 [9-2-9 - (4-8) =3(F 1) = 3 
Therefore, AREA = Al + A2+A3=$4+34+3 = 42a? 





41. a= —2,b=2; ay 
f(x) — g(x) = 2 - (x? - 2) =4-x? CLE. 
\ 






42. a=—1,b=3; 
f(x) — g(x) = (2x — x”) — (-3) = 2x — x7 +3 


3 . . 7 3 
=> A= f (x-e+3)dx= [er - 5 +3x] 
= (9-749) -(14+}-3)=1l1-j 


43. a=0,b=2; 
2 
f(x) — g(x) = 8x —x* = A= {i (8x—x!) ax 





-72 
_ [8x2 xd 16 — 32 — 80-32 _ 48 
= "9 5 fo SS 


44, Limits of integration: x? —2x =x => x? = 3x 
=> x(x-—3)=0 => a=Oandb=3; 
f(x) — g(x) =x — (x? — 2x) = 3x — x? 


' 2 3x2 x? 3 

=> A= J (ax—x2) dx = [% #1 
27 27-18 _ 9 
7 2="3- $5 
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Limits of integration: x? = —x? + 4x = 2x?-4x=0 
=> 2x(x —2)=0 => a=Oandb= 2; 
f(x) — g(x) = (—x? + 4x) — x? = —2x? + 4x 


2 572 
> A= { (-2x2 + 4x) dx = [e+e] 








_ _ 16 | 16 _ ~32+4+48 _ 8 
qr 3 = 6 = 3 


Limits of integration: 7 — 2x? = x?+4 > 3x?-3=0 
=> 3«x«-)D«K+1)=0 => a=-—landb=1; 
f(x) — g(x) = (7 — 2x”) — (x? + 4) = 3 — 3x? 
1 1 
=> A= f G—3x)dx=3[x—¥] 


=3[(1-§) - (-1+§)] =6@) = 


Limits of integration: x*+ — 4x? + 4 = x? 
=> xt—5x?+4=0 = (x? —4)(x?-1) =0 


=> (x+2)(x—2x+D)q—-l)=0 > x=-2,-1,1,2; 


f(x) — g(x) = (xt — 4x? +4) — x? = x* — 5x? + 4 and 
g(x) — f(x) = x? — (xt — 4x? + 4) = —x* + 5x? -—4 


-1 1 
=> a= |, (—x! 45x? —4)ax + f(x! — 5x? + 4)ax 


2: 
+ (—x* + 5x? — 4)dx 











Limits of integration: x\/a? — x? =0 > x=Oor 

JVa2—x2=0 > x=Oora—-x?=0 = x=—a, 0,4; 
0 a 

A= J ee 
a ( 
3 ( 





/=x,x <0 
Limits of integration: y = ,/|x| = eae TT 


/% 2S 0 
Sy =x+6ory=%+8; forx<0: /-x=4+8 
=> 5\/-x =x+6 => 25(—x) = x? + 12x + 36 
=> x?4+37x+36=0 > (x+1)(x+ 36) =0 
=> x = —1, —36 (but x = —36is not a solution); 
for x > 0: 5,/x=x+6 > 25x =x? + 12x + 36 
=> x?—13x+36=0 > «-4)(x-9)=0 
= x =4, 9; there are three intersection points and 


A= f ($8 Vacs f(s - Vax f(a 
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9 





0 4 
— [+6 | 2 3/2 (x+6" _ 2 ¥3/2 2 53/2 _ («+6y 
=| 10 + $97] + [Sag — Bx] + [9 xt? — ESP) 


_ (36 25 2 100 2 3/2 36 2 3/2 225 2 3/2 100) __ 50 20 _ 5 
= (ip — 90 — 3) + (4p — 5-4? — 15 +0) + (GF -9? - - 5 tH - t+ PH 





50. Limits of integration: 
9 x? -4 x<-—2orx>2 
yar a 
for x < —2andx > 2: w—-4=244 
=> 2x2?-8=x?+8 x? = 16 x= +4; 
for -2<x<2; 4-2 =244 > 8-22 =x? +8 
=o x = 0; by symmetry of the graph, 


y=r?/2+4 




















2 
=2($-0)+2(32-%-16+ 2) =40-#=4 
51. Limits of integration: c = 0 and d = 3; 

f(y) — g(y) = 2y? — 0 = 2y’? 


f 2 ay] 3 
> A= J 2y dy = |F] =2-9=18 


52. Limits of integration: y2=y+2 > (y+ 1)(y—2)=0 
= c= —landd = 2; fy) - sy) =Y+2)-y" 


2 








53. Limits of integration: 4x = y? — 4 and 4x = 16+ y 
> y’-4=l6+y => y-y-20=0 => 
(Vy¥-5Vy¥+4=0 => c=-—4andd=5; 


fy) - ey) = (442) - (4) = =e 


5 
1 f (—y’ + y + 20) dy 


4 





t 
> 
I 





5 


3 2 
[-5 +5 +209] 
(— 18 + 3 +100) — 1 ( + 1 — 80) 
(— 824+ 24180) = 8 


lI 
Ble Ble BIR 
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y 


54. Limits of integration: x = y? and x = 3 — 2y? 
> y?=3-2y? > 3y?=3 = 3y¥-—Diyt+l=0 
=> c=-—landd=1; f(y) — g(y) = (3 —-2y’) -y? 


1 
= 3-3y?=3(1l-y’) > A=3f (1-y)dy 


=3y-¥]) =30-4)-3(-148) 





X+2y2=3 


55. Limits of integration: x = —y” and x = 2 — 3y? 
=> -y?=2-3y? => 2y?-2=0 
=> 2y-Dyt+)=0 = c=—-landd=1; 
iG) 29) = 2-3y)) = yy) =2-2y = 2 ¥") 


== A=2 f(-y*)ay=2[y- 2]! 
=2(1-3)-2(-14 9) =4() =4 


56. Limits of integration: x = y?/ and x = 2 — y* 
=> ys —2-y! > c=-landd=1; 
f(y) — gy) = (2-4) -y’? 

1 
=> A= f (2-y!-y”) dy 


57. Limits of integration: x = y? — 1 and x = |y| \/1 — y? 
Sy l= pyil— Pp Sy ey lay ly) 
=> yi-2y?+l=y’?—-y* = 2y*-3y?+1=0 
=> (2y? —1)(y?-1) =0 = 2y?-1=0ory?-1=0 
v2 


Sysiaryaelsayo as oy= 21, 














Substitution shows that ova are not solutions > y= +1; 


for —1 < y <0, f(x) — g(x) = -yv/1 -y? - (y? - 1) 
=1-y’-y(1- yy? and by symmetry of the graph, 


1/2 
A=2f [i-y?-ya-yy""] ay 
0 0 
1/2 
=2f (1—y’) ay—2 f yay)! dy 


37 0 93/2 0 
=2[y— 3)", +26) "| -2f0-0- (149) +G-9)=2 
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58. AREA = Al + A2 
Limits of integration: x = 2y and x = y?—y? => 
y>—y? =2y=> y(y?-y—2) =yly + Diy — 2) =0 

=> y=-1,0,2: 
for —1 < y <0, fly) — g(y) = y* — y’ — 2y 

o A : 
> Al= f(y? -y?-2y) dy = [E-¥-y| 
=0-(}4+}-1)=§ 
for 0 < y < 2, f(y) — g(y) = 2y-y* +y? 

2 j 312 
re a2= fi @y—y8 +y®) dy = y-e+3] 
+ (4-49) 0-8 


Therefore, Al + A2 = 3 g — 37 


59. Limits of integration: y = —4x? + 4 and y = x*— 1 
=> xt-1=—4x°+4 => x44 4x?-5=0 
=> (x?2+5)«-DK+1)=0 > a=—landb=1; 
f(x) — g(x) = —4x? ++ 4-—x44+1 = —4x?-— x44 5 


1 : 1 
=> A= f (-42—x!+5) dx = |-9F - $+ 5x] 
=(-$-}45)-(G44-9) 2 $-] 49) = 

60. Limits of integration: y = x® and y = 3x? — 4 
=> x°—3x?+4=0 = (x?-x-2)(x-2)=0 


> xk+)D)(x-27=0 5 a=-—landb=?; 
f(x) — g(x) = x® — (3x? —4) = x? — 3x? +4 


2 2 
=> A= f(x? — 3x7 +4) dx = [8 — 8 tax 

~ -l 
=(f- 448) -(f41-4) =3 


61. Limits of integration: x = 4 — 4y? andx = 1 — y4 
=> 4-—4y2=1-y' => y*—4y?+3=0 


= (y- V3) (y+ V3) v-Dy+D=0 > ¢=-1 
and d = 1 since x > 0; f(y) — g(y) = (4 — 4y”) — (1—y*) 
=3-4y+yt = A= fay +y4 ay 


3 sy l 
=[y-$ +8] _,=28-$+)=% 


62. Limits of integration: x = 3 — y? and x = — © 

7 ee 3y? = 3 = 
=> 3-y=-7 > 7 -3=0 > 7 -2y+2)=0 
+ c= and d = 2; fly) — ay) = (3-y*) - (+) 

y , y y]? 
n3(1-#) + a=af'li-#) 6-2-4], 


=3[@- 4) (24-4) =34-#) = 12-48 
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63. a= 0, b = 7; f(x) — g(x) = 2 sin x — sin 2x 
> A= f (2 sin x — sin 2x) dx = [—2 cos x + cos 2x] f 
= [-2(-1) + 3] - (-2-1+ 4) =4 


7 —s b= IG) 





g(x) = 8 cos x — sec” x 
n/3 
=> A= J (8 cos x —sec?x) dx = [8 sin x ~ tan x] 


—1/3 
= (8-3) (8 4v8) <0 





65. a= —1,b = 1; f(x) — g(x) = (1 — x’) — cos (3) 
1 : ; 
> A= f [1—x?-cos(#)] dx = [x-# 2 sin (3)] ; 


=(1-$-3)-(-14542)=20-3=$ 


66. A=A1+A2 
a, = —1, b, = Oand ap = 0, by = 1; 
f,(x) — gi(x) = x — sin (3) and f2(x) — go(x) = 


= by symmetry about the origin, 


1 
A; + Ag = 2A; => A=2) [sin (22) — x] dx 





67. a= — 7, b= 7; f) 





g(x) = sec? x — tan? x 


n/4 
=> A= f j4(8ec” x — tan? x) dx 


7/4 
= i ),[8ec" x — (sec? x — 1)] dx 


7/4 /4 
= fiat 5-5 





68. c= —4,d= 4; f(y) — g(y) = tan’y — (— tan” y) = 2 tan’y 


n/4 
=2(sec?y—1) > A= J 2lcecty - 1) dy 


= 2ftan y — v1 = 2 [(1 = 9) = (“1+ §)] 
=4(1-f)=4-79 
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69. c=0,d= 5; fly) — g(y) = 3 sin y,/cos y — 0 = 3 sin y,/cos y 


n/2 
=> A= 3 sin y,/cos y dy = —3 [3 (cos y)9?] - 
= —2(00-1)=2 





70. a= —1,b= 1; f(x) — g&%) = sec? (= 
1 
>A= a sec? () — x3] dx = [A tan (S) — 3 x*/9] a 


[ 
= (23-3) - |} (-v3) -4] =F 





71. A=A,+ Ag 
Limits of integration: x = y? andx =y > y=y? 
=> y-y=0> yy-Dyt)=0 > 4 =—-1,d, =0 
and cz = 0, dy = 1; fi(y) — gi(y) = y’ — y and 
fo(y) — go(y) =y—- y? = by symmetry about the origin, 








A 


: 2 1 
A; + Ag = 2A => A=2) (y-y)ay=2[¥-¥] 


72. A=A,+ Ag 
Limits of integration: y = x* andy = x° > x? =x° 
=> x -x=0 5 xX%«-1DxK+1)=0 = a =—-1,b, =0 
and ay = 0, by = 1; f(x) — gi (x) = x* — x° and 
fo(x) — go(x) = x° — x? = by symmetry about the origin, 


1 1 
Al +Ap= 2A, > A=2f (x8 — 35) dx =2 [8 — 2] 
” 0 








—~9(1_1)_1 
~~ (G-8) =3 

73. A= A, + Ag 
Limits of integration: y=xandy=4 x=4,x 40 


3 =] x= 1,f\(x) —g1(x) =x-0O=x 





> X 


1 a1 
> A= Jxax=[¥] = fe) - 20 = 4-0 
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74. Limits of integration: sin x = cos x X 





and b = {; f(x) — g(x) = cos x — sin x 
7/4 
=> A= f (cos xX — sin x) dx = [sin x + cos x]y/4 
2 2 
=(2+%)-@+n=v2-1 


75. (a) The coordinates of the points of intersection of the 





line and parabola are c = x? > x= + Je andy =c 
f(y) — gy) = /y- (-/y) = 2,/y = the area of the 
lower section is, A, = i [f(y) — g(y)] dy 


=2 Jy dy =2[3 97] = 53/2, The area of the 


(b 


Ye 





entire shaded region can be found by setting c = 4: A= ($) 43/2 — a8 = 2 Since we want c to divide the region 


into subsections of equal area we have A = 2A; => 2 =2 (3 of”) sc=H 4 
ve 


— Ve 


(6) fx) 26) =e > A= "10 - aon dx= f° (e-¥) ax = [ex 8] =2 [es 


= : c3/?_ Again, the area of the whole shaded region can be found by settingc = 4 > A= 2. From the 


condition A = 2A,, we get i o/? = x => c= 47/5 as in part (b). 


76. (a) Limits of integration: y = 3 — x? andy = —1 
=> 3-x?=-] x27=4 a= —2andb=2; 
126) = G=2)-ClS4-e 


=> A= f (4-2) ax = [ax - 4)’ 
= (8-5) -(-8+5) =16- =F 

















(b) Limits of integration: let x = 0 in y = 3 — x? : 
yrr- 
=> y=3; fy) — ey) = /3-y- (-V3-y) 
=23—y)i? 
3 3 : ee: ; 
>A= 2) 3 —y)'¥/2 dy = -2 fe — y)'¥/2(-1) dy = (—2) P| La 4) [o - (3 + 1)/?] 
= (3) @=F 
77. Limits of integration: y = 1 + “/% and y = 4 y 


vx y=ye y= lt ve 

=> 1+ /x= x40 => Jx+x=2 > x=(2—x)? ‘ a 

=> x=4-4x4x? = x?-5x+4=0 

=> «x-4«K-1=0 => x = 1,4 (but x = 4 does not 

satisfy the equation); y = aE and y = | 4 
8 X/Xx 64 =x? x=4, 

Therefore, AREA = A; + Ag: f(x) — gi(x) = (1+ <7) —% 


1 sil 
= A= f (14+xt? — *) dx= [x + 3x3? — 2] 

















4 4 
=(1+3- §)-0= 4; fw g2(x) = 2x? Be Ay = ff (2x — 8) ax = [at — 2] 
= 16 1) _ 15 _ 17. _ _ 37 4 17 _ 37451 _ 88 _ Ul 
= (4-2— 8) —- (4-3) =4- 2 = F; Therefore, AREA = A, +A, = 3+ 2= Fi =y=3 
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78. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


Limits of integration: (y— 1)? =3-—y > y?—2y+1 
=3-y => y-y-2=0 => Vy-2(y¥+D=0 
= y =2since y > 0; also, 2,\/y =3 —y 

=> 4y=9-6y+y’? => y?-10y+9=0 

=> (y-—9)y-—1)=0 = y =1 since y = 9 does not 
satisfy the equation; 

AREA = A, + Ag 

fi(y) — guy) = 2,/y — 0 = 2y!? 


1 327 1 
= A =2 fy ay =2 [2] =4 £0) - 20) =6-y-0- b 





2 
> Ao = J B-y-W—- Way = By-4y—-4y—-]? = (6-2-1) -G-}4+0) =1-144=4% 


Therefore, Ay + Ay = ; +i=8=3 


Area between parabola and y = a7: A = 2, (a? — x”) dx = 2 [ax — 


Area of triangle AOC: 4 (2a) (a) = a; limit of ratio= lim, 72 


ae 





A= [2100 dx — [t00 dx = 2 [te dx — ft00 dx = ‘ie f(x) dx =4 


Neither one; they are both zero. Neither integral takes into account the changes in the formulas for the 
region's upper and lower bounding curves at x = 0. The area of the shaded region is actually 


A= f tx-clax+ fi tx-Coldx= fo -2xax + foxdx = 2, 


It is sometimes true. It is true if f(x) > g(x) for all x between a and b. Otherwise it is false. If the graph of f 
lies below the graph of g for a portion of the interval of integration, the integral over that portion will be 
negative and the integral over [a, b] will be less than the area between the curves (see Exercise 53). 





Let u = 2x du = 2 dx du = dx;x = 1 u=2,x=3 u=6 


} sin2k dx = i Ty (5 du) = i simu du = [F(u)]} = F(6) — F(2) 











Letu=1-—x du = —dx —du = dx;x = 0 u=1,x=1 
1 0 0 1 1 
J fl — x) dx = f f(u) (— du) = -f f(u) du = f f(u) du = 1 f(x) dx 


(a) Lettu=-—x => du=—dx;x=~-1 u=1,x=0 u=0 


fodd = f(—x) = —f(x). Then [100 dx = fw (— du) = ft) (— du) = ft du = af f(u) du 
=-3 
(b) Letu=—-x => du=—dx;x=-l u=1,x=0 u 


0 
feven = f(—x) = f(x). Then ft dx = fy (— du) = — [ttw) du = fs) du = 3 


u=0 























0 
(a) Consider f f(x) dx when f is odd. Let u = —x = du = —dx => —du = dx andx = —a=>u=aandx =0 
0 0 0 a a 
=> u= 0. Thus f f(x) dx = f —f(—u) du = i f(u) du = a f(u) du = = f(x) dx. 
a 0 a a a 
Thus a f(x) dx = i f(x) dx + f f(x) dx = Lf f(x) dx + f f(x) dx = 0. 
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(b) i sin x dx = [— cos x]"”,, = —cos (7) +cos(—%) =0+0=0. 





Letu=a—x => du=—dx;x=0 > u=a,x=a u=0 


_ _ f(x) dx * f(a—u) du ‘ f(a—x) dx 
[= i. f(x)-+f(a—x) =f 2 f(a—u)+f(u) SOG (= du) = f f(u)+f(a—u) ~ f f(x)+f(a—x) 











a a a a 
a f(x) dx f(a—x)dx  __ f(x)+f(a—x) 
= lrl= f f(x)+f(a—x) 1 f(x)+f(a—x) f f(x)+f(a—x) dx f dx [x] a—0 a. 





Therefore, 2 =a => I= ; : 





u = 1. Therefore, 











x I 1 1 ‘ 
lato] = du=—7dt > —Ldu=;dt > —j du PdGi=* u=y,t= xy 
xy 1 1 y y 
f la= f -1du=-f Lau= f Lauv= Jota 
x y u y u 1 u 1 
Letu=x+c du = dx;x =a-—c u=a,x=b-c u=b 
b—c b b 
f f(x + c) dx= f f(u) du= [ f(x) dx 
a b c 
(a) (2) 1¥ f(x) = sinx ©) y 
-z =z ® “1 





é & & ‘ 
t( +B) = sin( +) 


91-94. Example CAS commands: 


Maple: 
f := x -> x43/3-x42/2-2*x+1/3; 
gi=x->x-l; 


plot( [f(x),g(x)], x=-5..5, legend=["y = f(x)","y = g(x)", title="#91(a) (Section 5.6)" ); 


ql :=[-S, -2, 1,4]; # (b) 

q2 := [seq( fsolve( f(x)=g(x), x=q1[i]..q1[i+1] ), i=1..nops(q1)-1 )]; 

for i from 1 to nops(q2)-1 do # (c) 

area[i] := int( abs(f(x)-g(x)),x=q2[i]..q2[i+1] ); 

end do; 

add( area[i], i=1..nops(q2)-1); # (d) 
Mathematica: (assigned functions may vary) 

Clear[x, f, g] 

f[x_] = x? Cos[x] 

glx_J=x*> —x 

Plot[{f[x], gix]}, {x, —2, 2}] 


After examining the plots, the initial guesses for FindRoot can be determined. 


pts = x/.Map[FindRoot[f[x]==g[x],{x, #}]&, {—1, 0, 1}] 
il=NIntegrate[f[x] — g[x], {x, pts[[1]], pts[[2]]}] 
i2=NIntegrate[f[x] — g[x], {x, pts[[2]], pts[[3]]}] 

il +12 
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CHAPTER 5 PRACTICE EXERCISES 


1. (a) Each time subinterval is of length At = 0.4 sec. The distance traveled over each subinterval, using the 
midpoint rule, is Ah = 5 (vi + Viz) At, where v; is the velocity at the left endpoint and v;,, the velocity at 


the right endpoint of the subinterval. We then add Ah to the height attained so far at the left endpoint v, to 


arrive at the height associated with velocity v;,, at the right endpoint. Using this methodology we build 
the following table based on the figure in the text: 





t(sec) |}0)04)0.8]| 1.2] 16) 2.0] 24 ) 2.8 | 32)36)40) 44 | 48 | 5.2 | 5.6] 6.0 
v (fps) | 0 | 10) 25 | 55 | 100 | 190 | 180 | 165 | 150 | 140 | 130} 115 | 105 | 90 | 76 65 
h(ft) | O | 2 9 | 25 | 56 | 114 | 188 | 257 | 320 | 378 | 432 | 481 | 525 | 564 | 592 | 620.2 



























































t(sec) | 6.4 6.8 | 7.2] 7.6 8.0 
v (fps) | 50 37 25 12 0 








h (ft) | 643.2 | 660.6 | 672 | 679.4 | 681.8 























NOTE: Your table values may vary slightly from ours depending on the v-values you read from the graph. 
Remember that some shifting of the graph occurs in the printing process. 
The total height attained is about 680 ft. 


(b) The graph is based on the table in part (a). h (feet) 


wm 





2. (a) Each time subinterval is of length At = 1 sec. The distance traveled over each subinterval, using the 
midpoint rule, is As = 5 (v; + Visi) At, where v; is the velocity at the left, and v;,, the velocity at the 
right, endpoint of the subinterval. We then add As to the distance attained so far at the left endpoint v; 
to arrive at the distance associated with velocity v;,, at the right endpoint. Using this methodology we 
build the table given below based on the figure in the text, obtaining approximately 26 m for the total 
distance traveled: 


















































t (sec) 0 1 2 3 4 DY 6 7 8 9 10 
v(m/sec) | 0 0.5 1.2 2 34 | 45 | 4.8 4.5 3.5 2 0 
s (m) 0 0.25 | 1.1 2.7 5.4 | 9.35 |] 14 | 18.65 | 22.65 | 25.4 | 26.4 
(b) The graph shows the distance traveled by the 
moving body as a function of time for 
0<t< 10. 
10 é 1 10 1 1 10 10 10 
3. (@—) DD *¥=5 Du =GC-D=-5 (b) So (& —3a)= S43 b-3 SS a = 25 —3(-2) = 31 
k= k=1 k=l k=1 k=1 
10 10 10 10 
(c) SS (@ +b -D= 4S at SS m- YS 1L=-2+4+25-—(1)d0) = 13 
= k=1 k=1 k=1 
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11. 


Chapter 5 Practice Exercises 


10 5 10 5 10 5 
@ + (-b)= 4 £- Yb =20)-25=0 
k=1 k=1 k=l 
20 20 20 20 20 
@): 3) 4a =3. 5) a= 30) =0 (b) 2D (&tb)= Do at D) b=O+7=7 
k=1 k=1 k=1 k= ESI 
20 20 20 
© LV G-F)= 3-7 b= 700-FM=8 
k= k=1 k=1 
20 20 20 
(d) s (a, —2) = S° a — Dy 2 = 0 — 2(20) = —40 
k=1 k=1 k=1 





Let u = 2x — 1 du = 2 dx + du =dx;x = 1 v= 1x5 u=9 
5 9 

= - 9 
fo ex- Wax= fou 1/2 (2 du) = [wl/?], =3-1= 








Letu = x?-1 du = 2x dx 5 du xdx;x=1 u=0,x =3 u=8 


3 1/3 8 F 
fe xe2-1 dx = fw? (1 du) = [2u?]° = 316-0) =6 














2 du = dx;x = —7 u Z7x=0 > u=0 


Let u oe 





x 
2 





cos (3) dx = J (cos w(2 du) = [2 sin ul). =2 sin 0 2 sin (— $) = 20 —-(-1)) =2 





Letu = sinx => du=cosxdx;x =0 u=0,x=4 > u=1 


n/2 1 o}1 
i = —{¥} =1 
f (sin (cos x) dx = foudu=[¥] =} 





(a) [100 dx = Lf'3 f(x) dx = 3 (12) =4 (b) j f(x) dx = ft dx — [100 dx —6—-4=2 
(c) f g(x) dx = — J 200 dx = —2 (d) ie: g(x)) dx = -7 J sco dx = —n(2) = —27 
(e) f (232) dx = ff dx + fe) dx = 1 (6) + 1) _ 3 


(a) f ewoax=3 f 7e@ax=1=1 (b) J emax= f emax— f ew@ax=1-2=-1 


(© Jf ax = — ft) ax = —« @) [V2 80) dx = V3 fie) ax = V3) = V3 
(e) f 200 — 3 f(x)] dx = f 200 dx — 3 f° t08) esi Se 








x?—4x+3=0 > (—-3)\(x-1)=0 x=3 orx=1; 3. 
1 3 , 
Area = f(x? —4x+3)dx— f (< — 4x +3) dx 2 





f(x) =x" 4x43 





= [8-257 +3x] [8-27 +35] 1 
Z (4 ~ 21)? +3(1)) - o| 

- (¢ ~ 23)? + 3(3)) - (5 — 2(1)? + 3(1))| ~1 
=(;+1)-[0-(G+))J=3 
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13 


14. 


15. 


16. 


17. 


18. 








f(x) = 1 - (x /4) 
Area= (1 s;) dx fo a; ) dx Soy 
=(x-8]_,-[k-4], = , 













25-58 =0 5 1-P8=0 5 x= +1; 


Area = f. (5 — 5x?/3) dx — fo — 5x?/3) dx 
= [5x — 3x5/3] "| — [5x — 3x5/3] ° 
= [(5(1) — 3())*/8) — (5(-1) — 3(-1)**) 
— [(5(8) — 3(8)*/) — (5(1) — 3(1)*/8) | 
= [2 — (—2)] — [(40 — 96) — 2] = 62 











Area = (1 x) ax— fo(i- 


a eel ae 


-[(4- 4) -4]= 














f(x) = x, g(x) A ,a=1,b=2 A [ite — g(x)] dx 


Je de)an= [EF -2v8 
= (}-2V2)- (3-2) = 44 


2 
1 











f(x) = (1— x)’, g(x) =0,a=0,b=15 A fife) = goo1dx = f= Va) ax = fo (12a +x) ax 


; 1 
= ff 0-245) = pHa 
0 


pT E+d = 56-843) = 5 








1 
0 


f(x) = (1 — x3)’, g(x) =0,a=0,b=1 5 A {ites = goo dx = f= x8)? ax = f= 288 + x°) dx 
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19. iy) = 2y", ey) = 0,c =0,d=3 
= A= Uy) -gyldy = f (2y?-0) ay 


3 
3 
=2 [yay = 2 [y%}3 =18 









20. f(y) =4—y’, gy) =0,c = -2,d=2 
= A= tty) -syay =f (4-y’) ay 


ay 2 
= [47-3] _,=28-$)=9 


i NEA Y* 
2 
Lye” 4 


Coe oe 







-2 


21. Let us find the intersection points: ¥ = ve 
=> y-y-2=0 = (Vy¥-2)\y+D=0 = y=-1 








ory =2 c=-Lda=2iQ=F.20) =] 


AS Hh [f(y) — g(y)] dy = f — =) 2 
2 


2 
22. Let us find the intersection points: r4 = a 


=> y-y-20=0 > (y¥—-5)\vy+4)=0 = y=—--4 
ory=5 > c=-4,d=5; fly) = 48, ay) = 44 


= a= fi tty syle =f 








~ (y+16 24 
ACS aoe ) dy 





5 





a, 5 
=1 fy +20-y%) dy = 3% +20y- 4] 
= 3 ((G + 100 - 45) ~ (f - 80+ $)] 
= + (2 + 180-63) = 4 (3 +117) = 504234) = 3 


23. f(x) = x, g(x) = sinx,a=0,b = 7 
b n/4 
=> A= f (f(x) — g(x)] dx = 7: (x — sin x) dx 


x2 n/4 52 V2 
=[fsome]"= (G48) 


7 


24. f(x) = 1, g(x) = |sinx|,a= — 5,b = § 
b n/2 
=> A= f [f(x) — g(x)] dx = f av — |sin x|) dx 


0 n/2 
=f a tsinnax+ f (1 — sin x) dx 


m/2 
=2{ d — sin x) dx = 2[x + cos x]? 


=2(2-1)=7-2 
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25. a= 0,b = 7, f(x) — g(x) = 2 sin x — sin 2x 
= ; 1 i = cos 2x] 7 
> A= | (2 sinx— sin 2x) dx = [-2 cos x + %28]" 




























= [-2-(-1)+ 3] - (-2-1+4) =4 ¥ 
6, a= =7,b= 5,16) g(x) = 8 cos x — sec” x y 
2/3 pe a 8cos x 

=> A= JF (8 cos x — sec?x) dx = [8 sin x — tan x]", j 

ie Sr 

3 3 EE 

= (8-3 — v3) - (-8- 4 + v3) = 6v3 CF 

QE (sec x)2 
x 


27. fly) = /y. gy) =2-y,c=1d=2 
=A=f ty-smla=f [yy-@-y]ay 


2 ¢ 
= J, (9-249) dy = [By - 294 8] 
8\/2-7 


= ($¥2-442)- G24) =$V2-5= 5% 








28.16) =6—-yeyHy c= La =2 
ad A= J (f(y) — ayy dy = f (6—y—y2) ay 








= [6y-4-§], = (12-2-§) - (6-4-3) 
= 7 _ 24-1443 _ 13 
4a =e = 
29. f(x) = x? — 3x? = x2(x — 3) = f(x) = 3x? — 6x = 3x(x-—2) => f/ =+4+]|—---—|+4+ 
0 2 
3 


XO 8 
a x 


3 
=> f(0) = 0 is a maximum and f(2) = —4 isa minimum. A = =I. (x? — 3x?) dx = — 


=~ (#27) =2 


30. A= { (al? x4?) ax= [a2 axt/? + x) dx = [ax — $ fax? +9] 
=a? (1-441) =2 6-843 =£ 


1 


The area above the x-axis is Ay = j (y?/ 3 y) dy 


; 1 

35/3 2 _— 

= [3 y — ii ; the area below the x-axis is 
0 


_ 


31. 


5 2 


0 5/3 2 
Ay = f(y? -y) dy = - S|] = 3 


= the total area is Aj + Ay = § 
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a8 § Jaafar § 


32, A= ‘ie (cos x — sin x) dx + i. (sin x — cos x) dx 


38. 


43. 


Chapter 5 Practice Exercises 


5x/4 


3n/2 


+ a (cos x — sin x) dx = [sin x + cos x]n/" 


+ [—cos x — sin di + [sin x + cos lec 


=|(#+%)-@+n] + [((¥+¥)-(-¥-¥)] 
+ |(-1+0)-(--#)] = 82 -2=4y2-2 











syoxt flat > 8-415 Yi2-hey yy=i+ fi ¢ dt = landy/(1)=2+1=3 
=f (1 + 2,/sec t) dt > a =1+42,/secx > => 7 —2(1) (sec x)~!/2(sec x tan x) = ,/sec x (tan x); 








0 
x=0 > y= f (1+2Vsect) at 0 andx =0 wy 1+4+2/sec 0 = 3 





x 5 
-y= fo mat—3 > B=; x=5 > y= ft a—3=-3 


x =1 
‘ y= J V/2—sin?t dt +2 so that & = /2—sin?x;x = —1 => y=, V2-—sin?tdt+2=2 


Letu=cosx => du=-sinxdx => —du= sin x dx 
ff 2¢e0s xy-¥? sinx dx = f 2u-¥/2(—du) = -2 fw du = -2( ) +C=—4u!24C 
= —4(cos x)'/2 +C 





Let u = tanx = du = sec? x dx 


ff can x3? sec?x dx = fu? du = fay $C = -2u 1? +C= mn + C 








. Letu= 20+ 1 du = 2 dé $ du dé 


f (20+142c0s 20+ 110 = f(a +208 w) (3 du) = = +sinu+C, = @O+1Y + sin (20 + p+c 
= 6? + 0+ sin(20 + 1) +C, where C = C, + ; is still an arbitrary constant 








. Letu= 20-7 du = 2 dé 5 du dé 


+ 2 sec? (26 —7)) dd = +. +42sec?u) (4 du) = | (u-1/? +2 sec?u) du 
Ia ) 40 = f (a5 +2seetu) (4 au) = 3 f( ) 


= (4 ul? +4 (2 tan u) + C = v2 + tanu+ C = (20 — m2 + tan(20 — 7) +C 


{Ce (+2) a= f(e- saa f@-aya=$-4(G)+0=$44+e 


formar fee a= f(e+3) a= foe +arsya= 6 4+2(G)+e=-1-34+¢ 


Letu = 203? > du=3/tdt=> tdu= tat 
| Visin ( 2°? t= 1 [sin udu = —}ceosu + C = —scos(2t9/?) +C 
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44. Letu = 14sec 9 + du =sec 0 tand d0 + | sec  tand Vi+sec 640 = f udu = 209? +C 


= 3(1+sec 9)3/? 


+C 
45. fox — 4x +7) dx = [x3 — 2x? + 7x]!, = [13 — 20)? + 7)] — (3 — A-)? + 7-1] = 6 — (10) = 16 


46. fs — 12s? + 5) ds = [2s — 483 + 5s]5 = [2(1)* — 4(1)? + 5(1)] 0 = 3 





47. fi dav= fav? av= [av = (34) (8) =2 
48. ft x9 dx = [-3x-1/3] 7 = -3007)-¥8 — (-3(1)-¥8) = -3 (4) +30) =2 


4 
3/2 -1/2]}4 _ =2 _ ©% _ 
9. f a= “&afoe dt = [-2r- 7] = . 2 =1 








SO lexaliyl > ka pid Side Biel SS xkH= 2H 4 S k= 3 
4 1/2 3 
f ye du =f, x2 ax) = [2 (2) x97]$ = # (39?) — 4 (29/2) =4y/3-8 2 = $ (3V3-2v2) 


51. Lettu=2x+1 > du=2dx = 18 du = 36dx;x =0 u=1x=1 > u=3 


x = u _913 = 
J deg = ff 10-8 au = [292] = 359 = (8) 























52. Lettu=7—5r => du=—S5dr —idu dr; r =0 u=7,r=1>u=2 





2,- 3 = Se _ 2/3 _ 3 
53. Letu = 1-2" => dy =—ix dx > —idu=x dex i = v= 1-—G)" =, 
col SwH1-Pe =p 
1 0 
= 3/2 3 3) (u?2\]° 3 0 3 3) (3)5/2 
J 1-2) ax = fw $y) = [C9 (PF) = Feu =-F0"- CED 
27/3 
= 60 


54. Letu=1+9xt = du = 36x? dx = 4 du=x°dx;x=0 u=1,x 





p> u=lt+9(Q) =% 


1/2 25/16 25/16 . 
—3/2 = uol/2 = 25/16 
fo eso ax= fw (dau) = [2 (22))P" = Law]? 


1 
-1/2 7 
=< ag ie) (— 73") = a 

















55. Letu = 5r du = 5dr t du dr;r =0 u=0,r=7 u=57 


wT Sa 
Jf sin? sear =f (sin? w) (3 du) = $ fp — 582]5" = (g — sory — (0-949) = g 











56. Letu=4t—-4% > du=4dt > jdu=dt;t=0 > u=—-4,t=$ s>u=% 
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59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 




















fan? ¢a0 = f (sec? 4 — jao= fo 3 (sec 2u—1) du=[3 tanu — 3ujn”® 
0 0 
= [3 tan  —3(2)] —@Gtan0-0)=3/3-7 





0 
JF .see x tan x dx = [see x} = sec 0 sec ( t)=1 2=-1 


1/3 





37/4 
f csc z cot z dz = [— eer) = ( csc 32) ( esc 7) = J2+/2=0 


/4 





Letu = sinx => du=cosxdx;x =0 u=0,x 





nly 
[= 
=a 


x/2 1 
i. 5(sin x)3/2 cos x dx = f 5u%/? du = [5 (2) u8/2] | = [2u%/2] | = 2(1)*/? — 2005/2 = 2 








Letu=1—x? = du=—2xdx => —du=2xdx;x =-—1 u=0,x=1 u=0 


1 0 
Jf 2xsin(d—x2) ax = f — sin udu = 0 














Let u = sin3x => du =3cos3xdx => +du=cos3xdx;x=—% > u=sin(- #2) I,x=5 u sin (2) 
=-l 

n/2 1 

715 sin’ 3x cos 3x dx =f 15ut oa 5ut du = [u [u°}; =(-1P -—(1p =- 

Let u = cos (3) = du=—4# sin (3) dx = —2du=sin (4) dx;x =0 > u=cos ($) 1,x 2 > u cos (+ 


JP os-* (3) sins) d= ff wrap = [-2()]" = 3G)" = 38 -D= 4 


1 








Letu=1+3sin?x = du=6sinxcosxdx = 4$ du =3 sin x cos x dx; x 0 => u=1,x 


=> u=1+3sin? § =4 


n/2 4 4 4 
3 sin x cos x _ 1/1 = 1-1/2 4, — |1 (ul? _ f1/274 _ 41/2 1/2 _ 
, | SaBRSE dx a 4, (4 du) J Ly Pau =([3(4F)] = wr] = 4" 12 =|] 


us 
2 





Letu=1+7tanx = du=7sec?xdx > ; du = sec? x dx; x =0 => u=14+7tan0=1, 
X=] > u=1+7tan7 =8 


ee 8 8 ws\7 8 . 
J, O47 tan 07? dx = 2 ws (G du) = i, ae du = [3 ()| — [; u/3] i= a8)? — aw =3 


1 
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n/3 
zi sec* 29 d0 = [tan on? = tan = —tan0 = /3 

37/4 an/4 

= 7 3a mT) _ 

- ese” x dx = [—cot x],7/ = (—cot *t) — (—cot $) =2 
Letu ; du 6du =dx;x=7 u Tes 3a u a 

3 
f cot? gdx= f “cot udu=6 J ( (csc? u — 1) du = [6(— cot u—u)Ii5 = 6 ( cot 5 z) 6 ( cole e 
= 6/3 -27 
Letu=% > du=}d0 > 3du=d6;0=0 > u=0,0=7 > u=$ 
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69. eer 0 u=secO=1,0= 3 u=sec 3 =2 





Tr, qr, 2 
tan 6 i _ sec @ tan __ sec @ tan 0 = o=f ee i, y-3/2 du 
V2 sec 0 0 secO@V/2sec 0 0 V2 (sec 03/2 2 (sec 63/2 ae /2 1 
2. 2 
= till wl? — —_ 2 — _ 
Vi an - fe], =- Fa a . le! 


70. Letu = sin Vt > du = (cos vt) ($1?) dt = SH dt > 2du= SY det z u=sinZ =}, 









































t=4 u sin 5 1 


Jose A i= fi Fp ou = 2 fw du = [aya jp = AVI ay/§ =2 (2- v2) 











71. (a) av(f) = 4, f (mx +b) dx = 4 [a + bx] 5 =} (a +b(1)) _ (2 +b(-1))] =1(2b)=b 


(b) av) = ls (mx +b) dx = 4 [= + bx] : =i (2 +b(k)) = (5 +b(-1))] 
= x (2bk) =b 


72. (a) w=ryf 3x dx = Lf /3x1? dx = 3 [2x3 ale = 3 [2 (33/2 — 3 (0)8?] = 43 (23) =2 
00) ya = aby fp Va dx = Bf Jarl ax = 8 [287], = 2 3 @H — 38) = Baya) = Fa 


b 
t= = f ,/axf’(x) dx = = [f(x) > = — [f(b) — f(a)] = Ab) — fla) so the average value of f’ over [a, b] is the 


slope of the secant line joining the points (a, f(a)) and (b, f(b)), which is the average rate of change of f over [a, b]. 


b 
74. Yes, because the average value of f on [a, b] is sy f f(x) dx. If the length of the interval is 2, then b — a = 2 


b 
and the average value of the function is 5 f f(x) dx. 


75. We want to evaluate 
365 


365 365 365 
x70 J, f(x) dx = | (svsin| 3, (x- 101) + 25) dx = 3 > sin) (x- 101) dx+ 5 J dx 


Notice that the period of y = sin a (x — 101) is 3" = 365 and that we are integrating this function over an iterval of 
365 


365 


365 
length 365. Thus the value of 24 ane xf sin E 2m (x — 101) dx + 22 dx is 04+2 


365 365 sa 365 » 365 = 25, 








675 675 
1 —5 _ 26T? 1.87T? 
10: gee on f. (8.27 + 10-°(26T — 1.87T?))dT = ss [8 2TT + ae Sa I. 








2 3 2 7 3 
— ([s 27(675) + 2y _ LE76%) | pie + 7800" _ 18n)) }) ee gi: (3724.44 — 165.40) 


= 5.43 = the average value of C, on [20, 675]. To find the temperature T at which C, = 5.43, solve 
5.43 = 8.27 + 10-°(26T — 1.87T”) for T. We obtain 1.87T? — 26T — 284000 = 0 


—~- 2 —_ = 
spe ye FN) = Mt VRIPIOG 56 T — 389.82 or T = 396.72. Only T = 396.72 lies in the 


interval [20, 675], so T = 396.72°C. 


TT: ay = 2+ cos?x 
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83. 
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85. 
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& — \/2 + cos3(7x2) » 4(7x?) = 14x4/2 + cos3(7x?) 











2 sec X 
— — 4 1 = 1 d __ __ sec xtan x 
J. x P41 at) dx (J. +1 ct) “ — sec?x + 1 dx (sec x) “1 +sec?x 


Yes. The function f, being differentiable on [a, b], is then continuous on [a, b]. The Fundamental Theorem of 


aatew 
wis 
lI 
Slo 
a ™~ 


Calculus says that every continuous function on [a, b] is the derivative of a function on [a, b]. 


The second part of the Fundamental Theorem of Calculus states that if F(x) is an antiderivative of f(x) on 


b 
[a, b], then i f(x) dx = F(b) — F(a). In particular, if F(x) is an antiderivaitve of \/ 1 + x‘ on [0, 1], then 


f 1 +x! dx = F(1) — F(0). 


y= f iyta=-f'yirea > g-4[- f reat] =~ 4 f ye at| = Vive 


0 cos X cos X cos X 
= 1 _ 1 dy _ d 1 eee! 1 
‘= i 1-t dt = i 1-¢? dt => dx ~ dx | | 1-¢? tt “dx iJ. 1-? a 


= — (teow) (a 08) = — (Sex) (Sin) = gy = CSC x 

















We estimate the area A using midpoints of the vertical intervals, and we will estimate the width of the parking lot on each 
interval by averaging the widths at top and bottom. This gives the estimate 

S 0+36 , 36454 , 54451 , 514495 | 49.5454 , 544644 | 6444675 , 67.5442 
Aw 15: (%4 gg ge ge a ae 2 a) ) 


A = 5961 ft?. The cost is Area - ($2.10/ft?) ~ (5961 ft?) ($2.10/ft?) = $12,518.10 = the job cannot be done for $11,000. 








(a) Before the chute opens for A, a = —32 ft/sec. Since the helicopter is hovering, vo = 0 ft/sec 
=> v= f —32 dt = —32t+vo = —32t. Then sp = 6400 ft > s= f —32t dt = —16t? + so = —16t? + 6400. 
At t = 4 sec, s = —16(4)? + 6400 = 6144 ft when A's chute opens; 
(b) For B, sp = 7000 ft, vp = 0, a = —32 ft/sec? + v= f —32 dt = —32t+ vp = —32t > s= f —32tat 
= —16t? + sy = —16t? + 7000. At t = 13 sec, s = —16(13)? + 7000 = 4296 ft when B's chute opens; 
(c) After the chutes open, v = —16 ft/sec > s= f —16 dt = —16t+ sp. For A, so = 6144 ft and for B, 
So = 4296 ft. Therefore, for A, s = —16t + 6144 and for B, s = —16t + 4296. When they hit the ground, 
s=0 => forA,0=—16t+6144 > t= oe = 384 seconds, and for B, O = —16t+ 4296 > t= a8 
= 268.5 seconds to hit the ground after the chutes open. Since B's chute opens 58 seconds after A's opens 
= B hits the ground first. 


30 
av(I) = +5 - (1200 — 40t) dt = 4 (1200t — 2007]3” = 4 [((1200(30) — 20(30)?) — (1200(0) — 20(0)?)] 
= 5 (18,000) = 600; Average Daily Holding Cost = (600)($0.03) = $18 


14 
av(l) = 4 { (600 + 600t) dt = 4 [600t + 300t”];° = 4, [600(14) + 300(14)? — 0] = 4800; Average Daily 
Holding Cost = (4800)($0.04) = $192 
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- 2 3 30 3 
89. av) = 4, (450-$) a= 4 [4s0r— 5] = 4 [450030) — 52 — 0] = 300; Average Daily Holding Cost 
= (300)($0.02) = $6 


60 60 
90. a= 2 f (600 — 20,/15t) dt = 4, f (600 — 20/15!) at = 4, [6000 — 20/15 (3 a] 
= 4; |600(60) — 2x5 (60)*/? — 0] = J (36,000 — (332) 15%) = 200; Average Daily Holding Cost 


= (200)($0.005) = $1.00 


CHAPTER 5 ADDITIONAL AND ADVANCED EXERCISES 


1. (a) Yes, because ft dx =} L [780 dx = 5 (7)=1 
(b) No. For example, i, 8x dx = [4x2]} = 4, but f 8x dx = l2v72 (= x ‘|= = 4y2 (13/2 _ 93/2) 
=e 


2. (a) True: ft00 dx = — ff t00 dx = -3 


(b) True: J 800 + g(x)] dx = J f00 dx + J sco dx = J f00 dx + f f(x) dx + J go dx 
=44+342=9 


(c) False: [100 dx=4+3=7>2 fe dx > ft100 — g(x)]} dx >0 => [te — f(x)] dx < 0. 








5 
On the other hand, f(x) < g(x) => [g(x) —f(xK)] >0 = f REC) — f(x)] dx > 0 which is a contradiction. 


3, y= Lf f(t) sin a(x — t) dt = 1 f f(t) sin ax cos at dt — i i f(t) cos ax sin at dt 


= sae f f(t) cos at dt — 8% { f(t) sin at dt > ao = cos ax @ f(t) cos at at) 


+ sinax (4 f f(t) cos at ct) + sin ax f f(t) sin at dt — S084 (4 aE ie f(t) sin at at) 


= COS ax is f(t) cos at dt + sinax (f(x) cos ax) + sin ax i f(t) sin at dt — cosas (f(x) sin ax) 
=> oy = COS ax fw cos at dt + sin ax f f(t) sin at dt. Next, 
- = —a sin ax 1 f(t) cos at dt + (cos ax) (¢ fw cos at at) + acos ax f f(t) sin at dt 
+ (sin ax) ( fw sin at at) = —a sin ax io cos at dt + (cos ax)f(x) cos ax 
+ acos ax fw sin at dt + (sin ax)f(x) sin ax = —a sin ax iB f(t) cos at dt + a cos ax f f(t) sin at dt + f(x). 
Therefore, y” + a2y = acos ax fw sin at dt — a sin ax f f(t) cos at dt + f(x) 


+a? (a2 J f(t) cos at dt — SS Hl f(t) sin at ct) = f(x). Note also that y’(0) = y(0) = 0. 




















y y y 
= 1 d — A 1 ad 1 dy i 
4. x 1, Visa dt RW J fia dt a | { Jie a ( ®) from the chain rule 
d d & d 
1-54, (2) = Y= /1$4?. Then 8 = 4 (/7 7 = 2 (/1+4) (2) 


= 4y (2 [Ty ay? 
= }(1+4y’) se (8y) (2) = sr ) = eee Me Ay. Thus 4% = Ay, and the constant of 
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11. 


12. 
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proportionality is 4. 


(a) f f(t) dt =xcos7x => af f(t) dt = cos 7x — mx sin mx => f(x”) (2x) = cos 7x — 7x sin 7x 
= P(x) — cos Tx TX sin 7x Thus, x=253 £(4) — cos anon sin 27 __ ; 


(b) i Pie [S| . = 1 (fx)? + 1 (£00)? =x cos tx => (f(x)? = 3x cos tx => f(x) = 93x cos 7x 
=> £(4) = 3/34) cos 4 = 4/12 


f f(x) dx = © + # sina + © cosa. Let F(a) = f f(t) dt > f(a) = F(a). Now F(a) = = +4sina+Zcosa 





Gl fay Las a = mes T\)_t lena. G) 8 ee 
= f(a)=F(a)=a+ 5 sina+ 5 cosa <sina > f(3)=2+4 sin 5+ 5 cos5 — 5 Sin5S = Ft 








ft dx = /b? +1-f2 = f(b) = & [te dx =} (b? +1)? @b) = GE f(x) = 


The derivative of the left side of the equation is: a | f f f(t) a au = i f(t) dt; the derivative of the right 
side of the equation is: a iJ f(u)(x — u) au — a J f(u) x du — a ‘ u f(u) du 


= £ c ie f(u) dul = _ a]. u f(u) du = ie f(u) du + x ls f f(u) au — xf(x) = ie f(u) du + xf(x) — xf(x) 


= ve f(u) du. Since each side has the same derivative, they differ by a constant, and since both sides equal 0 


when x = 0, the constant must be 0. Therefore, fi f f(t) a du = f f(u)(x — u) du. 


& — 3x? +2> y= f Gx? +2) dx = 8 42x +, Then (1,—1) onthe curve > 1°+2(1)+C=-1 > C=-4 
>y-x' +2x—4 


The acceleration due to gravity downward is —32 ft/sec? > v = f —32 dt = —32t + vo, where vg is the initial 


velocity > v= —32t+32 > s= f (—32t + 32) dt = —16t? + 32t+C. If the release point, at t = 0, is s = 0, then 


C=0=> s=~—16t? +32t. Thens=17 > 17=—16t? + 32t > 16t? —32t+17=0. The discriminant of this 
quadratic equation is —64 which says there is no real time when s = 17 ft. You had better duck. 








3 0 3. 

_ 2/3 _ 
f fooax= fx ax+ [ 4 dx ye? 4 

0 
= [$x] _, + [-4x19 oa ty 
= (0 — 3(-8)°/5) + (43) — 0) = % - 12 ee, 

-4 

— 36 


fiseyax= [Vmax + fo x2 — 4) dx 
= [-2(- x2]? i+ [5-4 x}. 
= [o-(- sanr)] 4 +[($-4@) -0] 
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2, 1 2 
13. fewas frat f sin mt dt 


























= [s]o+ [— 4 cos at] $ Fi 
= (3 0) +[ = COS Qn ( = COs m)] y =sin wt = 
=}-2 
2: il 2 
14. for@a= fo Vi—zaet f 2-61 1s 
= [-30-99?], + [802-09], 
=| 30-1" =(- 70-0) we(z-6y"8 
+ [4 (7(2) — 67/3 — 3 (71) — 6/9] 
=3+(§-8)=8 
1 2 
2 -1 1 2 
y 
15. | fooa =f, dx + f G-x)ax+ [rex ; 
ay 1 v= 
=bI$+ [x- 3] +2xh 
=1 y=1-x? 
=(-1--2) + | oe i> |+ 2(2) — 2(1) : 
(1-§)-(1-94)]+fpo-20) | 7 
=1+%4-(-4)+4-2=#4 a. nn ne Ore 


2 0 at 2 
16. J n@ar= forart+ f G—r)ar+ _dr 


2\_ 
=(0-#)+((1-#)-+e-9 


= 1 2 = 
=—-57+9+1= 





aInN 





b 2. 1 2 1 ; 2 
17. Ave, value = 515 ffo0 ax = pty f/t00 dx =] f'xax+ f (x 1d] =4/5] +3 ([%--], 
1 P 2 vr 
=3[(F-)+(@-2)-G-)]=3 


b 3 1 2 3 
18. Ave value= 5; ffi ax = sy firooax=4| lace fPoax+ fa =F [1-0+0+3-2] =} 


19. fx) = fat > fe =2 (4) - (4) (2 @) =2-x(- 8) =) 42 =? 











20. fix) = foo tte dt + £00 = (hex) (4 Gin) — (kes) (#080) = BE + BA 
1 1 
=si+ 


cos X sin x 














21. gy) = [sin Pat > ey) = (sin(2/9)") (4 29) - (sin (9)”) (4 (V9) = BE - 


x+3 
22, 1) = f (5 —t)dt => f(x) = (x + 3) — «+ 3) (4 K+ 3)) — x6 —x) (¥) = +3)2-—x) — x6 -) 
=6—x-—x?—5x+x?=6-— 6x. Thus f(x) =0 > 6—6x=0 > x=1. Also, f"(x) = -6<0 > x=1 givesa 
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23. 


24. 


25. 


26. 


27. 


28. 
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maximum. 


Let f(x) = x° on [0, 1]. Partition [0, 1] into n subintervals with Ax = 1-0 — 


1 
right-hand endpoints of the subintervals. Since f is increasing on [0, 1], U = y (2) (+) is the upper sum for 
wo 7 .\ 5 
— x5 : ij 1) _ 4; 1}(1)5 2)5 n)5} _ ys 154254...+n° 
Ne HC eg 22 (4) (3) = lim, a [(2) Pg) hoe a = [Peta | 
{ 5 x : 1 


Let f(x) = x® on [0, 1]. Partition [0, 1] into n subintervals with Ax = : 7, = 





1 
right-hand endpoints of the subintervals. Since f is increasing on [0, 1], U = 3 (2) (+) is the upper sum for 
f(x) = x4 on [0,1] > lim, > (2) (2) = lim, + [()°+ @? +. +@)"] = tim, [A] 
j=l 
= fre x= [3], =3 


Let y = f(x) on [0, 1]. Partition [0, 1] into n subintervals with Ax = it = I Then i ne e are the 


right-hand endpoints of the subintervals. Since f is continuous on [0, 1], Ly f - (4 ) is a Riemann sum of 
j=l 


y = f(x) on [0,1] = lim "ut ) (2) = lim, bff) +£@) +... +£() lef f(x) dx 


1 
(a) lim, w(2+4+64+...+2n]) = lim, i ([2+24+84+...4+ 2] = [2x ax = [x°l) = 1, where f(x) = 2x 
n [0,1] (see Exercise 25) 
1 
ln, eH 22 att = i 2 [(a)" + G+ + (8)"] = fx ax = [Fe] , = fo where 


oad 0 
f(x) = x! on [0, 1] (see Exercise 25) 
1 
(c) nie : [sin 2 + sin = 7+... +sin an] = i sin nz dx = [— 4 cos ax] 5 = —+ cos m— (— 4 cos 0) 


2, where f(x) = sin 7x on [0, 1] (see Exercise 25) 
1 
@) lim. 4 [18425 4... +n2] = (lim, 1) (lim, 4, [14215 4... +n!) = (lim, 1) i x) dx 
=0 (x) =0 (see part (b) above) 
(e) lim ae (PP eee en | lim. ate | 


i 
= (, lim n) ie 3 oe (15 422 +... + n')) = (, lim, n) {. x dx = oo (see part (b) above) 


(a) Let the polygon be inscribed in a circle of radius r. If we draw a radius from the center of the circle (and 
the polygon) to each vertex of the polygon, we have n isosceles triangles formed (the equal sides are equal 


to r, the radius of the circle) and a vertex angle of #, where Cs = 2m The area of each triangle is 
a 








A, = $0 r sin@, => the area of the neo is A= nA, = © sind, = © sin 4 
= ne _ nt 25 _ 2) sin 2s) _ 2 i sin (7) _ 2 
(b) lim, A=, lim, ae sin =, lim, 3 sin T=, lim, ta ) y= a ) im, (y= 


7 Xx 
y=sinx+ f cos 2tdt + 1 = sinx eel cos 2t dt + 1 => y’ = cosx — cos(2x); when x = 7 we have 
xX Tw 


y’ = cosm — cos(27) = —1 — 1 = —2. And y” = —sinx + 2sin(2x); when x = 7, y = sina + if cos 2tdt + 1 
=04+04+1=1. 
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29. (a) 
(b) 


(c) 
(d) 


(e) 


(f) 


YN 


(g 


Chapter 5 Integration 


ave J, ft =-f) f(t) dt = —4(1 2?) = —1 


g’ (x) = f(x) x = —3, 1,3 and the sign chart for g’(x) = f(x) is | +++ |——-—|+++.Soghasa 
—3 1 3 








relative maximum at x = 1. 

-1 
g’(—1) = f(-1) = 2 is the slope and g(—1) = f f(t) dt = —7, by (c). Thus the equation is y + 7 = 2(x + 1) 
y=2x+2-f. 
g”(x) = f'(x) = 0 atx = —1 and g”(x) = f’(x) is negative on (—3, —1) and positive on (—1, 1) so there is an 
inflection point for g at x = —1. We notice that g’”(x) = f’(x) < 0 for x on (—1, 2) and g”(x) = f(x) > 0 for x on 








(2, 4), even though g”(2) does not exist, g has a tangent line at x = 2, so there is an inflection point at x = 2. 
g is continuous on [—3, 4] and so it attains its absolute maximum and minimum values on this interval. We saw in (d) 
that g’(x) = 0 => x = —3, 1,3. We have that 


g(—3) = f te mt f(t) dt = 12 — on 
y= few a 
von Piva 


4 
= =. 1 ee ul 
= f fy) a =-144-1-12-3 


Thus, the absolute minimum is —27 and the absolute maximum is 0. Thus, the range is [—27, 0]. 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


Chapter 5 Additional and Advanced Exercises 359 


NOTES: 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


360 Chapter 5 Integration 


NOTES: 
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CHAPTER 6 APPLICATIONS OF DEFINITE INTEGRALS 


6.1 VOLUMES BY SLICING AND ROTATION ABOUT AN AXIS 


1. (a) A = (radius)? and radius = 1 — x? > A(x) =7(1 —x?) 
(b) A = width - height, width = height = 2/1 x2 > A(x) =4(1—x2) 
(c) A = (side)? and diagonal = / side) => A= {Gagenaly diagonal = 2\/1 — x? = A(x) =2(1-— x’) 
(d) A= a (side)? and side = 2\/1 — x2 > A(x) = V3(1 —x?) 








2. (a) A = (radius)? and radius afm A(x) = 7x 
(b) A = width - height, width = height 2,/x A(x) = 4x 
(c) A = (side)? and diagonal = /2side) >Az= caso diagonal 2afx A(x) = 2x 
(d) A= a (side)? and side os A(x) /3x 




















2 
3. A(x) = (Giagonaly’ ives Cvs) = 2x (see Exercise lc); a = 0, b = 4; 
v= een 24 = 16 








; 2 
4. A(x) = aichmbey - m@=x)-xT _ a2 = yr =r(1 2x24 x 4) 54 —-1,b=1; 


b 1 al 
V= | A@dx=| «w(1—2x?+x4)dx =7 |x —2x3 4% 
a -1 3 5 = 


5. A(x) = (edge)? = [VI =x? - (- vi-®)] = (2 2) =40-x);a=-1b=1; 


Va f A@ax= fi4a-2)ax=4[x—¥]" =8(1-1)=% 





(diagonal)? __ v1—x?— (- te =) 
5 = 


2 


i ABS (ev *)y 


V= fac dx =2f) (1x) dx=2[x- 8] =4( —1)=8 


(1 — x”) (see Exercise 1c);a = —1,b= 1; 


7. (a) STEP 1) A(x) = 4 (side) - (side) - (sin 2) = 1 - (2 sin x) : (2 sin x) (sin Z) = /3 sinx 
STEP 2) a=0,b=7 
STEP 3) Vv = [AW dx = V3 [sin x dx = |- V3 cos x] " =a/ iia 
(b) STEP 1) A(x) = (side)? = (2 sin x) (2 sin x) = 4sinx 
STEP 2) a=0,b=7 
STEP 3) V = [Ac ax = J 4 sin x dx = [-4 cos x] = 8 





8. (a) STEP 1) A(x) = nes = 7 (sec x — tan x)” = § (sec? x + tan? x — 2 sec x tan x) 


sin x | 
cos? x 


—f 


= | [sec? me (sec? x — 1) — 
STEP 2) a=—4,b=% 





a/3 
—n/3 








STEP 3) V= [PAG dx = J") F (2 sec? 122s) det [Pte n4o(- 


cos X 
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= §Pv3-§+2(- qh) - (-2v3+5+2(-))] =F 43-4) 


1 
Dp} 
(b) STEP 1) A(x) = (edge)? = (sec x — tan x)? = (2 sec?x — 1 —2 53%) 
STEP 2) a=—4,b= 


STEP 3) V = [PAG dx = J (2 sec? x — 1 — 2883) dx =2(2 3-4) =4/3-% 


p} 
cos* X 








9. A(y) = } diameter)? = 7 (vy = 0) = Sys, 
c=0,d=2V= f Aydy= f Sytay 
= [(%) (2)] = 3-0) = 81 








10. A(y) = § (leg)(eg) = § | 1-y?-(- 1— 2 =12 1-y? 
d 1 371 
v= fagdy =f 20-y)dy=2[y-%] =40-4)=8 


11. (a) It follows from Cavalieri's Principle that the volume of a column is the same as the volume of a right 
prism with a square base of side length s and altitude h. Thus, STEP 1) A(x) = (side length)? = s?; 


b h 
STEP 2) a=0,b =h; STEP3) V= f A(@dx= fs? dx =sh 


(b) From Cavalieri's Principle we conclude that the volume of the column is the same as the volume of the 
prism described above, regardless of the number of turns = V = s7h 
12. 1) The solid and the cone have the same altitude of 12. y 


2) The cross sections of the solid are disks of diameter 
x (3) = 5. If we place the vertex of the cone at the 
origin of the coordinate system and make its axis of 
symmetry coincide with the x-axis then the cone's cross 
sections will be circular disks of diameter 


is (- *) = 5 (see accompanying figure). -l 





3) The solid and the cone have equal altitudes and identical 2 

parallel cross sections. From Cavalieri's Principle we =—2/4 
conclude that the solid and the cone have the same NOT TO SCALE 
volume. 








x 2 5 x)2 : x? x? x 
13. R@)=y=1-3 + V= fi mR@P dx = nf (1-3)? dx=af (1-x+%) dx=a[x- $45] 





2 : 2 290 C« 
4. Ry)=x=¥% 3 Va f mARMPdy=rf (8) dyaaf Sydy=a[3y*]p = 7-3-8 = 60 

















15. R(x) = tan (Fy) ;u ay du = 7 dy 4du=7dy;y=0 u=0,y=1 u=f;3 


V= f m[R(y)]? dy = nf. [tan (4 y)]° dy =4 fran? du = 4 ce + sec” u) du = 4[—u + tan u]§ 
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Section 6.1 Volumes by Slicing and Rotation About an Axis 


=4(-%4+1-0)=4-7 


n/2 . 
16. R(x) = sin x cos x; R(x) = 0 = a=Oandb = § are the limits of integration; V = f m[R(x)]? dx 








a /2 7/2 7. 2 
=af (sin x cos x)? dx =m (nO dx; [u 2x => du=2dx du —_ &sxy=0 u= 0, 





x=5> u=T| = V=rf- isintudu=% [2-1 sin2u]* = 7 [(2 0) == 


17. R@) =X > V= ae mR) dx = 7 fey dx 


2 512 
=n fixtdx =n [5] Sa 
0 5 0 5 





18. Ra) =x > V= for [R(x))2 dx = nf (x)? dx 


2 72 
=n f xo dx =n [3 = D8 
0 7 0 7 


19. R«) = V9 _-w > V= f-mRO@P dx =7 fo — x?) dx 
=1 [9x - | 5 = 2n [93) — 2] =2-1- 18 = 360 





20. R(x) =x-x? > v= f mR? dx =r f'(x-2) dx 


5 


' 1 
anf, (2 2x8 +x!) x= [$— M4 el 
=n(4-$+4) =500-15+60=% 


m/2 n/2 
21. R(x) = Veosx > V= f” ROP dx =a” cos x dx 


= r[sinx]?”? =n(1-—0) =" 
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7/4 7/4 
22. R(x) =secx > V= Loan [ROP dx = fo see? x dx 
= 7 [tan x] eae — nfl —(—1)] = 20 





7/4 
23. R(x) = V2—secxtanx > V= J” m[ROoP dx : y= v2 
n/4 2 
=T7 ER (V2 = see x tan x} dx 


n/4 
nf. (2-2 2 sec x tan x + sec? x tan? x) dx 
0 





/4 7/4 n/4 
= 2dx —2,/2 fi sec x tan x dx + f (tan nsec? dx) 


y =secrtanz 


=T (20! — 24/2 [sec x} + [ss] ,) | y K _ 
=n |(§-0) -2V2(v2-1) +}3(18-0)| = (¢+2V2- 4) 


m/2 
24. R(x) =2—2sinx = 2(1 —sinx) > V= f m[R(x)]? dx 
n/2 m/2 
=n f 4(1 — sin x)? dx = 4m (1 + sin? x — 2 sin x) dx 
n/2 
= 4n f" [1 + 4(1 —cos 2x) — 2 sin x] dx 


n/2 : : 
= 4n f (2 — $982* — 2 sin x) 
1/2 
0 





= 4n [2x — 387% + 2 cos x| 


= 4n [(7 —0+0) —-(-0+ 2)] = 7Gn — 8) 





25. Ry) = /5-y2 > V= sia m{R(y))2 dy = 7 if Sy! dy 
= nly], =n[1-(-D] = 20 








: 2 2 
26. Ry) =y? + v= fo mRQ)P dy =af y* ay 


= +] =4 
ae F TT 





n/2 
27. Rly) = V2 sin2y > V= A m[R(y)]? dy 
eae a/2 
nf. 2 sin 2y dy = 7 [—cos 2y] 4 
n{l —(—1)] = 20 
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28. R(y) =,/cos ¥ > V= fi rtROP dy 


= cos (2) dy =4 [sin 3] - = 4[0 —(-1)] =4 


y 






cos (x y/4) 





2 ° 2 Gall =. 
29. RY) = 547 > V= i mIR(y)I" dy = 40 J, Gaap dy 
= 4r[—4-—(-1] = 37 


2 = 2/(y +1) 





yee VB/(y? +1) 








1 1 tl 

30. Ry) = ¥X = V= fo mROP dy = af 2y (y? +1)” ay; 

[u=y?+1 > du=2ydy;y =0 u=ly=1 u= 2] 
+ Vanfiwta=e[-f=*[-$-Co]=3 











b 
31. For the sketch given, a= — 4, b = 3; R(x) = 1, 1(x) = 4/cos x; V = ip m ({[R@)}? — [r(x)]}*) dx 


= [77 Cl — cos x) dx = 2 f” “(1 — cos x) dx = 2n[x — sin x]? = 2n ($ —1) =n? -20 


d 
32. For the sketch given, c = 0,d = 7; R(y) = 1, r(y) = tany; V= f nm ({R(y)/ _ [r(y)]?) d 
=xf™ (1 — tan? y) dy = f( (2 — sec” y) dy = m[2y — tany|*=0(Z-1)=5-—7 





33. r(x) = x and R(x) = 1 V= f 7 ([R(x)]? — [r(x)]?) dx 


= fon —x) dxe=a[x— 8] =2[(1- 1-0] =¥ 





34. r(x) = 2,/x and R(x) = 2 V= i. m ([R(x)]? — [r(x)]?) dx 


1 rae , 
anf, (4—4x) dx =4n[x—$] = 40 (1-4) = 20 
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35. r(x) = x? + Land R(x) = x+3 

=> V= f) (ROP — fr?) dx 

= nf. lx + 3)? — (x? + 1)"] dx 

=m f- [x2 + 6x +9) — (x! + 2x? + 1)] dx 


=af- (—x* — x? + 6x + 8) dx 
“1 





36. r(x) = 2 —x and R(x) =4-— x’? 
= v= [\ 7 (IROP - [rO)) dx 
=f (4 _x)?-@2- x?| dx 


[((16 — 8x? + x*) — (4—4x + x’)] dx 





2 
a 
2 
=mf (12+ 4x — 9x2 + x4) dx 
=n [12n+ 2x? — 3x9 + 2] 
=m |[(244+8—24+4 2) — (-12+2+4+3-4)] =r (154+ 3) = 


37. r(x) = sec x and R(x) = af? 
= V= J" (ROP — fX@)P) dx 
=o fe — sec? x) dx = a[2x — tan x] 


=n[§-1)- (C$ +0)] =m -2 


w/A4 
—17/4 


38. R(x) = sec x and r(x) = tan x 
= v= fm ((ROOP = [r@0)°) dx 
=n f (sec?x —tan?x) dx =a f' 1dx =alx]} =7 


39. rly) = 1landR(y)=1+y 
= v= [' r (ROP = QP) ay 
=nf [a +y -ldy=n fd 4+2y4+y?- 1) dy 


1 sai 
=x forty yayaa[est] ant) = 4 
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y 





40. R(y) =1andr(y)=1-y > V=f. r(IRQ)P - bP) dy 
=nf'tl-d-yy]dy=nf [1-1 -2y+y")] dy “ 


=nf Q2y -y?) dy =n |y? -¥] =1(1-)=% 





41. R(y) = 2 and r(y) = JY y 
4 
= V= f- m((RQ)P —[)P) dy 


2 


=nf (4—y)dy = [ty - 4] = 206 — 8) = 8 






: y. 








2 
42. R(y) = V3 and rly) = 3 -y? B ‘ 
3 ri 
= v= fr (ROP = QP) ay oS 
=rf" [3-—(3--y ayaa y” dy 
51 v3 
Be eg ‘a 


43. R(y) = 2 andr(y) = 1+ JY 
= V= fr (ROP - fy)P) dy 
=rf [4—(1+ y¥)’] 4 
=nf (4-1-2/7-y)d 
=n {) (3-2/9-y) dy 


44. R(y) =2—y!/? and rly) = 1 
ee fe 7 ([R(y)P = [ry)P) dy 
=nf [(2-y"5)? -1] ay 
=m f. (4—4yl/3 + y2/3 — 1) dy 
=x f i dy 


1 
=n [3y—3y/94 "| = 2 (3-343) =% 
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45. (a) r(x) = \/x and R(x) = 2 
=> V= fr (IR@)P = fre?) dx 
=rf- (4—x) dx = [4x— ¥] = (16-8) = 8 
0 210 
r(y) = O and R(y) = y? 
= v= fr (RQE - rq?) ay 
2 572 
=nf. ytdy= 0%] = 3 
(c) r(x) =Oand R(x) =2- x + V= fon ([R(X)22 — [r(x)]2) dx 
=nf( (4—4,/x+x) dx = 7 [4x - a +8] = (16- $+ 


(d) ry) =4—y2and RQ) =4 > V= f- (RO)? — WP) dy = 


(b 


wm 








46. (a) r(y) =OandR(y) = 1-4 
sv=afor (ROM — [r(y)P) ay 
=nf. ( (1-3) Pay=nfe (1-y+%) dy 


_ 7 4 8.\ — 20 
=rly-¥4+¥] =7(2-$+8)=% 





(b 


wm 


r(y) = 1 and R(y) =2- 
= v= fo r(RWE- [r(y)}? )dy=n fr [(2 — 2) -tjay=n fl (4- 2y + 4-1) dy 


=nf (3 -2y +5) dy = [3y - y+h] =n n(6-4+ 8) =n(24+2) = 


47. (a) r(x) = Oand R(x) = 1 — x? 
= V= fr (IROP — [rOP) dx 
=rf( (1 — x?) Pdx =m fi (12x? +x!) dx 
sil 
aafx- 9 +5] = 201-3 +3) 


= Q (15103) = 16x 





(b) r(x) = Land R(x) =2—-x2 > V= i. m([ROOP = [@)P) dx = 0 f, (2 - yr =] dx 
ao [4-40 + x81) dx = af (3-42 + x4) dx =o [3x — $38 + 8] = 2n(3-$+4) 
= 7% (45 —20+3) = 

(c) r(x) =14+x2 andR(®) =2 > V= fun (IR)? — [roo 2) )dx= an fi [4—( (1-+x2)"| dx 


241 
anf) (4= 1-22 x8) dx sap) 8-20? — x8) dx =a [3x—3x8- 8] = 20 (3-3-4) 
20 oe 
= 72 (45-10 -3)= 
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48. (a) r(x) =Oand R(x) = —7?x+h 
= v= fr (IR) = (roo?) dx 
=n f° (—2x+h)’ dx 
=n fl (Bx? - Mx th?) dx 


= 2) x x = 2(b _ mh’b 
= th [fe — E+x] = mh (2-b+b)=™ 








(b) r(y) = O and R(y) = b(1—#) > v= fon [R(y)? — [r(y)?) d dy = nb? (1 — 3)? dy 


h 2 
= nb? (1-2 +B) dy = ab? [y- F + =]. = nb? (h—h+4) = 2h 


49. R(y) =b + v/a? — y? and r(y) = b — \/a? — y? y 
= V= f° (ROP — fQ)?) dy 


=r f° [(b+ [2 y)° (b ae y)’| dy 
ek ne! 


= 4bz - area of semicircle of radius a = 4bz - = 2a*br? 








50. (a) Across section has radius r = \/2y and area mr? = 27ry. The volume is f 2rydy = 7 [y2I> = 257. 











(b) V(h )= fan A(h)dh, so $y; = A(h). Therefore Sr = Sy - Gr = A(h) - $80 St = amy * Gr 
For h = 4, the area is 27(4) = 87, so # = Egat = 2. —, 





51. (a) Ry) = VF + Varley?) dy =a [ary — 8] 


es —a)3 33 
=r |a?h ai — Ga (-a + £)| 


=T [22h — § (h° — 3h?a + 3ha? — a®) — =| =T (2h - i +h?a — ha”) = abiGa—h) 








(b) Given % = 0.2 m/sec anda = 5m, find #|,_,. From (a), V(h) = mes =H = 5rh? — ah” 
es qv _ av. dh} _ 02. = 
=> = 10ch-mh? > Sa e.g = rh(10 h) $ dt lna4 — In(l0-4) — Ome — aon M/sec. 


52. Suppose the solid is produced by revolving y = 2 — x about 


a] 


the y-axis. Cast a shadow of the solid on a plane parallel to a 
the xy-plane. 
Use an approximation such as the Trapezoid Rule, to 


estimate f m{R(y)]? ay~Son(F ) Ay. 








53. The cross section of a solid right circular cylinder with a cone removed is a disk with radius R from which a disk of radius 
h has been removed. Thus its area is A; = 7R? — th? = 7 (R? — h?). The cross section of the hemisphere is a disk of 


2 
radius \/ R? — h?. Therefore its area is Ay = 7 (v R2 — h?) = 7 (R? —h?). We can see that Ay = Ay. The altitudes of 


both solids are R. Applying Cavalieri's Principle we find 
Volume of Hemisphere = (Volume of Cylinder) — (Volume of Cone) = (7R?) R — $7 (R?)R = 3 7R?. 
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) = mh, the volume of 





h h h 2 
54. R@)=2 > V= fomROOP dx =a f SF dx = % BS (4) ( 


a cone of radius r and height h. 


he 
3 


-7 7 4 
55. R(y) = \/256-y? > V= J alROP dy = nf (256 —y’)dy=n [256y = =| _ 
= 1 [(256\-7) + F — ((256)(-16) + 4) = x (F + 256(16 — 7) — ©) = 10530 em? ~ 3308 cm? 


6 6 6 
56. R@) = 4 V36—x? > V= fo mIR@P dx =a. X36 — x2) dx = 2 f 6x? — x4) dx 
6 
—_ 7 x5 ee 6 \ _ 7-63 36\ _ 967 60—36\ _ 367 = 
= ty [12x85] = oy (12-6? -— £) = $8 (12 — ) = (4BGF) (25%) = 6t cm®. The plumb bob will 


weigh about W = (8.5) (22) s 192 gm, to the nearest gram. 








57. (a) R(x) = |c — sinx 





soV=enf" [R@P dx =a f" (c — sin x)? dx = 1 f " (c? — 2c sin x + sin? x) dx 
=f” (c? — 2c sinx + 10082) dx =f" (c? + } — 2c sin x — 2982) dx 
=m [(c? +5) x+2c cos x — B24)" =r [(c2a+ ¥ — 2c —0) —(0+ 2c — 0) = 1 (c? + 5 —4c). Let 


V(c) = 7 (c?x + ¥ — 4c). We find the extreme values of V(c): & = n(2cm — 4) =0 = c = 2 isa critical 
point, and V (7) =7($+5-£)=a(F-F)= x 4; Evaluate V at the endpoints: V(0) = ~ and 
Vd) = (3 ae 4) = ~ — (4— 7). Now we see that the function's absolute minimum value is x — 4, 
taken on at the critical point c = 2. (See also the accompanying graph.) 





(b 


wm 


From the discussion in part (a) we conclude that the function's absolute maximum value is a taken on at 
the endpoint c = 0. 

(c) The graph of the solid's volume as a function of c for y 

0 <c < 1 is given at the right. As c moves away from = 
[0, 1] the volume of the solid increases without bound. 

If we approximate the solid as a set of solid disks, we 


can see that the radius of a typical disk increases without 








bounds as c moves away from [0, 1]. War 1 


58. (a) R@) =1-% = V= fi tRooP dx 


4 3432 4 
=r f (1-%) dx=rf(1- $4) & 
x? x? 4 43 4 
= |x-§ sig|_,= 27 (4-4 + ste) 


= 2r (4— 8+ $) = 2 (60-404 12) = & ft’ 





(b) The helicopter will be able to fly (Sz) (7.481)(2) = 201 additional miles. 
6.2 VOLUME BY CYLINDRICAL SHELLS 


1. For the sketch given, a = 0, b = 2; 


2 
Vv = fan (sel) Gy dx = fi2nx (1+) dx =2n [> (x+%) dx =2n [$+ 8] = 20 ($+ 48) 
=27-3=67 


Ni 


2. For the sketch given, a = 0, b = 2; 


b 2 4 2 E 412 
V = foam (ts) (teh) dx = fj 2nx (2 4F) dx = anf (2x - 2) dx = 20 |x? — 35] = 2nd — 1) = 6 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


Section 6.2 Volume by Cylindrical Shells 


For the sketch given, c = 0,d = VJ2; 


d she aha v2 v2 4 v2 
V = foam (5) (tate) dy = JO 2ny (92) dy = 2m fy? dy = 20 [2] = 20 


For the sketch given, c = 0,d = VJ3; 


d she she V3 V3 A V3 ie 
V= fam (ael) (ae.) dy =f 2nv-B- (3 —y)] dy =20 fy? dy = 20 [<], = % 


For the sketch given, a= 0,b = 3; 

B sne. sne. v3 
V = foam (25) (iste) dx = JOY mx (2+ 1) dx 
w=? +1 > du=2x dx; x 0 u=1x=V3 u 4] 


= Vearf uw? du = 7 [29/2] | = 2 (48/2 1) = (4) -)= 


fe: 











For the sketch given, a = 0, b = 3; 
® shell \ ( shell 2 9x , 
Yv= i: an (a Cy dx = ia 27x ( 2) dx; 
So S de ae de SS SdH oe de x= 0 S nH 9c = 3 S = 36) 
36 
+ V=2n J) 3u-¥? du = 6m (204? 5° = 120 (1/36 - 9) = 36m 











a=0,b=2; 
b he 2: ¥ 
Va fo 2m (sel) (et, ) dx =f, 2mx [x - (- 3)] dx 


2. 2. « 
=f. Qnx?-3dx=m fi 3x2 dx = 1 [x3]4 = 80 


1 
shell shell _ me. 
a) (oa dx = f 27x (2x >) dx 


- 1 
=) dx=7 [ 3x? dx = [x3], =7 
0 


lI 
> 
o — 
wo 
a ™~ ae 


a=0,b=1; 
b 1 
V = fon (set) (Bei,) dx =f 2x [02 - x) - x] dx 


3 4 


1 aq 
= 2n f (2x — x? — x3) dx = 2 |x?- 3 - 5 





3 4] 9 
= 2n(1— $4) =n (age!) = = 
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10. a=0,b=1:; 
1 
Wm fam (a) (hehe) dx = ff 2nx [(2 - x2) - x2] ax 
=n f° x (2 = 2x) dx = 47 f(x — x°) dx 


e-§]ja4rG- ian 


11. a=0,b=1; 
V = from (Set) (tte, ) dx =f 2ax [Vx — Qx— 1)] dx 
=2rf (x3/? — 2x? + x) dx = 2m [2 x9/? — 25384152] | 


= 2n (2-344) = 2n (B=BHls) = 


12. a=1,b=4; 
(or) shell 7 
r f 2n ae i Gears dx = f nx ( x) dx 


= anf x!/2 dx = 3r [4 x3/2] “ =o r —1) 








= 27(8 — 1) = 147 
x 
5 
. sinx < i < 
13. (a) xf(x) = {* ane os => xf(x) = ae eh ; since sin 0 = 0 we have 


i < 
sto = | Sem => xf(x)=sinx,0O<x<q7 


sin x, x =O 


(b 


wm 


V= f Qn tome )( nhel ) dx = fom - f(x) dx and x - f(x) = sin x, 0 < x < m by part (a) 


(a height 


=> V= anf sin x dx = 2n[— cos x]j = 27(— cos 7 + cos 0) = 47 





2 
=> xg(x) = { ve i é S a since tan 0 = 0 we have 


es O<x<! 
X- 0, x=0 
tan?x, 0<x < 7/4 
Xg(x) = 





14. (a) xg(x) = an 


fants. x6 => xg(x) = tan?x,0<x < 7/4 


b ; n/4 
(b) V= f 2n ( shell ) ( yess ) dx = f 2rx - g(x) dx and x - g(x) = tan? x, 0 < x < 7/4 by part (a) 


radius height 
2 


7/4 a /4 
=> V=2nf tan? x dx = 2x [ (sec? x — 1) dx = 2nftan x — x]f/4 = 29 (1-4) = “5% 
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15. c=0,d=2; 
v= fram (se) (ctl) dy = [any [Y¥- yy] 4 
= 2n f° (y9?? + y?) dy = 2m [28° 4 ay 
on E (v3) +3] =n (848) = 16" (2 +3) 
=i # (3V2+5) 


16. c=0,d=2; 
v= foam (tel) (a) dy = [0 any ly? - yay 
A 3 
= an f(y +y*) dy = 2 [X44] = 160 (2 +2) 
= 16m (§) = 
17. c=0,d=2; 


she. 2 
V= fiom (sel) (8) ay = ff 2ny (2y —y?)ay 
) 
3 


3 A 
= 2n J, (2y* — 9°) dy = 2x [3 — 4] = 20 (8-8) 
= — 320 _ 8a 
=33-)=7=F 
18. c=0,d=1; 
v=) ne) ea dy = f, 2ny(2y —y? - y)dy 
=2nf yiy- y?) dy =2n f(y? — y*) dy 





19. c=0,d=1; 
ha 1 
v= fron (shel (shel) dy = 20 {> yly — (ynidy 


T 1 TT 
= 2n [ 2y? dy = #8 [y*]} = 





20. c=0,d=2; 


; 2 
v= J? 2m (ste) (ete) dy = ff 2m y(y — $)dy 
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21. c=0,d=2; 
: 2 
v= fram (se) (ste) dy =f) 2ny (2 + y) — 2] ay 


3 4) 2 
mre fovest— farm are 
= 2n (4+ $— 18) = £(48 +32 —48) = 


22. c=0,d=1; 
she 1 
v= fron (sel) (2) dy = 0 2ny (2 -y) -y"] dy 
3 az l 
=2n f) (2y -y? —y8) dy = 20 [y’- 4-4] 
=2n (1-4-1) =2(12-4-3)= 











a i v= from ( a) heer dy=f ny - 12(y2—y 3) dy = 240 f( (y3 — y4) dy = 240 [4 - aK 

=n(G-3)= 9 =F 

(b) V= foam (sell) (shel) ay =f ancl — y) [12 (y? — y®)] dy = 24m fy) (y? — y®) dy 
= 24n f (y? — 29 + y4) dy = 24m [YH 4 2) = aan (2-141) = 240 (h) = 

ee fron (caais ) dy = f. 2 ($-y) [12 (y? — y*)] dy = 24m f’ (8—y) (y? — y*) dy 
=24nf (3 gy? — By8 +y!) dy =24n| Sy? ~Byt+ 8] =24n(§— B+) = 4 G2-394 12) 
= 4 = 2 

(@) V= fon (a8) Gs) dy = f 2m (y + 2) [12(y? — y*)] dy = 24. (y + 2) (y? — y%) dy 
= 24n [ (y>—yt+ 2y? — 2y%) dy = a ley ae yy!) dy = 240 [Zy? + By! 2] 





= 24n(4+3-+4) = (849 ee 


she! she: 2 2 4 2 2 4 v3 5 
24. (a) W= from ( su) (cit) dy = [P 2ny [¥ - (4 -¥)] ay = ff any (y?- ¥) dy = 2 fl (y9- £) ay 
~~ el) = ee 1 4) _ ee bee 2) _ 80 
=2n[%-¥] =2n (3 — ¥) =32m(}- 4) = 320 (4-3) = 320 (2) = ¥ 
she she 4 2 si 4 
b) V= from (Beh) (shgh.) dy = ff 2m2—y) [F - (4-¥)] dy =f 2m2-y) (y?- ¥) ay 
A 5 3 5 A 6 2 
=2n J) (29? - 4 -y8 +4) dy = 2m [YP -H-L4H)] =a (¥-B-B 4M) =¥ 
sne. she. 2 - A a 2 i 
) Va from ( set) (tet.) ay =f) 206-9) [F - (4 - $)] ay = JP 226 -—y) (2 - 8) ay 
=2rf- 5y2 — 5 y4 — ae i fives Hee ea Oe yy] ?_o (# 160 16 | St) 
SEN ghee gy 2 ae Oy Se ae ag eg oe a og 
: she! she . 2 s “ ss ia 
(a) V= foam (ih.) (88) dy =f, 2m (y+ 8) [ - (4-4)] v= So r+) (VY -F) 
0 
4 


PS PA ae = A yo | sy? sy] * _ 4 16 64 | 4 
= anf. (y° ~%4+ hy? — Sy) dy = 20 |¥ ma + 3a 5] = 2m (4 m4 + 3 

















( 


OQ 
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25. 


26. 


27. 


(a) 


(b 


wm 


(a) 


(b 


wm 


(d) 


(a) 


(b) 


(c) 


(d) 


_ 
(on 


About x-axis: V = fron ( 
1 

— f 2ny(./y 

= In| 2y5/? — 


About y-axis: V = from ( 


ia 
height 
~y)dy = 2nf (y3/? 
bliemG “= 


20 
1 
shell 
height 


) 
ae, 


1 
= i Omx(x — x°)dx = 2m f ( (x? — x3)dx 
1 


Section 6.2 Volume by Cylindrical Shells 











=n] — 3] = 25-4) =§ 
b 1 
About x-axis: R(x) = x and r(x) =x? > V= i m[R(x)? — r(x)?] dx = 9 TIX” — x*]dx 
=*(3-§],<"G-) =% 
About y-axis: R(y) = ,/y andr(y) =y => V= m[R(y) r(y)"] dy = fox y — y-|dy 


V= 


mo (—3x? + 2x +4)d 
n(—16 + 16 + 16) = 167 

V = fom (sel) (se Jax = ff anx(§ +2 —x)dx 

= f 2nx( 2— )dx = 20 f (2x - ¥)dx 

= anf? — 3] = 2n(16 — 9) = 

v= f 2n( 


4 
i ink at aele| 


V= fPr[Roo? —r x)’]dx = rf, [( 


mf. (3x? — 10x + 28)dx = = 0 /% — 5x? sn = n[16- 


d 2 
V = from (mel) (teh) dy =f 2nyty — 1) dy 
a2 


: 2 
=2n f(y ~y) dy = 2n[¥— 4] 
= 2n[(3-3)-(-9)I 
=2n(}-24+4) = 2114-1243) =% 
v= JP 2 (it) (Ba) ax 


“Oe x(2 — x) dx = 2m f( (2x — x2) dx = 2m |x? = 
[ 


~ an [(25!) - C5] =26(4-) = 9 


v= fon (a8) (Set) ax = fan (2x) @—w dx = 28 f'(2 


< 4 fe 
ait.) (ath Jax = ff 2m(4 — 9 (5 +2—x)ax = f2m(4—2)2- 





5 2 
= 2n [Bx $x $]} = 20 [(8- F498) - (2 





6-H ieee 


(5)(16) + (7)(16)] = 7(3)(16) = 48m 





— ®x4+x’) dx 


3 + 3)] =20 (3) = 2m 


d he she 2 y) 437 2 5 
V = Joon (25) (state) dy = Jf) 2m — Dey — 1 dy = 20 fy — ? = 20 [SSP] = & 
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x)dx = nf (8 — 4x + s) dx 
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28. (a) V= f 2m (se) Ga es “ay? =B).ay 
=o f- y? dy = 2n [4] = 2 (2) =8n 

v= f2m (282) (Bah) ax 

= f2nx( 2—/x x) dx = 2n f( (2x — x9/?) dx 
= 2m [x? — 2x5") | = 2a (16 - 22) 

=2n(l6— 8) = 7 @0-6) = 4 

() V= fan (se!) eo) ae f 20 = x) (2 = Vx) dx = 20 [ (8 — 4x? — 2x + “) dx 

= 2m [8x — 8 x3/2 — x2 4 25/2] = an (32— 4 — 16 + &) = % (240 — 320 + 192) = (112) = 
V= fon (Set) (teh.) dy = fo 2m2 — yy (y2) dy = 2 J (29? —y%) dy = 20 [399 - e 
=2n(P- 2) = 4-3=F 


(b 


wm 











(d 


wa 


0 





she 1 
29. (a) W= f’om (set) (ste) dy = [2ny(y — y®) dy 
3 5 1 
= f(2n(y? —y) dy = 2 [F—$] = 20 (5-3) 


_ 4a 
“~~ 15 


(b) V= f'2n (he) (sta) ay 
=f 2n(1 — y) (y — y®) dy 


3 A 5 1 
=2n f (y-y?-y ®+y4)dy=2n[F-F- E43 =2n(1-1-141) = *(30-20-15412) = & 





30. (a) V= foam (se) (te ay 
= J 2ry [1 - (y—-y')lay 
1 ; 2 3 sy 
=2n f (y—y? +y4) ay =2n[F-F +4] 
= 2n(i-1421) = (15-1046) 


— La 
1S 


Use the washer method: 
d 1 2 1 jj 3 7 
V= f (Ry) - 2] ay = f n[1? -(y-y?) dy=n f (1-y? —y8 + 2y4) dy=aly-$- 943 
=n7(1-4-442) = 5 (105 — 35 — 15442) = 
(c) Use the washer method: 
d 1 2 1 2 
V= for Ro) -Po@l ay = f= [D- 0 -y9) -o| dy=rf, [1-20 -y*) + (y —y°)"] dy 
: . 7 « 5 1 
=rf, (1+? +y® — 2y + 2y8 — 2y4) dy= aly + b+ 4 y+% 4p) =m(14+343-14}-2) 
= 5%, (70 + 30+ 105 — 2-42) = Bia 
she 1 
v= fron er) ee ay=f 2m(1 — y) [1 —(y—y*)] dy = 2m fo (1—y)(1-y +) dy 
4 : 3 A 5 1 
=n fi (1 y+y?—yty?— yl) dy = 2m Jf ( (1 - 2y + y? +? — y4) dy = 2n[y ea a 5 
=2n(1—-1+4+14-4) = #% (204+ 15-12) = 





(b 


wm 








a 


( 
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32. 


33. 


34. 


35. 


(a) 


(a) 


(b) 


(a) 


(b 


wm 


(a) 


(b) 


Section 6.2 Volume by Cylindrical Shells 


: 2 
bina fron (cane) ) (men )dy = J, ary (\/8y - 9?) dy 
= on f (2/299? -y°) dy = 2n [~~ yo? — ak 
won (EGS) nan) 


=2n-4($-1)=€£(@-5)=% 





v= [22G) ca) dx = fon (vE- =) dx = anf (x3? — ) dx = 27 [3 x0/2 x 














=2n (22 - £) = 2n (2 - $F) = 33 2-20) = 323 = 283 = 


a} shell 
Y= a 2m ( Git (os dx 


V = f-2n( stl) (22) dx = [2m — x) (2x — x°) — x] dx = 2m f (1 — x) (x — x2) dx 
dx 


=2n f( x — 2x” + x3) 


5 
-————s 
|" 
| 
Wits 
~ 

eo 
+ 
a 
[eer 
| 
i) 
3 
a, 
Nie 
| 
wity 


v= f r [R2(x) — 72(x)] dx =a fe (xl? — 1) dx 





=n [2x'? —x} 45 =7 [2 i (2) | 
=n(l-R)=% 


a shell shell 2 i i 
= J Dit ( aan) Gea) dy = : 27y (z — é) dy 








2; 
V = fon iRy) —P)] dy = for (2 - 4) ay 
= 2 

= 139°) = Ola a) 

= £(-2-64+16+3)= i 

V = fo2n (ash) (Beh) dx = f),.20x ($e —1) ax 
= 2m f(x? x) dx = 20 [3x32 — 5 
=2n (3-2) -(3-¢-3)] = 73 


Disk: V = Vi — Vo 
by by © 
Vi = f 'fRi@)P dx and Vy = J m[Ro(x)? with R(x) = \/*4? and Ro(x) = \/x, 


a, = —2,b; = lj a2 =0,b2 = 1 two integrals are required 
Washer: V= Vi — V2 


V1 = J" (RGF = COP?) dx with Ry) = y/*4? and r1(4) = 05 ay = -2 and by = 0: 








t+) = R4-16-48-8+43)= 48 
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+4) = 7 6-84+3)=2 
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378 


(c) 


36. (a) 


(b 


wm 


(c) 


Chapter 6 Applications of Definite Integrals 





Vo= ih m ([Ro(x)]? — [ro(x)}?) dx with Ro(x) = /*4? and r(x) = \/x; a2 = O and by = 1 


= two integrals are required 





d d 
Shell: V = f 2a Gam os) dy = f 27y Gy) dy where shell height = y? — (3y? — 2) = 2 — 2y?; 
c =Oandd=1. Only one integral is required. It is, therefore preferable to use the shell method. 
However, whichever method you use, you will get V = 7. 
Disk: V = Vi az Vo = V3 
di 
Vi = f m[Ri(y)]? dy, i = 1, 2,3 with Ry(y) = 1 and cy = —1, d; = 1; Ra(y) = \/y and Co = Oand dy = 1; 
R3(y) = (—y)"/4 and cz = —1, ds = 0 = three integrals are required 
Washer: V=V,+ Vo 
di 
V, = J. <(R@)P — fxQYP) dy, i = 1, 2 with Ri(y) = 1, u(y) = V¥,e1 = O and d; = 1; 
Ro(y) = 1, re(y) = ey", cg = —l andd, = 0 = two integrals are required 
: shell) (shell shell 
Shell: V = f 1 a nae (ssh, ) ax = f 2nx( el )dx, where shell height = x? — (—x*) = x? + x‘, 


a=Oandb=1 = only one integral is required. It is, therefore preferable to use the shell method. 
However, whichever method you use, you will get V = 4 


6.3 LENGTHS OF PLANE CURVES 


dx 
1 & 


=> 
dx 
2. 


=> 





=-1and ¥=3 > \/($)' + (2) = VETER = vio 
Length = f,,//10 dt = V/10 [i]!4, = V10- (-2,/10) = 34 





2 
= —sintand & =1l+cost > (#)' + () = /Csint)? + (1 + cos t)? = /2+2cost 


Length = f° \/2-+2 cost dt = v2 fev pases) ) d+cos t) dt = V2 f"/ se at 


= V2 f° sint__ dt (since sint > 0 on [0, 7]); [u=1—cost > du=sintdt;t=0 > u=0, 


V/1—cost 

















tan sua 4 V2 fwd = V2 pw]? =4 


3, 
=> 
— 
dx 
A. oh 
=> 
5. 


3 
sinceeO<t<3 5 Length = f(t +2) dt = [5 +24 = 21 
0 


& — 3? and 2 = 3t > (=) + (2) = 1/(3t?)? + Gt)? = V9! + 92 = 3t//? + 1 (since t > 0 on [o. V3]) 














V3 
Length = f° 3tV/P +1 dt; fu=P+1 > 3du=3tdyt=0 + u=1t= V3 su=4l 


fo3ut? du = [w?]$ =@-1)=7 





=tand ¥ = r+? = 4/(8)? 4 (8) = VET ATD = VF DP Ht 4 1 st I since <t<4 


L h=f[- pa=[2£4t =e+H=-n 
ength = fot+iar= [5+] = +4) = 





= (2t+ 3)? and ¥ =14+t > (2)7 4 (2) = J/(2t+3)+04t? = f/2+4t+4= |[t+2|=t+2 
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10. 


11. 





Section 6.3 Lengths of Plane Curves 





2 
oe = 8t cos t and wy = 8tsint > (a + (2) = Jt cos t)? + (8t sin t)? = \/64t? cos? t + 64t? sin? t 


m2 : 
= |8t| = 8tsinceO <t< 5 => Length = f St dt = [4t?]7 [2 9 


B33 (242)! 20 = VETD-2 
3 3 
> L= f J+? 42)e dx = f V1 420 +x! dx 


=f fa+ePax= fra +x )dx = [xt 5 aK 


=34+%=12 





























>L= fifi 4+ aha dy 
=f /yti+ day = fi ( yrs 
aI) ee, 


_ (16 1 (i 1) = ee ee ra en ee 
—~ \4 ~ 6)2) 47 3) —~ 327 «4 TB 32 32, 
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x 7 x # = 
12. 3 = 2a > (s) =4y ary") 


3 
= L=f Vi+hOt-2+4y-4) dy 




















2 
dy _ .1/3 _ 1 ,-1/3 dy\" _ 12/3 1 | x28 y 
13. PaxB— Tx ls => (2) = 9 ig 20 

: 2/3 1 4 x3 3x48 3x7? 

>L= ffi+x a 16 dx 15 y= rl ; 
=f /3 454% x7" dx 10 


8 
[YOR PPP oem fi x/3 4 1x-1/3) dx 5 








_3 (2-242) 0+] = 3244-3 -2 


dy _ \2 
14. ® =x*+2x+1- Ce =x? 4+2x+1-] aig 





2 d 
= C49" 3 age > (2) aie, eae aes, 
2 = 

SiS, eee 
=f va +x)i + h4 CO" dx 

0 2 16 

2 92 
= fy [ato + 2] ax 


2 i 
= fi [a0 +22] dx; fu 1+x du = dx;x =0 u=1,x=2 > u=3] 

















= [3 x4/3 4 3 x2/3]* = 3 [2x4/3 + x2/3] © 2 4 6 


(4 +) = Wea leds — 106 _ 33 





12 6 


15. 


2/2 
tod 


7/4 7/4 x /4 x= J 
= L=f' x/4 T+ (secty— 1) dy = J” sec” y dy 


= [any], =1-(-)=2 


=L=f[, Vi+Gt—Dax= fi, V3x ax 
=v3(s]_=¢ 3 [—1 (—2)3] = 3 ( 1+9=% 






x 
y=] y3t4 
-2 





—2 -1 
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-idt 





Jeep ‘ y 
= /secty—-1 > (2) =secty —1 y 
: . = ysectt -1dt 
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2 
17, @) &=2x = (2) abe (b) 
2 d 
= L= fiyi+(#) dx 
= 1 + 4x? dx 
(c) L=6.13 
2 
18. (a) w = sec?x > (2) = sec*x (b) 


7 4 
=> oe ee 1 + sec* x dx 
(c) L& 2.06 



















2 
19. (a) 7 =cosy > (*) = cos” y (0) 
> L= f° V1 ¥cos?y dy 
(c) Lx 3.82 
dx _ y. dx 3 __y (b) 
20. @) $=-zba = (#) =-4 y 
1/2 2 1/2 0.4. 
_ / y _ 1 
= ee 1+ ayy d=, l-y? dy : 
1/2 1/2 2 
_ 2 
=Juge-¥) ody ; ; 
(c) L= 1.05 
+0.2. 
04 
NOT TO SCALE 
_ dx dx : _ 2 (b) 
21. (a) 2y¥+2=2% = (#) —(y4) y 
dy dy 
3 
3 
=L=f, Ji+G+ Pay 
(c) Lx 9.29 z 


y? + 2y = 2+1 
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2 
22. (a) * =cosx-cosx+xsinx > (%) =x? sin?x (b) 
dx dx 


> L= f° 1+ x? sin? x dx 















(c) L= 4.70 
2 
23. (a) 7 =tanx > (2) = tan? x aD} y 
ry 0.14 
=>L= i V 1+ tan? x dx = ii vs sage sin’ x.4,cos'x X dx ae 
7/6 = x 
— f a = |, sec x dx o y [ tan tdt 
(c) L#0.55 — = -In cos(x) 


D. 
2B (8) es = /sec?y-1 > (*) = sec? y — 1 (b) 7 
t x =f. Vsec’ t-1 dt 


7/4 
=> i ee 1 + (sec? y — 1) dy il 


7/4 n/4 
= jes |sec y| dy = J sec y dy 


+ + xX 
(c) L& 2.20 -1 7 1 
-14 
25. V2x= f'y/it + (2) * atx >0 => V2= 4/1 + 1 y = f(x) = £x+C where C is any 


real number. 




















26. (a) From the accompanying figure and definition of the 
differential (change along the tangent line) we see that 
dy = f’(x,_,) Ax, => length of kth tangent fin is 
V(A x)? + dy)? = V(A x)? + [F/G Ax). 











(b) Length of curve = , lim, » (length of kth tangent fin) = im, » J (Ax,)? + [f(y 1) AX]? 
n b 
= lim, » JV1+ fdr? AX = f 1+ [f"(x))? dx 


2 
27. (a) (2) correspondes to oa here, so take a as are Then y = Vx+C and since (1, 1) lies on the curve, C = 0. 


So y = \/x from (1, to (4, 2). 
(b) Only one. We know the derivative of the function and the value of the function at one value of x. 
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2 
28. (a) (2) correspondes to a here, so take = as ee Then x = — : + C and, since (0, 1) lies on the curve, C = 1 
— 1 
So y= Tox: 


(b) Only one. We know the derivative of the function and the value of the function at one value of x. 








2 
29. (a) & = -2 sin tand Y = 20s 2t > /(%) + (2) = VC 2sin 2? + @ cos 2? = 2 
n/2 
=> Length= f" 2dt= [249”? =a 
2 
(b) & = 7 cos mt and y = —7 sin7t = (2)? + (¢) — V(r cos mt)? + (—7 sin mt)? = 7 


1/2 : 
= Length = f m dt = [rt] a = 


-1/2 


30. x =a( — sind) > % =a(1—cos 0) > (28)? = a2 (1 —2cos 6 + cos? 8) and y = a(1 — cos 6) 


=> 


. 2 438 Qn o 2 2 Qn 
= asin > (3) =a’ sin’? @ => Length = 4/ ($5) + (3) do =f ,/2a2(1 — cos 0) dé 


=aVJ2f/2 [988 a9 = 20 [sin §| do = 2a [sin § dd = —4a [cos 4] x = 8a 


31-36. 


Example CAS commands: 


Maple: 


37-40. 


with( plots ); 
with( Student[Calculus1] ); 
with( student ); 
f := x -> sqrt(1-x‘2);a := -1; 
b:=1; 
N := [2, 4, 8 ]; 
for nin N do 
Xx := [seq( ati*(b-a)/n, i=0..n )]; 
pts := [seq([x,f(x)], x=xx)]; 
L := simplify(add( distance(pts[i+1],pts[i]), i=1..n )); # (b) 
T := sprintf("#31(a) (Section 6.3)\nn=%3d L=%8.5f\n"", n, L ); 
P[n] := plot( [f(x),pts], x=a..b, title=T ): # (a) 
end do: 
display( [seq(P[n],n=N)], insequence=true, scaling=constrained ); 
L:= ArcLength( f(x), x=a..b, output=integral ): 
L=evalf( L ); # (c) 


Example CAS commands: 


Maple: 


with( plots ); 
with( student ); 


X :=t-> 3/3; 
y :=t-> t42/2; 
a:=0; 
b:=1; 
N := [2, 4, 8 J; 


for nin N do 
tt := [seq( at+i*(b-a)/n, i=0..n )]; 
pts := [seq([x(t),y(t)],t=tt)]; 
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L := simplify(add( student[distance](pts[i+1],pts[i]), i=1..n )); # (b) 

T := sprintf("#37(a) (Section 6.3)\nn=%3d L=%8.5f\n", n, L ); 

P[n] := plot( [[x(),y(t),t=a..b],pts], title=T ): # (a) 
end do: 
display( [seq(P[n],n=N)], insequence=true ); 
ds := t ->sqrt( simplify(D(x)(t)42 + D(y)(t)*2) ): # (c) 
L := Int( ds(t), t=a..b ): 
L =evalf(L); 


31-40. Example CAS commands: 
Mathematica: (assigned function and values for a, b, and n may vary) 

Clear[x, f] 
{a, b} = {—1, 1}; f[x_] = Sqrt[1 — x?] 
pl = Plot[f[x], {x, a, b}] 
n=8; 
pts = Table[{xn, f[xn]}, {xn, a, b, (b — a)/n}]//N 
Show[{p1,Graphics[{Line[pts]}]}] 
Sum|[ Sqrt[ (pts[[i + 1, 1] — pts[Li, 1])? + (pts[fi + 1, 21] — pts[li, 21), {i, 1, ny] 
NiIntegrate[ Sqrt[ 1 + f[x}1,{x, a, b}] 


6.4 MOMENTS AND CENTERS OF MASS 


1. Because the children are balanced, the moment of the system about the origin must be equal to zero: 
5-80=x-100 => x= 4 ft, the distance of the 100-lb child from the fulcrum. 


2. Suppose the log has length 2a. Align the log along the x-axis so the 100-Ib end is placed at x = —a and the 


200-lb end at x = a. Then the center of mass x satisfies K = HOC a 20a) > x= x That is, x is located 


at a distance a— 3 = 2a = ; (2a) which is ; of the length of the log from the 200-Ib (heavier) end (see figure) 


or 3 of the way from the lighter end toward the heavier end. 


3 (2a) 
er“es 
—_—")9.e... a 6 es 
100 Ibs. o= s — a e 200 Ibs 


3. The center of mass of each rod is in its center (see Example 1). The rod system is equivalent to two point 
masses located at the centers of the rods at coordinates (5, 0) and (0, E). Therefore xX = a 
X;mj+X9M» k-m+0 


2 L WwW Mx 
“~  m+m,g ~— m+m - 4 and y = m 














yimg-tyomy _ OFz-m _ 1 (§ z) is the center of 
“  m+m ~— m+m-~ 4 494 








mass location. 


4. Let the rods have lengths x = L and y = 2L. The center of mass of each rod is in its center (see Example 1). 
The rod system is equivalent to two point masses located at the centers of the rods at coordinates (5, 0) and 


k-m-+0-2m 


O-m+L-2m __ 2L 
m+2m _ 


m+2m 3 


> (% ‘ 2) is the center of mass location. 





(0,L). Therefore x = -_ A and y = 








2 2 2 
5. My = f, x-4ax= [45] =4-$=8:M= fi 4ax [4x8 =4-2=8 > x= =1 








3 3 3 
6. My = J, x-4dx= [45] =$O-1)=16M= J’ 4ax = [ax = 12-4 85 x= M6 a2 
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0 


3 3 5 ee. 3 3 7 e)3 
7. Mo= fix(1+3)dx= fi (x+5)ax=[¥4+5] =(4+%)=M= (14+ 3) dx=[x+ 8] 
( 


























ae ere ie 5a xom-G 








10. My = fi jx-3 (x8? + x°9/2) dx=3f (x-¥? 44-97) dx =3 [2x1 - 3,]),,=3[@-2)- (2-4 5) 
2 
= 34-1) = 9M =3ff (x9? + x9?) dx = 3 [53 - alia = 3[(-2- 3) - (-4- $)] =3 2+ ¥) 


3x9/2 1 1/4 
> M 9 




















I. Mo = fi x2-wdx+ fox-xdx = f (2x—x) dxt fox dx = [—#] + [8] =G-)+Q-¥ 


0 
sal 2 
=$=3.M= f'2-xdxt f'xdx=[2x-$] + [5] =(2-1)4+(4-1)=3 > x= ™M=1 








12. My =f x(x+ 1) dx + f 2x dx = ['(2 +x) dx+ fo2xdx = [$+ “) + + [8]? = (242) 44-0 








343=3:M fratvaxt [rex = [¥ +x] + + [2x]? = (141) 4+4-2)=243=2 


x — Mo — (23) (2) _ 23 

= k= =(3)G) = 

13. Since the plate is symmetric about the y-axis and its density is 
constant, the distribution of mass is symmetric about the y-axis 
and the center of mass lies on the y-axis. This means that 


x = 0. It remains to find y = Me We model the distribution of 





mass with vertical strips. The typical strip has center of mass: 


(x57 )= (x, x +), length: 4 — x’, width: dx, area: -2 2 





dA = (4 — x”) dx, mass: dm = 6 dA = 6 (4 — x”) dx. The moment of the strip about the x-axis is 
yY dm= (4) 6 (4 — x”) dx = £ (16 — x‘) dx. The moment of the plate about the x-axis is My = {7 dm 


2 2 = - 
= J §(16-x*) dx =$[lox-¥] = $[(16-2- 2) - (-16-2+ 2)] = (32 - 3) = BE. The mass of the 








2 1286 
plate isM = f 5 (4 — x?) dx = 5 [4x - 5 = 26 (8 — $) = #8. Therefore y = Mt = ( ° ) 


+ mc 


= z, The plate's center of 


mass is the point (xX, y) = (0, 2) ; 
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Applying the symmetry argument analogous to the one in 
Exercise 13, we find x = 0. To find y = Ms , we use the 


vertical strips technique. The typical ap has center of 


5—x? : 2 ‘ i 
5 ) , length: 25 — x*, width: dx, 





mass: (X¥ ,V¥ )= (x. : 
area: dA = (25 — x”)dx, mass: dm = 6 dA = 6 (25 — x”) dx. 


The moment of the strip about the x-axis is 























¥ dm = (35) 6 (25 — x?) dx = § (25 — x2)? dx. The moment of the plate about the x-axis is M, = I¥ dm 
5 5 
= J § 25-22) dx = Sf", (625 — 50x? + x4) dx = § [625x— 2x9 +5 “)’ wg 2+ § (625-5- 2-9 + 8) 
5 

= 6-625 (5— +1) =6-625- (%). The mass of the plate is M = fdm= f. 6 (25 — x”) dx =6 [25x - =| Me 
= 26 (5° - +) a $ 6-5, Therefore y = % = =°= “ = 10. The plate's center of mass is the point (x, y) = (0, 10). 
Intersection points: x — x? = —x > 2x—x?=0 y 

=> x(2—x)=0 x = Oorx =2. The typical vertical _ Y=x-x2 

i ee x 

strip has center of mass: (X ,Y ) = & Boxjtes) Ky 

= (x, - *) length: (x — x?) — (—x) = 2x — x”, width: dx, 

area: dA = (2x — x”) dx, mass: dm = 6 dA = 6 (2x — x”) dx. 

The moment of the strip about the x-axis is 

¥ dm = (- +) 6 (2x — x”) dx; about the y-axis it is® dm = x - 6 (2x — x”) dx. Thus, M, = {¥ dm 

=-f[ @x\(2 2) dx = —$ [(2x3 4) gy — — 6 |** 8]? _ _ 8 (93 P\_ _ 6.93 (4 _ 4 

=— Jy (3%?) 2x —x?) dx=—5 J, (2x? —x!) dx =— 5/5 -4| =—§ 7) =— 9°27 (1-3) 

A 


16. 





2 2 ’ 

—#:M,= [Xdm= [-x-6(2x- x2) dx = 6 (2 2x? — x3) = 5 [3x3 -*] =6 (2-3 r= as, 
M= |] dm= f 6 (2x—x) x= 6f- (2x — x2) dx = 6 |x? -#] =6(4-9 =# Therefore, x = “2 
a9 3 ; , M 


= (5) (a) = Landy = Ye = (— F) Gs) =- 5 > @&Y=(L- 


os 
~ 











) is the center of mass. 


ne 


Intersection points: x? — 3 = —2x? > 3x?-3=0 y 
=> 3«x-)D)«+1)=0 => x=—lorx=1. Applying the 
symmetry argument analogous to the one in Exercise 13, we 






find x = 0. The typical vertical strip has center of mass: 








yw —2x? + (x? — 3) —x? — 3 
(® 9) = (x, HE) = (x, ). Be 

an oe! “ 
length: —2x* — (x* — 3) = 3(1 — x’), width: dx, y=x2-3 (x, 9) 


area: dA = 3(1 — x”) dx, mass: dm = 6 dA = 36 (1 — x”) dx. 
The moment of the strip about the x-axis is 
¥ dm = 36 (—x? — 3) (1 — x?) dx = 36 (x* + 3x? — x? — 3) dx = 36 (xt + 2x? — 3) dx; M, = [¥ dm 


1 5 1 
= 36 f(t +20? -3)dx=36[8 42% — 3x] = 3-6-2(4 43-3) = 36 (HE) = — 


1 1 
M= fdm=36f (1—x2)dx=36[x— 4] =35-2(1—}) = 46. Therefore, y= Mk = — $33 = —$ 


= (x,y) = (0, — £) is the center of mass. 
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The typical horizontal strip has center of mass: 

(Xx .V)= (5*.y) , length: y — y®, width: dy, 

area: dA = (y — y®) dy, mass: dm = 6dA = 6 (y — y?) dy. 
The moment of the strip about the y-axis is 


Nw -y> 2 
¥ dm = 6 (45%) (y—y*) dy = $ (yy) ay 
= $(y? — 2y* + y®) dy; the moment about the x-axis is 
1 11 
¥ dm = dy (y ~ y) dy = 6 (y? — y') dy. Thus,M, = f'¥ dm =6 f(y? —y') dy = [$-%] = igs) =i: 
1 3 5 7} 1 
~ 5 4 6 2 6 flo 4 1) 4 (Bee es 45 yg — 
M, = [Xdm= $f, (y? —2y +y%) dy=$[$- 45) =§ (2-243) =5( 357) = is;M= J dm 


1 9 aj l 
=6f'y-y) dy = 5 [8 - 4] =6(h- 4) =. Therefore, x = MY = (i) (8) = HS andy = % = (2) (8) 
) 





S| 


0 


Intersection points: y = y2-—y > y?—2y=0 

=> y(y—2)=0 y =Oory =2. The typical 
horizontal strip has center of mass: 

(® 7) = (py) = (Fy), 

length: y — (y? — y) = 2y — y”, width: dy, 

area: dA = (2y — y”) dy, mass: dm = 6 dA = 6 (2y — y?) dy. 
The moment about the y-axis is ¥ dm = § - y? (2y — y”) dy 











= § (2y? — y*) dy; the moment about the x-axis is Y dm = éy (2y — y”) dy = 6 (2y? — y*) dy. Thus, 





~~ 12 
d 5 2 
= f, $y -y)ay=$[F- 4] = $ (8-8) = § (2) = ¥5M= fam= fi 6(2y—y4) ay 


= 6[y?— 4] =6(4-3) =. Therefore, x= W = (#) (2) = Bandy = % = (¥) (3) =1 


Rg 2 3 472 yYy 
M, = f¥dm= J, 5 (2y? —y*) dy = 6 [4 — £) = 8 (8 - 8) = 3) = ¥5M, = [Xam 











=> (x,y) = (2, 1) is the center of mass. 
Applying the symmetry argument analogous to the one used 
in Exercise 13, we find x = 0. The typical vertical strip has 


cos X 


- ) , length: cos x, width: dx, 





center of mass: (X ,¥ ) = (x, 


area: dA = cos x dx, mass: dm = 6 dA = 6 cos x dx. The 


moment of the strip about the x-axis is Y dm = 6 - S}* - cos x dx 


= § cos? x dx = (L#e0s2x) dx = al + cos 2x) dx; thus, 




















m/2 ‘ m/2 
M, = [¥ dm= J" $C +c0s 2x) dx = § [x + sn 2x] P= 4 [(F +0) ( zy] tM f dm 6 [cos x dx 
= 6[sin ee = 26. Therefore, y a fan z (x, y) (0, 7) is the center of mass. 


Applying the symmetry argument analogous to the one used 
in Exercise 13, we find x = 0. The typical vertical strip has 





center of mass: (X ,y¥ )= (x, seg) , length: sec? x, width: dx, 
area: dA = sec? x dx, mass: dm = 6 dA = 6 sec? x dx. The 


moment about the x-axis is ¥ dm = (ss) (6 sec? x) dx 





n/4 


7/4 
~ _ 6 4 
dina y dm = > I. sec* x dx 


an 


= § sectx dx. M, = [ 
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BP te 2 sf" 2 (sar? at 23 6 fan?) 7/4 
— $f (tan x+ 1) (sec*x) dx = 5 den (tan x)* (sec* x) dx + $ [sec xdx = 5 [| Ai + 


{tan x" /4 


NID 








m/4 
=§/1-(-1)) +$n-(-p)=£+6=%;M= fdm 6 [7 sec? x dx = oltan x}"/*,, = 6[1 — (—1)] = 28. 


Therefore, y = ve a (#) (+) = 3 > %y= (0, 3) is the center of mass. 


21. Since the plate is symmetric about the line x = 1 and its 
density is constant, the distribution of mass is symmetric 
about this line and the center of mass lies on it. This means 
that x = 1. The typical vertical strip has center of mass: 


(X Vy Nas (x, ator) = (x, 5s) , 
length: (2x — x”) — (2x? — 4x) = —3x? + 6x = 3 (2x — x”), 
width: dx, area: dA = 3 (2x — x”) dx, mass: dm = 6 dA 
= 36 (2x — x”) dx. The moment about the x-axis is 
J dm = 26 (x? — 2x) (2x — x”) dx = — 2.6 (x? — 2x)” dx 








2 : 2 
= — 36 (xt — 4x3 + 4x?) dx. Thus, M, = [¥ dm = — J. 36(xt — 4x3 + 4x?) dx = — 36 [5 — x44 x3] 


0 
= —46(F —244+§-29) =— 96-28-14 9) = — 96 28 (SA) = — FM = fdm 





= J 36 (2x x) dx = 36 [x? — §] = 36 (4-8) = 46. Therefore, y = Mx = (— ®) (4) =-2 


=> (x,y) = (i, a 2) is the center of mass. 


22. (a) Since the plate is symmetric about the line x = y and 
its density is constant, the distribution of mass is 
symmetric about this line. This means that k = y. The 
typical vertical strip has center of mass: 


(X,Y )= (x, v 5-2) , length: \/9 — x?, width: dx, 
area: dA = 1/9 — x? dx, 


mass: dm = 6 dA = 6/9 — x? dx. 
The moment about the x-axis is 








2 : 3 3 
¥ dm = 6 (2 >*) /9— x? dx = $(9—x*) dx. Thus, M, = f¥ dm= J, $(9—x?) dx=$|9x— 3] 








= 5 (27 — 9) = 96;M fam [6 dA=6 fda = 6(Area of a quarter of a circle of radius 3) = 6 (=) = one 


Therefore, Y = “e = (96) (55) = 4 => (x,y) = (4, 4) is the center of mass. 


(b) Applying the symmetry argument analogous to the one 
used in Exercise 13, we find that x = 0. The typical 
vertical strip has the same parameters as in part (a). 


Thus, M, = [9 dm = f8@-x) dx 
= 2° 8 (9 —x2) dx = 2(95) = 186; 
M= [dm= [5dA=6 [dA 


= 6(Area of a semi-circle of radius 3) = 6 (+) a on6 . Therefore, y = ve = (186) (543) a 4 , the same y 





as in part (a) > (x,y) = (0, 4) is the center of mass. 
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Since the plate is symmetric about the line x = y and its 
density is constant, the distribution of mass is symmetric 
about this line. This means that x = y. The typical vertical 


strip has 


center of mass: (X ,¥ )= (x, 34+ V9 —x* ==) ; 


length: 3 — \/9 — x”, width: dx, 
area: dA = (3 —V9- x) dx, 


mass: dm = 6 dA =5(3- V9—x?) dx. 


The moment about the x-axis is 








34+ V9-x?) (3-V9-x 
ee )( ) ax = # [9 — (9 -x2)] dx = od Thus, M, =f # dx = $ [x3]) = %. The area 
equals the area of a square with side length 3 minus one quarter the area of a disk with radius 3 = A = 3? — 2 











= 34-7) + M=5A= %(4—7). Therefore, y= Ms = (%) [agi] = 2g + GY) = (725,735) is the 

center of mass. 

Applying the symmetry argument analogous to the one used 

in Exercise 13, we find that y = 0. The typical vertical strip 
1_1 

has center of mass: (X,Y ) = (« 4) = (x, 0), 


length: ts _ (- +) = & , width: dx, area: dA = a dx, 


x3 





mass: dm = 6 dA= 28 dx. The moment about the y-axis is 
xX dm=x- 26 dx = 28 dx. Thus, M, = {xX dm= fo % dx 
= 26[—1)) =26(-14+1) = *%@; M= fdm= [- 2 dx = 6 [- =|,= (-341) =22. Therefore, 


2 


6 
= _ My __ |} 26(a—1) a 2a aie? 2a a 
= = lsat] a+i (9) = (24,0). Also, lim, X = 2. 


a 






































) 
=2 [1]; =2[(-3) -D] =2@) = b 
M, = [% dm= e 6- (3) dx 
2 2 2 2 
= x (x2) (3) dx = 2f xdx = 2/3] 
=2(2-1) =4-1=3; M= fam= [5 (3) ax = fe (3) dx =2f dx = IK = 20-1) =2. So 
X= 7 =2andy ue 3 = @&Y) (3, 5) is the center of mass. 


We use the vertical strip approach: 

M, = f¥dm= f 2) (x—x2)-5 dx 
ee 
=6f ( (x? — x) x=6|% - 
oa 
M, = [% dm= fix( (x — x? )-6dx = f(x? —x3)- 12x dx = 12,f"'( (x 8 — xt) dx = 12[¥ - 





- 
an 
oy 
an 
lI 
my 
Nw 
ss, 
Ain 
| 
le 
“— 
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1 1 
2 _3:M= [dm J (x) 8 dx = 12) (2 — x") ax = 12[§ — 5] =12(1-1)=2=1. 80 


andy = “ =} = (2,5) is the center of mass. 


b 4 
27. (a) We use the shell method: V = f° 2 (tell) (tel) dx = f/2nx [4 — (— 4,)] ax 
4 4 
= 16m {2 dx = 160 f x1? dx = 16m [3 x97] | = 160 (3-8 — 2) = Bt @— 1) = Be 
Lj 


is a function of x alone, the 





(b) Since the plate is symmetric about the x-axis and its density 6(x) = 
distribution of its mass is symmetric about the x-axis. This means that 7 y = 0. We use the vertical strip 


4 4 4 
approach to find x: M, = fxdn= fi x- [4 -(-+4)] -bdx= fix. bax =8 fix? ax 


= 8 [2x¥2]* = 8(2-2-2) =16;M= f dm Cl4-(4 4)]- bdx=s (4 2) @) (2) dx = 8 f x8? dx 
= 8 [—2x-1/2] | = 8[-1 — (-2)] =8. Sox wy 8 =2 = (X,Y) = (2,0) is the center of mass. 














y 
A» 


4k 


> x 











b 4 
28. (a) We use the disk method: V = f° mR2(x) dx = [0m (4) dx = an fox -2 dx = 4m [- 4]? 
= 4n [= — (-1)] = a[-14 4] = 30 
(2) 4 
(b) We model the distribution of mass with vertical strips: M, = {¥ y dm = f ® xi. -6dx = i) & : /x dx 
4 4 
=2f- x? dx =2 [2] =2[-1-(-2)) = 2M, = fXam= fr et x!/2 dx 


=2 [8] =2 [18 - 3] 8M = fdm= f2-6dx=2f % dx =2f'x? dx =2 [2x1] } 


a: 3 
28 
=2(4-2)=4, Sox= M = G) = 1 andy Ma t=d (x,y) 











(i, 5) is the center of mass. 














29. The mass of a horizontal strip is dm = 6 dA = 6L dy, where L is the width of the triangle at a distance of y above 
its base on the x-axis as shown in the figure in the text. Also, by similar triangles we have b= a 7 acy 








h 
= L= 2(h—y). Thus,M, = ['¥ dm = Poy (2) ) (h = pet Leeks) 
0 
3 3 2 h 27h 
= (9) = oon (} 1) = Sm = fam= fs (8) @—yay= FP Ov) y= 8 [by — FT) 
= * (1? ¥) = ee (2) (<4) =} => the center of mass lies above the base of the 
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triangle one-third of the way toward the opposite vertex. Similarly the other two sides of the triangle can be 


placed on the x-axis and the same results will occur. Therefore the centroid does lie at the intersection of the 


medians, as claimed. 


From the symmetry about the y-axis it follows that x = 0. 
It also follows that the line through the points (0, 0) and 
(0,3) isamedian > y= 53 —-O=15 @ y)=(,1). 


From the symmetry about the line x = y it follows that 

x = y. It also follows that the line through the points (0, 0) 
and (4, 5) isamedian => y=x=;- (3 — 0) = 3 

= y= (43). 


From the symmetry about the line x = y it follows that 
x =y. It also follows that the line through the point (0, 0) 
and (343) isa median => y=x=4(%-0) = za 


The point of intersection of the median from the vertex (0, b) 
to the opposite side has coordinates (0, a) 


=> y=(b—0)-} = 8 andx= (2-0)-2=3 


From the symmetry about the line x = 5 it follows that 


xX = §. It also follows that the line ae the points 
(3; ; and (5, 


=> (& y) = (5,3). 


b) is a median > y=;(b-0)=8 


you = y= ot" dx 
> ds = MRP +P = 1+ hax: 
M, =6f" /xy1+ dk dx 
=f xt Fdx=%[(c+)"] 
=#[@+y"-()" 


/ / 
¥(@"-@)"]-4@-) = 


(0,3) 


> 


(-1,0) (+1, 0) 
(0,1) 

(1,0) 
(O, a) 

(a, 0} 
(0,b) 


(§.b) 


(a,0) 


=~ 
oO 

ww 
(=) 

~~ 
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36, SR SS dy = Si dx 


=> dx = /(dx)? + (3x? dx)” = \/1 + 9x! dx; 1 


1 
M, =6f x 1 + 9x4 dx; 
[u=1+9x* > du= 36x? dx => % du =x? dx; 
x=0 u=1,x=1 u= 10] : x 
10 
_ _— 6 (2,,3/2]19 _ 6 2 
> M, = 6 J" 3eu? du = § [30°]? = & (10° —1) 


i 
i 


y 


-—> bd 











37. From Example 6 we have M, = f a(a sin 0)(k sin 0) d@ = ak | sin? 9 dé = ok (1 — cos 26) d6 














= wk [o — 04] =* er ;M, = f a(a cos @)(k sin 9) d@ = a?k f sin 8 cos 6 dé = ak [sin? 6] 5 = 0; 
M= iM ak sin 6 dO = ak[— cos @]7 = 2ak. Therefore, x = —* = O and y = “ = (4 =) (2 sz) = (0, an) 
is the center of mass. 
o T . Yy 
38. M, = [¥dm= f” (asind)-6-add rn fe 
a y=va'—-x" 
= f (a? sin 0) (1 +k|cos 6]) dO 
n/2 
= a? (sin 8)(1 +k cos 6) 46 
-a —? 


+a fe “(sin 0)(1 — k cos 6) dO 


n/2 m2 P 7 T 
=a fi sin 6d? + ak | sin@cos@d0 + af, sin 6 dé — a’k sin 6 cos 0 46 





; “ n/2 
= a’ [—cos ay? + a’k ea i a’[— cos a= ak [3 a" oe 





= a"[0 — (-1)] +a’ (3 — 0) + a°[-(-1) - 0] - ak (0-3) =a? + +a? + 
= 2a? + ak = a2(2 +k); 
M, = [Xdm= [(acos 4)-6-ad0 = [ (a? cos 8) (1 + k|cos 6|) 40 


n/2 © 
= af (cos 6)(1 +k cos @) d@ + a’, (cos 6)(1 — k cos 6) dé 

as x/2 . 7 
i 1+ cos 26 1+ cos 20 
=a? iq cos 8 dO + | (#99820) do + af cos @. dé — ak f(s) de 


= asin 5? + 5 [0+ HR] + a2Lsin Oe» — 9 [0+ HAT, 


= at(1 oe Te 0) 040) +20 —1)- fer +0)~ (f-40)] <a + ee we oe Ho, 








M= f-5-add=af(1 +k|cos 4) dd =a f+ kcos 4) a0 +a” (1 —k cos 8) dd 
= ald +k sin J” + al6 —k sin 6]",, =a[(F +k) — 0] +a [(x +0) - (5 —k)] 





= © + ak+a(%+k) =am + 2ak = a(n + 2k). Sox= WY =Oandy = M = FO+8 — 22+) 
a cath) is the center of mass. 





39. Consider the curve as an infinite number of line segments joined together. From the derivation of arc 


length we have that the length of a particular segment is ds = ,/ (dx)? + (dy)?. This implies that 





M, = ‘i éy ds, M, = f 6x ds and M = f 6 ds. If 6 is constant, then xX = a = iv = [as and 


= My _ fyds _ f yds 
Y=w > Jods “~~ Jength * 





40. Applying the symmetry argument analogous to the one used in Exercise 13, we find that x = 0. The typical 
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2 
1 + Vw +E ? 
vertical strip has center of mass: (X ,y ) = (« 2) , length: a — x, width: dx, area: dA = (a — x) dx, 


mass: dm =6dA=5(a-¥) dx. Thus, M, = {¥ dm = Frm (3) (0— &) oa 
5 [(2v™ 4 2,/pa 67.9 - pa? 
= £9 (0 ip) oe = ffi ME = 2-t fe wb] <0 or vn 2) 

















—2,/pa 
25. [aE oye 
= 2a°6 \/pai (1 — §§) = 205 /pa (“eg®) = 20 /pa ($$) = “9 m= fam=6 f (a—§) ax 
—2,/pa 
moore] 2-8 ee a] = 28 (aya) = sy 8) = (HED 
= Le Soy = ve = (=) (aim) = 2a, as claimed. 


41. Since the density is constant, its value will not affect our answers, so we can set 6 = 1. 


n/2+a 
A generalization of Example 6 yields M, = f y dm = f iss a’ sin 0 d@ = a?[—cos 6], °° 


7/2-a 


= a’ [— cos (Z + a) + cos (7 — a)] = a°(sin a + sin a) = 2a” sina; M = fdm = fra do = aloy2** 


n/2-a 





=a[(% +a) — (% —a)] = 2aa. Thus, ae: Ms — 2a"sina — asina | Now s = a(2a) andasina = § 


a@as sin na) _ 


=> c=2asina. Theny = , as Claimed. 


42. (a) First, we note that y = (distance from origin to AB) +d => 8% =acosa+d > d= alsin — 0.608 2) 





Moreover,h =a—acosa > ¢= sae ) — sna—acosa The graphs below suggest that 
: sina-—acosa ~, 2 
Ree a—-acosa ~~ 3° 
f 
f 
1 
sina ~acosa 
f(a) = ——___— 
0.8 a—acosa 






sina — a cosa 
a@—acosa 


f(a) = 








(b) [a 0.2 0.4 0.6 0.8 1.0 
fla) 0.666222 | 0.664879 | 0.662615 | 0.659389 | 0.655145 























6.5 AREAS OF SURFACES OF REVOLUTION AND THE THEOREMS OF PAPPUS 
2 
1. (a) % =sec?x > (¢) = sec’x (b) 


7/4 
>S= anf (tan x) \/ 1 + sec* x dx 
(c) S = 3.84 
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2 
2. @ $=2% = (2) =4e (b) 
2 
=> S=2nf 2 1+ 4x2 dx 


(c) S = 53.23 











2 
IX X b 
3. (a) xy=1 x 7 a z (*) =i, (b) 
2 
=> S=2n fl /1+y4 dy 
(c) S = 5.02 
4 dx __ dx —_ 2 (b) 
. (a) dy ~ COSY > (gy) =cos'y 


=> S = 2m f "(sin y) 1 + cos? y dy 


(c) S = 14.42 





5. Gy ee ey? =F = y = (3—x!/2)? (b) y 
= =2(3-x1) (-4x1") 
= (2) =(1-30)7 
= anf (3 — xi/2)? yl + (1 — 3x-1/2)? dx xl g yl? 3 

(c) S = 63.37 
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2 
@) ®=1+y "> (#) =(1¢y-)’ 


= $= 27 f(v+2y9) Vi1+(1+y71/2)? dx 


(c) $51.33 





2 
x x ‘ b 
(a) * = tany > (2) = tan’ y 6) 
m/3 
> S = 2n f, (J, tan tat) / 1 + tan? y dy 
n/3 
= 2n f (J; tan tat) sec y dy 
(c) S = 2.08 
2 
@) f=Ve-1 > (Z) =e-1 (6) y 
V5 x i = 
> S=2nf (J) Ve =Tat) J+ (2-1) dx 
rps 
= anf (f/ Ve = Tat) x dx 
(c) S & 8.55 











b 4 
y=is als flony 1+ (2) dx > S= f'2n(s)\/1+ lax = 98 fx dx 
214 
— ee [=] a Any/5 ; Geometry formula: base circumference = 27(2), slant height = \/ 4? + 2? = 2/5 


=> Lateral surface area = 5 (47) (2 V5) = 47/5 in agreement with the integral value 








y=3 x = 2y 7 2;S [rome /1+ (8) dy = foam. 2yVTFP dy = 4nV/5 fy dy = 2/3 ly°3 


= 2nr/5 -4= 8/5 ; Geometry formula: base circumference = 27(4), slant height = ./ 4? + 2? = 2/5 
=> Lateral surface area = 5 (87) (2 V5) = 8/5 in agreement with the integral value 


Ww _1.s = Samy 4)" dx = for 8e /14 ("a dx = 98 [w+ 1) dx =" [x44] 


= 5 24 3 +1)| = - (4+ 2) = 37./5; Geometry formula: r, = }+4=1,r.=—32+1=2, 
973 QD 
slant rer = JO _ oD +(3- 7 — J5 = Frustum surface area = m(r, + 12) x slant height = 7(1 + 2)/5 


= 30/5 in agreement with the integral value 
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12. y=%84h 5 x=2y-1 w= 2:8 = faexs/1+(#) +(#) dy = f 2nQy — D144 dy = 2mv/5 fy — ay 
= 2ny/5 ly? — y]i = 20 V/5[4 — 2) — (1 — 1] = 4/5; Geometry formula: r; = 1, r. = 3, 


slant height = J —1?+@6-1P= J5 => Frustum surface area = 7(1 + 3)/5 = An/5 in agreement with 
the integral value 


2 2 
3. $=5 = (2) =F o> s= fw 1s sax 




















— xt 4.3 1 _ x : 
[u=1+5 + du=§x dx = ;du= 7% dx; 
x=0 u=1,x=2 u 2| 

_ i 1/2. 1 qv — © [2 43/27 25/9 
— S=27 1 u -idu= 4% [Fu i 
— @ (125 — «m (125-27) _ 987 
=3(5 1) = 3 ("95") =F 

2 
14, Paix? > (2) =2 
( 

=s=f , 2my/x 4/1 + x dx 

15/4 3/2 15/4 
= 21 ‘9 x+4dx =2n [3 (x + i) lea 


fn /: / 
=S\Gh) “Gta |=3 


— Ar — 28a 
=3 C= DSS 


as 
2s 
| a | 
Patan I 
Nie 
Ree 
w 
_ 








15, ¥ — 1 @=2x) _ _1-x (#)° = (—xy 
‘dx 2 V2x — x2 J2x — x? dx 


1:5 
= 2 (=x? 
en Qm/2x — x? 4/1 + La% dx 
=—27 ms /7, x2 V 2x — ee dx 


V2x —x? 











= 20 he “ds a Jalal: = 27 





2 
16 ay _ ay = 1 
"dx = 4(x+ 1) 


= ae fl +a 


=f yfatntt dx =2nf- x+dx 
nme fitee NY =# [eC 


= S1( 9)8/2) _ an 3 38 
~~ 3 = * 3 2 23 


—_ 7 E (125 27) = — 49n 








1 
17, B=y? = (#) =y > s=f ™ /Tty¥ay; : 
ju=1+y* > du=4y?dy > }du=y'dy;y=0 : 
3 
u=lLy=1 u 2] + s= f-2n() ul/? (4 du) ee 


= ¢ fii? du = § [300] = 5 (v8—1) 
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18. x = (fy?/? —y!/?) < 0, when 1 < y < 3. To get positive 


area, we take x = — (4 ye y/) 
2 
=> B=-}(y#-y) > (#) =}-24+y%) 





3 
= S=- fin (ty#? -y'?) /1+h(y-2 +97) dy 


= ~2n f'(Ly¥? — y") [Ey F24y-) dy 











/: -1/2\2 
= —2n fo (y8? y!/?) = U2) dy = nf yi? (fy-1) (yi? + d2) dy = —17 1 Cys 1) (y+) dy 
: 2 3 
Ce eee ee eee en eee oe ey 
= -2(-18-1+43)= 











2 15/4 15/4 
19. $= Gs (B) =a Safle 2s fit Aaa fl” Vey tl ey 
wt LO VE Fy= 44 FO 9g" = Bere) Seas |G) ee 
= 8x (sv5 5/8) = § e (avs sv) = ase/5 











20. B= is > (B) = gh = 8a fieVI—T It gh ey = nf, VOy— Ds Tey 
= 2m fi V2 yl? dy = 2/2 [3 97] 5g = 2 [19 - (| = 2 (1 - BH) 
= ty? (tava-iv8) — 5 (162-575) 


21. d = Va + dy? = / (y aes J+ tay= f(y 3+ + ids) +1 dy = (yo +3 + dx) dy 


2 2 
Dies, dy = (y+ ds) dy;S = fo2ny ds = 20 f’y (y+ ds) dy = 2m fo (yt + by?) dy 











2 


=2n [2 - ty] "= 2n[(@-2)-(G-D] = 27 B+) = Be-31+ 5) = 


V2 
22. y= 4 (x2 42)? > dy=x/+2dx > ds= 14 224+) dx > S=2nf, x 1 + 2x? + x! dx 
V3 
=onf" x4) (x2 + IP dx =2n fx (x? +1) dx = 20 fr (x8 +x) dx = 20 [248] " =20($ +3) = 4n 
0 


2 
23. y= VP-P > Ba 1a —w) (29 = = > (2) = ws 


= S=2nf Vex /14 ar Py a — x2) $x? dx = Inf adx = 2malx}', 


= 2na[a — (—a)] = (277a)(2a) = 47a? 


2 2 
24, y= Fx w (2) =f = S=2n f'tx x/1+5 dx = 27 “Ex mar dx 
2 h h - 
= +n wee Pi xdx = JP +P fg] = vitae (8) <mVr 




















2 m/2 
25. y=cosx > & — —sinx => (2) =sin’x > S=2n { (cos x) 1 + sin? x dx 
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26, y = (1— x48) = = 3 (12)? (Bs) = 8, (a) = oe 











dx xs ax x PPIE) 
= ne 1—x2/)9? 1 (451) dx = 4 f (1 —29)9? Vx 2 ax 
a ee x3 dx; [w= 1—x7/8 > du=—3x dx = —3 du=x/ dx; 
. v=1x=1 5 u=0] > S=4r fv? (—3 du) = —6n [2 09/7]? = —6n (0-2) = 


d 2 
27. The area of the surface of one wok is S = f 27x yt + (s) dy. Now, x? +y? = 167 > x= \/16? — y? 


es x 2 2 7 2 -7 - : 

$= gatp > (§) = wh 8a [i eVIP 9 14 wep ey = orf VIP TP dy 
a) 

= anf, 16 dy = 327 - 9 = 2887 ~ 904.78 cm”. The enamel needed to cover one surface of one wok is 


V =S-0.5 mm = S- 0.05 cm = (904.78)(0.05) cm? = 45.24 cm?. For 5000 woks, we need 
5000 - V = 5000 - 45.24 cm? = (5)(45.24)L = 226.2L = 226.2 liters of each color are needed. 


= 2 9 ath 
28. y= VP — x? 2 2 eae = Jee (s) = zai 8 =2n ff Vr — x2 4/1 + aX dx 


= 27 re — x?) + x? dx = 2ar Ie dx = 2arh, which is independent of a. 


2 ath 
29. y=VR-? > 2 =-) = oe (*) = gigi S=2nf VR? /14 pea dx 
ath ath 
= 2n f° \/(R7— 2) $x? dx = 2nR [dx = 27Rh 









































2 2 
30. @) XP +y=49 > x= V4 —-y > F = oaks (s) =e 
45 5) 45 45 
S- fot JB 4/1 + get dy = Ie Jo (452 — y2) + y? dy =2r- 45. dy 


= (27)(45)(67.5) = 60757 square feet 
(b) 19,085 square feet 








31. y=x (¢) 1 (2) =1 => $=2nf |x| V+ 1 dx = 2m f (—x)V/2dx +20 [x2 ax 
= -2\/2n le] + +2,/2n [=] , = -2v 30 (0-2) + 2V3n@ - 0) = 52m 





4 2 4 0 4 
32. © — = > (2) = > by symmetry of the graph that $ = 2 f ,2n(—3) +4 dx; Ju=145 


=> du=4x3dx > —!du=—¥ dx;x 4/3 u=2,x=0 u 1] + S=4nf) ul? (-3) du 








1 
= nf w/? du = —2 [$ u?/?] : =-T (3 — 4 8) = 7 (v8 - 1) . If the absolute value bars are dropped the 


integral for S = f ih 27f(x) ds will equal zero since f fi 21 (+) ,/ 1+ 3 dx is the integral of an odd function 


over the symmetric interval -/3 <x< V/3. 








2 
33. dx — — sint and Y = cost > ()'+ (2) = /( sin t)? + (cos)? = 1 S = f 2ny ds 


= [202 + sin (1) dt = 20 [2t — cos t]2” = 2n[(4m — 1) — O- 1)] = Br? 
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34. 


35. 


36. 


37. 


38. 


39. 
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2 
& = /? and Y= tl? => (8)' + (2) =Vttri=,/*+! = sa f daxds 








i Sp 
= f° on (28) /2tt at = 2 ff nfe+idt p= +1 > du=2tdyt=0 > u=1, 


t= V3 = u=4] > fi Jadu = [09] f= 








v3 a 
Note: f 27 (3 t3/ 7) ett dt is an improper integral but : eg f(t) exists and is equal to 0, where 
f(t) = 2m (2/2) 4/"*". Thus the discontinuity is removable: define F(t) = f(t) for t > 0 and F(0) = 0 


V3 
= fo FOa= 


x —jand® =t+/2 = (8)? + (4) = [74 (44 v2) = Yer avaess => S= f 2axds 
=|" an (t+ V2) P+ 2V2t43 de; fu=P 4272043 => du= (21+ 2/2) dt;t=—/2 > u=1, 


t=/2> u=9] + fom fadu = [2 m9]? = 2 Q7-1) = 








2 
® = a(1 —cos t) and wy =asint > (er (2) = vlad — cos t)]? + (asin t)? 





= v/a? — 2a2cos t + a2 cos*t + a2sin2t = 2a? — 2a2cos t = ar\/2,/1 — cost > S= 1 2rry ds 
an 
0 


Qn 
=f 2m a(1 — cost) -ay/2\/1 — cos t dt = 2 2m a f (1 —cos t)*” dt 


&x —2and 2 =1 > (8) +(#) =VBTP= V5 > S= f2myds= f 2+ Sat 


1 
= 20/5 [s ‘f | = 30/5. Check: slant height is V5 = Areais m(1 + 2)y/5 = 3nv/5. 


2 1 
& hand =r > 1/(#)'+(Z) = Vie +P = S= faayds= f) 2mntyhe +P at 


1 1 
= 2nrV/h? + r? f tdt = 2mrV/h? + r? [5] — mrv/h? + r?.. Check: slant height is /h? + 1? = Area is 
moh? + r?. 


(a) An equation of the tangent line segment is 
(see figure) y = f(m,) + f’(m,)(x — m,). 
When x = xX,_; we have 
r = f(m,) + f/(m,)(X;,-1 — my) 
= fom.) + f"(m) (— S*) = f(m,) — fam) $8 ; 
when x = x, we have 
ry = f(m,) + f’(m,)(x;, — my) 
= f(m,) + f/(m,) SS; 
(b) L? = (Ax,)? + (2 —11)? eS 
= (Ax,)’ + [fm S¥ — (—f'(m) 3) ] 


= (Ax,)” + [f/m Ax)? > Ly = (Ax)? + [f/m Ax, ]”, as claimed 


(c) From geometry it is a fact that the lateral surface area of the frustum obtained by revolving the tangent 





m, *, 














line segment about the x-axis is given by AS, = m(1, + r2)LK = 7[2f(m,)] (dx)? + [f/(m) Ax, ]? 
using parts (a) and (b) above. Thus, AS, = 27f(m,) \/1 + [f’(m,)]? Ax,. 
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n n b 
(d) $=, lim, » AS, = , lim, » 2nf(m,) /1 + [f/m 2 Ax, = f Anf(x) /1 + [£2 dx 











b 4 
at s= J 2nf(x) dx = Jf, ST cas aa 2]. = 3 = V3n 


41. The centroid of the square is located at (2,2). The volume is V = (27) (¥) (A) = (27)(2)(8) = 327 and the 
surface area is S = (27) (¥) (L) = (277)(2) (4v8) = 32,/2n (where \/8 is the length of a side). 


42. The midpoint of the hypotenuse of the triangle is (3, 3) 
= y = 2x is an equation of the median = the line 


y = 2x contains the centroid. The point (3, 3) is 


ae 


units from the origin = the x-coordinate of the 





centroid solves the equation V (x — ay + (2x — 3)? 


= V5 = (x? 3x42) + (4x? - 12x49) = $5 
=> 5x?-15x+9=-1 
=> x? —3x+2=(x—2)(x—1)=0 = xX=1 since the centroid must lie inside the triangle > y = 2. By the 





Theorem of Pappus, the volume is V = (distance traveled by the centroid)(area of the region) = 27 (5 — x) [5 (3)(6)| 
= (27 )(4)9) = 727 


43. The centroid is located at (2,0) = V = (27) (xX) (A) = (27)(2)(m) = 47? 


44. We create the cone by revolving the triangle with vertices 
(0, 0), (h, r) and (h, 0) about the x-axis (see the accompanying 
figure). Thus, the cone has height h and base radius r. By 
Theorem of Pappus, the lateral surface area swept out by the 


hypotenuse L is given by S = 27yL = 2 (4) /h? +r? 
= mrv/1? + h?. To calculate the volume we need the position 
of the centroid of the triangle. From the diagram we see that 








the centroid lies on the line y = 3, x. The x-coordinate of the centroid solves the equation V (x —h)? + (+ x— ae 


2 ¥ By} € 2 ro - . ie 
= 7/44 => (= ) 2 (2 it) x + = Ae oat) ei = x= 7 or 2 => X = 2, since the centroid must lie 


X = 3. By the Theorem of Pappus, V = [27 (4)] (3 hr) = 1 rh. 





T 
inside the triangle => y = 5, 





45. S=2nyL => 4ma? = (2ry) (ma) => Y¥ = #, and by symmetry x = 0 
46. S=2npL = [2n(a— *)] (ma) = 2ma(n — 2) 


47. V=2nyA = 3 7ab? = (27y) (2) = y= Z and by symmetry x = 0 





48. V=2npA => V = [2n(a+ $)] (#1) = Mert® 


49. V = 27pA = (27/(area of the region) - (distance from the centroid to the line y = x — a). We must find the 
distance from (0 #2) to y =x —a. The line containing the centroid and perpendicular to y = x — a has slope 


137 
—1 and contains the point (0, #), This line is y = —x + — The intersection of y = x — aand y = —x + 2 is 
the point (ee Jar das - ear) | Thus, the distance from the centroid to the line y = x — ais 
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4a+3 2 4, Aa 3¢ 2 /2 (4a + 3am) _ \/2 (4a + 3am) a \ V2 7a3(4 + 37) 
v( a ae ae ee) oe = V =n) ( 6r oe a 6 


30 a 


50. The line perpendicular to y = x — a and passing through the centroid (0, 4 22) has equation y = —x + 28 . The 





intersection of the two perpendicular lines occurs when x — a = —x + 2a x= 2a tan y= 2a—an a Thus 








; ; 2 _ a\2 
the distance from the centroid to the line y = x — ais V (44% —0)° 4 (45 - #)' = adn) 


3 af te 
Therefore, by the Theorem of Pappus the surface area is S = 27 [2] (7a) = J 2ma? (2+ 7). 


51. From Example 4 and Pappus's Theorem for Volumes we have the moment about the x-axis is M, = yM 


= (3) (¥) =. 
6.6 WORK 


1. The force required to stretch the spring from its natural length of 2 m to a length of 5 m is F(x) = kx. The 
work done by Fis W = f F(x) dx =k a xdx = 35 K ix 215 = *. This work is equal to 1800 J = 3k = 1800 
=> k= 400 N/m 








2. (a) We find the force constant from Hooke's Law: F = kx k L k 800 200 Ib/in. 
(b) The work done to stretch the spring 2 inches beyond its natural length is W = A ; kx dx 
= 200 ie dx = 200 [=] = 200(2 — 0) = 400 in - Ib = 33.3 ft- Ib 
(c) We substitute F = 1600 into the equation F = 200x to find 1600 = 200x => x = 8 in. 


3. We find the force constant from Hooke's law: F = kx. A force of 2 N stretches the spring to 0.02 m 
=> 2=k-(0.02) => k=100 XN The force of 4 N will stretch the rubber band y m, where F= ky => y= 7 





0.04 
> y aN y = 0.04m =4cm. The work done to stretch the rubber band 0.04 mis W = f kx dx 
100 8 0 





0.04 0.04 5 
= _ x — (100)(0.04)2__ 
= 100 f x dx = 100 ER =— 7 — = 0.08 J 








4. We find the force constant from Hooke's law: F = kx k E k=” k = 90 The work done to 


0 XN 
m* 
5 


stretch the spring 5 m beyond its natural length is W = { kx dx = 90 4 x dx = 90 Ee = (90) ( (2) =1125J 


5. (a) We find the spring's constant from Hooke's law: F = kx k L abs abil k 7238 ® 








0.5 0.5 
(b) The work done to compress the assembly the first half inch is W = i. kx dx = 7238 f x dx 


0.5 
= 7238 [=] = (7238) ox. = {(7238)00.25) = 905 in - lb. The work done to compress the assembly the 


1.0 1.0 57 1.0 
second half inch is: W= J, kx dx = 7238 f,, x dx = 7238 [5] = 738 [1 — 0.57] = S80 
~ 2714 in - Ib 








6. First, we find the force constant from Hooke's law: F = kx k E ay 16 - 150 = 2,400 2. If someone 


compresses the scale x = 7 in, he/she must weigh F = kx = 2,400 G)= 300 Ib. The work done to compress the 


so far: ue 2] V8 400 = 25 
scale this far is W = J, kx dx = 2400 [3] © = 3490 = 18.75 Ib - in. = 3 ft- Ib 
0 
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10. 


11. 


12. 


13. 


14. 
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The force required to haul up the rope is equal to the rope's weight, which varies steadily and is proportional to 


50 50 
x, the length of the rope still hanging: F(x) = 0.624x. The work done is: W = f F(x) dx = if. 0.624x dx 


37 50 
= 0.624 [5] = 7804 


The weight of sand decreases steadily by 72 lb over the 18 ft, at 4 lb/ft. So the weight of sand when the bag is x ft off the 
b 18 
ground is F(x) = 144 — 4x. The work done is: W = f F(x) dx = i (144 — 4x)dx = [144x — 2x?] - = 1944 ft - Ib 


The force required to lift the cable is equal to the weight of the cable paid out: F(x) = (4.5)(180 — x) where x 
180 180 
is the position of the car off the first floor. The work done is: W = f F(x) dx = 4.5 ih (180 — x) dx 


97 180 9 9 
=4.5[180x—%] — = 4.5 (180? — 19) — 45:87 — 79,900 ft- Ib 


Since the force is acting toward the origin, it acts opposite to the positive x-direction. Thus F(x) = — s. The 


work done is W = f —% dx =k f— 4 dx =k([!]"=k(} - 3) a 


x a 


The force against the piston is F = pA. If V = Ax, where x is the height of the cylinder, then dV = A dx 
(P2,V2) 
=> Work = [Fdx= fpAdx= J" “pav. 


pv!“ =c,aconstant > p=cV~!+. If V; = 243 in? and p; = 50 Ib/in®, then c = (50)(243)!4 = 109,350 lb. 


32 
_ 14 _ 109,350] 32, _=s:109,350 1 1 _— _ 109,350 (1 1 
Thus W = J/,,109.350V dv = [- pare] 243 — a a ae) = rae a) 
_ _ 109,350)(5) __ 


O5G6 —37,968.75 in - lb. Note that when a system is compressed, the work done by the system is negative. 








Let r = the constant rate of leakage. Since the bucket is leaking at a constant rate and the bucket is rising at a constant rate, 
the amount of water in the bucket is proportional to (20 — x), the distance the bucket is being raised. The leakage rate of 


the water is 0.8 lb/ft raised and the weight of the water in the bucket is F = 0.8(20 — x). So: 
20 20 
w= |, 0.8(20 —x) dx =0.8 [20x - | = 160 ft Tb. 


2 
2 


Let r = the constant rate of leakage. Since the bucket is leaking at a constant rate and the bucket is rising at a constant rate, 
the amount of water in the bucket is proportional to (20 — x), the distance the bucket is being raised. The leakage rate of 
the water is 2 lb/ft raised and the weight of the water in the bucket is F = 2(20 — x). So: 


20 212% 
w= f 2(20 — x) dx = 2 [20x — $] = 400 ft - Ib. 


Note that since the force in Exercise 14 is 2.5 times the force in Exercise 13 at each elevation, the total work is also 2.5 
times as great. 
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15. We will use the coordinate system given. 


(a) 


(b 


wm 


(c) 


(d 


wm 


16. We will use the coordinate system given. 


(a) 


(b) 
(c) 
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The typical slab between the planes at y and y + Ay has 
a volume of AV = (10)(12) Ay = 120 Ay ft?. The force 
F required to lift the slab is equal to its weight: 
F = 62.4AV = 62.4- 120 Ay lb. The distance through 
which F must act is about y ft, so the work done lifting 
the slab is about AW = force x distance 

= 62.4- 120-y- Ay ft-lb. The work it takes to lift all 





20 
the water is approximately W ~ }> AW 
0 


20 
= )> 62.4- 120y - Ay ft-lb. This is a Riemann sum for 
0 


the function 62.4 - 120y over the interval 0 < y < 20. The work of pumping the tank empty is the limit of these sums: 


20 27 20 
w= |, 62.4- 120y dy = (62.4)(120) [=| = (624)(120) (9°) = (62.4)(120)(200) = 1,497,600 ft - Ib 





The time t it takes to empty the full tank with (=) -hp motor is t = SSE a Ne = 5990.4 sec 
= 1.664hr => t= 1 hrand 40 min 


Following all the steps of part (a), we find that the work it takes to lower the water level 10 ft is 

10 10 
W= J. 62.4 - 120y dy = (62.4)(120) [+] o = (62.4)(120) (%) = 374,400 ft - Ib and the time is t = 359 ES 
= 1497.6 sec = 0.416 hr & 25 min 


In a location where water weighs 62.26 b: 


fe * 

a) W = (62.26)(24,000) = 1,494,240 ft - Ib. 

b) t= S20 = 5976.96 sec ~ 1.660 hr => t © 1 hr and 40 min 
In a location where water weighs 62.59 a 
a) W = (62.59)(24,000) = 1,502,160 ft - lb 


b) t= 21 — 6008.64 sec ~ 1.669 hr = t © 1 hr and 40.1 min 


Ground level 





The typical slab between the planes at y and y + Ay has 
a volume of AV = (20)(12) Ay = 240 Ay ft?. The force 
F required to lift the slab is equal to its weight: 

F = 62.4AV = 62.4- 240 Ay Ib. The distance through 
which F must act is about y ft, so the work done lifting 
the slab is about AW = force x distance 


20 
= 62.4-240-y - Ay ft-lb. The work it takes to lift all the water is approximately W ~ }> AW 
10 


20 
= 5° 62.4 - 240y - Ay ft-lb. This is a Riemann sum for the function 62.4 - 240y over the interval 
10 


20 
10 < y < 20. The work it takes to empty the cistern is the limit of these sums: W = f . 62.4 - 240y dy 


= (62.4)(240) [=] . = (62.4)(240)(200 — 50) = (62.4)(240)(150) = 2,246,400 ft - Ib 





t= Nor = SORCE ~ 8168.73 sec © 2.27 hours © 2 hr and 16.1 min 
Following all the steps of part (a), we find that the work it takes to empty the tank halfway is 


15 57 15 
W= i , 02-4 - 240y dy = (62.4)(240) [=] = (62.4)(240) (422 — 2) = (62.4)(240) (+42) = 936,000 ft. 


Then the time is t = “rr = “52% ~ 3403.64 sec ~ 56.7 min 
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17. 


18. 


19. 


20. 


21. 


22. 


(d) Ina location where water weighs 62.26 2: 


fe * 
a) W = (62.26)(240)(150) = 2,241,360 ft - Ib. 
b) t= 2413 — 8150.40 sec = 2.264 hours ~ 2 hr and 15.8 min 


c) W = (62.26)(240) (45) = 933,900 ft - Ib; t = 32% = 3396 sec ~ 0.94 hours ~ 56.6 min 


wm 





In a location where water weighs 62.59 © ie 
a) W = (62.59)(240)(150) = 2,253,240 ft - lb. 
b) t= 7733240 — 8193.60 sec = 2.276 hours ~ 2 hr and 16.56 min 


c) W = (62.59)(240) (45) = 938,850 ft - Ib; t = 8° ~ 3414 sec ~ 0.95 hours ~ 56.9 min 





The slab is a disk of area 7x? = m(z)*, * thickness Ay, and height below the top of the tank (10 — y). So the work to pump 
the oil in this slab, AW, is 57(10 — y)a (% a The work to pump all the oil to the top of the tank is 


,7 10 
w= [- 222(10y? — y®)dy = 22 [29° — 3] | = 11.8750 fe Ib = 37,306 ft I. 


Each slab of oil is to be pumped to a height of 14 ft. So the work to pump a slab is (14 — y) (7) (3) and since the tank is 


half full and the volume of the original cone is V = 3a1’h = $7(5°)(10) = =P ft’, half the volume = 37" ft’, and 


; =o 9/50 

with half the volume the cone is filled to a height y, one = Lavy >y= ¥/500 ft. So W = f 27 (14y? — y®) dy 
_ Sn | uy =| 4/500 
7 0 


in| ee ee =~ 60,042 ft - Ib. 


The typical slab between the planes at y and and y + Ay has a volume of AV = z(radius)?(thickness) = 7 (2 by Ay 
= 7 - 100 Ay ft®. The force F required to lift the slab is equal to its weight: F = 51.2 AV = 51.2 - 1007 Ay Ib 
= F=51207 Ay lb. The distance through which F must act is about (30 — y) ft. The work it takes to lift all the 


30 30 
kerosene is approximately W ~ > AW = )- 51207(30 — y) Ay ft - lb which is a Riemann sum. The work to pump the 
0 0 


30 30 
tank dry is the limit of these sums: W = f 51207(30 — y) dy = 51207 [30y = | —= = 51207 (202) = (5120)(4507) 
& 7,238,229.48 ft - lb 


(Alternate Solution) Each method must pump all of the water the 15 ft to the base of the tank. Pumping to the rim requires 
all the water to be pumped an additional 6 feet. Pumping into the bottom requires that the water be pumped an average of 3 


additional feet. Thus pumping through the valve requires \/3 ft(4m)6 ft3(62.4 lb/ft?) ~ 14,115 ft - Ib less work and thus 
less time. 


(a) Follow all the steps of Example 5 but make the substitution of 64.5 a for 57 5 ib Then, 


= T T 3 478 7 -83 is 7 
wef. 645 (10 — yyy? dy = 48 [¥ =|, = was (28 s) = (452) (93) (10 — 2) 
= 45n-8" — 21 57 - 83 ~ 34,582.65 ft - Ib 
(b) Exactly as done in Example 5 but change the distance through which F acts to distance (13 — y) ft. 





A 


Then W = fa (13 —_ y)y” dy = ain E | — oi (42 s) = (27) (83) (# 2) = a 
= (197) (82) (7)(2) © 53.482.5 ft - Ib 





The typical slab between the planes of y and y+Ay has a volume of about AV = z(radius)(thickness) 
=T (/¥)” Ay = xy Ay m?. The force F(y) is equal to the slab's weight: F(y) = 10,000 x - AV 
= 710,000y Ay N. The height of the tank is 47 = 16 m. The distance through which F(y) must act to lift 
the slab to the level of the top of the tank is about (16 — y) m, so the work done lifting the slab is about 
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23. 


24. 


25. 


26. 


21; 


28. 


29. 


30. 


31. 


Section 6.6 Work 


AW = 10,0007y(16 — y) Ay N- m. The work done lifting all the slabs from y = 0 to y = 16 to the top is 
16 

approximately W ~ 5> 10,0007y(16 — y)Ay. Taking the limit of these Riemann sums, we get 
0 


3 


; : ; 16 ‘ ; 
W = [/ 10,0007y(16 — y) dy = 10,000n f (16y — y?) dy = 10,0007 e 7 5] Neal (¢ 7 *) 
7 pine = 21,446,605.9 J 


The typical slab between the planes at y and y+Ay has a volume of about AV = z(radius)?(thickness) 
=T (\ [25 — y?) : Ay m°. The force F(y) required to lift this slab is equal to its weight: F(y) = 9800 - AV 
= 98007 (4/25 — y?) “Ay = 98007 (25 — y?) Ay N. The distance through which F(y) must act to lift the 


slab to the level of 4 m above the top of the reservoir is about (4 — y) m, so the work done is approximately 
AW ~® 98007 (25 — y”) (4 — y) Ay N- m. The work done lifting all the slabs from y = —5 m to y = 0 mis 


0 
approximately W ~ )> 98007 (25 — y?) (4 — y) Ay N- m. Taking the limit of these Riemann sums, we get 
—5 





0 0 
w= J ,9800% (25 — y?) (4 — y) dy = 98007 J ,(100 — 25y — 4y? + y3) dy = 98007 [100y By? — ty3 + y 
= —9800n (—500 — 225 + 3-125 + ©3) = 15,073,099.75 J 


The typical slab between the planes at y and y+Ay has a volume of about AV = z(radius)?(thickness) 

= 7 (/100 — y)° Ay = 1 (100 — y”) Ay ft®. The force is F(y) = 82 - AV = 56m (100 — y”) Ay Ib. The 
distance through which F(y) must act to lift the slab to the level of 2 ft above the top of the tank is about 

(12 — y) ft, so the work done is AW ~ 56m (100 — y”) (12 — y) Ay lb - ft. The work done lifting all the slabs 


10 
from y = 0 ft to y = 10 ft is approximately W ~ 5+ 567 (100 — y”) (12 — y) Ay lb - ft. Taking the limit of these 
0 


10 10 
Riemann sums, we get W = [, 56x (100 — y2) (12 — y) dy = 56x. (100 — y?) (12 — y) dy 


al 


10 2 0 
= 56n f° (1200 — 100y — 12y? + y*) dy = 56m [1200y ee = Ee | ; 
= 56m (12,000 — 120° — 4. 1000 + *20%) = (56m) (12 — 5 — 4 + 3) (1000) = 967,611 ft - Ib. 
It would cost (0.5)(967,611) = 483,805¢ = $4838.05. Yes, you can afford to hire the firm. 





F=m w =mv wu by the chain rule => W = t mv & we dx = mf” (v a) dx =m [5 v?(x)] 2 


=} m [v2(x2) — v2(x,)] = 4 +mv3 — 5 mv73, as claimed. 


weight = 20z = 2 Ib; mass = “#8 = 5 =. stugs; w = (4) (sk slugs) (160 ft/sec)? ~ 50 ft - Ib 
& ig 32 a0 a5g OES: 2) \356 StUS 





_ 90mi , _Lhr , Imin _ 5280ft 0.3125 Ib = 03125 
90 mph = Tyr * Gomin ” GOsec Im — 132 ft/sec, m= 3 = slugs, 


W = (4) ($3323) (132 ft/sec)? ~ 85.1 ft - Ib 














weight = 1.60z = 0.1 1b > m= yt, = x slugs; W = (4) (445 slugs) (280 ft/sec)? = 122.5 ft- Ib 


1 
weight = 2 oz ; Ib m= % slugs = 55 slugs; 124 mph = a = 181.87 ft/sec; 


W= (5) (s% sigs) (181.87 ft/sec)? = 64.6 ft - Ib 








weight = 14.5 oz = 48 Ib > m= ght slugs; W = (4) ( ahs slugs) (88 ft/sec)? ~ 109.7 ft Ib 








weight = 6.5 oz = $5 lb = m= 855 slugs; W = (4) (S55, slugs) (132 fu/sec)? © 110.6 ft Ib 
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32. 


33. 


34. 


35. 


36. 


1/6 


1/6 
F = (18 lb/ft)x = W= f. 18x dx = [9x?] ,/° = ; ft-lb. Now W = $ mv? — § mvj, where W = ; ft- lb, 


2 

1 
n=. = x slugs and v; = 0 ft/sec. Thus, ; ft-lb. = (3) (s% slugs) VvS>ve= 8/2 2 ft/sec. With v = 0 
at the top of the bearing's path and v = By / 2 32t > t= v2 sec when the bearing is at the top of its path. 
The height the bearing reaches is s = 8/2 216? > ate= we the bearing reaches a height of 


(v3) (8) -0 (2) =20 


(a) From the diagram, 
r(y) = 60 — x = 60 — 1/50? — (y — 325)” 


for 325 < y < 375 ft. 
The volume of a horizontal slice of the funnel 


is AV & n[r(y)] Ay 


(b 


we 


2 
= =|00 — 4/502 ~(- 325)" Ay 


(c) The work required to lift the single slice of 
water is AW ~ 62.4AV(375 — y) 


2 
= 62.4(375 — y)r oo — 4/502 —(y — 325) Ay. 


The total work to pump our the funnel is W 


325 





2 
= f° 62.4(375 — y)r oo 50? = (y — 325)" dy 


= 6.3358 - 10’ ft - Ib. 


(a) From the result in Example 6, the work to pump out the throat is 1,353,869,354 ft - lb. Therefor, the total work 
required to pump out the throat and the funnel is 1,353,869,354 + 63,358,000 = 1,417227,354 ft - lb. 
In horsepower-hours, the work required to pump out the glory hole is Laat doe = 715.8. Therefore, it would take 


1.98-1 
715.8 hp-h : 
jooehs = = 0.7158 hours ~ 43 minutes. 


(b 


wm 





We imagine the milkshake divided into thin slabs by planes perpendicular to the y-axis at the points of a 
partition of the interval [0, 7]. The typical slab between the planes at y and y + Ay has a volume of about 


AV = ease cougar =T7 (4 a Ay in’. The force F(y) required to lift this slab is equal to its 
weight: F(y) = j AV = 4c (yt i Ay oz. The distance through which F(y) must act to lift this slab to 
the level of 1 a above fhe top is about (8 — y) in. The work done lifting the slab is about 

AW = (+) taste (8 — y) Ay in- oz. The work done lifting all the slabs from y = 0 to y = 7 is 


approximately W = Ds saa YF 17.5)?(8 — y) Ay in - oz which is a Riemann sum. The work is the limit of 


7 
these sums as the norm of the partition goes to zero: W = <a. “ eg y+ IT. 5)?(8 — y) dy 


A 


7 
= gity f, (2450 — 26.25y — 279? — y3) dy = 5% ¥ _ gy8 — 2625 y2 4 24509] 








= 3 | ts 9-73 2625 . 7? 4.2450 - 7] = 91.32 in - 07 


We fill the pipe and the tank. To find the work required to fill the tank follow Example 6 with radius = 10 ft. Then 
AV = 7 - 100 Ay ft*. The force required will be F = 62.4 - AV = 62.4 - 1007 Ay = 62407 Ay lb. The distance through 
which F must act is y so the work done lifting the slab is about AW, = 62407 - y - Ay Ib- ft. The work it takes to 
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385 


385 
lift all the water into the tank is: W, ~ }> AW, = >> 62407 - y- Ay Ib- ft. Taking the limit we end up with 


360 360 


385 
Wi = f. 6240ny dy = 6240n [3] = S242 385? — 3607] ~ 182,557,949 ft - Ib 


360 





To find the work required to fill the pipe, do as above, but take the radius to be s in= : ft. 
Then AV =7- x Ay ft? and F = 62.4- AV = Gan Ay. Also take different limits of summation and 





360 360 
integration: W) ~ > AW: = Wy = [4 ny dy = 242 [E], = (S82) (2) & 352,864 fe - Ib. 
0 0 


The total work is W = W, + Wo2 & 182,557,949 + 352,864 = 182,910,813 ft - lb. The time it takes to fill the 


tank and the pipe is Time = a ~) egal ~ 110,855 sec = 31 hr 


35,780,000 35,780,000 


Work = 1000MG dr = 1000MG [ = 1000MG [- 4] 


6,370,000 r 6,370,000 r 


35,780,000 
6,370,000 


5.144. x 10 J 





= (1000) (5.975 - 10%) (6.672 - 10") (saab ane 


0 
(a) Let p be the x-coordinate of the second electron. Then r? = (p — 1)? > W= f _, Fe) dp 


2! 0 © © 
- =f"! (23x 10-29) dp _ [a= | = (23 x 107) (1 — 4) = 11.5 x 10-9 





by pl 
(b) W = W, + W2 where W;, is the work done against the field of the first electron and W, is the work done 
against the field of the second electron. Let p be the x-coordinate of the third electron. Then r7 = (p — 1)? 


‘ 5 = 5 
and 13 = (9+ 1)? > Wi = fo Bap = fPRIF dp = -23 x 10-* [4] 


5 5 
—29) (1 1) _ 23 —29 _ 23x 1078 _ 23x 107-8 
(—23 x 10®) (3 — 3) = x 10%, and We = ff) BP" dp = fo IEE dp 











5 : 
= —23 x 10° | 15] = (23 x 10-9) (2 — 3) = Bae G — 2) = B x 10. Therefore 


W = W, + W2 = (3 x 10-79) + (8 x 10°) = 8 x 10° = 7.67 x 10-9 J 


6.7 FLUID PRESSURES AND FORCES 


To find the width of the plate at a typical depth y, we first find an equation for the line of the plate's 
right-hand edge: y = x — 5. If we let x denote the width of the right-hand half of the triangle at depth y, then 
x = 5+ y and the total width is L(y) = 2x = 2(5 + y). The depth of the strip is (—y). The force exerted by the 


ea) —2 
water against one side of the plate is therefore F = ft. w(—y) - L(y) dy = te 62.4 - (—y)- 2(5 + y) dy 


= 124.8 f( (—Sy — y*) dy = 124.8 [— Sy? — Ly3] “7 = 124.8 [(—2-4+2-8) — (—3-2544-125)] 
= (124.8) (498 — 47) = (124.8) (#2484) = 1684.8 Ib 


An equation for the line of the plate's right-hand edge is y= x -3 => x =y-+3. Thus the total width is 
L(y) = 2x = 2(y + 3). The depth of the strip is (2 — y). The force exerted by the water is 


0 0 0 i a y3 0 
F= f .w(2—y)L(y) dy = [62.4 -(2—y)- 23 +y) dy = 124.8 [ (6 —y — y?) dy = 124.8 ley a =| 2 
= (—124.8) (—18 — 3 +9) = (—124.8) (— F) = 1684.8 Ib 
Using the coordinate system of Exercise 4, we find the equation for the line of the plate's right-hand edge is 
y=x-—3 => x=y+3. Thus the total width is L(y) = 2x = 2(y + 3). The depth of the strip changes to (4 — y) 
0 0 0 
=> F=f w(4-y)L(y) dy = [624-4 —y)-2y +3) dy = 124.8 (12 + y —y?) dy 


= 124.8 [lay + 5 +0 | 5 = (124.8) (—36 + 2 +9) = (—124.8) (— 2) = 2808 Ib 
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4. Using the coordinate system of Exercise 4, we see that the equation for the line of the plate's right-hand edge 
remains the same: y= x—3 => x=3+yandL(y) = 2x = 2(y + 3). The depth of the strip changes to (—y) 
0 0 0 3 0 
= F= | w(-y)Liy) dy = f 62.4- (-y) - 2(y +3) dy = 124.8 [ (—y? — 3y) dy = 124.8 [- = 3y?] - 
= (—124.8) (2 — 22) = C*8CDE~) — 561.6 Ib 





5. Using the coordinate system of Exercise 4, we find the equation for the line of the plate's right-hand edge to be 
y=2x-4>5> x= uw and L(y) = 2x = y + 4. The depth of the strip is (1 — y). 


0 0 0 370 
(a) F= f wil —y)Ly) dy = f 624-1 — yyy +4) dy = 62.4 f (4 —3y—y? ) dy = 62.4 ay — 3 — 5 . 


= (—62.4) \ 4)(4) sue | = (—62.4) (—16 — 24+ 4) = CRBC) = 1164.8 Ib 








(b) F = (—64.0) [Ic 4)(4) — O08) + ¢] = COOK OF 1194.7 Ib 


6. Using the coordinate system given, we find an equation for y (ft) 
the line of the plate's right-hand edge to be y = —2x + 4 
=> x= 4% and L(y) = 2x =4~y. The depth of the 


1 
strip is(1—y) > F= [ wl —yy(4—y)dy 
9 1 
= 624 f(y? 2 — Sy +4) dy = 62.4 | — 3 + ay] 
= (62.4) (4 — 2 +4) = (62.4) (2-184) = OO) = 114.4 1b 








7. Using the coordinate system given in the accompanying y (in) 
figure, we see that the total width is L(y) = 63 and the depth 


33 
of the sp is 33.5—y) + F=f w(33.5 — y)L(y) dy y 7 
tne 
= [° & - 3.5 —y)-63 dy = () 3) f- 3.5 —y) dy WLLL 


= ($$) 63) [335y-¥] "= (' 2] -31.5 aate 


#2) [63.5)G3) — 
__ (64)(63)(33)(67 — 33) __ 
= (AX6GNET=39) — 1309 Ib 





x (in) 





8. (a) Use the coordinate system given in the accompanying 
figure. The ma ( of the strip is (2 - y) ft 


== prow 1 _ y) (width) dy 
= (62.4)(width) ro (2 —y) ay 


11/6 
= (62.4)(width) [4 y- | 





0 


= (62.4)(width) (2)? . 4] => Feng = (62.4)(2) (2) ($) 209.73 Ib and Fyige = (62.4)(4) (2) (3) & 419.47 Ib 


L 
2 


(b) Use the coordinate system given in the accompanying y (ft) 


wm 


figure. Find Y from the condition that 7 entire volume 

of the water is conserved (no spilling): -2-4=2-2-Y 
=> Y= i ft. The depth of a typical as is (2 — y) ft 

and the total width is L(y) = 2 ft. Thus, 


F=f. w(4-y)Lo)ay 
11/3 


= f0"624) (1 -y) -2dy = 2.4) [4 y—¥] 


force doubles. 





= (62.4)(2) [(4) (4)?] = CREP ~ 838.93 1b = the fluid 
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Using the coordinate system given in the accompanying y (ft) 
figure, we see that the right-hand edge is x = J1—y? 

so the total width is L(y) = 2x = 2,/1 — y? and the depth 
of the strip is (—y). The force exerted by the water is 


0 
therefore F = fw -(—y)-2,/1—y? dy 





=624f" J1-y2d(1—-y *) = 62.4 [3(1 -)" = (62.4) (2) (1 — 0) = 416 Ib 


Using the same coordinate system as in Exercise 15, the right-hand edge is x = ,/3? — y? and the total width is 
L(y) = 2x = 2,/9 — y?. The depth of the strip is (—y). The force exerted by the milk is therefore 


F= fo w-(-y)-2/9—y2 dy = 64.5 f /9—y? (9 - y?) = 64.5 [2 (9 - yyy’ <3) 0) 
= (64.5)(18) = 1161 lb 


The coordinate system is given in the text. The right-hand edge is x = JY and the total width is L(y) = 2x = 2,/ y. 


i: 
(a) The depth of the strip is (2 — y) so the force exerted by the liquid on the gate is F = f w(2 — y)L(y) dy 


1 1 1 
= J, 502 —y)-2,/ydy = 100 f (2 —y),/y dy = 100’ (2y!/? — y3/2) dy = 100 [4 y¥/? — 2 y9/2] 5 
= 100 ($ — 2) = (4%) (20-6) = 93.33 Ib 





(b) We need to solve 160 = iE w(H — y) - 2,/y dy for h. 160 = 100 (4-2) > H=3ft. 


Use the coordinate system given in the accompanying figure. The total width is L(y) = 1. 
(a) The depth of the strip is (3 — 1) — y = (2 — y) ft. The force exerted et the fluid in the window is 


1 1 
F= J, w2—y)Lqy dy = 62.4 J. 2 —y)- 1 dy = (62.4) [2y - aK = (62.4) (2 — 1) = @48 — 93.6 1b 
Suppose that H is the maximum height to which the Pi (ft) 
DT 


Ye 
-5 


bottom 


(b 


we 


tank can be filled without exceeding its design 





limitation. This means that the depth of a typical 








#B 





x (ft) 





strip is (H — 1) — y and the force is 
1 
F= f w([(H — 1) — yJL(y) dy = Fiuax, where sf 


1 sad 
Fyox = 312 Ib. Thus, Fnac = wf, [(H — 1) — y]- 1 dy = (62.4) [a he | = (62.4) (H— 3) 


= (%4) QH — 3) = —93.6 + 62.4H. Then Fr = —93.6 + 62.4H = 312 = —93.6+624H > H= 2 





= 6.5 ft 


Suppose that h is the maximum height. Using the coordinate system given in the text, we find an equation for 


the line of the end plate's right-hand edge is y = 3 X> x= 2 y. The total width is L(y) = 2x = $ y and the 


h 
depth of the typical horizontal strip at level y is (h — y). Then the force is F = f w(h — y)L(y) dy = Fmax, 


h h 
where F,,., = 6667 lb. Hence, Fnax = W f (h — y)- Sy dy = (62.4) (4) f (hy — y”) dy 


= (624) (§) [4 — ¥]” = 624 (8) ($ - ¥) = 24) (8) (4) b= 0.4) (8) > n= Ge) 


= 3 (3) ($667) = 9.288 ft. The volume of water which the tank can hold is V = 4 5 (Base)(Height) - 30, where 
Height = h and 5 (Base) = 2h => V= (2 h?) (30) = 12h? = 12(9.288)? = 1035 ft°. 
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14. (a) After 9 hours of filling there are V = 1000 - 9 = 9000 cubic feet of water in the pool. The level of the water 


ish= ao: where Area = 50-30 = 1500 => h 2000 6 ft. The depth of the typical horizontal strip at 


level y is then (6 — y) for the coordinate system given in the text. An equation for the drain plate's 








right-hand edge is y = x = total width is L(y) = 2x = 2y. Thus the force against the drain plate is 
1 1 1 2 3,1 
F=f w(6—y)Lty) dy = 62.4 J 6 — y)- 2y dy = (62.4)(2) J. (6y — y?) = (62.42) [F — F] | 
= (124.8) (3 — $) = (124.8) (8) = 332.8 Ib 
Suppose that h is the maximum height. Then, the depth of a typical strip is (h — y) and the force 
1 1 
F= PR w(h — y)L(y) dy = Frax, where F,,,. = 520 Ib. Hence, Fy. = (62.4) |. (h — y) - 2y dy 


(b 


wm 





1 9 1 
= 124.8 [° (hy — y?) dy = (124.8) [= = =| = (124.8) (2 — $) = (20.8)Gh—2) > 39 =3h-2 


20.8 


Sh= =) = 9 ft 


15. The pressure at level y is p(y) = w- y = the average 
if ae i y? b 
pressure is p = ; fi p(y) dy = +f w-ydy= w/e]. 


= (*) (5) = a . This is the pressure at level , which 





is the pressure at the middle of the plate. 


b b b b 
16. The force exerted by the fluid is F = f w(depth)(length) dy = a w-y-ady=(w- a) [. y dy = (w- a) [=] 


0 


=wWw (#) = (2%) (ab) = p- Area, where p is the average value of the pressure (see Exercise 21). 


0 
17. When the water reaches the top of the tank the force on the movable side is f 3 (62.4) (2 4— y?) (—y) dy 


0 
= (62.4) [ (4 -y?) 
compressing the spring is F = 100x, so when the tank is full we have 332.8 = 100x = x & 3.33 ft. Therefore 


'2(_oy) dy = (62.4) [3 (4 — y2)*/ | 7 = (62.4) (3) (43/2) = 332.8 ft - Ib. The force 


the movable end does not reach the required 5 ft to allow drainage = the tank will overflow. 


18. (a) Using the given coordinate system we see that the total 
width is L(y) = 3 and the depth of the strip is (3 — y). 


Thus, F = : w(3 — y)L(y) dy = fee —y)-3dy 
° 273 
= (62.4)3) J) G —y) dy = 62.43) [3y — ¥] 


= (62.4)(3) (9 — 3) = (62.4)(3) (3) = 842.4 Ib 
(b) Find a new water level Y such that Fy = (0.75)(842.4 Ib) = 631.8 Ib. The new depth of the strip is 





¥ 
(Y — y) and Y is the new upper limit of integration. Thus, Fy = a w(Y — y)L(y) dy 
Y 'Y, a) ¥ 2 y? 
= 62.4 (Y —y)-3 dy = (62.43) J. (Y — y) dy = (62.4)(3) [yy = | = (62.4)(3) (v = *) 


= (62.4)(3) () . Therefore, Y = /qity = 1/ BBS = 6.75 ~ 2.598 ft. So, AY =3-Y 
m3 — 2.598 ~ 0.402 ft ~ 4.8 in 








19. Use acoordinate system with y = 0 at the bottom of the carton and with L(y) = 3.75 and the depth of a typical strip being 
115 71.75 97 7.75 
(7.75 — y). Then F = J. w(7.75 — y)L(y) dy = ($42) (3.75) f (7.75 — y) dy = (S42) (3.75) [7.75y - | ; 


= (8) (3.75) 2 ww 4.2 Ib 
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20. The force against the base is F,,,. = pA = whA = w- h- (length)(width) = (34) (10)(5.75)(3.5) = 6.64 Ib. 


To find the fluid force against each side, use a coordinate system with y = 0 at the bottom of the can, so that the depth of a 


typical strip is (10 — y): F=f. w(10— yy (Wiho') ay = (3%) (wisthe’) [toy — 5] i 


the side 


= (35) (ut) (2) = Bena = ($5) (50)(3.5) & 5.773 Ib and Fess = (2%) (50)(5.75) # 9.484 Ib 


21. (a) An equation of the right-hand edge is y = 3 Xx > x= 3 y and L(y) = 2x = 2] . The depth of the strip 


3 3) 3: 
is(3—y) + F=f w(3—y)L(y) dy = f’ (62.4)3 — y) (4y) dy = 2.4) - (4) J, By —y?) ay 
= (62.4) ($) [3y?- aK = (62.4) (4) [22 — 24] = 62.4) (4) (22) = 374.4 Ib 
(b) We want to find a new water level Y such that Fy = 5 (374.4) = 187.2 lb. The new depth of the strip is 


bid 
(Y — y), and Y is the new upper limit of integration. Thus, Fy = f w(Y — y)L(y) dy 
Y Y 2 37Y 
= 62.4 f(y —y) (¢y) dy = 2.4) (4) J, (Yy — y?) dy = 2.4) ($) [YF - 4] = 2.4) (4) (F-¥) 


= (62.4) (3) Y3. Therefore Y? =: = OUH2) = y = \/ OOD) — 4/13.5 ~ 2.3811 ft. So, 
AY =3—Y 83 —2.3811 = 0.6189 ft = 7.5 in. to the nearest half inch. 


(c) No, it does not matter how long the trough is. The fluid pressure and the resulting force depend only on depth of the 
water. 








22. The area of a strip of the face of height Ay and parallel to the base is 100(42) - Ay, where the factor of 38 accounts for the 


inclination of the face of the dam. With the origin at the bottom of the dam, the force on the face is then: 


F = f- w(24— yy(100) (38) dy = 6760 [24y = an — 6760 (24° - 2F ) = 1,946,880 lb. 


CHAPTER 6 PRACTICE EXERCISES 


1. A(x) = 3 (diameter)? = & (,/x — x2)” ey 
=4(x-2 x-x?+4+x!)sa =0,b=1 y=vx 
ae V = f Aw dx = 3 f(x — 2x + x!) dx y=x? 


1 
_1[x 7/2 4 7 oo oe 
“aie +3], — 8G oe) 


= 7%, 35 — 40+ 14) = 


2. A(x) = 1 (side)? (sin 2) = XB (2,\/x — x)’ 
= 3 (4x —4x,/xt+x2);a=0,b=4 
=> V= [Aw dx = 8 f (4x — 4x3? + x2) dx 
4 


=F (2-4 8) 








oO 


= 93 15 24410) = 88 


lI 
es) 
ww 

= 
| 
Uiloo 
+ 
WIN 
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3. A(x) = 


a 
4 


= 7m(1 — sin 2x);a = 


¥ (diameter)? = § (2 sin x — 2 cos x)? 


- 4 (sin? x — 2 sin x cos x + cos? x) 
1 past 
740 = 4 


b 5x/4 
= v= [a@dx=a fo (1 — sin 2x) dx 
5n/4 
m/4 
cos = 
§ 


=a [xt a2 


*[(#+ 











Chapter 6 Applications of Definite Integrals 





vx), = 36 — 24/6 /x + 36x — 44/6 x3? + x?; 


s] = 216-16- V6 6-64 18-6 V6 6-64 $ 





72 
5 

















b 
OP +E) sa 0,b=4 > V= f AC) dx 


5 4 T 
S| = 4 (32-32: $+ + 2.32) 


2 
4. A(x) = (edge)? = ((vé- vx)" -0) _ (v6 - 
i606 SY [’Aco ax = J" (36 - 246 Vx + 36x 4 6x3/? +x?) dx 
= [36x — 24/6 - 3 x3? + 18x? — 4/6 - 3 x5? + 
= 216 — 576 + 648 — 1728 + 72 = 360 1728 = 1800-1728 — 
5. A(x) = § Giameter)? = § (2\/x "= (4x 
= af, (4 5/2 4 ) kz [2x? - 3 Uae. 
= 7 (1-$4+2) = (5-404 14) = 2 
6. A(x) = 4 (edge)? sin (7) = %2 [2./x — (-2,/x)]’ 
= 3 (4,/x)’ =4 ees 
= V= [Awd = [43x dx = [2 3x3] 
= 2/3 
7. (a) disk method: 


b 1 1 
V = J mR%(x) dx = fm (3x!) dx = 7 [9x8 dx 














=n [x}!, = 20 

(b) shell method: 
1 1 1 

v= f2n( se) ) (gh) dx = ff 2rx Gxt) dx = 20-3 fx dx = 2-3 [8] =a 

Note: The lower limit of integration is 0 rather than —1. 
(c) shell method: 

sne. she. : x? x? 1 us 

v= f'2n( 29h) (tet) ax =2n fd —0 Gx!) ax = 2" [¥— 8]! = 20 [8 -)- (3-H =4 

(d) washer method: 
b 1 
R(x) = 3,10) = 3 — 3x4 =3(1-x4) > V= for R@)—P@jdx= fom [9 Gd xt)” dx 
: ? x) x? a TT 
=9n ffl — (12x! +x8)] dx = 9m fi (2xt— x8) dx = 90 [2-3] = 180 [2 - 3] = BP = 
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8. (a) washer method: 
RO) = $10) = 5 > V= fPniR*) — Peo] ax = fix [(8)" - (@)"] x= a B83 
8g a) eg) Sepa at sta) =e ee) = a 
shell method: 
V = 2n fix (4 — $) dx = 20 [-4x-t — 8] = 2 [(- $= 1) - (-4- )] = 29 (9) =F 
(c) shell method: 
Vv =2nf (ste) (,stel,) ax = 2m f'2 — 0) (4 - 4) dx = 2 f'($ - $- 148) x 
= 2n | ee xt E] = 20 [ 140+241- (6444-14 1)))=2 
(d) washer method: 
vafor a) #0) dx 


=n fi [’ - (4- 4)"] ax 


= 90 — 16m f (1 —2x- + x-) dx 





(b 


wm 














= 2" — 16x x +x7 — S| ; 
= "F — l6n [(2+3- 5m) -+1-5)] 
= “7 ~ 16r (4 — geo + 5) 

= Ot — 1 40-1432) = St — Wt = 














9. (a) disk method: 
ver f'( x — vx-1) dx =x fw — 1 dx = [¥ —3] 
=[(F-5)-@Q-)) =" -4) =8n 
(b) washer method: 
RY) =S.1y)=y? +1 > V= for RG) — PO] dy =x f[25- (2 +1] ay 


2 2 5 2 
= nf (25 —y'—2y?-1dy=a f, (24 — y* — 2y) dy = [24y—§ —2y8| = 2 (24-2- B- 3-8) 
= 32n (3-3-3) = 72 45-6 —5) = 
(c) disk method: 
RQ) =5-(y? +1) =4-y? 
d 2 2 
= v= fo mR y)dy= fr(4—y’) ay 
2 
=n f (16 — 8y? + y*) dy 
2 

=n[ley-"F4+¥) =27 (32-942 
~ 64m (1-3 +3) = 4805 — 1043) a 








10. (a) shell method: 
( tel) shell ss 2 
Y= [oon ( cedius awe) dy = i any (y = +) dy 
4. 


4714 
» (v2) dy = 20 [F — F] = 20 ($F — 4) 


lI 

two 

> 
K 
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11. 


12. 


13. 


14. 


Chapter 6 Applications of Definite Integrals 


(b) shell method: 
V = from (set) (ste) dx = [l2nx (2/x — x) dx = 2m f (2x8/? — x2) dx = 2a [$25 — 


(a height 
= 2rn (¢- 32 — #) = 1287 


15 
(c) shell method: 
v= f an (Oe) ) ( es ) dx = fon — x) (2,/x — x) dx = am f (8x1? — 4x — 2x3/? + x?) dx 


Pee height 


4 


0 


4 
=2n [48x 3/2 _ 2x? — 3x52 48] — In (I -8—32-$-32+4 4) = 64r (¢ -1- 24 2) 
4 64r 
= 64n (1— §) = 


(d) shell method: 
sne. sne. ss x : : 
v= fo 2n( se) (teh.) dy =f, 2m —y) (y — ¥) ay = 20 fl (4y —y? -y? + 2) ay 
2 
3 


4 
=2nf (4y -2y? + 4) dy = 2m [2y? - 2y? + F] = 2n (32 - 


disk method: 








n/3 n/3 
R(x) = tanx,a=0,b=% Vv nf tan? x dx =f (sec? x — 1) dx = a{tan x — x]? = 


disk method: 
V=nf 2—sinx)? dx =m (4-4 sinx + sin?x) dx = rf (4-4 sin x + 1-998) dx 
=m [4x +4cosx + 5 — 902%) 0 = 9 [(4n—44 2-0) -0+44+0-0)] =2 (2-8) = 2 Or - 16) 





(a) disk method: 
=~ “(x2 - 2 = 2d v8 2 _ x 4 oe 32 32 
Vet J, (x — 2x) dx=my (x° — 4x" + 4x") dk =m | —x° + 3x ,=0G 16+ 2) 
~ 66 - 15-10) == 

(b) washer method: 


572 
V= fon [1 - (x? — 2x + 1) *] dx = forax + fin G1" dx = 2m — |r OY] =In-n-2=% 
(c) shell method: 
2 2 
v= f2n( se) ) (eh) dx = 2m fl (2 — x) [— (x? - 2x)] dx = 2a f, 2 — w) (2x - x?) dx 


2 
= 2a f° (4x — 2x? — 2x? +8) dx = 2 ff (x3 — 4x? + 4x) dx = 2 [E - $8 + 2x2] =2n (4-2 +8) 


= 4% (36 — 32) = % 
(d) washer method: 
Van f 2-(2-2x) dxf 2dx= nf [4 - 4 (x2 — 2x) + (x? — 2x)"| dx — 87 


= mf (4—4x2 + 8x 4x1 — dx} 4 4x2) dx — 8 =f (xt — 4x3 + 8x + 4) dx — 80 





=n [$— xt bax? tax] —8r =n (2% —16+16 +8) — 80 = 532440) — 8a = Be — Me = 


disk method: 
7/4 7/4 F fi 
V = 2nf” 4 tan?x dx = 80 f” (sec? x — 1) dx = 8nftan x — x]p/* = 2n(4 — 2) 
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16. 


17. 


18. 


19. 


20. 


21. 


Chapter 6 Practice Exercises 


The material removed from the sphere consists of a cylinder 
and two "caps." From the diagram, the height of the cylinder 


2 
is 2h, where h? + (v3) = 2?, i.e.h = 1. Thus 


2 
Veyl = (2h) (V3) = 67 ft®. To get the volume of a cap, 





2 
use the disk method and x? + y? = 27: Veap = rp 1x dy 


2 3 2 
= Ji n(4—y?)dy = [ay — | 
= 7[(8 — 8) — (4— 4)] = ¥ f°. Therefore, 
Viremoved = Veyl + 2Veap = 67+ We Po =e ft. 














We rotate the region enclosed by the curve y = ,/12 (1- 4x") and the x-axis around the x-axis. To find the 


b 11/2 11/2 
volume we use the disk method: v= f-nRo0 dax= ft 12 ( — *) )) dx = wf inl? (1 — #5) dx 


bs =f (1 = #) dx = 12m |x - i = DAR [4 (2) |= = 132n [1 - ae (+4)| 


= 132m (1 — §) = 2 = 887 & 276 in? 








dx 


y=x2_ OP og YL 12 _1 yl? (2) =}(i-2+%) sL=ffi+i (24%) & 


=e (re +424+x “we fin —1/2 4 x1/2)? dx= (x-1/? + x¥/2) dx = 2 [2x!/? + 2x3/2]" 


2L(4+ 3-8) — (2+ 3) =3 (2+ 9) = 


x = x x—2/3 x : : 
x=y = 3x8 = (a) = +5 =L=fi/1+() dy = fo \/1+ ads dy 
7: 8 ——_—_—_—_ 
=f ett dx = aD J9x2/3 +4 (x-¥/8) dx; [u = 9x7/3 +4 => du=6y 4 dy;x=1 > u=13, 


ul? du = 3 [2 u9/?] 15 = 3 [4082 — 139/2] w 7.634 








40 
x=8 > u=40) > L=4 / 


13 


2 
— 5 .6/5 5.4/5 dy _ 1.1/5 1 ,-1/5 dy _— 1 (,2/5 —2/5 
y = 5 x8/5 — SxH/8 = Y 1g _1 5-1/5 3 (¢) = 1 (x2/5 2 4 x-2/5) 








32 
>L= ia yi+i 1 (x2/5 —2 4 x-2/5) dx > L= {: V3 (x2/5 4 2 + x-2/5) a= f i ( xl/5 4 x15)? dx 


= SPE GUE) ox BER 4 EO] = HG 24-29 — E49) = ECE 


= x (1260 + 450) = 2 = 














2 
i = —5sint+5 sin 5t and & = 5cost—5cosS5t=> (2) (2) 





= v(-s3 sin t+ 5 sin 5t)” + (Scos t — 5 cos St)” 








= 5y/sin2 St — 2sin tsin 5t + sin? t + cos? t — 2cos tcos 5t + cos? St = 5/2 — 2(sin tsin 5t + cos tcos 5 t) 


= 5,/2(1 — cos 4t) = 5,/4(4) (1 — cos 4t) = 10sin? 2t = 10]sin 2t] = 10sin 2t (since 0 < t < 4) 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


415 


416 Chapter 6 Applications of Definite Integrals 


1/2 
=> Length = J 10sin 2t dt = [—5 cos 2t] - = (—5)(—1) — (—5)(1) = 10 





2 
22, # = 3 — 12tand Y = 3¢ + 12 4/(#)? + (%) = Ge - 129? + Ge + 129? = 2888 + 180 
1 1 
= 3/2 || 16 +2 + Length = fo 3/2 |t| 16+ dt =3V2f t/16+ edt; [u = 16+? + du =2eat 
W7 17 3/2 3/2 
}du=tdyt=0u=16t=1u=17); 8? fi /adu = 92 [3u?],f = S¥2( 217)? — 316)*) 


= 4y2.2((17)*? — 64) = /2((17)*? — 64) ~ 8.617. 


2 ; 
23. & = —3 sin 6 and & = 3cos 0 = 4/ er + (3) = V3 sin 0)° + (3cos 0)? = \/3(sin? 6 + cos? 8) = 3 
3 37 ) —, OF 


> Length = fr"s dg =3f *? 9 = (2-0 














™ 2 


= V3 
WA, x=Candy=* -1,-/3<t< V3 =2and = 1-1 Length = fan? +(e ara 


V3 V3 v3 v3 V3 
2 8 
=f", eye tia= @paetiat= fer) a= f° (e+) at=[$+t] 
= 4,/3 


25. Intersection points: 3 — x? = 2x? > 3x?-3=0 
=> 3x-DK+)=0 => x=-—-lorx=1. Symmetry 
suggests that x = 0. The typical vertical strip has 
center of mass: (X ,¥ ) = (x, it G-2)) = (x. <3) ; 
length: (3 — x?) — 2x? = 3(1 — x”), width: dx, 
area: dA = 3 (1 — x”) dx, and mass: dm = 6- dA 
= 36 (1 — x”) dx = the moment about the x-axis is 


1 
J dm = 26 (x? +3) (1 — x?) dx = 36 (—x* — 2x? 4 3) dx > M, = [¥ dm = 36 f (-xt— 2x2 +3) dx 


. 1 1 
=}6[/-¥- 43x] =36(-}- 343) = 8(-3- 104.45) = 9 M= fdm=36 f (1-2?) dx 
Mx 
M 





3 


=36[x—#]" =65(1-4) 46> 7 








oe g . Therefore, the centroid is (x, y) = (0, 8) ; 


26. Symmetry suggests that x = 0. The typical vertical 
strip has center of mass: (X ,y ) = (x, *) . length: x’, 
width: dx, area: dA = x? dx, mass: dm = 6 - dA = 6x? dx 


=> the moment about the x-axis is ¥ dm = § x? - x? dx 


~ e 2 
=fxta > M=f9 dm=$ f xtdx= 4 x5]?, 








22-63 — © Therefore, the 


<I 
z|s 
an 
: 
& 





2 el? 
= #25)=83M=fam=6 fxd =5(8] =¥2%)= 8 = 


centroid is(X, y) = (0, $) ; 
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27. The typical vertical strip has: center of mass: (X ,¥ ) 


= ( = ), length: 4 width: dx, 





area: dA = (4 _ ¢) dx, mass: dm=6-dA 


=6 (4 = =) dx = the moment about the x-axis is 








x2 
¥ dm=6- (+4) (4-§) dx = $ (16 - 3) dx; the 


417 


4 4 
moment about the y-axis is dm = 6 (4 — =) -xdx=6 (4x — *) dx. Thus, M, = {¥ dm = am | (16 — x) dx 


4 4 4 
= 6 64] _ 1286. —_ {|y — x? a x! 
= $|16x— 5] = § [64— 4] = 2M, = fxdm=6 J, (4x— 4) ax =5 [20-1 


= 632 — 16) = 166;M = fam =6 f° (4— #) dx = 6 [4x— 8] = 6 (16 — 4) = 228 


Xx 12 1 


My 16-6-3 __ 3 aw — Mx _ 1286-3 _ 12 ‘dec¢e o) — (3 12 
3 = 3 andy = yf = 3335 = 5. Therefore, the centroid is (x,y) = (3, %). 


X= Wr 32-5 











28. Atypical horizontal strip has: 
center of mass: (X,Y ) = (4 +2, y) , length: 2y — y?, 
width: dy, area: dA = (2y — y”) dy, mass: dm = 6- dA 
= 6 (2y — y”) dy; the moment about the x-axis is 
JY dm = 6-y- (2y — y”) dy = 6 (2y? — y3) ; the moment 
about the y-axis is® dm = 6- & (+9) - (2y — y”) dy 


= § (4y? —y4) dy > M, jase (2y? — y5) dy 








4712 . eg 2 5 
=6 [39-4], =6(5-8- 9) =6(8— 9) = 8 = FM = JX am= 3h yy) ay= 5 [3 ¥ 


0 








2 

6 (4:8 _ 32) _ 326 8) _ 46 x — My _ 6-323 

a si 3) = ssM= fam=5f-( (2y — y’) dy =5|y?— §] =64-3)=9 ng = 35h 
3 


= |. Therefore, the centroid is (x, Y) = (8, ) . 


29. A typical horizontal strip has: center of mass: (X ,¥ ) 
= (¢ $2), length: 2y — y”, width: dy, 
area: dA = (2y — y”) dy, mass: dm = 6-dA 
= (1 + y) (2y — y”) dy => the moment about the 
x-axis is ¥ dm = y(1 + y) (2y — y”) dy 
= (2y? + 2y® — y* — y*) dy 
= (2y? + y® — y*) dy; the moment about the y-axis is 
B 2 
¥ dm = (4 5) (1 + y) (2y — y?) dy = 3 (dy — y*) (1+ y) dy = 3 (4y’ + 4y? — y* — y°) dy 


Peta Pn oe ay ae Po ot oP? ee | i et a 8 
= M,=f¥dm= f, 2y 7 y —y') dy = [3y? +4 e| = (E+4 3) =16(3+3- 5) 














2 
16 (20+ 15 — 24) = 4(11) = 4;M, = [X dm= 1 3 (ay? + ay? — y*—y) dy = 4 [fy® + yt ¥ - 
33 : 5 2 ; 
=} (42-2 -2) =4($42- $-)=40-9) %>M= fdm= fi (1 +y)(2y—y*) dy 
2 
= M. a 
2y+y?—¥8) dy = [y? y= 44 §— He) = > = = (8) G) = 9 nay = 
11 


— (4) (2) a + = i . Therefore, the center of mass is (xX, y) = (2, ia) ; 

















lI 
<j 
+ 
wl, 
| 
aS, 
us 


30. A typical vertical strip has: center of mass: (X ,Y ) = (x X, san)» length: oy , width: dx, 


area: dA = as dx, mass: dm =6-dA=6- as dx = the moment about the x-axis is 
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JY dm = : 635 dx = 3 dx; the moment about the y-axis is ® dm = x - 635 dx = a dx. 





= /2 








(a) M,=6 3(3) a= %| of) = EM, = 5 [x (Ax) dx = 36 [2x4]? = 125; 








M=6f 35 dx =-66 [x7]° =45 3 x=™ Py _aaty= i= Bag 
3.) dx = [2x9]? =52;M= f x(35) ax 








(b) M. = "s (3) dx = 2[-2]? =4;M, = f ae 
=6[x¥?])=12 = x= = Bandy=™% =1 














31. S = fr 2nyy/1+ (¢ *) * ax: #-71 = (#) = 5h S= fom/mx+1 4/14 4 dx 
i aaa A NO a 


b 2 2 1 
32. $= fo2my/1+(#) ds P= = (2) =x! = S= f20- 


1 1 
=tf Textd(i+x!) = [2(14+x4""] = 32 2—1| 


: dx)? 4. dx _ (4)4-2y) 2- dx \? _ 4y-y? 44-4y4y? 4 
33. $= fo2mxy/1+() ay, B= ORY to 5 14 (e) = See 
2 —=—$—— 2 
=> S= fm/4y—-y¥ /p4 dy = 4n f dx = 47 


d z\2 : «2 6 _ eo 
4. 8= [21+ (§) or: Baap 2 1+ (§) <tr ha tg! + 8= fae Geto 


. 6 
=n f° (Fl dy = 5 [2 y +9] = £125 -27) = £08) = 











1 
Toxtdx= 2 f 1+ x* (4x3) dx 


ve |*45 



































V5 9 
35. x= Sandy =2,0<t< /5 + “=tand ¥=2 = Surface Area= f° 2n(2H/2+4at= f 2nu"? du 
= 2n [2 u3?]) = % whereu=?+4 > du=2td;t=0 > u=4,t=V5 > u=9 

















36. x =P +4 andy =4yt, + wStsl => G=2 ge and = 


2 
=> Surface Area =f). 2(? + 4) @- #)’ + (3) dt = 27 ee aoe x) eae dt 


= In al? + 2) (2t+ 32) dt=2n f (28 +3430) dt =2n [38+ 3t-§t?] i 5 
=2n (2-7) 





37. The equipment alone: the force required to lift the equipment is equal to its weight = F(x) = 100N. 


b 40 
The work done is W; = f F,(x) dx = f 100 dx = [100x],° = 4000 J; the rope alone: the force required 
to lift the rope is equal to the weight of the rope paid out at elevation x = F(x) = 0.8(40 — x). The work 





b 40 40 

done is W2 = J’ Fa(x) dx = J, 0.8(40 — x) dx = 0.8 [40x — 5] = 0.8 (40? — 4) = Garten — G40 J; 
a 0 0 4 

the total work is W = W, + W2 = 4000 + 640 = 4640 J 


38. The force required to lift the water is equal to the water's weight, which varies steadily from 8 - 800 Ib to 
8 - 400 Ib over the 4750 ft elevation. When the truck is x ft off the base of Mt. Washington, the water weight is 


F(x) = 8 - 800 - (4438-*) = (6400) (1 — 545) lb. The work done is W = rk F(x) dx 
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4750 4750 
= J, 6400 (1 — 255) dx = 6400 [x — 85] = 6400 (4750 — 255,) = (3) (6400)(4750) 
= 22,800,000 ft - Ib 








Force constant: F = kx 20=k-1 k = 20 lb/ft; the work to stretch the spring 1 ft is 
1 
W= Sf kx dx =k J x dx = 7 ‘ly = 10 ft - lb; the work to stretch the spring an additional foot is 


_— 
Qa. 
Pal 
lI 
~ 

45 
ps 
Q 
ms 
lI 
NO 
oO 

QQ 
w/% 

[ a | 

is 

lI 
N 
=) 

oo, 
Nie 
| 
Nile 


) = 20 (2) = 30ft- Ib 


Force constant: F = kx => 200 = k(0.8) = k = 250 N/m; the 300 N force stretches the spring x = t 


1.2 12 
= 300 = 1.2 m; the work required to stretch the spring that far is then W = f F(x) dx = a 250x dx 


= [125x]2 = 125(1.2)? = 180) 


We imagine the water divided into thin slabs by planes 

perpendicular to the y-axis at the points of a partition of the 
interval [0,8]. The typical slab between the planes at y and 
y + Ay has a volume of about AV = 7(radius)*(thickness) 


=n (?y) "Ay = 25m y? Ay ft3. The force F(y) required to 





lift this slab is eat to its weight: F(y) = 62.4 AV -10 10 
= ena) my? Ay Ib. The distance through which F(y) Reservolr's Cross Section 


must act to lift this slab to the level 6 ft above the top is 
about (6 + 8 — y) ft, so the work done lifting the slab is about AW = (2.925) my?(14 — y) Ay ft-lb. The work done 
lifting all the slabs from y = 0 to y = 8 to the level 6 ft above the top is approximately 


8 

Wey (820K) my” (14 — y) Ay ft - lb so the work to pump the water is the limit of these Riemann sums as the norm of 
0 

8 


8 8 
the partition goes to zero: W = f a my7(14 — y) dy = {(62.4)(25)n f (14y? — y3) dy = (62.4) (2) [4 = | ; 


= (62.4) (282) (4- 33 — +) ~ 418,208.81 ft - Ib 


The same as in Exercise 41, but change the distance through which F(y) must act to (8 — y) rather than 
(6+ 8 — y). Also change the upper limit of integration from 8 to 5. The integral is: 


W = fr 225" 92¢8 — y) dy = (62.4) (7) f (By? — y*) dy = 62.4) (785) [2 y* - an 


= 25m 8 Rien eee 
= (62.4) (282) ($-5%— $) $4,241.56 ft - Ib 


The tank's cross section looks like the figure in Exercise 41 with right edge given by x = a y = 3. A typical 


horizontal slab has volume AV = x(radius)?(thickness) = 7 (Z 2 Ay=fy ? Ay. The force required to lift this 
slab is its weight: F(y) = 60- 7 ™ y? Ay. The distance through which F(y) must act is (2 + 10 — y) ft, so the 


A 


10 
work to pump the liquid is W = 60 m12—y) (¢ -) dy = 157 [= - >| = 22,5007 ft - Ib; the time needed 
0 


22,500 ft-lb 
to empty the tank is ==, . © 257 sec 


A typical horizontal slab has volume about AV = (20)(2x)Ay = (20) (2 16 — y?) Ay and the force required to 
lift this slab is its weight F(y) = (57)(20) (2 16 — y?) Ay. The distance through which F(y) must act is 
(6 + 4 — y) ft, so the work to pump the olive oil from the half-full tank is 


0 0 = = * 0 
W = 57 (10 — y)(20) (2/16 — y2) dy = 2880 f10\/16— y? dy + 1140 f (16 — y?)”?(—2y) ay 
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= 22,800 - (area of a quarter circle having radius 4) + 5 (1140) [(16 —y ale = (22,800)(47) + 48,640 
= 335,153.25 ft - lb 


b 2 2 372 
45. F= | w- eS -L(y) dy > F=2 f  (62.4(2 — y)(2y) dy = 249.6 f’ (2y — y?) dy = 249.6 [y? - | ; 
= (249.6) (4 — £) = (249.6) (¢) = 332.8 Ib 





b act 5/6 5/6 
46, F= fiw (3e) -Loydy > F=f) 75 (§-y) Qy+4)dy= 75) ($y + 2 — 2y? Ay) dy 
5/6 5/6 
= 75 fy (B-5y— 29?) dy = 75 [Py — By? — Fy] 0° = 75) [(8) — @) 8) - @) (HB) 


= (75) (33 — 115 — 250) = (575) (25-216 — 175 - 9 — 250 - 3) = PAG) ~ 118.63 Ib. 





b : 4 4 
47. F= | w- (seh) -Liy)dy > F= ea (9 -y)(2-) ay = 62.4 f) (oy!?? — sy?) ay 
= 62.4 [6y3/2 — 2 y5/2] ° = (62.4) (6-8 — 2-32) = (24) (48-5 — 64) = 2A) _ 9196.48 Ib 





h é 
48. Place the origin at the bottom of the tank. Then F = f WwW: (oe) - L(y) dy, h = the height of the mercury column, 
: h h y h 2 re 
strip depth = h — y, L(y) = 1 > F= [84h — y) 1 dy = (849) ['(h— y) dy = 849|hy = | = 849 (h = * 


= 82h’. Now solve 4h? = 40000 to get h ~ 9.707 ft. The volume of the mercury is s*h = 17 - 9.707 = 9.707 ft®. 


49. F = wi [. (8 — y)(2\(6 — y) dy + wo f (8 — y)2)(y + 6) dy = 2w; f. (48 — 14y +-y2) dy + 2we [ (48 + 2y — y?) dy 


6 0 
= 2w, [4sy ~Ty2 + | st 2W2 [4sy +y?— | = 216w: + 360w2 


50. (a) F=624f” (10 ~ yy [(8 — 3) - (2)] ay 










; (7,6) 
= &4 f (240 — 34y + y”) dy goes 
0 
3716 y az —6X + 48 

= %4 [24oy — 17y? + $] = 4 (1440 — 612 + 72) 

= x 
= 18,720 lb. (8,0) 

(7, ge 
(b) The centroid (4, 3) of the parallelogram is located at the intersection of y = = &x andy = —& 8x +2 +6 . The centroid of 


the triangle is located at (7,2). Therefore, F = (62.4)(7)(36) + (62.4)(8)(6) = (300)(62.4) = ina Ib 


CHAPTER 6 ADDITIONAL AND ADVANCED EXERCISES 





b x 
1. Ven f ffGy? dx = b?— ab > wf ff)? dt =x? — ax forallx >a > m[f0P =2x-a > fa) = + 4/ = 











2. V=7 J ttoor dx=a+a>7 f [f(t)]? dt =x? +x forallx >a > aif)? =2x+1 > f(x) = +,/**# 





3. s@aCx + f° JIT POP d=Cx > JIF[POP=C = f= VC —1forc>1 
=> fo) = f° MC —1dt+k. Then £0) =a > a=0+k > tw = f° JO —1dt+a => f%) =xV/C—1 +a, 


where C > 1. 
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(a) The graph of f(x) = sin x traces out a path from (0, 0) to (a, sin @) whose length is L = if \/ 1+ cos? 6 dé. 





The line segment from (0, 0) to (a, sin a) has length JV(a — 0)? + (sin a — 0)? = Va + sin? a. Since the 


shortest distance between two points is the length of the straight line segment joining them, we have 
immediately that fev 1 +cos?6d0 > Va? + sin? aif0 <a < §. 

(b) In general, if y = f(x) is continuously differentiable and f(0) = 0, then f : J 1+ [fo]? dt > J a? + £2 (a) 
fora > 0. 





From the symmetry of y = 1 — x", n even, about the y-axis for —1 <x < 1, we have x = 0. To find y = Me, we 
use the vertical strips technique. The typical strip has center of mass: (X ,¥ ) = (x, 1) , length: 1 — x*, 
width: dx, area: dA = (1 — x") dx, mass: dm = 1-dA = : — x") dx. The moment of the strip about the 


x-axis is ¥ dm = (=*V dx => M, =f. Gans dx=2], "E(1 — 2x +x") dx = [x — = +e], 











—| 2 4 1 _ (@@+D@n+)- cere _ 2n?+3n4+1—4n—24+n41 _ 2n? 
= a¢i ? In+1 — (@@+D@n+ 1 = (+ Dent) = @FD@nt)* 





Therefore, 











Also, M= f dA =f (1—x')dx=2 [1 -) dx =2[x- 24] =200-4) =2 


n+l n+1 
= Mx _ 2n? ~@t+) _ n 
Y= w= Goat)’ ®@ ~mr (0 


ra 





is the location of the centroid. Asn — 00, y — 4s0 


saat) 2 


the limiting position of the centroid is (0, 5) : 


Align the telephone pole along the x-axis as shown in the 

















eas oe The slope of the top zig of pole is 40 ns) 
(42-8) vo N A BE 
2 = a -%0 pe 5-9) = g235 = a-a0° Thus, 
y= = + = 40 x= + (9 + a x) is an equation of the 
line representing the top of the pole. Then, ( 40,-2 ==) 
' 8x 


My = fox-my?dx =n fo x[e (9+ Bx)]? ax 
=f" x(9+ Hx)? dx;M= [- my” dx 

ia ee ul 7 i y)2 = _ My ~ 129,700 
=T7 f le (9 + 35 x]? dx = siz a (9 +H x) dx. Thus, X = yy © 6533 © 23.06 (using a calculator to compute 
the integrals). By symmetry about the x-axis, y = 0 so the center of mass is about 23 ft from the top of the pole. 





(a) Consider a single vertical strip with center of mass (X ,¥ ). If the plate lies to the right of the line, then 

the moment of this strip about the line x = b is (® — b)dm=(X —b)édA = the plate's first moment 

about x = bis the integral [ (x — b)5 dA = f 6x dA — f 5bdA = M, — béA. 

If the plate lies to the left of the line, the moment of a vertical strip about the line x = b is 

(b— X ) dm=(b—% )5dA = the plate's first moment about x = bis f (b—x)6dA = [ bddA— f dx dA 
= bdA — M,. 


(b 


wm 


(a) By symmetry of the plate about the x-axis, y = 0. A typical vertical strip has center of mass: 
(X ,¥ ) = (x,0), length: 4,/ax, width: dx, area: 4,/ax dx, mass: dm = 6 dA = kx - 4,/ax dx, for some 


proportionality constant k. The moment of the strip about the y-axis is M, = f X dm = fi ° Akx?,/ax dx 
= 4ky/a f x5/? dx = 4ky/a [2 x77] * = 4kal/? . 2a? = 8 Also, M= fdm= f dkx/ax dx 

= 4ky/a fx3/? dx = 4k,/a [2 x8]" = 4kal/? . 2 a'/? = ae Thus, x = Mv = 8k. 5, Sq 

=> (x,y) = (22,0) is the center of mass. 


(b 


we 








A typical horizontal strip has center of mass: (X ,¥ ) = (2 ua ) = (“ iA .y) , length: a — zo ; 


width: dy, area: (a — z) dy, mass: dm = 6 dA = |ly| (a — x) dy. Thus, M, = {¥ dm 
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wm 
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2a 9 0 3 5 , 
= Joy (a-£) d=. -y? (a-£) dy+ fi y? (a-£) dy 
° 5 79 5 7] 2a 
— v. a w 4 5 
~ iP Ges si i) ay + fr (»* - i) = [- aye in| a ay = | 0 
8at 32a° 8at 32a° + 4a? 
Sa og a ig {Xdm= Ces ) yl (a- =) ay 
1 ss 2. 2 4a? — y? 1 4 4 
= & Sl (0? +402) (“=*) dy = x9 i ly| (16a — y*) dy 
—2a 
om iid 4 5 an haa | yo ; toy) 
= ya L's y+y)dy+ ao f (16ay — y®) dy = 51, 2 [- Baty? + El + [sa : |; 
~ me [Sa! 4a seks lag a [Sat - 4a 2 — ast] = 162? (20 aaa) _ a " 5 (32a°) = zat; 


4a—y 





= fam= fi (43 


2 fc 4ay + y*) dy + = 


2a 9 2 
) dy = 4 J Iyl (4a? — y?) dy 


; *(da2y — y) dy = 2 [|-222y? 





y]° 1 [742.2 y]”* 
acer o (ee avy F\o 





=o “a a - 4a? is) = 2 (8a* — 4a*) = 203. Therefore, x = “¥ = (4a*) (5) = 2 and 
y = ~~ = Ois the center of mass. 

. > . 7 Nw Ww — b?— x2 + — x2 
On [0, a] a typical vertical strip has center of mass: (X ,y ) = (x, 5 ) ; 








length: Vb? — x2 — v/a2 — x2, width: dx, area: dA = (vie? — x2 — /a2 =x) dx, mass: dm = 6 dA 
= 5 (vb? - x? - 
(x4¥ = (x, wee) , length: \/b? — x?, width: dx, area: dA = 
mass: dm = 6 dA = 6 Vb? — x? dx. Thus, M, = ['Y dm 
a b 
Jo 4 (0? 2 + Va? = x2) 5 (v/b? — 32 - Ve? — 2) dx +f 1 \/p? — x26 y/b? — x? dx 
a b 
$f '(b? — x2) — (2 —x2)J dx +2 f(b? x) dx = $ f(b? — 22) dx + 8 aK b? — 





Vv a? — x) dx. On [a, b] a typical vertical strip has center of mass: 


b? — x? dx, 

















a x? b ¢ 3 a 
= §[(b? — a?) xp +§ [bx 5] = $b? - a) al + § [(? *) (bea )] 
= § (ab? — a8) +§ (263 ab? +5) = it — (252) :M, = JX am 





= Jixd (Ve? 38 - Va? x?) ee b? — x? dx 


b 
=6f"x (b2 — x2)!” dx — 6 J x( 22)? ax 46 f x (b2 — x2)? dx 


a 57a 516 
= 6 [2-8 P| 6 f2@axy? | _ 5 |2@e— x"? 
= 2 3 2 3 2 3 

0 0 a 





























=-$ [(v? a)3/? (b?)”) rw [0 7 (ay?) at [o - (b? — a?)*?) _ But és 7 ie ae 
We calculate the mass geometrically: M = 6A = 6 (#) 6 () = a (b? — a2). Thus, x = Ms 

- ae 2. on Gl —2) : (3=5) a é e oe rab e) oS ; likewise 

y= i = “a 

ae ar (a) = (37) (ft8+*) = (3) (3) = # = (x,y) = (2, 74) is the limiting 





position of the centroid asb — a. This is the centroid of a circle of radius a (and we note the two circles 


coincide when b = a). 
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Since the area of the traingle is 36, the diagram may be 4 
labeled as shown at the right. The centroid of the triangle is aa 


(4, ). The shaded portion is 144 — 36 = 108. Write 
(x, y) for the centroid of the remaining region. The centroid 72 ( 
of the whole square is obviously (6, 6). Think of the square 
as a sheet of uniform density, so that the centroid of the 
square is the average of the centroids of the two regions, 
weighted by area: 


6 36(2) + 108(x) 36(74) + 108(y) 
- 144 


144 











and 6 = 
: = a _ 8(a-1) 2 
which we solve to getx = 8 — 5 andy = ———. Set 
X = 7 in. (Given). It follows that a = 9, whence y = a 
= 715 in. The distances of the centroid (x, y) from the other sides are easily computed. (Note that if we set y = 7 in. 


above, we will find x = 75.) 


ya2/a > ds=yf/ttide > A= faye /tt+ide=4[atn]j=% 


This surface is a triangle having a base of 27a and a height of 277ak. Therefore the surface area is 
$ (27a)(27ak) = 277a7k. 




















F=ma=t? a a . v= % £ +¢; v = 0 whent = 0 c=02." _ x f+ Cy: 
x = 0 whent = 0 C, =0 x a . Thenx=h > t= (12mh)!/4, The work done is 

(12mh)'/4 (12mh)'/4 (12mh)!/4 
W=fFdx= fo FO-#a= fo" ef ar= 2 [es] = (Gd) ammo 





— (2mh)3/? oe alam = /3mh ss /3mh 
~~ 18m ~~ “2 





: 1/2 
Converting to pounds and feet, 2 Ib/in = zn. 12 Th. = 24 lb/ft. Thus, F = 24x = W= iE 24x dx 
= [12x]? = 3 ft- Ib. Since W = 1 mv3 — } mv?, where W = 3 ft- Ib, m= (4, Ib) (322) 
= xu slugs, and v, = 0 ft/sec, we have 3 = (3) (a5 v2) => v; = 3-640. For the projectile height, 


s = —16t” + vot (since s = 0 at t = 0) ds v = —32t + vo. At the top of the ball's path, v =0 > t= 3 


and the height is s = —16 (32)” + vo (33) = 3 = 28 = 30 ft. 








The submerged triangular plate is depicted in the figure y 
at the right. The hypotenuse of the triangle has slope —1 

=> y—(-2)=-(k-—0) => x = —-(y + 2) is an equation 
of the hypotenuse. Using a typical horizontal strip, the fluid 


pressure is F = f (62.4) - ( 4%.) - (S88, ) ay -2 
= [2.4\-y-ty + 2)] dy = 62.4 f(y? + 2y) dy 
=02.4[2 +y?] =e (62.4) [(— 8 + 4) — (— 26 +36)] 
= (62.4) (228 — 32) = C90) ~ 2329.6 Ib 






x=-(y+2) 


-6 (4,-6) 
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16. Consider a rectangular plate of length @ and width w. y 
The length is parallel with the surface of the fluid of 
weight density w. The force on one side of the plate is x 


0 0 9 
Faw) (yO dy =-wt [E] = 9. The 7 one 





0 
average force on one side of the plate is F,, = © ai - (—y)dy a 


0 
2 
=e [- | = “’ Therefore the force wal" 


(*) (éw) = (the average pressure up and down) - (the area of the plate). 


17. (a) We establish a coordinate system as shown. A typical y 
horizontal strip has: center of pressure: (X ,¥ ) 
a (3, y) , length: L(y) = b, width: dy, area: dA 
= b dy, pressure: dp = w |y| dA = wh |y| dy 


0 0 
> F=f¥dp=f, y-wblyldy=—ub fy? ay 
37 0 
= ° _ —h? _— =wbh? . 
= -wb PF] = -wb [o- (44) | = 


F=f dp= folly L(y) dy = —wb i y dy 








(b,-h) 








271 0 =wbh3 
= —wb [3 = —wb [0 | = wb" . Thus, y= 3 = ( = = => the distance below the surface is h. 
—h 


(b) A typical horizontal strip has length L(y). By similar 
triangles from the figure at the right, WY) — Sa 
=> Ly=-; by +a). Thus, a caacal strip has center 
of pressure: (X ,yY ) =(X% ,y), length: Ly) 
—Py + a), width: dy, area: dA = — ? Py + a) dy, 
pressure: dp = w |y| dA = u(—y) (— p) (y + a) dy 
= 2 (y?+ay) dy > F,= [¥ dp 


Sa b, -a-h) 
= wb > 
= fy (y? + ay) dy = ? ® Lowy (y? + ay”) dy 





—(a+h) 

_ wb (3 *) (ae “pw _ wb [=o safe toy 

=" |. 3 4 3 = h 4 3 

= ia [3 (at — (a* + 4a%h + 6a7h? + 4ah? + h*)) — 4 (at — a(a® + 3a7h + 3ah? + h?))] 

= 2 (12a3h + 12a2h? + dah? — 12a3h — 18a?h? — 12ah3 — 3h*) = 2% (—6a?h? — Bah? — 3h!) 


1 
a ? 3 ay? 
= =ubh (6a? + 8ah + 3h?) ; F= fdp= = fw ly| L(y) dy = — wb ie (ath) (y? + ay) dy = ah [5 le =| 


— wb | ( =a3 8 —(a+h)? (ath) \} _ wb | @a+hy—a* | a®—a(ath)’ 
ee ee ae a ee 
=u [seebaah sk ay al (al es te] = * (2 (3a¢h + 3ah? +h?) — 3 (2a2h + ah’)] 
= ¥ (6a7h + 6ah? + 2h? — 6a7h — 3ah?) = 42 (3ah? + 2h?) = “8 (3a + 2h). Thus, y = 2 


_ (=i3") (6a? + 8ah+ 3h?) (5!) 6a? + 8ah + 3h? 
= (2) (a+ 2h) 2 3a+2h 


6a? + 8ah + 3h? 
6a+ 4h : 











—a 


—(a+h) 














) = the distance below the surface is 
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CHAPTER 7 TRANSCENDENTAL FUNCTIONS 


7.1 INVERSE FUNCTIONS AND THEIR DERIVATIVES 

1. Yes one-to-one, the graph passes the horizontal test. 

2. Not one-to-one, the graph fails the horizontal test. 

3. Not one-to-one since (for example) the horizontal line y = 2 intersects the graph twice. 
4. Not one-to-one, the graph fails the horizontal test. 

5. Yes one-to-one, the graph passes the horizontal test 

6. Yes one-to-one, the graph passes the horizontal test 


7. Domain: 0 < x < 1, Range: 0O< y 8. Domain: x < 1, Range: y > 0 











9. Domain: —1 <x < 1, Range: — - <y< - 10. Domain: —oo < x < ow, Range: ar <y< 


NIA 


y 
y= F(x); 





11. The graph is symmetric about y = x. 





(b) y=V1-xX 3 yP=1-X 5S PH=l1-y Ss x=VJ1l-y = y=V1-xX =f 1) 
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12. The graph is symmetric about y = x. 






s 


f(x) = 1/x 














13. Stepl: y=x?+1 Hy] Sx y-l 


Step2: y= /x-1=f71@) 


14. Stepl: y=x? => x = —,/y, since x < 0. 
Step 2: y = —,/x =f71(x) 








15. Step1: y=x?-1 Sa=ytl > x=(y+1)4 


Step2: y= 4/x+1 =f) 


16. Stepl: y=x?-2x+1 > y=(x-1)? > /y=x-I, sincex >1 > x=14+ /y 
Step 2: y=14+./x=f 1) 


17. Step 1: y=(K+1P => /y=x+1, sinceex >-1 > x= /y-1 
Step 2: y= ./x—1=f 1x) 


2/3 3/2 


18. Stepl: y=x/? > x=y 
Step 2: y = x3/? = f(x) 


19. Step1: y=x® 3 x=yl 
Step 2: y= */x =f); 
Domain and Range of f~!: all reals; 


f(f1(0)) = (x1/5)? = x and f1(£(x)) = (x5) = 


x 
20. Step1: y=x* > x=yl/4 
Step 2: y = 4/x =f); 
Domain of f~!: x > 0, Range of f~!: y > 0; 
£(f-1(x)) = (x!/4)* = x and f-1(f@)) = (x4)"/* = x 








21. Step1: y=x°4+1 x=y-l1 x=(y—-1 


Step2: y = 9/x—1=f7 (x); 
Domain and Range of f~!: all reals; 


£ (f(x) = (x — 1)/3)* +1 = & — 1) +1 = x and (f(x) = (x3 +1) — 1)? = (63)"7 = x 
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22. Step 1: y=}x-} $x y+i x=2y+7 
Step 2: y=2x+7=f 1(x); 
Domain and Range of f~!: all reals; 


f(f-1(x)) = $(Qx+7)—-2=(x+2) —-2=xandf(f(%) =2(4x- 2) +7=-7)4+7=x 














23. Step1: y=4 x ; Xx ri 


Domain of f~!: x > 0, Range of f~!: y > 0; 
f (fl =f SS = = 
(f£-"(x)) () (f(x)) = 


x 


1 


(3) 











=x sincex > 0 











24. Step1: y= = 


Step2: y=—an = Vi ae Me 4 
Domain of f~!: x 4 0, Range of f~'!: y 4 0; 






—1/3 —1 
£(F900) = has = dr = xand £1400) = (4) Bo (ljytax 
25. (a) y=2x+3 > 2x=y-3 (b) 
> x=5-5 > f'@=5-3 iV ras =2r43 
df ran df—! fone 
() elena = % ax |, 2 : 





x=1 y=f we 5 





a 






>x 











26. (a) y=Ext7 > $X=y-7 (b) 
=> x=5y—35 > f(x) = 5x — 35 
at ez Jb et = 
(c) dx | x=-1 5°? dx x=34/5 
27. (a) y=5S-4x => 4x=5-y (b) 
>x=2-%¥>fl«=}-% \ 
a y=f@) =-4x+5 
Oe ey ae a ar 
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28. 


29. 


30. 


df 


33, S— 


35. 


36. 


37. 


Chapter 7 Transcendental Functions 


a) yes = = oy (b) 


/y =f w= 





fk. 


Vi va 





y = f(x) =2x 2 


(c) 











x=50 20 


0.5 


0.5 


f(e(x)) = (4/x)° = x, (fx) = x8 = x (b) 
f'(x) = 3x? => f'(1) =3, aC 1) =3; 
gx) = 4x7 => gi) =4,8(-D= 4 
The line y = 0 is tangent to f(%) = x° at (0,0); 
x at (0, 0) 


(a) 
(c) 








(d 


wa 


the line x = 0 is tangent to g(x) = * 





(b) 


(a) h(k(x)) = oy 


4g)" = 

h’(2) = 3, h'(—2) = 3; 
3 (4x) 7/3 => k/(2) = 3, k(—2) = } 
The line y = 0 is tangent to h(x) = _ at (0, 0); 
(4x)!/3 at 


1 
4 
k¢h(x)) = ( 


3x? 
4 








h’(x) 
k(x) = 


(c) 


(d 


wm 


the line x = 0 is tangent to k(x) = 
(0, 0) 




















df! 


az 34. 








x=4 




















x=f(2) 








(a) y aY > f1@)= 
(b) The graph of y = f~!(x) is a line through the origin with slope i, 


mx Xx 


y= mth = 2=S 


Y—2 > fla@)= 


m 


1x — 3 the graph of f— 1(x) is a line with slope + — and y-intercept — 2 





x 





(a) y=x+1 y-1 fl(x)=x-1 
(b) y=x+b y—b f-'(x)=x-—b 
(c) Their graphs will be parallel to one another and lie on 





xX 





opposite sides of the line y = x equidistant from that 
line. 
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38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


Section 7.1 Inverse Functions and Their Derivatives 


(a) y=-xt+1 > x=-y+1 5 f'@= 1-5; 
the lines intersect at a right angle 

(b) y=-x+b > x=-y+b > f(x) =b—-x; 
the lines intersect at a right angle 

(c) Such a function is its own inverse. 





Let x; 4 X» be two numbers in the domain of an increasing function f. Then, either x; < X» or 
X1 > X2 which implies f(x,) < f(x2) or f(x1) > f(xX2), since f(x) is increasing. In either case, 
f(x,) 4 f(x) and f is one-to-one. Similar arguments hold if f is decreasing. 


I 
5.df _ 1 df 1 3 


6°? dx 3 ax 








f(x) is increasing since xX) > x; > 5X2 ai 2 s xy + 








f(x) is increasing since x. > x, => 27x3 > 27x?; y = 27x? x zy/s f(x) = eae 








df 2 df! 1 ds, eg 2/3 
&k = 81x dx BIE | 1x0 = 97S = 9X 


f(x) is decreasing since x. > x; = 1 — 8x3 <1—8x};y=1-—8x? > x=4(1—-y)3 = f(x) = FL — x); 


dé _Aac2 dt = 
ae = ee = =a | yay = 





—1 i —2 
Woo =-g-v7F 


f(x) is decreasing since x» > x} > (l—x2.)? <(1—x)*;y=(1—-x)? 3 x=1-y'? = fx) =1-x!; 














df _ _— xy dt _ -1 _ _1,-2/3 
go SAS a = Sane wn ee 

ae : : 5/3 5/3, 5/3 3/5 -1y) — 3/5. 
f(x) is increasing since X» > x} => X,/" > x;/";y=x / x=y / f-'(x) =x /5. 
df _ 5.2/3 dft_ 1 — 3 _ 3 y-2/5 
dk 3X > “a = Teh] y, — see — 5% 





The function g(x) is also one-to-one. The reasoning: f(x) is one-to-one means that if x; # x9 then 
f(x,) £ f(xg), so —f(x,;) 4 —f(x2) and therefore g(x,) # g(xg). Therefore g(x) is one-to-one as well. 


The function h(x) is also one-to-one. The reasoning: f(x) is one-to-one means that if x; 4 x2 then 
f(x,) 4 f(x2), so ror # Tom , and therefore h(x,) 4 h(x). 


The composite is one-to-one also. The reasoning: If x; # x2 then g(x) 4 g(x2) because g is one-to-one. Since 
2(X,) 4 g(X2), we also have f(g(x,)) 4 f(g(x2)) because f is one-to-one. Thus, f o g is one-to-one because 


x1 FX. => f(g(x1)) F f(g(x2)). 
Yes, g must be one-to-one. If g were not one-to-one, there would exist numbers x; # X in the domain of g 


with g(x;) = g(X2). For these numbers we would also have f(g(x1)) = f(g(x2)), contradicting the assumption 
that f o g is one-to-one. 
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49. The first integral is the area between f(x) and the x-axis 
over a <x <b. The second integral is the area between 
f(x) and the y-axis for f(a) < y < f(b). The sum of the 
integrals is the area of the larger rectangle with corners 
at (0,0), (b, 0), (b, f(b)) and (0, f(b)) minus the area of the 
smaller rectangle with vertices at (0,0), (a, 0), (a, f(a)) and 
(0, f(a)). That is, the sum of the integrals is bf(b) — af(a). 








50. f’(x) = pe ett = eat Thus if ad — be ¥ 0, f’(x) is either always positive or always negative. Hence f(x) is 


either always increasing or always decreasing. If follows that f(x) is one-to-one if ad — be 4 0. 


Sl. (goN@=x > gf) =x > g&@)@ =1 


f(a. 


52. Wa) = [ 


Tt [oy - a] dy =0= f 2nx[fla) — f(x)] dx = S(a); WO = aCCO - a] f"(t) 
=r (12 — a) £0; also S(t) = Ante) [x dx — 2m [ xf(x) dx = [mf — wf(t)a?] — 2 f xf) dx 

= Sit) = mf"(t) + 2atf(t) — ma2F"(t) — 2atft) = 7 (2 — a2) f(t) > W(t) = S'(t). Therefore, W(t) = S(t) 
for all t € [a, b]. 


53-60. Example CAS commands: 
Maple: 
with( plots );#53 
f := x -> sqrt(3*x-2); 
domain := 2/3 .. 4; 
x0 := 3; 
Df := D(f); # (a) 
plot( [f(x),Df(x)], x=domain, color=[red,blue], linestyle=[1,3], legend=["y=f(x)","y=f '(x)"], 
title="#53(a) (Section 7.1)" ); 


ql := solve( y=f(x), x ); # (b) 
g := unapply( ql, y ); 

m1 := Df(x0); # (c) 
tl := f(x0)+m1*(x-x0); 

y=tl; 

m2 := 1/Df(x0); # (d) 
t2 := g(f(x0)) + m2*(x-f(x0)); 

y=t2; 

domaing := map(f,domain); # (e) 


pl := plot( [f(x),x], x=domain, color=[pink,green], linestyle=[1,9], thickness=[3,0] ): 

p2 := plot( g(x), x=domaing, color=cyan, linestyle=3, thickness=4 ): 

p3 := plot( tl, x=x0-1..x0+1, color=red, linestyle=4, thickness=0 ): 

p4 := plot( t2, x=f(x0)-1..f(x0)+1, color=blue, linestyle=7, thickness=1 ): 

p> := plot [ [x0,f(x0)], [f(x0),x0] ], color=green ): 

display( [p1,p2,p3,p4,p5], scaling=constrained, title="#53(e) (Section 7.1)" ); 
Mathematica: (assigned function and values for a, b, and x0 may vary) 
If a function requires the odd root of a negative number, begin by loading the RealOnly package that allows Mathematica 
to do this. See section 2.5 for details. 

<<Miscellaneous ~“RealOnly~ 

Clear[x, y] 
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{a,b} = {—2, 1}; x0=1/2; 

f[x_] = (3x + 2)/ (2x — 11) 

Plot[{f[x], f[x]}, {x, a, b}] 

solx = Solve[y == f[x], x] 

ely_]=x/. solx[[1] 

yO = f[x0] 

ftan[x_] = yO + f'[x0] (x-x0) 

gtan[y_] = x0 + 1/f[x0] (y — yO) 

Plot[{f[x], ftan[x], g[x], gtan[x], Identity[x]},{x, a, b}, 

Epilog — Line[{{x0, y0O},{y0, x0}}], PlotRange — {{a,b},{a,b}}, AspectRatio — Automatic] 


61-62. Example CAS commands: 
Maple: 
with( plots ); 
eq := cos(y) = x4(1/5); 
domain :=0.. 1; 


x0 := 1/2; 
f := unapply( solve( eq, y ), x); # (a) 
Df := D(f); 


plot( [f(x),Df(x)], x=domain, color=[red,blue], linestyle=[1,3], legend=["y=f(x)","y=f '(x)"], 
title="#62(a) (Section 7.1)" ); 

ql := solve( eq, x ); # (b) 

g := unapply(ql, y ); 

m1 := Df(x0); # (c) 

tl := f(x0)+m1*(x-x0); 

y=tl; 

m2 := 1/Df(x0); # (d) 

t2 := g(f(x0)) + m2*(x-f(x0)); 

y=12; 

domaing := map(f,domain); # (e) 

pl := plot( [f(x),x], x=domain, color=[pink,green], linestyle=[1,9], thickness=[3,0] ): 

p2 := plot( g(x), x=domaing, color=cyan, linestyle=3, thickness=4 ): 

p3 := plot( tl, x=x0-1..x0+1, color=red, linestyle=4, thickness=0 ): 

p4 := plot( t2, x=f(x0)-1..f(k0)+1, color=blue, linestyle=7, thickness=1 ): 

p> := plot( [ [x0,f(x0)], [f(x0),x0] ], color=green ): 

display( [p1,p2,p3,p4,p5], scaling=constrained, title="#62(e) (Section 7.1)" ); 
Mathematica: (assigned function and values for a, b, and x0 may vary) 
For problems 61 and 62, the code is just slightly altered. At times, different "parts" of solutions need to be used, as in the 
definitions of f[x] and g[y] 

Clear[x, y] 

{a,b} = {0, 1}; x0=1/2; 

eqn = Cos[y] == x! 
soly = Solve[eqn, y] 
f[x_] = y /. soly[[2]] 
Plot[{f[x], f[x]}, {x, a, b}] 
solx = Solve[eqn, x] 
gly_] =x/. solx[[1]] 
yO = f[x0] 
ftan[x_] = yO + f[x0] (x — x0) 
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gtan[y_] = x0 + 1/f[x0] (y — yO) 
Plot[{f[x], ftan[x], g[x], gtan[x], Identity[x]},{x, a, b}, 
Epilog — Line[{{x0, yO}, {y0, x0}}], PlotRange — {{a, b}, {a, b}}, AspectRatio — Automatic] 


7.2 NATURAL LOGARITHMS 


1. (a) In 0.75 = In 3 = In3 —In4 = In3 —In2? = In3—21n2 
(b) In § =In4—In9 = In2? —In3? =21In2—21n3 
(c) nj =Inl—In2=~—In2 (d) n 4/9 =$In9 =} 1n3? = 3 In3 
(e) In3/2=1n3+In2'/? =In3 +2In2 
(f) Inv/13.5 = 5 In 13.5 = 4 In 4 = § (In 33 — In2) = 4 (3 In3 — In2) 

2. (a) In Gs =In1-—3In5 = -31n5 (b) In9.8 = In 2 = In? —In5 =21In7—In5 
(c) n7/7 =n 7? = 3 In7 (d) In 1225 = In 35? = 21n35 =21In5+21n7 
(e) In 0.056 = In - =In7 —In5® =In7—31n5 


(f) In35+In} — InS5+in7—In7 _ 1 
In 25 = 21n5 cme’. 

















3. (a) Insind —In (2%) = In (a) =In5 (b) In (3x? — 9x) + In() =In (5) = In(x — 3) 
e 


(c) § In (4t*) — In 2 = In V/4t* — In 2 = In 2? —In2 = In (3) = ini?) 


4. (a) Insec@+I1ncos 6 = In[(sec 0)(cos #)] = In 1 = 0 
(b) In(8x + 4) — In 2? = In(8x + 4) — In4 = In (&#4) = In(2x + 1) 


(c) 3in' V2 —1—-In@ + 1) =3 n(? — 1) — n+ F =3 (4) n(P— 1) —Int +) =n (aH ») 





= In(t—1) 
5. yo > y= (2) Gs 6. y=Inkx > y'=(4)®) =x 
7. y=n(?®) > = (4) 20 =? 8. y=In(8/2) + & = (2,) (31?) = 3 
9. y=n?=In3x! > # = (,,) (-3x7%) =-} 


10. y=In 2 =In 10x? > # = (,4) (-10x-?) = -2 








dx ~~ 
d d 
i, y=n@+) = 2=(3) O= a 12. y= ln @6 +2) = 3 =—(ao5) a4 
13. y=Inx? > 2 = (4) (3x”) =3 14. y=(nx) > 2 =30nx?- 4 any) = 


15. y=tdnt? > & = (nt)? +2t0nt)- 4 (nt) = (int)? + *™ = (nt)? +2 Int 
16. y=t/int=tdnty? > & = (ny? 4+ ledny-/?- 2 dng = dnp? 4 eo 


_ 1/2 1 
= (in t) + 2dn pv pi 





4 4 A 3 
17.y=%inx-% > P= inx+H-1-2 = Inx 
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18. 


19. 


20. 


21. 


22. 


23; 


24. 


25, 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 
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3 3 3 2 
y=", nx—-5 = ® —x?inx+%-1- 3 =x? Inx 
Int dy _ t(;)—@nyd) — 1-Int 
me: dt e = 
1+Int dy _ t(7)-G4+m0) _ i-i-mt_ nt 
y t dt 2 = C _ e 
— bx 5, ya Gt+mn(s)-tro (5) _ et _ 
Mi 1+Inx y d+I1nxy? (+iInx)? ~~ x(1+Inx)? 
— _xInx = y= (1-Hn x) (In x +x-$) —(xInx) (3) — (+inx)y?-Inx _ 1 Inx 
Y = T+inx eS (+1n x)? ~ (1 +1n x)? _ (1 +1n x)? 





y=Indnx) > y= (4) (2) = 


y =Indn(inx)) > y= |» 2 (n(n x)) = 
hi dx 


1 d = 
n(inx) ~ i dx (In x) ~~ 


1 1 
In (In x) * inx x (In x) In (In x) 


y = O[sin (In 8) + cos (In 6)] => oF = [sin (In 8) + cos (In 6)] + 0 [cos (In @) - ; — sin (In 6) - 
= sin (In @) + cos (In 8) + cos (In 8) — sin (In 6) = 2 cos (In 8) 


i) Lad 
uo 





= dy _ sec@tan@+sec?@ __ sec O(tanf+secO) _ 
y = In(sec 6 + tan @) > do sec 6+ tan 0 ~~ tan 0+ sec 0 = sec 0 


= 1 ~ 1 a 1 1 1 _ Ax+)+x _ 3x +2 
y In ai = he=-sha+l = y=—; rai) = xt ~~ xxtdD 




















y=} in #8 =} find +x) —Ind -x)] > y= 3 [ay - (Ag) CD) =} [S| = ee 








i+int gy Vey) sb) (gates 8 
Y= [ont dt d-inte d-omp? ~ W—mno? 




















1/2 -1/2 -1/2 
y=yin via (nel)? > B=} (ine?) 2 (meh?) = 3 (In?) . 2-8 (8) 
_1 1/2y-1/2 a t/a 1 
Int azo at a 
a ) t/2 2 aty/in vt 
y = In(sec(In6)) > % = sein) * ag (Sec (In 8) = eee -4 dn 9) = ™O® 
y = In SRS = 3 (in sin @ + In cos 8) —In(1+2In 0) > $= 5 (5 - 88) - rh 








=1 [cot 8 tan 0 


4 
2 61 +2 In 8) 








x2 5 -2x x 
y=In (SH) = sing +1)-} md» > y= 8% -1 (2) d= 54 


1 
2(1 — x) 


y= In y/SA = [Sn +1) — 201m +2)) > y= 4 (3 - AS) = § [S| 


x+1 x+2 (x+ Di +2) 
= 3x42 
=~) | &FDaLD 








2 


y= fn vid = ® = (in Vx?) - 2 (x) (in S)- 2 (4) =2xin [x] -xin HL 
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36. y= JP intat > & = (In V5) - & V8) — (In V8) + & (VX) = (ln V8) (37°) = (In VX) (9 1”) 











_— Invx — Inyx 

3 2x 
37. fb dx = [In |x] 3 =m2-In3 =In2 38, [x5 dx = [In |3x — 2[]°, =In2-In5=In? 
39. f 24; dy = In ly? — 25, +C 40. f g85 dr =In ar? —5/ + 
Al. fo pee at = [In |2 — cos t|]§ =In3 — In 1 = In3; orletu=2—cost > du= sint dt witht =0 





1 dy = [In jul]? =In3 —In1l =In3 


u 








2-cos t 


> u=landt=7 > u=3 f _ at = f 





n/3 T i 
42. f tne dé = [In |1 — 4 cos 6|] 5 —_ =In|1—2| = —In3 =In }; orletu=1—4cos? > du=4siné dd 
0 cos 











n/3 2 -1 
withO=0 > u=—3and0=% > u=-1 > f" ~48m@ a9= [4 du = (In|ul] }=-m3=mn} 


43. Letu=Inx => du = $ dx;x=1 => u=Oandx=2 => u=1n?; 


f2s dx = fr 2u du = [v2]? = (in 2)? 


44, Letu =x > du=idcx=2 = u=n2andx=4 = u=I1n4 








4 In4 
tts = no 7 dU = [Inu] ,.) = In in 4) — In (In 2) = In (25) = in (23 a1 n (22) =In2 
45. Lettu=Inx > di=2dox=2 => u=In2andx=4 => v= 1n4; 
4 In4 
dx __ 24, 7 _17™__ 1 We os et 1 _ 1 Ta, iy ad 
fo ® = fu du=[—i],,= nd ee he Fh oe he — 2 


46. Lettu=Inx => du = + dx;x=2 => u=In2andx=16 => u=I1n16; 


ates =1 fw du = [u/2]"° = in 16 — /in2 = V4 In2 — V/in2 = 2\/in2 — V/in2 = Vin2 








47. Letu=6+3tant > du =3 sec? t dt; 


At at = [=n jul += Im |6-+3 tant] +C 





48. Lettu=2+secy => du=secy tan y dy; 
fs dy = f% =n ul +C = In [2+ sec y| +. 














2+ sec y 
—_ x = il aeete eee 6 < = ian ok ae dls 
49, Let u = cos 5 => du = — 5 sin 5 dx => —2 du = sin 5 dx; x = 0 => u=landx= 4 => Mi 
n/2 % /2 gin X We? yr _ 
Jp tan § dx = J" 4 dx = -2 f° = [-2 In ful}? = -21n 5 = 2m V2 =1n2 
50. Letu=sint = du=costdt;t= 7 us, andt= 5 u=1; 
n/2 n/2 1 
_ cost Be du _ 1 _ _ 
J[i,cottar= 7, at t= Sie! = Un loll} yo = — In 5 = In V2 
51. Let u = sin $ => du = } cos § dd > ale ghia => u=sand0=7 => v= 8; 
“Zoot $40 = J 228 do=6 J *°? e — 6 [In ul] ¥2? = 6 (In Ind) =6in 3 =1n27 
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52. 


53. 


54. 


D9; 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 
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Let u = cos 3x => du=-—3sin3xdx => —2du=6sin3xdx;x=0 > u=landx=7 => v= 








cos 3x 


m/12 x/12 VV2 ay 
J 6 tan 3xdx = f" $5038 dx = -2 ff 2 In ful)’ = -2im 45 —In 1 = 2 In 2 = n2 




















S afta =P ayetyy ileus lt vt = a= ids Jagigg =f ¢=mbl+c 
= In |1 + /x|+C=In(1+/x)+C 


Let u = sec x+tanx = du = (sec x tan x + sec” x) dx = (sec x)(tan x + sec x) dx = secx dx = du 


etteg = J fg = Sdn wy ¥?- 2 du = 200 w¥? + C = 2,/ln Geox + tan) + C 














y= VxatD=(4+))? > Iny=4iInGK+)) > 2Iny=In(x)+In(k+1) > Yetta 
1) Vx+D@x+)I — 2x41 
Pala) yet Gee) = oe Feed 








y= VJV@4+)D@-1)? = ny=} fn? 41) +2@-D] = 4 =3(454+)) 














y x41 x-1 
— x 1 2 w—x¢x241] _ (2x?-x+]) |x-]| 
= A ea > ea) ee NN x— 1? [fae] ~ VP 41-1 
ae ee ee a ee | ee 1 rdy_1(1_ 
i — ai =| i) > ny = [Int n(it+)] => Fam ek =) 





dy _1 1 ot 1 a ay 
=> @=aVar G-a)=3 i Ga [5] = 2fte+D 
y= a =[tt+ Dv? > Iny= 
dy __ 1 1 2t+1 —_ 2t+1 
> it ~ 2 VV t+ [254] ~ cera 
y = V0 + 3(sin 6) = (6 + 3)'/? sind > Iny = 4 In(0+3)+In(sind) > : v= ory + cost 
=> $= VO+3¢in 8) [api + cot O| 


[nt+In(tt+1)] => 13 = ee) 





NIF 

















y = (tan 0) \/20 + 1 = (tan 0)(20 + 1)'/2 > Iny = In(tan @) + $In(20+1) > - oF — sole (5) (a4) 


=> $= (and) (2841 (828 + hy) = (sec?) V20-41 + Ee 








_ = 1 dy _ 1 
y=tt+)Dt+2) > ny=int+nt+)+mt+2) > 5 = +t shay 





=> Batt (2) (44+ 4+ 4) = t+ DO+2) [ee = 3? + 6t+2 











= 1 a= = = = 1 dy _ 1 al 1 
Y = waned => Iny=In1 Int In(t + 1) In(tt+2) > y dt t t+1 i+2 
3 1 ee 1j]= 1 [ eh 
dt t(t + 1)(t+ 2) t t+1 t+2 t(t + 1)(t+ 2) t(t+ 1)(t+ 2) 





30+ 6t+2 
(8430 + 2t)? 














y= 733 > ny =n@+5)—Ind-In(cos) > 1 B= Ay — 5 + BG 


> 3 = = (5) (abs 3 + tan 6) 
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75. 














Chapter 7 Transcendental Functions 
0 sin 0 : 1 1 dy _ Jl cos 8 (sec #)(tan 0) 
t= ae In y = In@ + In(sin @) — 5 In(sec 0) = Lg — [14 cose — cor ean 





— Ssing (4 + cot 6 — $ tan 0) 


dy 
ai dé V/ sec 6 


2 J 
y=22F = my=inxt bin? +1)- Fit) > ¥=h4 hy — wp 


+, y = Wet [3+ x 


_ 2 
«+p [x * x41 <a 

















y= S44 = Iny=5[l0In(x+1)—SinQx+)] > Yo 
— . f «+1)" 5 5 
=>y= VV Oxe (a TT) 
y= (2 = Iny=§ [Inx+ Ine —2)—In(x? +1] + = 3 ($+ 45-244) 





_ 13 /x(x-2) (1 1 2 

~ 3 ram (tes zu) 

y=" Beeacesy => Iny =} [Inx +In(x + 1) + In(x — 2) — In(x? + 1) — In(2x + 3)] 
— 13 /x«%+Da-2 (1 1 1 2 2 

= = 3 G1) O43) (tea + x3 oH a) 


(a) f(x) =In(cosx) => f!(x) = — ®@% =-tanx=0 = x = 0; f(x) > 0 for — | < x < Oand f(x) < 0 for 


cos X 

















O<x< 4% = there isa relative maximum at x = 0 with f(0) = In (cos 0) = In 1 = 0; f(- 5) =In (cos (- 7)) 


=In (3) = 5 In 2 and f (4) =In (cos (4)) =In 5 = —In2. Therefore, the absolute minimum occurs at 
x = 3 with f (4) = —1n 2 and the absolute maximum occurs at x = 0 with f(0) = 0. 
(by f= cos(nx) = QO 0 ee ee) SO for) Xs < land’ G) < 0forl <x <2 
=> there is a relative maximum at x = | with f(1) = cos(In 1) = cos 0 = 1; f (5) = COs (In (3)) 
= cos (— In 2) = cos (In 2) and f(2) = cos (In 2). Therefore, the absolute minimum occurs at x = 5 and 


x = 2 withf (3) = f(2) = cos (In 2), and the absolute maximum occurs at x = | with f(1) = 1. 


(a) f(x) =x-Inx = f'(*)=1- i ; if x > 1, then f’(x) > 0 which means that f(x) is increasing 
(b) f4) =1—-Inl=1 => fXx*)=x-Inx>0,ifx > 1 by part(a) > x >Inxifx>1 


5 el 5 
fan 2x —Inx) dx = f(-Inx +1n2 + Inx) dx = (In2) [dx = (In. 2)(5 — 1) = In24 = In 16 





0 n/3 0 : m/3 : rT 
A= J yn tan x dx + A tan x dx = f —smX dx f —n* dx = [In |cos xO yd — [In |cos x7" 


n/4 COS X cos X 





= (inl -In 4.) - (Ind =n1) =m ¥2+In2=3n2 





3 2 3 
Varf (4) dy =4n fo 4 dy = 4r[In ly + 1[]§ = 470n 4 — In 1) = 4 In 





n/2 m/2 a 
v=e {| cot x dx = f one dx = 7 [In(sin x)] "5 =n(Inl—In3}) =7In2 


/6 sinx 


2 
1 dx = 2m [In |x|] }/. = 2m (In2 — In $) = 2n(2 In 2) = 7 In 24 = 7 In 16 


1/2X 


V =2n x (4) dx =2n 


1/2 
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81. 


82. 


83. 


Section 7.2 Natural Logarithms 


i. ox dx =27n fd = 277 [In (x3 + 9)|3 = 27n(In 36 — In 9 
= (3 a5) X= 27 J dx = 277 [In (x + 9)]5 = 277(In 36 — In 9) 
— 27n(In 4 + In 9 — In 9) = 277 In4 = 54 In2 


2 2 9 2 8 
@ y27 bes 146s G-) =) He) Ea yey & 


8 
= feet axa f'(g+)) ax=[F+mbl] = (8 + In8)—(2+1n4) =6+In2 
2 


2 2 2 2 
dx 2 2 — 16 2 +16 
1+() =1+(3-2) =14+(*% ) =(% ) 

















(b) x= (4)? -2in(Z) > & =¥-2 


437 


2 2 1) 2 r 12 
>L=f 1+ (&) dy= f #8 ay =f (¢+2) dy =| +2Iny] = (9 +21n 12) —(1 +214) 


=84+2In3=84+1n9 














2. 
L=f /i+dax ay 2 y =In |x} + C=Inx+Csincex >0 > 0=In1+C C=0 y =Inx 


















































1 "Pts £4 a ie 1]2_1 oy 2 
(@) M,= f-x(1)ax=1,M.= f (4) (2) dx =1 f Sax=[-2]7=1M= flax = (in [x]? =n2 
= x= Mab wldsandy = = © x 036 
(b) 
y 
A» 
iL 
0 > X 
16 16 16 
ca) My = fi" x (Jp) ax = fi" x ax = § 979° = a2: mh, = J(0'5) (3p) ax = fb 
16 16 _ om _ > 
=} [ln |xi}}o=In4,M= foo dx = [2x1] ,°=6 > x= = Tandy = = 
_ 16 1 4 = 16 _ = 16 1 1 4 7” 16 3/9 
(b) M, = f x(+) (a) = 4) dx = 60,M, = f. (235) (4) (+) ax 2 f° x3? dx 
16 
= —4 [x12] =3,M= fi "(7) (&) x =4f 1 dx = [4In|x(]}°=4In 16 > x= = JS and 
=_M__3 
Y= ™M — Fini6 
% —14+1at(1,3) > y=xt+in|x|+CGy=3atx=1 > C=2 > y=xt+In|x|+2 
fy sec? x oy tanx+Cand1=tan0+C => W =tanxt+1 => y = f (tanx + 1) dx 
= In |sec x| + x + Cy and 0 = In |sec 0] + 0+ Cy C,; =0 y = In |sec x| +x 
(a) Ed ee ey ee => f'(x)|,_ o= tale ,=i => L@&)=Inl+1-x > L@)=x 
(b) Let f(x) = In(x + 1). Since f”(x) = a < 0 on (0, 0.1], the an of f is concave down on this interval and the 


largest error in the linear approximation will occur when x = 0.1. This error is 0.1 — In(1.1) ~ 0.00469 to five 


decimal places. 
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(c) 


84. For all positive values of x, #[In?] = 4-—4 = —1 and *[Ina—Inx] =0— +4 = ~—4. Since In# and Ina —Inx have 


the same derivative, then In = 


Chapter 7 Transcendental Functions 


The approximation y = x for In(1 + x) is best for smaller y 
positive values of x; in particular for 0 < x < 0.1 in the os| 
graph. As x increases, so does the error x — In(1 + x). 04 





From the graph an upper bound for the error is 

0.5 — In(1 + 0.5) © 0.095; ice., |E(x)| < 0.095 for 
0 <x < 0.5. Note from the graph that 0.1 — In(1 + 0.1) Oe 
= 0.00469 estimates the error in replacing In (1 + x) by 01 


an y= In(x+1) 








x over 0 <x < 0.1. This is consistent with the estimate 
given in part (b) above. 





it must be true for x = 1 = Int =Inl—Inx+C=0-Inx+CsIn} = —Inx+C. By part 3 we know that 


Int 
x 


85. y=Inkx => y =Inx-+ Ink; thus the graph of 
y = In kx is the graph of y = In x shifted vertically 








—Inx =>C=0 In = Ina — Inx. 












by Ink, k > 0. 
86. To turn the arches upside down we would use the i 5 ee ees a 
formula y = — In |sin x| = In aa : 
05 
-1 
“15 
-2 
y=I1n |sinx| 
87. (a) (b) y’ = Sax: Since |sin x| and |cos x| are less than 
: or equal to 1, we have fora > 1 
Si Gee Ci = <y'’ < + forall x. 
eee Thus, lim y’ = 0 for all x = the graph of y looks 
y= In(a+sinx) a—-+0o 
more and more horizontal as a — + oo. 


ie ae Se ae 


Vf bo, a, 
ws Vi \/ 
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Ina — Inx + C for some constant C. Since this equation holds for all positve values of x, 


88. 


7.3 


10. 


11. 


12. 


Section 7.3 The Exponential Function 


(a) The graph of y = /x — In x appears to be concave . 
26 
upward for all x > 0. 24 
2.2. 
2 
18 
- y= VK -Inx 

















(b) y= Vx-Inx + y'= st - 2 > y"=- p+ b=5(- B41) =0 + Vx=4 = x= 16. 
Thus, y” > Oif0 <x < l6andy” < Oif x > 16 soa point of inflection exists at x = 16. The graph of 
y= Jx — In x closely resembles a straight line for x > 10 and it is impossible to discuss the point of 


inflection visually from the graph. 


THE EXPONENTIAL FUNCTION 





(a) @ln7.2 —72 (b) eo nx? = av _— + (c) einx-Iny a eln(x/y) _ : 
(a) eln (x2+y?) _ x2 +4 y’ (b) e7 n0.3 sau _ a (c) elnmx—In2 _ eln(ax/2) = m 
(a) 2In,/e =2Ine!/? = (2) (1) ne=1 (b) In(Ine®) = In(elne) =Ine=1 

2 
(c) Ine(-*’-¥) = (—x? — y?) Ine = —x? — y? 
(a) In (io) = (sec 0)(In e) = sec 0 (b) Ine“) = (e*) (ne) = e* 


(c) In(e?™*) = In Ca = Inx? =2Inx 








In i t ae 4 elny ett4 y e2tt4 6. In y= —t+ 5 elny ett y eo tts 








In(y — 40) = 5t > e@ 0-4) — ot > y—4Q0=e% = y=—e*+40 





Indi —2y)=t > e™O-) —e¢ > 1-2yHe > -2y=e-1 > y=- (23) 


In(y-—1)-In2=x4+Inx => In(y—1)—-In2—-Inx=x => In (21) =x > MCr)ik = yt 
y = 2xe* + 1 


Xx 








y —1=2xe 


In(y2— 1) —In(y + 1) = In(sinx) > in ($4) =In(sinx) > In(y — 1) =In(sinx) > el 9-1) = eln(sinx) 








y—l=sinx > y=sinx+l 








(a) eK =4 Ine**=In4 => 2kIne=In2? 2k = 2 1In2 k=I1n2 
(b) 100e!°* = 200 elk — 2 Ine! —In2 > 10kIne=In2 => 10k=In2 k na 
Ina k = 1000 Ina 


























(c) ek/1000 gq => IneX/1 _Ina > jk, ne=Ina aH 
(a) eK =1 => Ine*=in4! = SkIne=—In4 => 5k=-In4 => k=- 
(b) 80e = 1 = e§ = 807! Ine§ = In807! => kIne=—In80 = k=—1n80 
(c) (8k —9.8 > (e98)K 0.8 > (0.8) =08 > k=1 
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440 Chapter 7 Transcendental Functions 


13. (a) e 8% =27 => Ine °* =1In3? = (-0.3t) ne=3In3 > —0.3t=3In3 > t=—101n3 
(b) et = 1 Ine =In2-1 =ktIne=—-In2 > t=— 8? 


(c) efl02)t = 0.4 = (e92)'=04 > 0.2t=04 > n0.24=n04 > th02=n04 => t= B84 

















14. (a) e~9lt = 1000 + Ine-lt = In 1000 = (—0.01t) Ine =1In 1000 = —0.01t = In 1000 = t = —100 In 1000 


(b) t= 4 > Inet =in10'=ktne=—-In10 > kt=—-In10 > t=—- 4 


(ela) & eM yaer S ter = t= 1 














15. evi=x? > Inev' =Inx? t=2Inx t = 4(In x)? 

16. e& eX tloet = Mtoe S Ine +1 = Ine > t=x2?42x41 
17, y=e™* => y' =e™ 4(-5x) = y' = —-5e™ 

2x/3 


18. ye = yl = eX/3 o (2) = yl = 3 e/3 


19. y=e™ = yl =e ™ § (5S —7x) = yl = —Te™ 

20. y= eltVE") > y = el) 8 (4/e+x2) > y= (2 42x) oliver” 

21. y=xe*—e* = y! = (e% + xe*) — &* = xe* 

22. y=(1+2x)e™ = yl = 20% + (1+ 2xJe-™ 4 (-2x) = y! = 2e-* — 2(1 + 2x)e-™* = —4xe™ 
23. y = (x? —2x+2)e% = y! = (2x — 2)e* + (x? — 2x + 2) e* = x’e* 


24. y = (9x? — 6x + 2)e* = y! = (18x — 6)e™ + (9x? — 6x + 2) e* 4 (3x) > y! = (18x — 6)e™® + 3 (9x? — 6x + 2) 


= 27x?e* 
25. y=e%(sin@ + cos 0) > y' = e%(sin 6 + cos 0) + e*(cos 6 — sin 0) = 2e* cos 0 


26. y =In(36e~°) = In3+Ind+Ine* =In3+nd—-6 > B=4-1 


27. y = cos (e*) > ea = —sin fe) 4 (e*) = (- sin (e*)) () 4 (-67) = 26e-" sin (e*) 


28. y = Oe? cos 59 => & = (367) (e~* cos 50) + (63 cos 50) e~7? 4 (26) — S(sin 5) (6%e~?*) 


= 6e~* (3 cos 50 — 26 cos 50 — 56 sin 56) 





29. y=n(3te*) =In34+nt+met=In3+Int-t > ®=1-1=1 


dt t t 








30. y = In(2e™ sint) = In2+Ine*+Insint=In2—t+Insint > % = 1+ (4) $(iny =-14+ 











dt sin t 
— cost—sint 
sin t 
= a 0 6) _ 6 dy __ 1 d 6) _ Oe ee, Ul 
31. y=In 2s = Ine’ —In(1+e%) =6-In(It+e?) > B=1- (45) HU te?) =1-4 = 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


32. 


33. 
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35. 
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37. 


38. 


39. 


40. 


41. 


43. 


45. 


47. 


48. 


49. 


Section 7.3 The Exponential Function 441 











yin fp vi—ta(t V8) = B= (4) 8()~ (oda) 40408) 


= (5) (sh) - Gabe) Gate) = SE = ata = to 


y= e(cost+In t) = Oost pint — tecost = = = eft 4 tecost da £ (cos t) = (1 —tsint) ecost 





y=e™ (In? +1) > = e%'(cos t) (Int? + 1) + 2 et = ec" [(In ? + 1) (cos t) + 2] 


Inx 
‘ t Ps : Inx d __ sin x 
i sin e dt = y’ = (sine )-£ (nx) = 


ex 
y= — Intdt > y’ = (Ine”*)- £ (e?*) — (in evs) . a (etv*) = (2x) (2e?*) — (4,/x) G vA) . a (4,/x) 
= 4xe* — 4,/xetv* (+) = 4xe* — 8e4v* 
Iny =e” sinx => ( )y'= = (y’e’) (sinx) +e” cosx => y’ (2 —e sin x) = e” cos x 


1 — ye si y 
=> y ( “ sax) = eYcosx > y’ — _ye" cos x 


1 — yeY sin x 


Inxy =e*tY > Inx+Iny=et’ => 1+(4)y=(1+y%e co =e (t-e) =eXty_1 


— yerty x X+yY _ 
> y (RY) <= y= need 





y x (1— ye**¥) 
x . xX e2x 2 
eX = sin(x + 3y) > 2e* = (1+ 3y’) cos(x + 3y) > L +3 = seas => ay teas 2 
__ 2e?* — cos (x + 3y) 

= y ~~ re 
tany =e*+Inx => (sec*y)y’=e*% +i > y= ere 
f (® +5e-) dx = & —5e* +C 42, f (2e* — 3e°2*) dx = 2e% + 3e-* +.C 
CC x — fax} in3 In3 In2 ne =k —x}0 0 In2 

no? OX = [lmn2 =e" —e"* =3-2=1 44. foe dx = [-e™] (9 =e te™ =-14+2=1 
f8et) dx = Bet) +. 46, [2eP-) dx =e 4C 


frre? dx = [2e*/?] me =? [eln9)/2 _ efin 4/2) =2 (en? _ e**) =2(33—2)=2 


fr ex/4 dx = [4eX/4] "1 — 4 (ellmt6)/4 _ 00) = 4 (em? 1) 42-1) =4 


Letu=r'/? > du= Ar? dr > 2du=r!/? dr; 


ode = fet * yl dr = 2 fet du = 2e" +C = 20” +C = 2eVF +€ 





. Letu=—r/? = du —$rl? dr > —2du=r7!/? ar; 








Ss = fer -r-V/2 dr = —2 fe du = —2e™” + C = —2e-vVF + 
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53. 


54. 


35; 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


Chapter 7 Transcendental Functions 


Letu=-t? => du=—2tdt > —du=2tdt; 
f2t6e-® dt = —fe du=—e"+C=-e'4+C 








Letu=t' > du=4dt > fdu=t'dt; 











458 a 
{Ss dx = fe? -xSdx=1fetdu=le+catetcalelic 








Letu =tan@ = du=sec?6d0;6=0 u=0,6 u=1; 





a 
fa +e!) sec? 9 dd = [Oo sec? 6 dé + fre du = [tan 6] i + [e"] 5 = [tan (7) — tan(0)] + (e! — e°) 
=(1-0)+(e-l)=e 








Letu=cot@ => du =—csc?6d6;6 =F u=1,0 


fra + en) csc? 6 dd = i. 


=(0+1)-—(-e)=e 


‘i csc? 6 d@ — f e" du = [—cot 6] a — [e"]? = [-cot (2) + cot (4)] — (e° — e+) 





Letu = seczt > du=asecattanatdt > du = sec mt tan zt dt; 


sec (xt) 


fer () sec (nt) tan (mt) dt = 4 fe du = e +C= +C 





Tv 





Letu=csc(7 +t) => du = —csc(m +t) cot(m + t) dt; 
fer ("ese (a + t) cot(a + t) dt = —fe du = —e? + C= —e TH) + C 


Let u = e’ du = e’ dv 2 du = 2e’ dv; v= In “ u 














In (77/2) a/2 : : . 5 : 7 
ee 2e’ cos eY dv = aie cos u du = [2 sin u] "6 a [sin (4) — sin (2)| 21 _ +) =1 








Letu=e* = du =2xe* dx;x =0 u=l1x=VJIng => u=e™=rnq; 


Vin 2 2 w . a : - : 
f 2xe* cos (c* ) dx = i, cos u du = [sin u]} = sin(7) — sin(1) = — sin(1) = —0.84147 


Lettu=1l1+e => du=e' dr; 
i. dr= f2du=Injul +C=In(1 +e) +C 


1 _ a? A 
i dx = es dx; 


letu=e*+1 > du=-—e™~* dx => —du=e™~ dx; 
f Sy ax = - fiau=-mpj+c=-me*4+1)4+C 


e*F1 











® — et sin (et — 2) > y = fetsin(et — 2) dt; 








letu=e'—2 > du=e'dt y J sin udu = — cos u+C = ~cos(e' — 2) + C; y(In 2) = 0 
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= —cos (eM —2) +C=0 > —cos(2—2)+C=0 C =cos 0 = 1; thus, y = 1 — cos (et — 2) 








YW — et sec? (met) => y=fe" sec? (re) dt; 

letu = met du = —re“ dt —-idu=e'dt > y=—1fsec?udu=—tanu+C 
= —+tan(me) + C; y(n 4) = 2 => —4 tan(me 4) +C=2 => —Htan(r-4)+C=2 
=> —-1()+C=2 = C=; thus, y = 3 — 3 tan(ze“) 





OY = 9 ek. & = —2e*+C;x=Oand 2 =0 > 0=—2e9+C > C=2; thus & = —2e-* +2 


dx? 


=> y=2e%*4+2x+Ci;x =Oandy=1 > 1=2e°+C, C,=-1 y = 2e*+2x—1=2(e*+4x)-1 











cy — ee ne es a 2+C > C= 1e?—-1; thus 

Y —t— 1 +4 e’-l=>y=5r 2_tet+4 (se = eater 1=> t=; pe tze—-14C 
af $et we yeh ses (FP yeh de 

f(x) =e —2x => f'(x) = e* —2;f'(x) =0 e=2 x = In 2; f(0) = 1, the absolute maximum; 








fdn 2) = 2 —21n2 & 0.613706, the absolute minimum; f(1) = e — 2 © 0.71828, a relative or local maximum 
since f(x) = e* is always positive. 


The function f(x) = 2e‘"/2) has a maximum whenever sin : = | and a minimum whenever sin 5 *=-1, 


Therefore the maximums occur at x = 7 + 2k(277) and the minimums occur at x = 37 + 2k(27), ae k is any 
integer. The maximum is 2e ® 5.43656 and the minimum is 2 = 0.73576. 


f(x) =x2Int = f"(x) = 2x In} +x? (+) (—x-2) sa Pease: = x=0or 
Since x = 0 is not in the domain of f, x = e~!/2 = +. Also, f(x) > 0 for0<x < Se and 


eee 
Inx = ae 


a 


f'(x) < Oforx > ne Therefore, f ( <:) = t In Je — i Ine!/? = | Ine = x is the absolute maximum value 


= ll 
of f assumed at x = ye 


f(x) = (x — 3)? e* => f(x) = 2x - 3) 4+ (x— 3)? e* Y 
= (x — 3)e*(2+ x — 3) = (k — 1)(x — 3) e*; thus 

f'(x) > 0 for x < 1 or x > 3, and f’(x) < 0 for 

1<x<3 = f(1) = 4e & 10.87 is a local maximum and 





f(3) = 0is a local minimum. Since f(x) > 0 for all x, 
f(3) = 0 is also an absolute minimum. 








fer e*/2) dx — [2e*/? 4 2e*/?] 5 2In2 = (2el"2 +4 e~ In?) _ (2e° +4 2e°) =(441)-(24+2)=5-4=1 











uh x/ “ : 
L= fo f/1t% ax wi > y=? +C y0)=0 > 0=e+C = C=-1 S y=e"-1 
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74. $= Inf" (2427) y/1 + (2522)? dy = 20 [" (242) lt be —2 +e) dy 
rf (252) V(CS2Y dy = 20 7 (252)? ay = Ff +24 Mdy 
aaa =f((3 e249 1n2— 5 e-?m?) _ (2 +0-3$)] 
-44+2In2—4-1) =2(2-}+421n2) gs + In 2) 





NO 








wl wld 


—~ 


NiIF NI 


75. (a) a ne 
(b) average value = = lnxdx = ——; [kinx—3| 


=jte-et+tD=3 


e 
1 


= 4 [elne-e)—-(1In1-1)] 





76. average value = Be ie 1 dx = [In |x|]? =In2—In 1 =In2 


77. (a) f(x)=e => f'(x) =e; L(x) = (0) + f/(0)(x —0) > LX) =1+x 
(b) £(0) = 1 and L(O) = 1 => error = 0; f(0.2) = e®? & 1.22140 and L(0.2) = 1.2 => error © 0.02140 
(c) Since y” = e* > 0, the tangent line 2 
approximation always lies below the curve y = e*. 
Thus L(x) = x + I never overestimates e*. 











78. (a) ee * =e®) =e =] e* = 1 forallx; 2 =e"! (ite 2 oer 
e e*2 e*2 








(b) y = (e")*% => Iny = x2 Ine™ = xox) = x1 X2 elny = eX y=er2 (e%)" = eX 











79. f(x) = In(x)— 1 => f(x) = 4 > Xn = Xn eae Xn41 = Xn (2 —In(x,)]. Then x; = 2 


xn 


=> Xo = 2.61370564, x3 = 2.71624393 and x5 = 2.71828183, where we have used Newton's method. 


80. e!™* = x and In (e*) = x for all x > 0 


81. Note that y = In x and e” = x are the same curve; f In x dx = area under the curve between | and a; 
Ina 
f e’ dy = area to the left of the curve between 0 and In a. The sum of these areas is equal to the area of the rectangle 


a Ina 
=> [rinxax+ f e’ dy =alna. 


82. (a) y=e* => y” =e* > O forall x = the graph of y = e* is always concave upward 
Inb 
(b) area of the trapezoid ABCD < f ee dx < area of the trapezoid AEFD => 5 (AB + CD)(In b — In a) 

Inb in a in 

< fo eax < (*E) (In b — Ina). Now } (AB +CD) is the height of the midpoint 

M = e“*+1»)/2 since the curve containing the points B and C is linear = e**™)/? (In b — Ina) 
Inb 

<foedx< (=) (In b — In a) 


Inb 
(c) in e* dx = [e*]"? = et — el™* — b — a, so part (b) implies that 


Ina 











e(inatinb)/2 (Inb — Ina) <<b-—a< ( cigstt) (Inb—Ina) > e(inatinb)/2 <z b-a < a+b 


b—Ina 2 
= elna/2 . ginb/2 < b-a < atb => /elna,/elnb < 


a+b 
inb—ina > 2 < 


< ath = VJSab< , 


2 

















nba or re ie 
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Section 7.4 a* and log,x 


7.4 a‘ and log, x 


10. 


11. 


13. 


14. 


15. 


17. 


(a) SP87=7 (b) srev? = /2 (c) 1.398875 = 75 
(d) log, 16 = log, 47 = 2 log,4=2-1=2 (e) log; \/3 = log, 3!/? =}log, 3 =}-1=5=0.5 
(f) log, (4) = log, 4-1 = —-1 log,4 = —-1-1=-1 


(a) Flow. 3 —3 (b) 1 loss (1/2) = 5 (c) gloss 7 "7 
(d) logy, 121 = log, 11? = 2 log, 11 =2-1=2 

(e) login 11 = logis 121”? = (4) login: 121 = ($)-1= 4 
(f) log; (§) = log, 3-? = —2 log, 3 = —2-1=-2 











(a) Let z = log, x 4 =x => 2*=x (2)? =x Plas 
(b) Let z = log; x 37 =x (3°)? =x? =< =e 
(c) log, (e?s**) = log, 2%"* = sin x 

















(a) Let z= log; (3x?) vas = 27S 
(b) log. (e*) =x 
(c) log, (2°) = log, A(e* sin x) /2 = & Sax 








(a) logsx _ Inx « Inx _ Inx , In3 _ In3 (b) logsx _ Inx «. Inx _ Inx _In8 _ 3In2 _ 3 
logyx In2 * In3” In2) Inx ~~ In2 loggx  — In2 * In8 ~~ In2 Inx”  In2 ~~ 


(c) logxa _ Ina . Ina Ina , Inx* — 2Inx —2 


log a” Inx * Inx? ~ Inx Ina Inx 


























(a) logox _ Inx « Inx _ Inx | In3 _ 1 
log3x = -In9 * In3 ~~ 2In3) Inx ~~ 2 
(b) log 79 X — Inx . Inx _ Inx . (3) In2 = In2 
log3X ~~ InV/10 * Inv/2 ~~ (3) 10 Inx in 10 
(c) log,b _ Inb « Ina _ Inb . Inb __ (=) 
logpa  ~=Ina * Inb~ Ina Ina (Aina 


gloes (7) 4 glo: (5) — 5Sloss(x) » 74+ 5=x > x= 12 








glogs (3) _ ¢lnS — x2 _ leer Gx) = 3-5=x2?-3x > O=x? -—3x4+2=(x- Dx—-2) => x=lorx=2 


3logs (x") — Selnx _ 3. jglosio(2) = x2 = 5x-6 > x2—5x+6=0 = (x—2)(x—3)=0 S x =2orx =3 








Ine + 4-08) = 1 Jogi) 100 > 14.4180) = 1 logy) 10? = 1+x? =(1)(22) > 14+ 5-2=0 
=> x*-2x+1=0 > («x-1)?=0=> x=1 


y=2 => y'=2* In2 12, y=3% => y' =3* dn3)(-)D = -3* In3 
y= 58 > Y= 5Vn5) (E574?) = (8) 5v8 

y=2"° = © = 2° (in 2)2s = (In 2”) (s2*) = (In 4)s2" 

y=x7 > yl =ax 16. y=t'* = ay =(1—e)t® 


y = (cos 6)? => s = sua 2, (cos gv) (sin 0) 
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18. y=(Indy" => %& = n(n gy) (2) = manor 

19. y= 7" In] > ay = (7°? In 7)(In 7)(sec 6 tan 0) = 7*°°(In 7)? (sec 6 tan 0) 
20. y=3™ In3 = ay = (3° In 3)(In 3) sec? 6 = 3"°(In 3)? sec? 0 


21. y= 2% = Y = (25% In 2)(cos 3t)(3) = (3 cos 3t) (2%) (In 2) 








22, y= 50 => Y = (5--™ In 5)(sin 2t)(2) = (2 sin 2t) (5-™”) (in 5) 





23. y = log, 50 = TF => - = (aa) (ce) © = ns 


24. y = logs (1 + 0 In3) = ne > 3 = aa) Perce, (In 3) = eo 








— Inx Inx? _ Inx Iniex: =< Inx | | 
a T= pa he ha ene ne ee = ee 








— xine Inx _ =x Inx _ 1 ies 1 1\ — x-l 
26. Y= thos ~ 35 — Dind ~ Dns (sae) (x-Inx) > y= loins) (1 a) = xis 





_ _— (Int Inr) _ In?r dy _ 1 1\ _ 2Inr 
27. y = log, r- logy r = (3) (24) =honh) ~ a Fart (2 Inr) (3) = ian 2(n4) 





_ — (Int Inr\) _ In?r dy _ 1 i 2Inr 
28. y = logs r- logy r = (aa) (as) = 3m) 7 as lavstivn| (2 Inr) G) = {dn 3)(n 9) 














x In3 in n(* 1 
29. y= log, (($+4)™) = cbs | i my) = In (2#1) =n +1) —In -1) 























x-1 
dy ol —2 

a e411, — GEDDY 

x \(In5)/2 Ix 
= 7x Ins 7x (In5)/2 = In (745) — (in5 In (5245) — 1h 7x 

30. y = logs (sts) = logs (ats) = ind = ( 5} ) In 5 = 5 In (3285) 

_ 1 1 dy 7 3 — (3x+2)-3x _ 1 
= 3 in?x—5InGx+2) > & = TK TGRTD ~ Ged 2) ~ AGxTD 


31. y = @ sin (log, 0) = @ sin (74) => dy = sin (724) +0 [cos (724) | (wn) = sin (log, 6) + mr cos (log; @) 





ot - i ~ 2 Ca 8 = a _p_ 
32. y = log, (ines 4) = In (sin 0) + In (cos @) — Ine’ — In 2 = In (sin 0) + In (cos 0) — 6 — 6 In2 





29 In7 In7 
dy __ cos 6 sin 6 1 In2 _ 1 
= 6 = Gndnty) ~ wos Ont) In? In? (7) (cot @ — tan 6 — 1 — In2) 





= x — Ine’ _ x Pies, alll 
33. y = logs e In ins Yh 














34. y = log, ( x2e? ) _ Inx?+Ine?=In2—In /x+1 — 2Inx+2—In2—} n+) 


a In 2 _ In 2 
= y= 2 af — 4Ax+)-x 3x+4 
y= xIn2 2(In2)(x+1) ~ 2x(x+1)Un2) ~ 2x(x+1)In2 








35. y= Zloszt — 3 (int)/(In2) = & = [3009/(n2) dn 3)| (qs) = } (log 3) BZloz.t 





Int 


3 In(logy t) __ 3 In (its 


_ = ) dy _ 3 1 1) _ 3 
36. y = 3 logs (log, t) = hg ing | =a) dn b/dn 2) (saa) = inodn 8) 





= 1 
~~ t(In t)(n 2) 
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38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


49. 


50. 


51. 


52. 


Section 7.4 a* andlog,x 447 





In 8 + In (ti? 
y = log, (8?) a: aa ) _— ae = 3. = dy _ 1 


tin ((e"3) “n') tIn (38iat) tsi 
= = __ t(sin t)(In 3) : dy : 
y= aa = 457 = 3 tsnt > | =sint+tcost 














y=(«4+1¥ = Iny=InQx+1*¥=xnkk+1) => Y=Inxt 1) +x-gty => vy =(x4+1) [44 +n + D] 








y = xe) In y Inx®) = (x+1)Inx > ©Sinx+(x+1(4)=Inx+1+? 
=> y =x) (1414 Inx) 








y= (vi) = (0) =e > ny ain = (3) ne > PF = (4) dny4() YB 


+ ¥= (V9 4+) 


ole 














t t/2 t/2) 1 ay fige 1) _ Int+2 
y= =) Iny = Int! S=(t/*) det) > a= gd asd aera 





cos X 
sin X 





y = (sin x)* => Iny = In(sin x)* = x In(sinx) > x = In(sin x) + x ( ) => y’ = (sin x)* [In(sin x) + x cot x] 


y=x™ = Iny =Inx"™* =(sinx)(—nx) > 7 = (cos x)(In x) + (sin x) (¢) = nee a nates) 
sin x + x(In x)(cos x) 
x 


=> y’ = xsinx 





y=" 2>0 5 ly Sis? = ¥ = 2(In x) (4) = y =i") (2) 


Xx 


y = (Inx)** > Iny =(Inx)In(Inx) > v= (2) Indn x) + dn x) (;£) 2 dnx) = B@* 41 


Inx 
= y’ = (nant) (In x)" 





forax= +e 4g. f(3ydx = {3% +0 











679 1\-2 
ee ae pa), si a) ~ in O) aa ~ ih O) (1-25) = pitas = ms 
-2 








Let u = x? du = 2x dx 5 du xdx;x= 1 u=1,x Jf2 u=2; 


vi 2 1: 2 72 
J x20 ce = f0(4) 2° du = 3 [a]? = (abs) @? 24) = oh 


























Letu=x/? = du=}x-¥/? dx > 2du ‘Teak 1 u=1,x=4 u=2; 
4 = 4 2 2 

Qe _ x2 1/2 _ u — f2eyn1" _ 74 3 2 4 
Ji Bp ax = fra x ax = 2 foe du = [AP] = (a) (27) = 
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53. Letu=cost > du=-—sintdt > —du=sintdt;t=0 u=1,t 7 u=0; 
[7° 7 sin tat = —f'rdu=[ Fy =(4)7-7n=5 
54. Letu=tant > du=sec*tdt;t=0 > u=0,t=F u=1; 
ead 
7/4 tant 1 u 3 
Lr qyrncra= fara |) = ey [Qy- 0] = sh 
0 


55. Letu=x™ => Inu=2xInx > 1% =2Inx+(2x)(4) > ¢ =2udnx+1) > $ du=x™*(1 + Inx) dx; 
x=2 u=24=16,x=4 u = 48 = 65,536; 


4 65,536 
fi ea +inxydx =f du =} [ul S** = } 65,536 — 16) = 8220 = 32,760 


6 














56. Letu=Inx = du =} dx;x 1 u=0,x=2 > u=1n?2; 


faxa fo au = [25] = (Fs) 2-2) = BH 











57. [3x8 dx = BS + 58. _f x(¥? Vdx= 54 
3 3 In2 e in in 
59. J, (v2 +1) x7 dx = [xl] = 30) 60, fx! dx = [f4]2 = Mo = Eh = 








61. een ae ) dx; [u = Inx > du = + dx] 


nx) 
2) a= 4, fudn= (into) (54 *)+C= so tC 








62. Jr a = f"(™) (2) dx; [w=inx > du=!dx;x 1 u=0,x=4 u In 4] 


In2 


= f°(@8) 2) ax = f(y) wu = (F5) [Aw] = (Fy) [Fan 47] = @% = © — ng 




















aM {abe dx = fo) (™) dx = fo mx dx = [1 dn x)’] 4 = 2 [an 4)? — dn 1)?] = } dn 4y? 
=$(21n 2) = 200 2P 





64. [= a x) dx = * dn ioe (a ) d= [dn x)? iy = (In e) —(In 1)? =| 











2 
65. f ee dx = eo f [In (x + 2)] (sea) dx = (aa) [ee] 


0 
=f 4(In 2)? (In2yr} _ 3 
= (¢) | 2 2 ] =312 


_ ( 1 ) (In 4)? (In 2) 
—~ \in2 2 2 





66. 


fon 








10 10 10 
logio (10x) _— 10 _ (10 (In (10x))? — (10 (In 100)? (In 1)? 
Joa x AX = nig J) olin CO) (sox) dx = (Gt) 20 1/10 (into) 20 2 


= 10 4(n 10)? | __ 
= ta 20 = 21n 10 














67, f° PH EED de = 5” Im(x-+ 1) (Gy) dx = (pp) [EEE] = (Gq) [OE - OE 


= 1n 10 











3 
2 logs (x — 1) = 2 (In (x—1))? 
68. if x-1 4X = a f In (x — 4) ) dx = (Ca 5 


ey ae) (In 2) (Ini? } 
= () | 2 2 }=m2 
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A2: 


13: 


74. 


7d; 


70. 


77. 


78. 


79. 


80. 


81. 


82. 


Section 7.4 a* and log,x 


Jat ere: =~ =f (8 


— an 10) f (& 


(2) dx =n 10) f (4) (4) dx; [w= inx > du =! ds] 







(4) dx = (In 10) f 4 du=<n 10) In |u| + C = in 10) In |Inx| +C 


( 








d = d = 2 (In x)? -_ 2 (nx)! _ _ dng? 
a a f 2 ax=dnsy O22" 4c0=-E% t¢ 


Inx 
2 fd dt = [in u]?* = mn [in x| — m1 = nn), x > 1 


fota= [In |t|]§ =Ine*-In] =xIne=x 





Ix 
f°} at = [in [t]!* =n [4] —In 1 = (in 1 — In x|) —In 1 = -Inx, x >0 
1 ot x 


a fot at = [2 In [t{]* = @* — @! = log, x,x>0 


1 Ina Ina 








iD, 2 
A= f pad =2f 2S dx: fu = 14x? = du= 2d x =0 u=1,x=2 u=5] 


5 
= A=2f 1 du = 2 [In [ul]? = 2(n 5 —In 1) =2In'5 








Let [H3O0*] = x and solve the equations 7.37 = — logy) x and 7.44 = — logy) x. The solutions of these equations 
are 10-73" and 10-7. Consequently, the bounds for [H3O*] are [10~7**, 10-737] . 


pH = — logy (4.8 x 1078) = — (logy) 4.8) + 8 = 7.32 


Let O = original sound level = 10 logy) (I x 10'*) db from Equation (6) in the text. Solving 
O + 10 = 10 logy (kI x 10!”) fork = 10 logy (I x 10!”) + 10 = 10 logy (kI x 10'*) => logy (I x 10!2) +1 
= logio (KI x 10!) = logis (I x 10!) + 1 = logig k + logiy (I x 10") + 1 =logyk > 1= 2K 

> Ink=1n 10 k= 10 











Sound level with 101 = 10 logy (101 x 10!%) = 10 flogio 10 + logio (I x 10'*)] = 10 + 10 logy (I x 10/7) 
= original sound level + 10 = an increase of 10 db 





(a) Ifx = [H30*] and S —x = [OH], thenx(S—x)=10-“ = S=x4+@* = 8-1-1 
and es — 2: i 4 





> 0 = aminimum exists at x = 107~" 
iy pia 1a D7 


[on] (ae [on] 
(©) thoy = = - = 10— = the ratio 1,07] equals | at x = 107 








Ina 1 Inb 
Inb logy a Ina 





Yes, it's true for all positive values of a and b: log, b = pe and log, a 





log, b 
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83. From zooming in on the graph at the right, we estimate . 


84. The functions f(x) = x""* and g(x) = 2"* appear to 


the third root to be x + —0.76666 





x = — 0.76666 


-4 


have identical graphs for x > 0. This is no accident, 


z i 
because xin2 = eln2Inx — (enaye: = Jinx | 





85. (a) f(x) = 2* => f(x) = 2" In 2; L(x) = (2° In2)x + 2° =xIn2+120.69x+1 


86. (a) f(x) =log,x > f'(~) = Gy. andf{3) = 7% > LW = py k-34+B 


87. 


88. 


89. 


90. 


(b) 


ae y 





y= (In2)z+1 














— _x 1 
In3 ~ 31In3 ng tl 











= 0.30x + 0.09 
(b) | ; 
esi 
1 
or x 
“1 
-2! 
(a) log, 8 = 28 ~ 1.89279 (b) log, 0.5 = #93 ~ —0.35621 
(c) logy 17 = 24 ~ 0.94575 (d) logos 7 = 4 ~ —2.80735 
(e) Inx = (logy) x)(n 10) = 2.3 In 10 & 5.29595 (f) In x = (log, x)(In 2) = 1.4 In2 = 0.97041 


(g) Inx = (log, x)(In 2) = —1.5 In2 © —1.03972 (h) In x = (logy) x)(In 10) = —0.71In 10 + —1.61181 











In 10 — ml0 , Inx _ Inx _ Ina , — Ina , ox _.. nx _- 
(a) ina "108i X = Tho * into = in2 — 182% (OY ip 08% = ine ina — toh = OBE 
d 1,2 _ da ae 
4 (—$x? +k) = —xand #(Inx +c) =}. 
Since —x - 4 = —1 for any x ¥ 0, these two curves will have perpendicular tangent lines. 
xX 


eX — x for x > 0 and In(e*) = x for all x 
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Section 7.5 Exponential Growth and Decay 451 








Using Newton's Method: f(x) = In(x) — 1 => f’(x) i Xnt1 = Xn — ina) => Xn41 = Xn [2 - In(xn)| : 


xn 


Then, xX; = 2, X2 = 2.61370564, x3 = 2.71624393, and x5 = 2.71828183. Many other methods may be used. For example, 
graph y = In x — 1 and determine the zero of y. 


dy _ 


(a) The point of tangency is (p, In p) and Mangent = ; since S* = +. The tangent line passes through (0, 0) = the 





equation of the tangent line is y = a The tangent line also passes through(p, In p) > Inp =P 1 => p =e, and 





the tangent line equation is y = Lx, 

(b) iy =—— + for x 4 0 = y = Inx is concave downward over its domain. Therefore, y = In x lies below the graph of 
y= tx for all x > 0,x #e, and Inx < >} forx > 0,x #e. 

(c) Multiplying by e, e In x < x orIn x® < x. 


In x® 


(d) Exponentiating both sides of In x° < x, we have e"™* < e*, or x® < e* for all positive x  e. 


(e) Let x = 7 to see that 7° < e”. Therefore, e” is bigger. 


EXPONENTIAL GROWTH AND DECAY 





(a) y=yoe" = 0.99y9 = yoe™ > k= 20% ~ —0.00001 
(b) 0.9 = em! => (—0,00001)t = In(0.9) > t= 2O%_ = 10,536 years 
(c) y = ype = ype? = yo(0.82) > 82% 








(a) 2 =kp => p= poe where pp = 1013; 90 = 1013e* = k = BOOM) ~ _9.121 
(b) p = 1013e° ~ 2.389 millibars 


(c) 900 = 1013e°7 = —0.12Ih = In( 23) > h= BOO) OO) ~ 0.977 km 


ay = —0.6y => y=yoe°*; yo = 100 = y=100e°* => y= 100e°° © 54.88 grams when t = 1 hr 














A = Age“ 800 = 1000e'™ k OB A = 1000e""© 8/19, where A represents the amount of 
sugar that remains after time t. Thus after another 14 hrs, A = 1000e "9/194 ~ 585.35 kg 








Leelee” | Pale In} =—-18k > k= "2 ~ 0.0385 = L(x) = Loe °™*™; when the intensity 
is one-tenth of the surface value, 7 = Loe? => In 10 = 0.0385x => x & 59.8 ft 


V(t) = Voe“*” = 0.1Vo = Voe’” when the voltage is 10% of its original value = t = —40 In(0.1) 
= 92.1 sec 


kt 





at y = 2 andt = 0.5 we have 2 = e°* In 2 = 0.5k k Be In 4. 





y = yoe“ and yo = 1 y=e 
Therefore, y = e“"*! y = ett — 4% — 2.81474978 x 10" at the end of 24 hrs 














y = yoe“ and y(3) = 10,000 = 10,000 = yoe*; also y(5) = 40,000 = yoe*. Therefore ype* = 4yoe* 
e* = 4e* ek=4 k =In2. Thus, y = yoe"*?* = 10,000 = yoe*"? = yoe'™® 10,000 = 8yo 
=> yo = 1 = 1250 














(a) 10,000e*) = 7500 = e = 0.75 => k=1n 0.75 and y = 10,000e""°", Now 1000 = 10,000e""°7" 
=> In0.1 = dn0.75)t > t= ee = 8.00 years (to the nearest hundredth of a year) 
(b) 1 = 10,000e""°7" = In 0.0001 = (In 0.75)t => t = 2000! ~ 32.02 years (to the nearest hundredth of a 


In 0.75 
year) 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


(a) There are (60)(60)(24)(365) = 31,536,000 seconds in a year. Thus, assuming exponential growth, 
= t _ 536, 257,313,432 \ 14k 
P = 257,313,431le* and 257,313,432 = 257,313,43 Le(4k/31-536.000) 5 Jy (S88) = 37536000 
=> k &0.0087542 


(b) P = 257,313,43 Le(.087542)(15) = 293,420,847 (to the nearest integer). Answers will vary considerably 
with the number of decimal places retained. 





0.9Pp) = Poe* = k = 1n 0.9; when the well's output falls to one-fifth of its present value P = 0.2P, 


=> 0.2Pp) = Poel?" => 0.2 = elmo In (0.2) = (in 0.9)t => t= PRS & 15.28 yr 











(a) . _ i00 = . = 100 dx => Inp=- shi x+C > p= e(-0.01x+0) _ gC e-0.0lx _ Cy e-001x, 
p(100) = 20.09 > 20.09 = Cye V0) =. C, = 20.09e = 54.61 = p(x) = 54.6le-°°™ (in dollars) 
(b) p(10) = 54.61e-°°D0 = $49.41, and p(90) = 54.61e-°°D = $22.20 
(c) r(x) = xp(x) r(x) = p(x) + xp'(x); 2000 
p(x) = —.5461le°°* => r(x) 
= (54.61 — .5461x)e""*. Thus, r(x) = 0 
=> 54.61 = .5461x > x = 100. Sincer’ > 0 aes 
for any x < 100 andr’ < 0 for x > 100, then 1400 


r(x) must be a maximum at x = 100. 
















r(x) = 54.61xe700"% 


(a) Age = Age°? 
(b) 2A = Age = In2 = (0.04)t > t= 22 ~ 17.33 years; 3Ap = Ape®™* = In3 = (0.04)t 
In3 


=> t= goq © 27.47 years 


(a) The amount of money invested Apo after t years is A(t) = Ape' 
(b) If A(t) = 3Ao, then 3A9 = Apet In3 =tort = 1.099 years 
(c) At the beginning of a year the account balance is Age’, while at the end of the year the balance is Age"). 








The amount earned is Age“t)) — Age! = Age'(e — 1) © 1.7 times the beginning amount. 











A(100) = 90,000 = 90,000 = 1000e = 90 =e = In90 = 100r = r= "2? © 0.0450 or 4.50% 


A(100) = 131,000 = 131,000 = 1000e°" => In 131 = 100r > r= nit = 0.04875 or 4.875% 


y = yoe °' represents the decay equation; solving (0.9)yo = yoe*'* => t= a = 0.585 days 


A = Age" and } Ay = Age?®* = b= > k= "O° ~ _0,00499; then 0.05A9 = Age 0 


139 
=> t= ae, © 600 days 














y = yore “ = yore WC” = yoe* = 4 < # = (0.05)(yo) = after three mean lifetimes less than 5% remains 


(a) A=Age™* > f =e? > k= JU w 0.262 
(b) - © 3.816 years 


(c) (0.05)A = Aexp(— #2 t) > —In20= (— B%)t > t= 298020 w 11.431 years 








T —T, = (To — Te, To = 90°C, T, = 20°C, T = 60°C > 60-20 = 70e™ > $e 
= k= "W ~ 0.05596 
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22. 


23. 


24. 


29: 


26. 


27. 
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(a) 35 —20 = 70e°°" = t & 27.5 min is the total time = it will take 27.5 — 10 = 17.5 minutes longer to reach 
35°C 
(b) T—T, =(Tp — Te, Tp = 90°C, T, = —15°C > 35415 = 105e-° 5 = t & 13.26 min 


T — 65° = (Ty — 65°)“ = 35° — 65° = (Ty — 65°) ee ™™ and 50° — 65° = (Ty — 65°) e*™. Solving 
—30° = (Ty — 65°) e"'™ and —15° = (Ty — 65°) e"™™ simultaneously = (Tp — 65°) e"'™ = 2(Ty — 65°) e*™ 
el = 2 > k= 22 and —30° = BE => —30° [el t#) ] = T) — 65° > Ty = 65° — 30° (el?) = 65° — 60° = 5° 














T-T,=(To-T,e* = 39-T, = (46 —T,)e"™ and 33 — T, = (46 —T,)e™ => BEE =e and 








2 
op Hema (eo)? > P= (2) => (33 — T,)(46 — T,) = (39-T,)? => 1518 — 79T, +T? 


= 1521 —78T, + T? =—[,.=3 Le==3°€ 








Let x represent how far above room temperature the silver will be 15 min from now, y how far above room 
temperature the silver will be 120 min from now, and to the time the silver will be 10°C above room 


temperature. We then have the following time-temperature table: 
time in min. 0 20 (Now) | 35 140 to 























temperature T, + 70° | T,+60° | T,+x | T,+y | T, + 10° 
T-—T, =(T) —TJe* > (60+T,) —T, = [((70+T,) —T,]e7™ = 60 = 70e7* => k= (— 4) In($) 
=~ 0.00771 
(a) T-T, = (To — Tie 00" = (T, +x) —T, = [70 + T,) — T,] O79) = x = 7007-0285  53.44°C 
(b) T—T, = (To — Te" => (T, +y) — T, = [((70 + T,) — T,] eH O79) => oy = 70071  23.79°C 
(c) T-T, = (MT —Tie0"™" = (T, + 10) — T, = [((70 + T,) — Te OO" => 10 = 70007 
=> In (5) = —0.00771tp > to = (- maT) In (4) = 252.39 = 252.39 — 20 = 232 minutes from now the 


silver will be 10°C above room temperature 











From Example 5, the half-life of carbon-14 is 5700 yr => $c) = coe *6™ => k= BE ~ 0.0001216 


In (0.445) 


= —0.0001216t = —0.0001216t = 
=> c=coe => (0.445)co = coe = t= =poo01016 


= 6659 years 
From Exercise 25, k & 0.0001216 for carbon-14. 

(a) c=cge C71 => (0.17)cg = cge OO => t & 14,571.44 years = 12,571 BC 
(b) (0.18)co = cope 0" = t 14,101.41 years > 12,101 BC 

(c) (0.16)cp = cope 0" => t x 15,069.98 years = 13,070 BC 


From Exercise 25, k © 0.0001216 for carbon-14. Thus, c = cge~°!7!* = (0.995)cg = coe 0071 


4 — 10.995) 


=onon1e ~ 41 years old 


7.6 RELATIVE RATES OF GROWTH 

















(a) slower, lim *#2= lim 4=0 
Xoo @ X—0Oo e 
‘ i : 2 of > ° = i 
(b) slower, lim x “+ sin!  —— lim 3x zaisin oe C8 = lim Oxe2 cos 2x = lim 6 a Sint 2X = 0 by the 
Xx > 00 e Xx > 0O e X > 00 e Xx > 0O e 
Sandwich Theorem because 2 < &=43i22x < 10 forall realsand_ lim. 2=0= lim 2% 
e e e Xx > Co & x—c ®& 
1 -1/2 
3 x : 1/2 ‘ PP ee i 
(c) slower, lim v2 = lim *% =. lim ae =. lim 1_=@Q 
XO °¢ Xoo ° X—> © e X00 2/xe* 
. x ¥ x . 
(d) faster, lim ¥=_ lim (3) = oo since +> 1 
X > 0O & x—oco \e e 
(3)' x 
(e) slower, - lim. a = % iim. (3) = Osince 5, < 1 
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(f) 


(g) 
(h) 


(a) 
(b) 


(c) 


(d) 
(e) 
(f) 
(g) 


(h) 


(a) 
(b) 
(c) 
(d) 


(e) 
(f) 
(g) 
(h) 


(a) 
(b) 
(c) 


(d) 
(e) 


(f) 
(g) 
(h) 
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slower, lim. 5 - =. lim a = 
X—0o e Xoo & 
() 
¥ 2 < 
same,_ lim += lim i=} 
xX— oo & x00 2 2 
1 
‘ logio X : Inx __ . x _ : 1 = 
slower, x lim. e X lim. (In 10)e* ~ x lim (In 10)e* ~ x lim. (In 10)xe* 0 
2 4 < 3 ‘ 2 ‘ - 
slower, lim. 1¢-+30x+1 lim 8420 Jim lim. 240% lim ~42®=0 
X = 00 e X — 00 e X— oo @€ Xoo & xXxOoO °@ 
Inx-1+x(}) 
‘ = * Inx—1 ‘ ‘ a : 
slower,. lim. 28%=* = lim =) = lim —M“/ — jim Beet! lim 2 
x—oco e X > 00 e X — 00 e X 00 e X—0o ¢ 
(:) 
= im. ee im, SO 
x= oo @ Xoo xe 
: Vi+xt : L+xt _ : 4x3 : 12x? __ : 24x __ : 24 
slower, x 7 x x im oo. 6 x Le OO 2e* X hp OO 4e7* x Du oo 8e** x nh Oo 16078 
= /0=0 
(3)" 
‘ 3 _ . 5)\X _ é 5 
slower, z iim. a Sy lim (3) = Osince = <1 
. —x . 
slower,. lim & lm +=0 
x—> oo @ X— 00 @ 
faster, lim “© = _ lim x=oo 
X—0Oo © x> 
. _ =] cos X 1 
slower, since for all reals we have —1 < cosx <1 > eb <e*<el = © < & < © andalso 
e e e& 
. =I A i . s cos X 
lim S-=0=,. lim_ §&,so by the Sandwich Theorem we conclude that. lim “— = 
X00 ¢ X= 0o ¢ X—0O @& 
< ex-! . 1 = 7 al _ al 
same, 5, un . & pe wana =, lim, ee 
a 2 c a 
same, lim *+“= lim uit = lim 2=1 
xc * xX CO x x—0o 2 
faster, lim *>*% lim (x? — 1) =0o 
x—0o * x 
‘ A py x 443 
same,_ lim a = lim *4* = lim (1 + 1) = J1 =] 
Xx — 0O X — 00 X — 0O 
3 3)2 ‘ 2 3 : 
same, lim S72 = lim 7@2= lim 2=1 
x—co x xXx—> oo 2x x= co 2 
(3) 
slower, lim. 22% = lim PX = lim “+ —(0 
x—- oo * x—o x x—co |! 
: x : In 2) 2% : In 2)? 2 
faster, lim %=_ lim me = lm & = oo 
X—0o x Xx > 00 x xX — 00 
. 3a-X * . 
slower, lim. *5- =. lim <= lim +4+=0 
Xx— oo Xx X — 00 X= 0o ¢ 
same, lim. “> lim 8= 
x= oo x 
: XP 44/x : 1 
same, , lim 2 =, lim (1+ az) =1 
4 2 3 
same, lim == lim 10=10 
x— oo x x 
a 2a-K a 
slower,. lim. *5-=._ lim ==0 
x—oo * X= oO @ 
logia x (ito) (:) 
‘ Ogio X” __ < Inlo/ : 2Inx _ 2 : x} 1 : oo 
slower, , lim, x =, lim, x =o x im x — Info x im x — Inlo x am, gw 0 
; 3.8 : 
faster, lim. *|* =. lim (K-l)=@ 
Xx—0O * 
(5). 
, 1) 
slower, _ lim ~=_lm —,=0 
x—oo x X — CO 10% 
. (De |: (In tId.e 4: (In LP2CLDS 
faster Im x! =, IMs 2x =, im,, 2 — 
‘ 2 % 
same, _ lim “+x — lim (1 + 100) 1 
xX — 00 ='0o x 
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(a) same,_ lim 1083 x =_ lim = lm 4=4 
x— Cc nm xX x— Cw Inx x7 & In3 In3 
2 
(b) same, lim) 27% = lim Ge) = 4 
x— co nx ~x—- oo (§) 
1 
2 In ,/x P (3) Inx . 
(c) same, lim as lim = lm l=1 
xX— oo Inx X—0co Inx x—> oo 2? 2 
Hl —1/2 
: Xx : 1/2 : (3) x : : Xx 
(d) faster, lim Ven jin: 22 =. tm. 22 =. tim 2 =. tow, He 
X= 00 Inx ~ xX 00 mx ~ x > 00 () x00 2/x xo 2 
x 















































(e) faster, lim. >; =, lim += lim _ x=oo 
X—>0o Inx ~ x 400 ) x> 
(f) same, lim 2"*= lim 5=5 
xX— co Inx X — 00 
(g) slower, lim (:) =_ lim 1_ =0 
8 >x Soo Inx X > 00 xinx 
i x ‘ Xx , 
(h) faster, lim ~, =, lim. Ay =, lim_ xe* = 00 
x—oo nx ~ x00 G) x > 0o 
1 (25°) 
(a) same, lim) “2* = lim \* lim, Pe=4 lim *=a4 lm 2=5 
Xx — 00 nx Xx > 0O nx n2 x 300 Inx n2 x —y¥oo Inx n2 x —3 00 n2 
logig 10 (He) (im 
(b) same, lim “82* = lim w= lim B= 4, ilim — 1 jim 1= 4 
X > 00 nx x — 0O nx InlO x —=$q Inx Inl0 x —3 Qo (3) Inl0 x —$ Qo In 10 
aie 
(c) slower, _ lim (a) lim : =0 
"x a0. «Inx xX > 00 (x) (nx) 
ae oe ; 
(d) slower, . lim > = lim. =— =0 
X— 0o Inx xX Soo xX? Inx 
(ce) faster, lim S*@*¥= lim (4 -2)=(_ lim) 4)-2=([, lim 7) -2=(, lim. x) -2=00 
X— oo Inx X— oo \inx X— oo Inx X — 0O 3) X — 00 























. —x . 

(f) slower,. lim. £—-= lim —-=0 
X > 0o Inx X—> 00 &lnx 
Inn) (is) 

: n(Inx) __ : x) : 1 _ 

(g) slower, xX lim. Inx xX lim. (4) ~~ xX lim. Inx 0 
: In (2x+5) : ( ors ) ‘ ox ‘i : 
(h) same, lim) — [> =, lim = _lim. 5 = lim 5=. lim 1=1 
Xx => CO nx X= ©O (3) Xoo 2x45 ~~ x00 27 x > 00 
lim “= lim e&?= => e* grows faster than e*/?: since for x > e® we have Inx >eand_ lim “2*" 

x > 00 &? ~ x 00 = g : Xoo & 


a F _x \* 
(in x)* =, lim, Ge 


lim (mx)* = oo => (Inx)* grows faster than e*; since x > In x for all x > O and | lim 
x= oo Le X > 00 


= oo => x* grows faster than (In x)*. Therefore, slowest to fastest are: ex/ 2" e*, (In x)*, x* so the order is d, a, c, b 








x 2 04 2 
7 lim, Dy lim, {in dn 2)y(fn 2 =, lim, (dn (in » (in 2)" __ dndn 2)) ; lim, (In 2)* = 0 
x 2. H xe 7 2x — S 2 = 2 xX. 
= (In 2)* grows slower than x°; - lim. = iim. De = x lim hoax = 0 = x’ grows slower than 2*; 
* lim, ze =e lim. (2)* =0 = 2¥* grows slower than e*. Therefore, the slowest to the fastest is: (In 2)*, x”, 2* 


and e* so the order is c, b, a, d 


(a) false; lim *=1 
X = 00 

‘ : x — |. 
(b) false; o im. ms =i= 1 
(c) true;sx<x+5 > ae < lif x > 1 (or sufficiently large) 
(d) true;x <2x > a < lifx > 1 (or sufficiently large) 
(e) true; lim. S= lim. 4=0 

X 7 0O © x30 ° 


(f) true; HP® =14 BX <1+ ve =14+-+ <2ifx > 1 (orsufficiently large) 


x 





a 
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(3) _ 


(2) = im. 1=1 





rae 


(g) false; . lim x = lim 
X— oo In2x ~ xX = o0 


(h) true; «+5 <a at ay a x45 =1+ 2 < 6if x > 1 (or sufficiently large) 











HT 
10. (a) true; ae = = < lifx > 1 (or sufficiently large) 
1 








(b) true C ) =1+ t < 2if x > 1 (or sufficiently large) 
Lod 
(c) false; . lim ae =, lim, (1-3) =1 


(d) true;2+cosx <3 => 24 cos x Z< 3 5 if x is sufficiently large 





(e) true; © oa =l+Zand5 > ve > co = 14+ 5 <2ifx is sufficiently large 


xInx 





(f) tue; lim += lim ~=_ lm =0 
X— oo * xXxOoO *X x oo ! 
(g) true; A* < =* = 1 if x is sufficiently large 
1 
‘ : In x (x) — +l 1 1)\)_1 
(9 fas 5 Blo RAPT = Hho any x HPs “aH = Hho (H+ ae) =} 
xe + 


: f(x) __ : gx) _ 1 
11. If f(x) and g(x) grow at the same rate, then x im, ao Z0> 2 lim. m= #0. Then 


-1| < lif x is sufficiently large => L—1< rc <L+1=> e 


f(x) 
g(x) 


=> f=O(g). Similarly, & <|?|+1 > g=O(). 


< |L| + 1 if x is sufficiently large 





12. When the degree of f is less than the degree of g since in that case _ lim 1 _ 9 
Xoo gx) 
13. When the degree of f is less than or equal to the degree of g since ¥ lim. a = 0 when the degree of f is smaller 
than the degree of g, and rm lim. = ; (the ratio of the leading coefficients) when the degrees are the same. 


14. Polynomials of a greater degree grow at a greater rate than polynomials of a lesser degree. Polynomials of the 
same degree grow at the same rate. 









































1 1 
15. lim) 22+) — lim eT) tim = = im b= Land. lim 2&9 — yim (5) 
X— oo Inx X — 00 () x= oo tl ~ x00 |! x— oo Inx X — 00 (4) 
=, im,, x7 955 = 1 
1 
16. . lim nee = lm “= lim —+=_lim_ !=1. Therefore, the relative rates are the same. 
X— oo Inx X > 0O (4) X— oo xta ~~ x > 00 I 
: J10x+1 _ : 10x+1 _ oad . x41 _ : x+1 _ _ . 
17. : lim, ae Ae iim. = V10 and lim. a oe lim. ~ = V1 = 1. Since the growth rate 
is transitive, we conclude that ,/ 10x + | and ,/x + | have the same growth rate (that of /x) , 
: Vxttx : xt4x __ . Vt xd E x4—x3 : : 
18. lim Y= lim —=land lim “>= lim + = 1. Since the growth rate is 
Xx— CO * Xx— oo x x— co * X—0Oo * 
transitive, we conclude that \/x! + x and x‘ — x3 have the same growth rate (that of x”) . 
19. lim *£= lim. ™ =...=_ lim. ™=0 5 x®=0 (e*) for any non-negative integer n 


x—> oo & x— co @& xc & 
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20. If p(x) = apx" + agp_yx™ 1 +... +ayx + ag, then lim, ae =a, gli. s x ~ + an] ‘ lim. eo 


+a, _ lim. X+a9_ lim__ + where each limit is zero (from Exercise 19). Therefore, lim P®) _ 
X= 0O & X = 0O & X = 00 








= e* grows faster than any polynomial. 





xin x(temn ey ; L/n _ 1/o eee 
21. (a) m lim Lg. WE lim. “ay = () % lim. x/"=oo => Inx=o (x ) for any positive integer n 
1/108 
(b) In (e!7:009,009) — 17,000,000 < (or) = el » 24,154,952.75 


(c) x © 3.430631121 x 10% 











(d) In the interval [3.41 x 10!°,3.45 x 101°] we have 0.004 
y = In x — 10 In(In x) 

Inx = 10 In(nx). The graphs cross at about e002 
3.4306311 x 10%. eee 3.45 107° 

-0.004 

-0.006 

ab 

| i, (88) cin, [ae] 
22. gan anx™ Fag ax Th. bax +a) Lim (a4 fol 4 SL 4 3% ) - aa 





= lim. Tas) Co) =0 = Inx grows slower than any non-constant polynomial (n > 1) 












nloggn __ 
23. (a) cia a lim an = =0 => nlog) n grows) y 
Inn 2500 2 
2. i nloggn _ (in3) y =n (log,n 
slower than n (log, n)*; = lim ae = % lim a ance ( 2 ) 
1 
Fa 1500 
— il ij n ee : i = 
= pz im aw S=Ham _ lim. = =0 
In2 pn 3 0 (3) n-l/2 In2 yn So ni? 1000 
= n log) n grows slower than n/2, Therefore, n logy n 500 


grows at the slowest rate = the algorithm that takes 
O(n log» n) steps is the most efficient in the long run. 

















inn)? (b) 
2 2 
24, (a) lim Se = lim (i) = lim oo y 
oe) n— oo n— co 
; 2(In n) (i) ‘is 
a lim. dna? On mr ai lim. hn 
() _ 
= : a 2 
m2? n lim. = 0 = (log? n)* grows slower 
‘ : (logy n)? : logy n 
than n; 4 lim ined ai lim, or 
it 
= lim (is3) = lim ™ 
nH oo M2 ~~ In2 noo 
1 
eel : a) 2 2 2 
= tes lim. Qie hs 7 lim. he 7 =0 =} (log n)* grows slower than Jn n logs n. Therefore (log, n)* grows 


at the slowest rate = the algorithm that takes O ((log> n)”) steps is the most efficient in the long run. 


25. It could take one million steps for a sequential search, but at most 20 steps for a binary search because 
219 = 524,288 < 1,000,000 < 1,048,576 = 2?°. 


26. It could take 450,000 steps for a sequential search, but at most 19 steps for a binary search because 
218 = 262,144 < 450,000 < 524,288 = 21°. 
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7.7 INVERSE TRIGONOMETRIC FUNCTIONS 


14. 


15. 


16. 


17. 


19. 


21. 


22. 


23. 


24. 


2): 


26. 


27. 


28. 








sin (sin (- 5) + cos! (- 5)) = sin (- E+ 2) = sin (4) =1 


cot (sin! (- 5) — sec! 2) = cot (- = — cos”! (5)) = cot (- z z) = cot (- 


sec”! (sec (- 


\) sec" (+) = cos! (4) =% 


cot~! (cot (- t)) =cot!(-l) = 3m 
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(a) | (b) —3 (c) & 2, (4) =F (b) 3 (ek =¢ 
(a) -% (b) | (c) -F 4. (a) | (b) =] (c) 3 
(a) 3 (b) # fe) 2 6. (a) = (b) | (c) = 
(a) (b) & (c) # 8. (a) | (b) (c) § 
(a) 7 (b) -— 4 (c) Z 10. (ay -% (b) 3 (c)o-—% 
_(@a) #F (b) = (c) F 12. (a) § (b) = () 3 
’ a = sin! (3) => cosa= Z, tana = 3, seca = Bicsca = Band cot a = & 
qa = tan 1(4) => sna= 4,cos a = 2, seca = 3,csca= 3, and cot a = } 
a = sec7! (- V3) sin a = Rr 008 0 = — Jp tana = —2,csca = V3 and cot a = -} 
a =sec™! (- 2) sina = Ti C8 & = — Fg tan a = —2,csca= VB and cot a = —3 
j =42\ a) — 1 -11) — tT) — 
sin | cos 5 = sin (7) at 18. sec (cos +) = sec () =2 
: 1 _ tT) _ il Cae 3 = T\) 
tan (sin“! (— $)) = tan (— 2) = — Fa 20. cot (sin (- ¥3)) = cot (— 4) =- We 
= = _ = 1 T\ __ T oe 44-3 
csc (sec! 2) + cos (tan ‘ (-v3)) = esc (cos~’ ($)) + cos (— $) = csc (4) + cos (— $) a 5 aA 
tan (sec! 1) + sin (csc! (—2)) = tan (cos~! +) + sin (sin~! (— $)) = tan(0) + sin(— 2) =0+ (—4) =—} 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


a= tan! 5 indicates the diagram 


a = tan”! 2x indicates the diagram 


a = sec”! 3y indicates the diagram 


a: = sec} 2 indicates the diagram 


a = sin“! x indicates the diagram 


a = cos! x indicates the diagram 


a = tan! \/x? — 2x indicates the diagram 





. 2 

=sina = —* 
x—-1 

a = tan“! aa indicates the diagram 
Xx 

; OM i: ae ‘ 

a=sin! 3 indicates the diagram 

a=sin! % indicates the diagram 

a: = sec! 7 indicates the diagram 


Section 7.7 Inverse Trigonometric Functions 


=> sec (tan~! x) = seca = a 


fact 
nail => sec (tan! 2x) = seca = V/4x2+1 


2 Noy?-1 => tan(sec™!3y) = tana = V/9y? — 1 
y Ny?~25 => tan(sec! 2) =tana= eas 


: x = cos(sin!x) =cosa = V1—x? 





! t-x2 => tan(cos-!x) = tana = V=* 


xX 






22x => sin (tan x2 — 2x) 


Nox? +1 








: -1 x ‘ x 
=> sin {tan sin @ 
( Vet 7) VJ2x2 +1 








nai 2 9 —4y? 

S zy => cos (sin 1 2) = cosa = 7 
3 3 

5 sty) _ _ V25-y 
y => cos (sin x) = cosa = 5 





: Vi? 16 


=> sin (sec! x) =sina= 
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460 Chapter 7 Transcendental Functions 
2 
40. a = sec"! yer indicates the diagram ee => sin (see : 4) = sina = Ia 
41. lim) sint!x= 7 42. lim cos !tx=qa 
x71 x7 —lI* 
43. lim. tan”! x = § 44. lim  tann'x=-—#% 
xX — CO x7 2 
45. lim sec-!x = a 46. lim sec tx=_ lim_ cos’! (4) =5 
xX — CO x — —OO x — —CO x 
47. lim csc-!x = lim. sin“! (+) =0 48. lim csc !x=_ lim sin! (4) =0 
X — 00 x — 00 x Xx > =00 x3 x 
= -1/(,2 dy __ 25 —2x = —-1 (1) — - dy __ 1 
49. y =cos™* (x*) i fap = 50. y = cos“! (1) = sec"! x = aaa 
- i, fs dy _ v2 v2 — ep) dy dd 
Sl. y =sin V2t dt yi-( 21) V1-2e y= OS) dt Vl-d-t? V2t—2 
53. y=sec!(2s+1) > X= Z — 2 1 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


ds  |2s+1| (s+ 12-1 


dy 
ds 


you Ss = 




















= 5 1 
[Ss] (Os —1 ~— |s| /25s?—1 


dy __ 2x 


[2s+1| 4s? +48 [2s+1| /s? +s 


—2x 














y=esc*(x?+1) > 2= 


fe? +1] of +1)?-1 


(x2 +1) /x4 + 2x? 
























































-1 (x dy _ = -1 = =o 
=ese!(4) > 
y (5) dx Is} V@)-1 Ix| Foe |x| Vx2-4 
1 = d _ 
yas" (1) Ses "tS Se — 
_ 1(3) — -1/e dy _ (3) — _-2t_ _ __—~6 
y =sin“' (+) = csc (5) 3 3) 
| YG vee 
1 1 41/2 dy ge =I 
y = cot “/t =cot 't >- at wwCTy = TERS 
-1./,-1 -1 pi/2 dy G)e-o = -1 
+= ol eek ABET aa 1+[t-D2P ~~ 2ft-10+t-1)  2&/t—1 























_ -1 dy _ 

y= In (tan x) = dx ~ tan-!x ~~ (tan~!x) (14x?) 
— tan-! dy _ (5) 1 

y = tan (Inx) > dx T+ dn x)? ~~ x {1+ (n x)7] 
= -1 (at dy _ et _ _-l 
= CSC e€ => 

y (e’) dt el Vier =i Vel 
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66. 


67. 


68. 


69. 


70. 


77. 


Section 7.7 Inverse Trigonometric Functions 


































































































= —1/_-t dy _ —e! a, tec! 
y = cos (e ) dt vi-(e? V1—e 
y =sV1—s? +cos-!s = (1-8?) +cos1s > dy — (1 — 52)? +8 (4) (1 5?) (—2s) — aaa 
— af 2 s 1 = 2 s+1 _ 1-s?—s?-1 _ _—-2s? 
= 1 . JV1-s JV1-8 _ ! . V1—-s? V1-s? V1-8 

_ 2_7._ ee ee 1/2 =] dy _ (1) /.2 1/2 1 _ os 1 
y= Vs? —1-sec7's =(s ) sects => 2 = (5)(s?—1) ‘"(2s) (eal ea awe 
— s|s[—1 
Is] /s2 = 1 
y = tan7! /x2 — 1 4+ esc7! x = tan! (x? 1)? + sem ly = dy = (3) (x? — 1) (2x) 1 

e 1+ [@ = yr Ix] Vx? — 1 

oe — 

a Jeo ~ Veo 0, forx > 1 

= aa a = = d —x-2 
y =cot? (4) —tan™!x = $ — tan“! (x"!) -tamn?x > 2=0 as if =29 Ge =e 
ee ere 1/2 ae 1/2 
y=xsin'x+VJ71-x=xsin'x+(1—x’?)" => 2=sin Ix+x(545)+(A)(1- x”) “/"(—2x) 
ein x _ x ee es | 
= sin AT Foe = x 
1 

y= Ine 44) xt (§) > = Ah tt (8) <x |] = se tar) — 
= ~ tan“ () 
J goog x= sin (8) + 








: Jopu &= 1f=2 (2x2 


=f, > » where u = 2x and du = 2 dx 


















































= }sin-}u+C =} sin! (2x) +C 
1 = 1 ee ol -1_x 
, Sire = Se dx = >= tan wate 
Ssdor se Af caca te pgm (fp) += (5) +6 
H 9 + 3x? (v3) 4x2 33 3 9 5 
f = a f a where u = 5x and du = 5 dx 
. xV/25x2 —2 uVu2-2’ _ 
= ar sec”! v7 +C= re sec 
Sots ={o45 , where u = \/5x and du = \/5 dx 
=}sec! |2|+C= 3 sec“? | v3 +C 





olen 
uo 
or 





= [4sin1 = 4 (sin! 4 —sin-!0) =4(2-—0) = ¥ 
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avait ds 


32/4 





Chapter 7 Transcendental Functions 








" Vouae = 2 dh Jong? Where u = 2s and du 2ds;s=0 u=0,s ay? 


= [psi 


‘ nl ae 3/2/2 





9 
= } (sin? 4? — sin-0) = 3 (F-0) = § 








g 2/2 
Ste J zit, , where u = v/2t and du = v/2 dt; t 0 u=0,t=2 


2/2 
= Fe . rc tan7! +] a 5 (tan 2? tan~! 0) = 5 (tan- 11 —tan-10) = 













































































= [2 tan uj, =2(t 








an“! 1 —tan-!(-1)) =2 [5 = (= 7] =e 
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Jaci? Where u = 2y and du = 2 dy; y —1 u=-—2,y 5 u 
ane ae v2 sec! |-2;=4-f=-% 
-v2/3 -v2 
te we = J, a > where u = 3y and du = 3dy;y =—5 => u=—2,y -2 u 
= -V2 T T TT 
= [sec~! Jul] _¥” = sec i V2| —se 4=F-F=-2 
— 3H =3 f du__ | where u = 2(r — 1) and du = 2dr 
J1—4¢— 12 2 JV1-u’ a — 
= 3sinu+C = sin! 27-1) +C 
_ 6¢ = 6] du h =e) nid 
Va-ee Tare Whereu=r and du = dr 
=6sin!$+C=6sin1(4)+C 
J oc@ap = J rite. where u = x — 1 and du = d 
* 24+(x-1IP +e , where U = X an u = dx 
all -l iu aay cal, —1/ x-l 
=e Yat C= vy tan (4) +e 
— ae where u = 3x + | and du = 3 dx 
. 1+6x+1? ~ 3 a ? = = 
= f tan u+C = j tan! Gx+1)+C 
f ds ,=if du__ | where u = 2x — 1 and du = 2 dx 
: (2x — 1)\/(2x— 1? - a/v = = 
=}-$sec!|¥]/+C= 1 seo! [251] 4.¢ 
dx a du _ _ 
8. loawtsrce lots , Where u = x + 3 and du = dx 
Saari le 1 sec! [243] 4. 
m/2 ' 1 
. [Peete =2 J, pt. where u = sin 6 and du = cos 6 dd; 6 —-F>u=-10=5>u=1 


2/3 Fae 
= 45 zit, where u = /3t and du = /3 dt; t = —2 > u=-2V3,t=2 > u=2/3 


“yan Bi [at V3—ae (-V8)] = ay E-CD = 


ge ee 
© J-1 yV4y?—1 uVw—1 


Section 7.7 Inverse Trigonometric Functions 





m4 1 
csc~ x dx du _ 2 oe, = mt — 
90. i eo = ds 7; @> Where u = cot x and du = — csc“ x dx;x = § => u= /3,x= 7 >u=!1 


= [- tan“! uj jg = — tan“! 1 + tan“ 3=-7T4+%=5 





In /3 
of oo. “of” a and du = e* dx;x = 0 u=1,x In /3 > u= V3 
v3 


= [tan uj} 








— = = = 7G = 
= tan 3 — tan! L=2-,= 5 


a /4 


ev! n/4 
92. f arity = 4 f >“. . where u = In t and du + dt; t 1> u=0,t=e™” u 








AIS 


= |4tan? ul He =4(tan~! J — tan“! 0) = 4 tan7! 3 








93. To = 4 J). where u = y? and du = 2y dy 


has u+C= 5 sin”! yy+cC 











94. as, - f To = » where u = tan y and du = sec? y dy 


= sin-'u+C =sin“! (tan y) +C 




















dx — gin-l 
95. Iz ares 3 =o —4x +4) =fo ee 

















ae S 7% x -Ji- —ox+l s- Ja = sin™ (x — 1) +C 


0 


0 0 aa 0 
97. “gets = 6 Jo geet = 6 gore = 6 [sin NA 


=6 [sin (4) — sin”! 0] =6 (Z — 0) =7 


98. 


oo 


1 1 1 
i fae = B Yaa TORT) = Sgro = 3 [sin™* (75+) 1/2 
= 3 sin" () —sin-!0] = 3 (2-0) = 





dy -f dy =f dy — lgap-l yl 
99. JaSe ~ J 44+y?-2y+1 ~ J P+ (y-1? 2 tan ( 2 )+e 








d _ d _ d _ —l 
100. Sac¢an = fms = _— = tan (y+3)+C 


2 
x = 2 
iol. J etka =8 ire aay =8 1 rata = 8 tan ‘= Di 
= 8(tan-! 1 — tan“! 0) = 8($ —0) = 20 


4 
2 dx dx a 4 
102. P85 = 20 ec = 2S) atae = 2am - 313 
= 2 (tan! 1 — tan“! (—1)] = 2[$ - (-4)] =a 




















103. - -f dx =f dx 
ea eae (x+ Iy/x? +2x4+1—1 (x+1)/(+1?-1 
=| SJacy Where u =x + 1 and du = dx 





= sec”! |u| +C = sec! |x + 1/+C 
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= dx _ dx 
102 J, (x— ae 4x +3 [wees Jmowtaeo 
9 fee ee _ 
= J shu 4, where u = x 2 and du = dx 
= sec”! |u| +C = sec! |x —2/+C 


sin7* xX 


u — gin-l = 
105. s dk= fe du, where u = sin™ x and du = Vis 
+ 
=e’+C=H=e" *+C 





cos! x 
106. fs dx = — fe du, where u = cos~! x and du = ao 
=-'4+C= —ecos 1x +C 








107. Te dx = fw du, where u = sin! x and du = ar 


¥4C= (sin Cone +C 





108. f van dx = fu du, where u = tan7! x and du = +, 


14x20 
3/2 


= 29/2 4+C = 2 (tan x)" + C = 2 / (tan- x)? +C 








1 
109. fantom dy = [Ge dy = 2 du, where u = tan“! y and du = ros 


tan“! y 


= In |u| + C=In|tant y|+C 


dy 


(n5) 
110. J Ee TET dy= f ety dy = 4 du, where u = sin! y and du = Tine 
= In |u| + C= In|sin“'y| +C 











1 























111. fp SED dx = [7 sec? u du, where u = sec! x and du = —8— 5 x af = 55% 
= [tan ul = tan } — tan § = Vai 
112. ls beatae) die [cos u du, where u = sec~! x and du = —S—; x= 4 > u=2,x 
2V3 xf —1- =/6 ; xVe—1? V3 6° 
= [sin uj 2 = sin? — sin = 3-1 





5 
sinw'5x _ 1: (73) — 
113. lim “= lim a ee =5 




















ae | 2_ 4)? 3) 2-1)? @x) 
114. lim, ve = lim . = lim, G) een = lim, x |x| = 
x7 1 x1 x—- 1 1 x1 
(ives) 
2x7? 
; -1(2) = yi WOLD ppg =) 
115. lim, x tan”! (2) = lim) = St? =, lim, 48 = lim, qe =2 
2 tana! 3x? ( oe) 6.222 6 
; tan=* 3x" _ ys 1+ 9x wan ==, 0 
LG ae NN a = ey 7 
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118. 


119. 


120. 


121. 


122. 


123. 


124. 


125. 


126. 


127. 


128. 


129. 


Section 7.7 Inverse Trigonometric Functions 





If y =Inx — 1} n(1 +x?) — = +C, then dy = F te 








—(i1 X 1 tan! x — x(14+x?)—x3 — x + (tan7! x)(1 +x) — tan7!x 
~~ (2 1+x2 x (1 +x?) ae x? ) dx = x (1 +x2) dx = a dx, 





which verifies the formula 








xt = x4 as x4 23 x4 
If y = 77 cos 'xx+$ foes dx, then dy = [x cos 1Sx+ (=) (<5) +3(—Sa)| dx 


= (x? cos~! 5x) dx, which verifies the formula 


If y =x(sin-! x)” — 2x + 2,/1 — x? sin"! x + C, then 
= oe, 2 2x (sin7! x) —2x ee: 1 fees 2 : ope 
dy = [(sin Mx)" + j= 2 ae 1x+2V1-x? (=4)| dx = (sin~! x)” dx, which verifies 


1 








the formula 





If y = xIn(a? + x”) — 2x + 2a tan“! (*) +C, then dy = ne +x?) 4 Pes 24+— 4 5] dx 


ie [in (a? + x”) +2 (245) — 2] dx = In (a? + x”) dx, which verifies the formula 

















_ 1 = dx 
dx V1 —x2 dy V1—x 





=i -1 dy = (ja —1) dx = y=tan! (x)—x+C,;x=Oandy=1 > 1=tan!0-0+C 
C=1 y =tan-!(x)-x+1 








dy 1 dx 


























aes sr) = lea = y =sec! |x| +C;x=2andy=a > m=sec!2+C > C=2~-sec!2 
n-f= y =sec!(x)+ 4, x>1 
w= 1, Is dy = (ae -—2,) dx > y=tan!x—2sin!x+C;x=Oandy =2 





=> 2=tan!0-2sin10+C > C=2 y =tan-'x —2sin-'x+2 





The angle a is the large angle between the wall and the right end of the blackboard minus the small angle 


between the left end of the blackboard and the wall = a = cot! (4) — cot! (3) . 


v= rf — (sec y)?] dy = 1 [4y —tany]j? =m (= = V3) 


y =sin-'x+C;x=Oandy=0 = 0=sin !0+C C=0 y = sin™ 


465 


V = (§) mh = (4) 2G sin 8)?(3 cos 0) = 97 (cos 6 — cos* 6), whereO <0 < % = = —9n(sin 8) (1 — 3 cos” 4) 


=0 => sinOd=Oorcosdé= + A => the critical points are: 0, cos! (=) , and cos! (- +) ; but 


cos! ( — +) is not in the domain. When @ = 0, we have a minimum and when @ = cos~! (+) ~ 54.7°, we 


have a maximum volume. 
65° + (90° — 8) + (90° — a) = 180° > a= 65° — 8 = 65° — tan“! (4) © 65° — 22.78° © 42.22° 


Take each square as a unit square. From the diagram we have the following: the smallest angle a has a 
tangent of | = a= tan! 1; the middle angle @ has a tangent of 2 + (3 = tan! 2; and the largest angle 
has a tangent of 3 = y=tan~!3. The sum of these three anglesist > a+@8+y=7 

=> tant1+tan+2+tan13=7. 
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130. (a) From the symmetry of the diagram, we see that 7 — sec”! x is the vertical distance from the graph of 


y = sec! x to the line y = 7 and this distance is the same as the height of y = sec! x above the x-axis at 


1 


—x; ie., 7 — sec7! x = sec! (—x). 


(b) cos~!(—x) = 7 — cos"! x, where —1 <x <1 = cos"! (—{) = m—cos™! (), where x > lorx < —1 
=> sec! (—x) = 7 —sec7! x 


131. sino! (1) + cos7! (1) = yrouS os sin-! (0) + cos~! (0) = 0+ 5 = 9) and sin~! (—1) + cos"! (-1) = eae 





2 
If x € (—1,0) and x = —a, then sin~! (x) + cos! (x) = sin~ (—a) + cos~! (—a) = — sin“! a+ (a — cos"! a) 


=n —(sin-'a+ cosa) = 7 — § = § from Equations (3) and (4) in the text. 


132. x => tana = xandtan @ = + §=a+8=tan'x+tan :. 








133. (a) Defined; there is an angle whose tangent is 2. 
(b) Not defined; there is no angle whose cosine is 2. 


134. (a) Not defined; there is no angle whose cosecant is 5. 


(b) Defined; there is an angle whose cosecant is 2. 


135. (a) Not defined; there is no angle whose secant is 0. 
(b) Not defined; there is no angle whose sine is “y 3, 

1 

so 

(b) Not defined; there is no angle whose cosine is —5. 


136. (a) Defined; there is an angle whose cotangent is — 


= x2 x2 
137. a(x) = cot! (§) — cot" (5) x >0 + af) = gala + gy = Ngee 


al(x) = 0 => —135 — 15x? + 675 + 3x2 =0 > x =3,/5; a(x) > 0 when0 <x < 3y/5 and a(x) < 0 for 
x> 3/5 = there is a maximum at 3/5 ft from the front of the room 





; solving 


138. From the accompanying figure, a + 3 + @ = 7, cot a = F 








and cot 3 = 255 => 6=n-cot!x—cot!(2—x) 
= @__1 1 — 14+(2—x)?- (14x?) 
dx ~ 14x? 1+(2-x? ~ (14x?) [1+Q-x)] 





solving % = 0 => x=1;%>0for0 <x < land # <Oforx>1 


mes 4-—4x . 
~ (+x?) f1+@—x)] ? > dx 
T 


=> atx = 1 there is a maximum 6 = x — cot! 1—cot"'(2—-l)=a-4-F=$ 


139. Yes, sin~' x and —cos™' x differ by the constant 5 


1 


. . oe —1 _ =i, = 
140. Yes, the derivatives of y = —cos~* x + Cand y = cos ~ (—x) + C are both Fie 





du du 
141. csc7tu = 2 —sec-!u 4 (eset y) = 4 dx dx 
2 > al ) ( jul Vu? —1 jul Vue —1? 














= — secu) =0 u| >1 


2 
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143. 


144. 


145. 


146. 


147. 


148. 


149. 


150. 


151. 


152. 
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d d 
‘x > tany=x > f(tany) = £(x) 3 
dy 1 1 14x 


z 7] 
dx sec? y ( Vite) 


as indicated by the triangle 


y = tan™ 





d 
=> (sec? y) 2 








_ 1. 
14+x?? 


f(x) = sec x f’(x) =secxtanx > i 


1 _ 1 _ 1 
™ sec(sec“! b)tan(sec"'b) ~~ b(+ b2 — 1) : 

















df 








x=f-l(p) 
1 


= : sas : : eye d = 1 
X is always positive, we the right sign by writing sec” x = . 
ys p » we g gn by Sax xix? 1 





Since the slope of sec 


du du 
-1,—a7 -1 d -1 —_ d(a -1 — xk —_ dx 
cottu=%—-tantu = £(cot!u) = 4 (4 — tan u) =0- 78, =- 7S 





The functions f and g have the same derivative (for x > 0), namely aes . The functions therefore differ 


by aconstant. To identify the constant we can set x equal to 0 in the equation f(x) = g(x) + C, obtaining 


sin~!(—1) = 2tan"'()+C => —$=0+C > C=~—§. Forx > 0, we have sin”! ($+) = 2 tan! \/x— § 


The functions f and g have the same derivative for x > 0, namely — 





i + ;. The functions therefore differ by a 


constant for x > 0. To identify the constant we can set x equal to 1 in the equation f(x) = g(x) + C, obtaining 








snl f 1.) — -1 T_T — +a—l 1 — -11 
sin (<5) = tan 1+C > 7=7+C C= 0. For x > 0, we have sin Jepi — fan z 





V3 2 V3 _ 3 _ _ 3 
ee ee i) xan fo, phe dx=rftan 1 x]V 355 = [tan 1\/3 —tan 1(-8)] 
a 2 


1/2 
y=V1-2 =(1-x)'? = y=(L)- x) (2x) s 14+ (yy? = a: =e 1+ (y’)? dx 
ae 2 [sin ig S2(2=0) =2 
_ 0 V1-x a 6 3 























2 b 1 
(a) A(x) = j (diameter)? = § | 54 ( 5h =) = eva f awas fi 2s 
=n [tan x] *, = (2) (9) = F 


2 b 1 
(b) A(x) = (edgey’ = [Gh -(-sha)| =r 3 v= fPA@max= fs 
= 4 |tan~! x]*, =4 tan! (1) — tan“! (-1)] = 4 [7 — (— £)] = 20 
































(a) A(x) = % (diameter)? = 4 ( Ss 0) =1 ( ot x) =7ig 3 V= f "hen ax 


V22 0 ’ v2/2 z rier 2 rm m m 

“van Yrow & = 7 [sin™ a Ba = 7 [sin (4) sin! ( )|=0[F-(-D] =F 
(Giagonal)” _ Ki 2 a = 2 = 7 — ve 2 

(6) AG) = (qe 7°) = ghs o V= STA@ex= fn, rag 


= 2(sin-1 x], =2(2-2) =a 




















(a) sec 1.5 = cos? 4 = 0.84107 (b) csc! (—1.5) = sin! (— 5k) © —0.72973 
(c) cot"'2 = $ — tan! 2 = 0.46365 


(a) sec! (—3) = cos“! (— $) © 1.91063 (b) csc! 1.7 = sin“! (<4) & 0.62887 
(c) cot~! (-2) = % — tan“ (~2) & 2.67795 
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153. (a) Domain: all real numbers except those having 
the form 5 + kz where k is an integer. 


Range; —4<y< 5 


(b) Domain: —oo < x < oo; Range: —oo < y < co 
The graph of y = tan“! (tan x) is periodic, the 
graph of y = tan (tan-! x) = x for —co < x < ow. 





154. (a) Domain: —co < x < oo; Range: — 5 <y<: 


NIA 


y= sin’ (sin x) 


3n 


(b) Domain: —1 <x <1; Range: -l<y<1l 
The graph of y = sin“! (sin x) is periodic; the 
graph of y = sin(sin-! x) = x for-1 <x <1. 





155. (a) Domain: —oo < x < oo; Range: O< y<7a7 y yacun ecex) 





(b) Domain: —1 <x < 1; Range: -l<y<1l 
The graph of y = cos! (cos x) is periodic; the 
graph of y = cos (cos-! x) = x for-—1 <x <1. 
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156. Since the domain of sec™! x is (—o0, —1] U [1, 00), we 
have sec (sec”! x) = x for |x| > 1. The graph of 
y = sec (sec! x) is the line y = x with the open 


line segment from (—1, —1) to (1, 1) removed. 


157. The graphs are identical for y = 2 sin (2 tan~! x) 
= 4 [sin (tan! x)] [cos (tan~! x)] = 4 (<5) ( t) 
Vv x2 +1 


from the triangle x 





_ 4x 
~~ x24] 





158. The graphs are identical for y = cos (2 sec™! x) 


= cos (sec! x) — sin? (sec! x) = 5 — = 





x 
= 2x from the triangle x 


159. The values of f increase over the interval [—1, 1] because 
f’ > 0, and the graph of f steepens as the values of f’ 
increase towards the ends of the interval. The graph of f 
is concave down to the left of the origin where f” < 0, 
and concave up to the right of the origin where f” > 0. 
There is an inflection point at x = 0 where f” = 0 and 


f’ has a local minimum value. 


160. The values of f increase throughout the interval (—oo, oo) 
because f’ > 0, and they increase most rapidly near the 
origin where the values of f’ are relatively large. The 
graph of f is concave up to the left of the origin where 

f” > 0, and concave down to the right of the origin 
where f” < 0. There is an inflection point at x = 0 


where f” = 0 and f’ has a local maximum value. 
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Chapter 7 Transcendental Functions 


7.8 HYPERBOLIC FUNCTIONS 


10. 


12. 


13. 


14. 


15. 


16. 


17. 











eee => cosh x = \/1-+4 sinh? =4/14+( ee =,/1 =/2 = 3, tanhx sinh x Gal 
1 


_ 4 
sech x = = es and csch x = —— 


5 
coth x = @ahe aS 





: _ 4 Ree 16 / 28, 5 _ sinnx _ (3) _ 4 —_ 1 _5 
sinh x = 3 => coshx = \/1+sinh 1+ = 3, tanhx= 7 Gy = 52 00tnx = ganz = 4? 


1 3 




















sech xX = coshx ~ 5? and csch x = Sabx = i 
cosh x = x >0O => sinhx = Vcosh?x —1= (4) 289 64 ihe Se = GS) 
B % (33) 225 225 Be cosh x (#) 
_ 8 = _ = eal 
ee cae oth x = ar _ = , sech x = a a a 7 and esch x = jah = _ e 
13 2 / 169 jaa a sinhx _ (¥) _ 22 
coshx = 8,x x >0O => sinhx = Vcosh*?x —1= 3s —1= » tanh x = cnx = (By = 3? 
1 _B de 1 5 
coth x = tanhx ~ 12? sech x = coshx ~~ 13? and csch x = sinhx 5 
elnx Inx 
2 cosh (In x) = 2 (“") =e™+ 3 =x+t 
2 
: — g2inx go 2inx elnx? _ ginx~? _ (x -+) _ xf-4 
sinh (2 In x) = 7 = = 5 a 
F 5x. a5x 5x _ ,—5xK 
cosh 5x + sinh 5x = —3S— + —— = ex 
‘ 3x 4 a3 3x _ a3: = 
cosh 3x — sinh 3x = ete _ woes =e x 


(sinh x + cosh x)! = (Sc + cee a = (ex)! = ex 


In (cosh x + sinh x) + In(cosh x — sinh x) = In (cosh? x — sinh? x) = In 1 =0 


. (a) sinh 2x = sinh (x + x) = sinh x cosh x + cosh x sinh x = 2 sinh x cosh x 


(b) cosh 2x = cosh (x + x) = cosh x cosh x + sinh x sin x = cosh? x + sinh? x 





cosh? x — sinh? x = (© tes) (< ay: = 4 [(e% +e) + (&% —e*)] [(e* +e) - (*-e*)] 


= ¢ (2e*) (e*).= + (4e°) = + (4) =1 
y =6sinh} => w = 6 (cosh 3) (4) = 2 cosh 3 
y= $ sinh(2x +1) => dy _ $ [cosh (2x + 1)](2) = cosh (2x + 1) 


dx 


y = 2y/ttanh \/t = 2t/? tanh t/? => & = [sech? (t'/2)] (4t-1/?) (2t!/?) + (tanh t!/?) (t-1/?) 
= sech? Jt + tas 








y=tanh}=tanht! > % = [sech? (t~!)] (—t-?) (t?) + (2t) (tanh tt!) = —sech? } + 2t tanh } 
y =In(sinhz) => 7 a cone = coth z 18. y=In(coshz) > 7 = aiulee = tanh z 
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19. 


20. 


21. 


22. 


23, 


24. 


25; 


26. 


2k 


28. 


29. 


30. 


31. 


32. 


33. 
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y = (sech 6)(1 — In sech 6) > ay = ( —sech 4 tanh 6) (sech 0) + (— sech 6 tanh 6)(1 — In sech 6) 
= sech 9 tanh 0 — (sech @ tanh #)(1 — In sech 9) = (sech @ tanh #)[1 — (1 — In sech 0)] 
= (sech @ tanh @)(In sech 6) 


y = (csch #)(1 — Incsch #) => a = (csch 6) ( sheet) + (1 — In csch 6)(— csch @ coth @) 


= csch 0 coth 0 — (1 — In csch 6)(csch 0 coth 9) = (csch 0 coth #)(1 — 1 + In csch 9) = (csch @ coth #)(In csch 0) 








y = Incosh v— } tanh?v = %& = Simhy _ (1) (2 tanh v) (sech? v) = tanh v — (tanh v) (sech? v) 


dv cosh v 


= (tanh v) (1 — sech? v) = (tanh vy) (tanh? v) = tanh? v 





y =Insinh v—} coth?v => & = 2¥ _ (1) (2 coth v) (—csch? v) = coth v + (coth v) (csch? v) 


MW sinh v 


= (coth v) (1 + csch? v) = (coth v) (coth? v) = coth® v 





y = (x? + 1) sech (In x) = (x? + 1) (aap Aax) = (0? + 2 (4) = (0? +1) (4) = 2x = a — 


y = (4x? — 1) esch (In 2x) = (4x? — 1) (sex2ewm) = (4x? - 1) (<3) = (4x? — 1) (<5) 


=4x > B=4 
xX 





re eee ay G)e™ _ 7 
y = sinh! ,/x = sinh Vat?) x 1 TET, Er TES 














gy _ ® (3) (+)? 


y = cosh! 2\/x + 1 = cosh™! (2(x + 1)*/?) ty 1 


_ 1 = 
VR«+ DP 1 Vxt1/4x+3 V4x2 + 7x43 




















y=(1—6)tanh?6 > & =(1—6)(,4¢) + (-D tanh! 6 = 4, — tanh! 6 


y = (6 +26) tanh“! (0 +1) > & = (6? +26) [dap] +20 +2) tanh (6+ 1) 
= #4 4 (29 + 2)tanh~! (6 + 1) = (20 + 2) tanh! (9 + 1) — 1 











+ (—1)coth™! (t/?) = +, - coth! \/t 


i tle 
y=(1—tcoth t= (1 —coth (/?) > Y=C-h [Ors = 5% 








y=(1-) cotht > 9 =(1-#) (742) + (28) cotht = 1 — 2t cotht 


y =cos-!x —xsech7! x sy = Te : [x ( = he) + (1) sech™ x] = Ve - + Tr = — sech7’ x 


= —sech-!x 




















y=Inx+V1-x sech-! x = Inx + (1 — x2)!” sech-!x => dy 


=1+(1 — x2? (- a) + (53) (- x2) '/?(—2x) sech7! x = t_i__x_ 

















y= csch * ey > &= [mn(a LG) — _In@)-InQ)_ m2. 


OY OT yea" yea" 
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34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


4 


~— 


Chapter 7 Transcendental Functions 


6 
= esch7! 28 dy _ (In 2) 2 _ _—In2 
y = do ~~ 20 vi a (2°)? V1 +228 















































— oinh-! dy __ sec? x sec? x sec? x |sec x| |sec x] __ 
= sinh (tan x sec X 
y ( ) dx s/1 + (tan x)? v/ sec? x |sec x| |sec x| | | 
_ —1 dy _ (sec x)(tanx) __ (sec x)(tanx) __ (sec x)(tanx) __ 
= cosh (sec x =secx,0<x< 5 
y ( ) dx v/sec? x —1 V tan? x [tan x| 





























(a) If y = tan! (sinh x) + C, then sy = ts z= cosh x = sech x, which verifies the formula 
(b) If y = sin“! (tanh x) + C, then s = rr = —= sech’ x = sech x, which verifies the formula 
— tan. x 
_— x2 2x = -1 
Ify= > ~ sech7! sV1 x +C, then & = x sech7! + (Sta) + Ry = xseeh x 


which verifies the formula 





Ify=* 





lx +s + C, then oy =xcoth-!x+ (< =1) (7-2) + 5 = x coth™! x, which verifies 


the formula 


a — 





If y =x tanh! x + § In(1 — x”) +C, then 


the formula 


tanh7!x +x (742) + 5 (<% ) = tanh~! x, which verifies 


J sinh 2x dx = if sinh u du, where u = 2x and du = 2 dx 
= voy 1G = reo eG 


J sinh § dx = 5 f sinh udu, where u = * and du = 4 dx 
= Scoshu+C=Scosh}+C 


J 6 cosh (3 — In 3) dx = 12 f cosh udu, where u = ¥ — In3 and du = 3 dx 
= 12 sinhu + C = 12 sinh (3 —In3) +C 


iat Led 4 f cosh u du, where u = 3x — In 2 and du = 3 dx 
=4 4 sinhu+C = 3 4 sinh (3x — In 2)+C 


f tanh ¥ dx =7 f S” gu, naga 


= 7 In |cosh u| + Cy = 7 In |cosh § |+C,=7In|© 








=7In je? + e-*¥/7| -7n2+Cy 
= 7TIn |e’? +e%"|+C 





J coth $, 40 = V3 f sh du, where u = ~ and du = % 
= /3 In|sinh uj + Cy = V3 In |sinn | + C, = V3 In 
Rte ere a eee 


as 








; f sech? (x — 5) dx = J sech? u du, where u = (x — 5) and du = dx 


= tanhu+C = tanh (x — 5) +C 
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52. 


53. 


54. 


DD: 


56. 


57. 


58. 


: f pee AUB sth vt at = 2 f sech u tanh u du, where u = \/t = t!/? and du = wr 
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: J csch? (5 —x)dx = — ff csch? u du, where u = (5 — x) and du = — dx 


= —(—cothu) + C=cothu+C = coth(S —x)+C 


vi 
= 2(—sech u) + C = —2 sech V/t + C 


f cschdndcoth(in®) ge — f csch u coth u du, where u = Int and du = 
= —cschu+ C= —csch(Int) +C 








In4 In4 15/8 
_ coshx qy a 15/8 _ 15 om 15 4) 7,5 
: ie coth x dx = i. osx dx = ah ~ du = [In lull 374 = In |2| —In |?] =In| 2-3] =In3, 
Si pe 
where u = sinh x, du = cosh x dx, the lower limit is sinh (In 2) = = 7 = () a t and the upper 





an 4—(1 
limit is sinh (In 4) = “=e "* — (4) _ s 





In2 In2. 17/8 ” 
an tanh 2x dx = f sinh2® dx = } f + du = $ [In fal} 3””" = }[In(Z) —In1] =4 In ¥, where 


u = cosh 2x, du = 2 sinh (2x) dx, the lower limit is cosh 0 = 1 and the upper limit is cosh (2 In 2) = cosh (In 4) 


1 
ee Cee 4+ (4) ow 
~ 2 ~~ 2 ~~ 8 





—In2 —In2 =) —In2 26 
Ju, 20" cosh odo = fi,’ 20” (S4e*) ao = "(e+ 1) do = (F+0 


e72in2 2In4 


= (<" -In2) - (S$ -1n4) = (F-m2) - (4 -n4) = Z-2422= 3 +102 





nz Ca _ In2 - 7 e-20] m2 
Jy de sinh a0 = f° 4e-" (£52) ao =2 fo (1-e") do = 204+ "| 


=2|(in2 +25") — (0+ $)] =2(n2+}-4) =2In24}-1=n4-} 





fi h(tan 8) sec? 6. dd = [cosh u du = [sinh u]!, = sinh (1) — sinh (—1) = (58) - (22 
_alOS (tan 0) sec = J_,coshu u = [sinh u]_, = sinh (1) — sinh ( j= 5 ) ( 5 ) 


= ene t—ette =e-—e'|, where u = tan 0, du = sec? 0 dO, the lower limit is tan (— 7) = —1 and the upper 





limit is tan (7) = 1 


n/2 1 = 
J" 2 sinh (sin 6) cos 6. d@ = 2." sinh udu = 2 (cosh u]} = 2(cosh 1 — cosh 0) = 2 (ee = 1) 


=e+e! —2, where u = sin 0, du = cos 0 dé, the lower limit is sin 0 = 0 and the upper limit is sin (3) =1 


In2 2 


2 In2 are 
J seem at = f° cosh udu = [sinh u](?? = sinh (In 2) — sinh (0) = "52" — 0 = 


u=Int,du= t dt, the lower limit is In 1 = 0 and the upper limit is In 2 











Xx 


4 ; 2 o a he 
[829% ax = 16 f cosh udu = 16 [sinh u]? = 16(sinh 2 — sinh 1) = 16 (=) - (+ ‘)] 





= 8(e? -e? —e+e7}), whereu = f/x =x'/?, du= 3 x-V%dx = ae , the lower limit is \/1 = 1 and the upper 


limit is 74 = 2 


0 0 0 
; J, cosh? (3) dx = Je dx = 1 (cosh x+1)dx= 5 [sinh x + x]°,., 
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= ! [(sinh 0 + 0) — (sinh (— In 2) — In2)] = } [+0 - (“= - m2) =1 Q)-2 +1In2 


V2 





lI 
wie 
in 

— 
| 
Ble 
+ 
— 
i=) 
tN 
“— 

lI 

oCo}ue 
+ 
NIK 

— 

5 

N 

I 
a 
— 
SB 


60. "4 sinh? ( ty dx = [" 4 (ema=1) dx = 2" See eae xn 














2{(sinh (In 10) — In 10) — (sinh 0 — 0)] =e" —e-"” —21n 10 = 10— 4 —2n 10 = 9.9 —2 In 10 
61. sinh”! (78) =In(— 5 + (28 +1) =In(2) 62. cosh! (3) a +\/3-1)=In3 
63. tanh“! (— 3) = din (24) = — m3 64. coth”! (3) = $n (SR) = }in9 =In3 
65. sech™! (2) = In (445879) <j 66. esch (— 4.) =In ( J3+ &) =In(-V3 +2) 
67. (a) we = [sinh-! 3]?¥° = sinh! /3 — sinh 0 = sinh! 3 
(b) sinh-! \/3 = In (V3+ V3+¥1) =In (V3 +2) 
68. (a) eo = af ong, where u = 3x, du =3dx,a=1 


= [2 sinh"! uly = 2 (sinh! 1 — sinh! 0) = 2 sinh"! 1 


(b) 2 sinh"! 1 =2In (1+ V1? +1) =2In(1+ v2) 
2 
69. (a) J... phe dx = [eoth™! x]5,4 = coth"! 2 —coth™! § 


(b) coth~!2 —coth™! 3 = $ [In3 — In (#4)] = 4 Ing 


1/2 
70. (a) f ze dx = [tanh7 x] ie = tanh~’ 5 —tanh7!0 = tanh7! $ 





-l11_1 1+(d/2)\ _ 1 
(b) tanh“? $= $ In (203) = 31n3 
3/13 ae 12/13 i 
71. (a) Sins ts = Si Jaca? Where u = 4x, du = 4 dx, a= 1 
= [—sech! u] 1° = — ech 4 + sech"! 4 





(b) —sech7! i + sech7! ¢ = —In (4 ha) + In (Hee v tt) 


(12/13) (4/5) 


4 
5 
= =n (BGP) In (SE) = In (593) — mn (455) = In 2-0 3 


=In(2- 4) =In¢ 








72. (a) Sate = [— $ sch [e[]7 =— 4 (sch 11 —esch7! ‘Ea 


1 
2 
(b) $(csch~! $ —csch7! 1) = $ [in (2+ Vv 5/4 ) —In(1+ v2) = bin (2248) 


(1/2) 














us 0 
73. (a) J, TES x= f ae du = [sinh~! uJ} = sinh~! 0 — sinh~! 0 = 0, where u = sin x, du = cos x dx 


(b) sinh-! 0 — sinh-!0 = In (0+ vo+1) iii (0+ vo+1) =0 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


74. 


fey 


70. 


ls 


78. 


79. 


80. 


81. 


82. 
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1 








( a) dx 


1 x/1+(nx)? 


= [sinh~! uj 5 = sinh} 1 — sinh! 0 = sinh} 1 


(b) sinh“! 1 — sinh'0 = In (1+ V1? +1) — In (0+ YO? +1) = In (1+ V2) 


1 
=| du__ where u = Inx, du = ! dx,a=1 
0 Va+u? x 


(a) Let E(x) = 909 and O(x) = "©. Then E(x) + O(x) = HEY 4 =iew 
= 4 — f(x). Also, E(-x) = BHCC) = +h) = A(x) = E(x) is even, and 











O(—x) = fiom) Ao) = — & 2 = —O(x) > O(x) is odd. Consequently, f(x) can be written as 
a sum of an even and an odd function. 
(b) f(x) = 4 because MK = 0 if fis even and f(x) = 2 because M+ = 0 if fis odd. 


Thus, if f is even f(x) = 22 + 0 and if fis odd, f(x) = 0 + 22 





y = sinh! x 


xX 


sinh y x= 25" => 2x=e¥— 4 => 2xe’ =e¥—1 = &¥ — 2xe’-1=0 








y 


= ef = wtvart4 vie +4 =e=x4+/P4+15 sinh”! x = y = In (x + +1). Since e” > 0, we cannot 


choose e” = x — 


x2 + 1 because x — /x?+1< 0. 


(a) v= [Bunn (/Ee) = § =  [seon?(/# t)] ( E) = gsect?(/E 1), 


Thus m& = mg sect? ( ek ) = me(1 — tanh? | ,/& ‘)) = mg — kv’. Also, since tanh x = 0 when x = 0, v = 0 


when t = 0. 


‘ - jj / mg /ke,)— ,/™ 4 /ke,) — ./™8 yy — , / ms 
(b) _im v= lim ® tanh ( st) = lim, tanh ( ft) = , = i 





(c) VV 1008 = 160-000 = a = 80\/5 = 178.89 ft/sec 


(a) s(t) =acoskt+bsinkt > “ = —aksinkt+bkcoskt = %$ = —ak? cos kt — bk? sin kt 


dt de 


= —k? (a cos kt + b sin kt) = —k? s(t) = acceleration is proportional to s. The negative constant —k? 


implies that the acceleration is directed toward the origin. 
(b) s(t) =acoshkt + bsinhkt > ds — ak sinh kt + bk cosh kt > a = ak? cosh kt + bk? sinh kt 


= k*? (acosh kt + b sinh kt) = k? s(t) > acceleration is proportional to s. The positive constant k? implies 


dt 


that the acceleration is directed away from the origin. 




















— =1 x = =1 x _ -1 : “y 
as ieee 2 JaRat+ fain y = sech™ (x) — V1 — x? +C;x = 1 and 








y=0 > C=0 y = sech7! (x) — V1 — x? 


b 
To find the length of the curve: y = i cosh ax = y’ =sinhax > L= f 1 + (sinh ax)? dx 


b 


b b 
=>L= in cosh ax dx = [+ sinh ax| = i sinh ab. Then the area under the curve is A = is cosh ax dx 


0 


= [3 sinh ax| : = 5 sinh ab = (+) (4 sinh ab) which is the area of the rectangle of height i and length L 


as claimed. 


a 


2 2 
Vanf (cosh? x — sinh? x) dx = nf 1 dx = 27 


In /3 
V=20 HA sech” x dx = 2z [tanh x] ne =2r 
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In /5 In /5 
83. y= 4cosh2x => y’=sinh2x > L= a 1 + (sinh 2x)? dx = f. cosh 2x dx = [$ sinh 2x\ evs 


XK _ 2x In /5 
Sli 2), —ae 7a =s 


0 


84. (a) Let the point located at (cosh u, 0) be called T. Then A(u) = area of the triangle AOTP minus the area 


coshu 
under the curve y = x? —1fromAtoT > A(u) = $ cosh u sinh u — f x2 — 1 dx. 
coshu 
(b) A(u) = }coshusinhu— f° V/x2—1dx > Au) = $ (cosh? u + sinh? u) — (cost? u— 1) (sinh u) 
= } cosh? u + $ sinh? u — sinh? u = 3 (cosh? u — sinh? u) = ($) (1) = $ 


(c) A’(u) = $ = A(u) = 5 + C, and from part (a) we have A(O) = 0 C=0 > AM)=5 u=2A 








2 In81 2 
85. y=4 cosh? > 14 (2) = 1+ sinh? (+) = cosh? (*) ; the surface area is S = f Qryy/1+ (2) dx 


In81 


= Sr ‘on cosh? (%) dx = 47 ee 1 + cosh ¥) dx = 4m [x +2 sinh 3]"\ 

= 4r [(In 81 +2 eee - a 16 +2 sinh (—41°))] = 47 [In (81 - 16) + 2 sinh (In 9) + 2 sinh (In 4)] 
= 4r [In (9 - 4)? + (et? — 9) + (e*# — e-™)] = 4 [2 In 36 + (9 — 4) + (4—1)] = 40 (41n6 + 2 4 4) 
= 4n (4 In 6 + 20289) = 16 In6 + 4" 





In2 
86. (a) y=coshx => ds = \/(dx)? + (dy)? = / (dx)? + (sinh? x) (dx)? = cosh x dx; M, = foo ds 


In2 In2 ii 
J ,cosh x ds = ti. cosh? x dx = 1 (cosh 2x + 1) dx = [93* +x], _ x (em —e- M4) + In 2 


=54m2;M=2f" “V1 + sink? x dx =2 f” cosh x dx = 2[sinh x]f? =e"? —e-™ = 2-5 =32. 


15 
Therefore, ¥ = Me = tent = - + na , and by symmetry x = 0. 


(b) X=0, 7 & 1.09 


ry, 


(-1n aes (1n 2, 1.25) 
Ava ts 


0.8 
y =coshx 
0.6 


0.4 


"7 





87. (a) y=# # cosh (¥ x) => tand= % = (#) [% sinh (¥ x) = sinh (# x) 


Ww 


(b) The tension at P is given by Tcos$é =H => T=Hsecd=Hy/1 +4 tan? é =H\/1 (sinh # 4 x) 


= H cosh (# x) =w (8) cosh (# x) = wy 





88. s= 4 sinh ax => sinhax=as > ax=sinhlas > x= i sinh! as; y = i cosh ax = 2 \/cosh? ax 
= 1 fanhe = 1/5203 —,/a44 
=1/sinh ax +1=1,/a’s +l=4/s*+a 


89. (a) Since the cable is 32 ft long, s = 16 and x = 15. From Exercise 88, x = 1 sinh-!as => 15a = sinh! l6a 
=> sinh 15a = l6a. 
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(b) The intersection is near (0.042, 0.672). 





y = sinh 15a 
0. 


(c) Newton's method indicates that at a + 0.0417525 the curves y = 16a and y = sinh 15a intersect. 
(d) T = wy © (2 Ib) (ggqtass) © 47.90 Ib 
(e) The sag is }cosh(15a) — + = 4.85 ft. 


a 








= (23.951)cosh(0.4175 x) 


CHAPTER 7 PRACTICE EXERCISES 


1. y=10e7* > ® =(10)(—2)e5 = —2e* 
2. y= J2ev™ > a = (v2) (v2) eV* = Dev 


2 y= i xe™ _ xe = VY i [x (4e*) a e*(1) _ i (4e*) = = xet my ze _ ze —= xe" 


A yoo rave = dy = x? [(2x7?) e-*"] +e" (2x) = (2+ 2x)e*" = 2e7/*(1 + x) 





5. y=In(sin?6) > G = 7D" _ 20m! — 2 coro 





6. y=In(sec?9) > 4 = AecOerim® _ 9 tand 











In (3x— d 
8. y = logs (3x —7) = a Seles) = iG 
9. y=8t > % =8"(~n 8-1) = —8(In8) 10. y=9% 3 % = 9%(n 9)(2) = 97(2 In 9) 


‘dt 


ley Se > 2 = 53.6)" = 18x" 


12, y= fox? => oy = (v2) (-v2) x-v2-1) = _2x(-v2-1) 
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13. y=(42" = ny=n4+27" =642)nK+2) = —_ (x + 2) (<5) +) n(x + 2) 
=> = («+2)? [nx +2)4+]1] 


14. y = 2(Inx)"? = Iny = In [2(n x)*] = In(2) + (4) In(nx) > Y=0+ (3) | + (In (In x)) (4) 
=> y= [sp + (4) Inn x)] 2nx)*? = (dn xy”? [Indn x) + 4] 


2Inx 


















































—_—_—_—_——. ¢ 1 2\-1/2 
15. — sin-! 1—w =sin7!(1 — ayl/2 _. dy _— 3(—-w) (-2u) —u _ =u 
—— Vv m ane ) du yt-[a-wy] Vi-w /1-(1-w) jul 1 — v2 
u 
vise = O0<u<l 
1-3/2 
— ent ft) _ g-1.-1/2 dy gv? =I ye. tell =i 
16. y = sin (+) = Sah Sv dv yi-~wy 2v3/2 J — v1 23/2 va ~ 382 Vy — 
are —1 
7” 2vVv-1 
ai 
17. y=In(cos"!x) > y= (7a) — =1 
-y y cos! x V1 — x? cos-! x 





18. y =zcos!z— f1—# =zc0s-!z— (1— 22)” =  — cos-lz 2 _ (1) (1-22) 1/2(_97) 





dy _ 





19. y=ttan't—(4)Int > 3 +5) - (4) (4) = tan't+7t3-& 


20. y=(1+t?) cot! 2t > & = 2tcot- 2t+ (1+) (42) 








21. y =zsec-!z— Vz —1=zsec"!z— (22-1)? = # = 2( | ) + (see! 2) (I) = 3 (@? = 1)7?22) 


|z) /z2-1 








= Z = Z -1,— _l-z -1 
aveol Jaai + se Z= Ta t+ sec Z,zZ>1 


22. y= 2x —1 sec! \/x = 2(x — 1)? sec“! (x!/?) 
1\y-1/2 _ 7 
ee 6 1? seo" (x47) + — (O=)| =2(S + 5) = 











= -1 dy __ —sec 6 tan é = tang __ T 
23. y = csc (sec 8) dt = jodi Jet Oa] ian 6] = 1oO<0<4 














tan! x 


24. y= (14x) * = y! = 2xe™* + (14x?) (So 





) _ Ixetan x + elan x 











25. y= See > Iny = In (249) = In (2) + In(x? + 1) — } In(cos 2x) = £=04+ 2% 


=>y=(44 wy t+ tan 2x) y = ee (4 + tan 2x) 


(a) eae 








J 


26. y= Vag > Iny = In / 525 = 5g [InGx+ 4) —In@x—4)] > J = 75 (ea — a) 


= y= 46 (sera — goa) ¥ = VY ota (G0) Caza — xa) 
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5 
27. y= [sees] = Iny =5[In@+1)+In(t— 1) —In@t—2) — Int +3] > (2) (2) 


dt 
= 1 1 dy (t+ D@t—- 1) 1 1 1 1 
=5(; it; 1 t-2 a5) + g=5|¢ peal" (ant 1 a) 














t t-—2 








28. y= = 











ma Iny=In2+Inu+uln2—$n(u?+1) > (2) (¢) =i+m2-$(+4) 
d 2u2" u 
=e = et at ae) 





29. y=(sind)V? = Iny= VO In(sin9) > (2) (3) = Jo (2 
=> ¥ = (sin g)vé (ve cot 6 + ini) 


A) + 507 1/2 In (sin 6) 


sin 0 


30. y = (inx)!/"™x = Iny = (+) n(inx) > x = (;-4) (4) (4) + Indnx) la] (+) 
=> y =(In x)H/inx ena 


x(In x)? 


31. fe sin ( e*) dx = f sinudu, where u = e* and du = e* dx 
ee ae )+C 


32. J e cos ( 3e' — 2) dt = 
= }sinu+C= 


1 [cos udu, where u = 3e' — 2 and du = 3e' dt 
; sin (3e'— 2) +C 


33. [e* sec? (e* — 7) dx = f sec? u du, where u = e* — 7 and du = e* dx 
= tanu+C = tan(e*—7)+C 


34. fe esc (e¥ + 1) cot (e¥ + 1) dy = J esc u cot u du, where u = e” + | and du = e” dy 
= —cscu+C = ~—csc(e%+1)4+C 


35. | (sec? x) e%* dx = fe" du, where u = tan x and du = sec? x dx 
=e4+C=e™*+1C 


36. | (csc? x) e°* dx = — fe" du, where u = cot x and du = — csc? x dx 


= —el + C = —ecotx + C 








1 i 
aT, Ts jdx= if 1 du, where u = 3x — 4, du = 3 dx; x = —1 ; 


= } [In jul] 27 = 4 [ln |-1| -In|-7|] = 4 [0 -In7]=-*%! 











e 1 
38. f- YE ax = f° u'/? du, where u = Inx, du = # dx; x 1 u-—0,x—e a=t 


1 
= [319° 3087] =3 





39. ftan (3) dx = 7 2Q ax = —3 f°! du, where u = cos (3) ,du = — 3 sin (3) dxsx=0 3 u=1x=1 








> u= 
—3 [In |5| —In[1|] =-3In} =In 


L 
2 


= —3[In jul] }” = 23 = In8 
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v2 
40. fe 2 cot 7x dx = 2 M cosax qx = 2 ff + du, where u = sin 7x, du = 7 cos 7x dx; x = + u 
1/6 1/6 sin 7x m J1/2 u 


1 


suai 
= 2 fim jul] fs? = 2 [In | 4,| - in |3|] = 2 [Ind - $1n2—In1 + In] = 2 [5 in 2] = 2 








4 -9 
41. fo oh, dt= fo, 1 du, whereu =? — 25, du = 2tdyt=0 > u=-25,t=4 > u=-9 
fil) in ob oe aes 





7/6 1/2 
42. f cost_ qt = -f 1 du, where u = 1 — sin t, du = —cos t dt; t _f u=2,t 


n/21—sint 2 


aIA 
V 
cs 
| 





— [In Jul) 5/? = — fin |2] — In |2|] = -—In 1 +n24+In2=2In2=In4 


43. f 2 av = ftanudu = f sinu qy_ where u = In v and du = + dy 


cosu 


—In |cos u] + C = — In |cos (In v)| + C 





44. —_ dv= fi du, where u = In v and du = 4 dv 
= In |u| +C =In |Inv| +C 


45. J mm dx = iw du, where u = In x and du = dx 
="5+C=-jdnxy?+C 


46. f 822 dx = fudu, where u = In (x — 5) and du = +; dx 


[In x—S)]° a 5) 


="'4+C= +C 


47. J 4 esc? 1 + Inn) dr = f csc? u du, where u = 1 + Inrand du =! dr 
= —cotu+C=-—cot(l+Inr)+C 


48. f se@=™ ay = — f cos udu, where u = 1 — Inv and du = — 2 dv 


Vv 


= —sinu +C=-—sin(1 —Inv)+C 


49. f x3* dx = 1 ff 3" du, where u = x? and du = 2x dx 


= ang 3") + C= ging a ) + 


50. f 2'9* sec? x dx = f 2" du, where u = tan x and du = sec? x dx 
= §(B)+C=754+C 





xX 


7 7 
51. fo 2dx=3f 4dx =3 [ln [xi]? =3(In7—In 1) =31n7 


32 82. 
52. fp kdx=$ fo Lax =} [ln |xi]? = $ (In32—Im 1) = $ In32 = In (¥/32) = In2 
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54. 


55. 


56. 


57. 


58. 


59. 


60. 





Chapter 7 Practice Exercises 


2 


+ 
=P4nV4=2+In2 


f (2-8) dx = 20 (2 = 12x72) dx = 2 [lm [x] + 12x74] 8 = 2 [(in 8 + 2) — dn 1 + 12) 
2 2 
3 3 


(In 8 — 31) = 3 (dn 8) —7 = In(8?/8) -7 =In4—7 








x) dx=1f"(1x+1) dx = 1 [2x24 In [xl] = 2 (C844) — (241n1)] =2+35In4 
























































=a 0 
Te en OH) dx = — fi e" du, where u = —(x + 1), du = — dx; x = —2 u=1,x=-1 u=0 
= — [et]? =-(e° el) =e-1 
0 0 
f ev dw=3 [ e" du, where u = 2w, du = 2 dw; w= —In2 = u=Ini,w=0 = u=0 
—In2 In (1/4) 4 
= 7 [elias = 3 fe? — = 3 (1a) = 5 
Ins 16 
j ee $1)? dr = 2 f u~3/2 du, where u = 3e" + 1, du = 3e’dr; r = 0 u=4,r=In5 => u=16 
Fife 16 2 -1/2 = i: a ae 2 1) _ 1 
=-3[w 7), =—3 (16? — 4-7) = (9) (9-3) = (-3) (- 2) = 5 
In9 i 8 
fi e’ (e’ —1)'/? do = fu? du, where u =e’ — 1, du =e’ d6; 6 0 u=0,6=1In9 u=8 
8 11/2 32,/2 
= 3 ut] 9 = § (0? — 02) — 3 (29-0) = 25 = YF 
e 8 
fo $a 471m x8 dx = 4 fu du, where u = 1-47 Inx, du = 2 dx, x 1 u=l1,x=e u=8 
8 
= WA) = 8-29) =(R)G-D= 4 
e e 2 
exe (nx)? b dx = fu-¥/? du, where u = In x, du = ! dx; x e u=1,x=e u=2 
=2[u!?] |) =2(V2-1) =2V2-2 
3 3 In4 
of mae ay = fo tinw + DP 4G dv = fu? du, where u = In(v + 1), du = Sy dy; 
v=1 u=In2,v=3 > v=1n4; 
In n 3 
= }fu3) 0) = 4 (dn 4)? — dn 2)3] = 2 (2 In 2) — (in 2)3] = 2" (8 — 1) = 7 n 2) 
4 4 41n4 
. fp a+inoemyat= ff mod+inydt= f) udu, where u = tint, du = (( (1) + (nyc) at 
=(14+Int)dtjt=2 > u=21n2,t=4 
=> u=41n4 
= 2 py sht = 1 [4 in 4)? — 2 In 2)?] = 2 [(8 In 2)? — (2 In 2)?] = 2" (16 — 1) = 30n 2) 
fo 42 ag = 2 093) = a du, where u = In 6, du = 140,90 =1 0,6=8 In8 
fear =a J; Co )() iat udu, where u = In 6, du = 5 dd, u 5 u n 
In n 2 n 
= sie’ = mig [(In 8)? — 07] = sare) =i 
e 1 
fi Saito O gg — f° sins ag — g [andy (4) dd =8 fu du, where u = In 0, du = } dd; 
dé=1 u=—0,6 u 





4[u2]5 = 4 (12-0?) =4 
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3/4 
65. di om dx = 3 a a Tromp a 1=3f 7s Geaae = du, where u = 2x, du = 2 dx; 
x=-3 3 u=-3,x=3 
= 3 [sin ($)] *5/2 = 3 [sin (3) — sin (— 3)] = 3[ - (-)] =3(8) = 
1/5 1/5 
ae Ts dx = g i TIF dx =f ats du, where u = 5x, du = 5 dx; 








61. [, aig at = 43S ay dt = ieee du, where u = /3t, du = 3 dt: 


2 = u=-2V3,t=2 = u=2V3 








= V3 [} tan? (3)]"\/5= 9 [tan (3) — tan (v)]-25 (-)1=%, 














68. fi, sty dt= Lara 4, 


a 








1 = 2 = 1 _ = 
69. f fatal dy = f OnVJoyrai dy f Wea du, where u = 2y and du = 2 dy 
= sec”! |u| +C = sec! |2y|+C 


70. J sp y= 34 f sa wy = 4 (} sec”! |2]) +C = 6 sec™! |¥| +C 


2/3 2/3 


7, 2/3 WvaFoT = Jinba VOW i 





Lows Tent du, where u = 3y, du = 3 dy; 


t= [gt (Ja)] = os (aot V3 tan" 1) = 35 (F-) = 








= [sec™! ules = [see 2—sec7! v2 =%-F=¢4 











Jeli Jes _Vé 
72. oe ee v5 im a er 
oe ly| /5y? —3 y hoe —V3v | (v5s)- (v3) y i ” wl (V3) U 











where u = \/5y, du = \/5 dy; y " u=—2,y 4 


-1 (a T 3a 2a 











= |- +; sec aq =a. [sec! 2 sec” al =F (§-§%)= V3 lz - al = 12/3 

















1 = 1 _ 1 = 1 = 
73. Jae dx foo dx Soop dx las du, where u = x + | and 
du = dx 


=sin'u+C=sin!(k+1)+C 








4. [yea &= Io =) Gales rae os ee 


where u = x — 2 and du = dx 





= sin! (=) +C=sin! (3) +C 


Pra 
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80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 
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=| | -1 1 
2 _ 1 _ 1 _ 1 
ie v?+4v+5 dv =2 J, 1+ (v2 +4v +4) dv=2 J, 1+(v+2y dv =2 o 1+wv du, 
where u = v + 2, du = dv; v = —2 u=0,v=-l1 > u=1 
= 2 tan! ul 5 = 2(tan-! 1 —tan-!0) =2(%-0) =% 








2 


1 1 1 3/2 
ee es ee er ee | ee er ee ee er 
_1 4v?+4v+4 4 J-1 3+(ve+v+4) 4 J-1 (2) + (+3) 4 a *) + 




















where u=v+ 34, du dv;v=-l u —h,Vv 1 u 3 
3/2 
3 2 a 2u 3 a = 3 [a T 3 (20 T 3 og 
= 3 [Jp (25)] | =o [ar V3 - nt (- 5) = - Cala e+ N= 85 
_ V3n 
—~ "4 











1 a 1 = 1 _ 1 
J (t+ 1)/? +2t—-8 dt J (t+ 1)/(® + 2t+1)-9 dt { (t+ DV (t+ 1? — 3? dt ‘i uu? — 32 du 
where u = t+ 1 and du = dt 


= $500" |8]-+C= facet [8H] +c 


1 1 


{2 af dat = f dt=1 f—1_ 
(3t + 1)/9t2 + 6t GBt+)/92+6t+1)—-1 (t+ 1/@Btt+ 1? - 1? 3 u/w—1 
where u = 3t + 1 and du = 3 dt 


du 














= # sec! |u| +C = § sec! [3t+ 1/+C 











3¥ = tl > In3¥ =In2)*! > y(n3)=(y+ 1) m2 > (n3-In2)y=In2 > Mt) Pe 


iw 


4-¥ = 39? => In4d¥ =n? > -yin4=(y+2)n3 > —2In3 =(n3+1n4)y > (in 12)y = —21In3 


— _ In9 
= Y=~ ind 





2 


9e*7 = x? ey =X In e*Y in($) = 2ydne)=In($) + y=tin(¥) =In > = In |£| = In[x| —1n3 








9 








3¥=3inx > n3¥=nGinx) > yn3=InGinx) > y= TERR = BOD 





In(y—1)=x4+Iny => e®0-) = elttiny) — exelny = y—1=ye* > y—ye*=1 > y(1—e*)=1 
_ 1 
=) =e 














In(10 In y) = In5x = el (0lny) — elmx —. 10 ny =5x > Iny a ely — @x/? y =e? 
The limit leads to the indeterminate form o: lim =! = jim in HO 10" =I1n 10 

x70 * x > 0 

0 

The limit leads to the indeterminate form 8: lim = 7 1 = jim Ee =1n3 

é—0 6— 
The limit leads to the indeterminate form 2: lim ze =! — lim ee = |n2 

Ox, 0 &-l x—0 e 








The limit leads to the indeterminate form $: lim a 1— jjm 2 "2G eosx) _ _ jn 
x70 ©7 x = 0 & 

The limit leads to the indeterminate form o: lim 59 cos = lim osinx = lim. 28% —5 
XQ. eS x0 ° 7 x—-0 ° 
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90. The limit leads to the indeterminate form g: lim = lim =" =-4 
x 0 xe x—>0 eX + xe 


91. The limit leads to the indeterminate form 2: lim to@G+20 _ 


lim = —0o 
ta ' t— ot a 
92. The limit leads to the indeterminate form g: lim ae = lim 2n(sin mens 2) 
x—4 x —-4 
. <i . Ba 
= lim m sin Gre) = lim 22 208@nx) cos ax) = 27? 
x—4 x—4 





93. The limit leads to the indeterminate form $: lim, (¢—+) = tim, (1) = lim, $=1 
t— or t— or 


94. The limit leads to the indeterminate form 2: lim e7!/Y Iny= lm ne = lm —+— Cm) 
oo y gr y or & y gr - ¥ 
_ y 
= me an at =0 


95. Let f(x) = (1+ 3)" > Inf) = BUH Slim, Inf) = lim, BO: the limit leads to the 


x-l 


=3x72 
, : ; ast ‘ : : 
indeterminate form °: | lim (eer) = lim, 4; =3 => (lim, (1+32)*= lim, e*™™® =e 
x— Cc —x x— co Ts x— cc x x—7 Ow 


. Let f(x) = (1+ 3)* => Inf(x)=xIn(1+2) => lim Inf(x)= lim In(1 +3"). the limit leads to the 
96. Let f(x) = (1+ In f(x) = xIn (1+ lim , In f(x) = 1 te 
x—- 


or Xx 


























. ° - 743x-L1 y “ x * 
indeterminate form 2: lim ~4+354 = lim “ =0=> lim, (1+3)"= lim, ™==1 
oo OF * x— 0+ * x > 0+ * x > 0F 
97. (a) lim. 22% = lim (13) = lim 23 = 3 = samerate 
. x — oo log3x x— © (23) x— oo In2 In 2 
in 3 
: x _ : xe : 2x __ : _ 
(b) , im, (5) = , lim, aaa = , lim, = = , lim, 1=1 => same rate 
x 
() im {0 = Jim = = lim & =00 = faster 
x—oco xe* ~ x-3o00 100x” x 4oo 100 
; a 
(d) , im, mtx = 0 => faster 
(x) 
aa 7 sina! (x7! t= (x1 - 
(ec) lim Se * = lim ae) = tim qa), = lim ——/_—=1 = samerate 
X — 00 (4) X — 00 x X — 00 —x X — 00 1 
x 1- (3) 
é i ‘ X__@—X * —e 72x 
(f) lim S8* = lim (e*) _ jim = tee — 1 -s game rate 
x00 e X—>0o  2e x—>oco 2 2 


98. (a) lim 35 = lim, (})"=0 = slower 














X = 00 X= 60 
‘ In2x — 4; In2+Inx _ 1; In 2 1) .- 1 
(b) , im, Inx? , im, 2(nx) ~ , im... (one Si 5) = 9 = same rate 
: 3 2 . 2 ‘ . 
(c) lim +2 = jim 28+ = Jim S84 = lim © =0 = slower 
xX — CO e xX— CO e xX — CO © x— oo ©€ 
—2 
tan-! (1 = 
: : t : = i 
(d) _lim ei) = lim ™€) = jim (er) = lim —, =1 = samerate 
X00 ) X > 00 x x0 -x x00 I+ 
xX 
_ ) 
in7l (L ancih As —h? 
(e) _ lim on () — tim #22 - tim (ee) =_ lim X___ —o90 => faster 
X00 (3) X00 x? X00 —2x4 x00 7 /j_1 
x? x 
li sech x li (x ae ) li 2 li 2 2 
() dim, SS = dim, SS = lim, aes = lim, (ex) = 2 > same rate 
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99. (a) val 
) 


(c) lim. —*— = lim 
xX oo x+Inx x love) 





=1+ + < 2 for x sufficiently large = true 





(b) (a+) = x? + 1 >M for any positive integer M whenever x > \/M = false 





1 = the same growth rate = false 








(d) lim mins) — 0 lim, = lim. —-=0 = grows slower => true 
Xx — 00 nx  x-—> (2) Xx 00 in 





(e) tan “x < § for allx = true 
() 9% 1 +e) <1U41)=1ifx>0 = tre 





100. (a) (i) = oy 



























































(b) mG Ss) = , lim, (wz) =0 = true 
a A (:) 
(c) , im, eat , im, 1 =0 = true 
(dd) R%* = P241<14+1=2ifx>2 > tre 
cos! ( 4 x 

(e) sec tx = (:) < @) =fifx> 1 => true 

(f) sx —}(1-e™) <fifx>0 => te 

df _ ox df? = 1 df = 1 ae fh ed 
10h dx re ( dx _— 7 (S) ad ( dx = ~ (+1). 2+) 3 

1 1 _ 1 -1 — f-! _ 1 a 

102. y = f(x) y=1+, <=y-l = W= (f(x)) (=n ) x and 

fd) 14 ee ee | oS = =1 = —x?; 

(F"@) (4) ( ) a le, as [044-1] 

fj _ 1 df! _ ii 

E (x) ~ x2 =e dx f(x) ~~ f(x) 


103. y=xIn2x—x = y’=x(#) +In(2x)—-1=In2x; 


solving y’ =0 > x= ;y' > 0 for x > 5 and y’ < 0 for 
1 ; a 1 = dy 1)__1 
x<3> relative minimum of — } atx = $;f(i) =-3 


and f(§) = 0 => absolute minimum is — $ atx = $ and 


the absolute maximum is 0 at x = > 
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107. 


108. 


109. 


110. 


111. 


112. 


Chapter 7 Transcendental Functions 





y = 10x(2—Inx) = y’ = 10(2 — Inx) — 10x (4) y feeieal 
= 20 — 10 In x — 10 = 10(1 — In x); solving y’ = 0 25 
=> x=ey’ <Oforx >eandy’ > 0 forx <e 20 y = 10x (2—In x) 
=> relative maximum at x = e of 10e; y > 0 on (0, e?] and 15 
y (e”) = 10e7(2 — 2 Ine) = 0 = absolute minimum is 0 10 
at x = e? and the absolute maximum is 10e at x = e 5 


e 1 
A=f, 2inx dx = ff 2u du = [u2], = 1, where 


u = Inx and du = + dx; x 1 u=0,x=e> Uu 








20 2 
(a) Ar= f.) 2 dx = [in [x\]39 = in 20 — In 10 = In 8 = n2, and Ap = f } dx = [In |x|]? = n2—In 1 = In2 


kb b 
(b) Ar= fo) 2 dx = [In |x)! = In kb — Inka = In © = In ® = Inb—Ina,and Ap = f ! dx = [In |x]? 


a 









































=Inb-—Ina 
dy 1. dy dy dx dy 1 1 dy 1 
yak Sg = sg =a a > = GG) Ve eg 2 
Oe-*/3 dy 3e-x/3. ax (dy/dt) dx (- ’) VIF 9 = Je-3 
¥ = 7 Ox Cn at (dyldx) dt jean 3X =7 => y= 7 
1 9 
1) /9 ? 
=> & _ (4) 2 1/68 V/e} —1 & 5 ft/sec 





mec le 


A =xy =xe™ dA =e + (x)(—2x)e™ = e™ (1 — 2x”). Solving 4 =0 > 1-2x? =0 


dx 
— 1.da eer ee Die A e-1/2— 1 
> x= Ji? cx < 0 forx > 7 and ik >Ofor0<x< Ji > absolute maximum of ~; € Tae at 











x= a units long by y = e7!/? = re units high. 


—_ = Inx) _ Inx dA _ 1 Inx _ 1-Inx ‘ dA __ = = Ss 
A=xy=x(%) =  - &=2 2 = - Solving | =0 = 1-Inx=0 => x=e; 





a < 0 for x > e and as > 0 for x <e = absolute maximum of ns = ; at x = e units long and y = units 
high. 


K = In(5x) — In(3x) = nS +Inx —In3 —Inx = In5—In3 =n 


(a) No, there are two intersections: one at x = 2 


and the other at x = 4 mee In2 
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(b) 


113, lex 


Yes, because there is only one intersection 


Inx 
(3) — Inx ,In2 _ In2 _ In2 il 
Inx 





log x (B3) = ind Inx ind 2in2~ 2 


114. (a) 
(b) 


115. (a) 


(b) 


(c) 


In2 


f(x) = In 2 g(x) = Inx 


Inx ? In2 
f is negative when g is negative, positive when g is 
positive, and undefined when g = 0; the values of f 
decrease as those of g increase 


1 In x 2—Inx 


, — 
y X\/x 2x3/2 2x\/x 


— Inx 


a: 








= y” —— 3 x75/2(2 — In x) — 5x 9/2 = x75/2 (3 Inx — 2); 


solving y =0 > Inx=2 x=e*; y’ < Oforx > e* and 








and y’ > Oforx <e? > a maximum of 2 ; y” = 0 


8 








Inx = § x = e°/3: the curve is concave down on 


(0, e®/8) and concave up on (e°/3, oo) ; so there is an 
inflection point at (e°/*, sar) 

y=e* = y'=-2xe™ = y" = —2e™* 4+ 4x70 
= (4x2 — 2)e-*’; solving y’ = 0 > x =0;y’ <0 for 


x > Oand y’ > Oforx <0 => amaximumat x = 0 of 





e? = 1; there are points of inflection atx = + —-; the 
. 1 1 
curve is concave down for — Va <xK< Va and concave 


up otherwise. 


y=(1+x)e* => y’ =e*—-(1+4+x)e* = —xe™ 
=> y” = —-e*+xe* = (x — l)e™; solving y’ = 0 
=> —-xe*=0 => x=0;y' < Oforx > Oandy’ >0 
forx <0 => amaximumat x = Oof (1+ 0)e° = 1; 
there is a point of inflection at x = 1 and the curve is 
concave up for x > | and concave down for x < 1. 
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116. y=xInx => y’ =Inx +x (#4) = Inx + 1; solving y’ = 0 y 
=> Inx+1=0 Inx =—1 x=e!;y >0 for 








1 1 noe 1 i 8 F(x) =xInx 
x >e' andy’ <Oforx <e => aminimumofe™ Ine~ 
=— i at x = e~!. This minimum is an absolute minimum . 
since y” = + is positive for all x > 0. 4 
2 


117. Since the half life is 5700 years and A(t) = Age“ we have Ao = Ape => 5 = &% = In(0.5) = 5700k 


mae With 10% of the original carbon-14 remaining we have 0.1Ap = Age snot => 0.1 =es' 


=> In(0.1) = ae t>t= ames = 18,935 years (rounded to the nearest year). 





=> k= 








118. T—T,=(T.-T,je* > om eee ee time in hours, + k= —4In(Z) =41In(3) => 70-40 
= (220 = 40) eA (9/7) t > t= any © 


180° F to 70° F was 107 — 15 = 92 min 


~ 1.78 hr = 107 min, the total time = the time it took to cool from 





pe mol 
119. 6=2—cot!(%) —cot! (3-4),0<x<50 5 ge (a) ( “ 














= 30| ase — aerdoay] : solving # =0 = x? — 200x +3200=0 + x = 100+ 20/17, but 
100 + 20\/ 17 is not in the domain; £2 a > O for x < 20 (5 —¥v 17) and we < 0 for 20 (5 —¥v 17) <x< 50 


=> x=20 (5 —v 17) ~ 17.54 m maximizes 0 








120. v =x? In(+) =x? (In 1 —Inx) = —x?Inx > $ = —2xInx — x? (4+) = —x(2 Inx + 1); solving # =0 
=> 2Inx+1=0 Inx —4 x e?, & < Oforx >e? and & > Oforx <e? => arelative 
maximum at x = e"'?; f =x andr=1 h=e” =,/ex 1.65cm 








CHAPTER 7 ADDITIONAL AND ADVANCED EXERCISES 











lim —= = » lim. sin-! x] = lim (sin-!b—sin-!0) = lim (sin-'b—0)= lim sin-t'b=2 
b— I as | Jo am. ) ae ) bolo 2 
: * ‘ “tant dt 
2. lim # f tan-!tdt =_ lim J, os (2 form) 
X— OO X 0 A> OO x CoO 
_ : tan7! x _ 7 
= i =o 
_ 1/x a di 3 In (cos x) _=sin /x_ + . tan /x 
3. y = (cos /x) " > Iny= {In (cos x) and lim, “SS = lim, se ye lim, TK 
1 y-1/2 ga¢2 
= iL c xX ire =-} E x 1/2 1 
= > lim, see aaa 7 > a (cos Vx) =e =e 
= x)2/x _ 2In(x+e*) ‘ _ 2(1+e%) _ 2% _ 2% __ 
4. y=({xte)”" => Iny=——S— & , lim, ny=,lim, Se =, lim, Ge =, lim, = =2 


> lim, (x +e)" = lim, ef =e 























5. lim, (SH tat. +) =,lim, (w) 5 
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10. 


11. 


12. 


13. 


Chapter 7 Additional and Advanced Exercises 


. . . . “ae . 1 . 1 1 1 
which can be interpreted as a Riemann sum with partitioning Ax = | => , im, (<4 + Sip eer +) 


1 
= J, cedk= [In(1 +x)]j = In2 


lim [(4) e/™ + (4) e2/ +... + (4) e*/] which can be interpreted as a 


~ xX =3°00 


1 
. ‘ t48 7 1 * 1 [,l/n 2/n x x} 1 
Riemann sum with partitioning Ax = | > , lim. < [el +eny.., t= fre dx =[e')], =e 1 


lim, 4[e/*+e?"+... +e] 


X — OO 


A) = fi e* dx = [-e]} = 1 -e*, Vi) = 1 fie dx = [- Fe*]) = (1) 


: V® _ 1: _ 
(b) lim) ag =, 8M, Aer 9 
: : z(1—et : E(l-e')(lt+et 
c) lim Y®= iim 023) = lim gil ed 
A T 
toot AO ¢ sor . t+ 0r et 
7 = : In2 _ ¢. 
(a) — ee = ina = 9; 
‘ In2 _ 
, im log, 2 = lim In = OO 
H In 2 
Hi, 08, 2= tin, 4 = 00 
= In2 _ 
lim . log, 2 = , lim in = 











e e o97e 
= 2logx qy _ 2 f Inx gy — [dnxP?]°_o1. 
A= fe x dx = i 1x dx = In2 = ingA 


= [83] = sb => Ay: Ay = 2:1 












1) —_— a (- 3) 2 


— tan-! -1 
y =tan “x + tan (2 






-1 -1/1 
be ee et -] eal ystan x+tan (x) 
= Tee ~ ree = 0 > tan? x + tan (5 


and the constant is ° for x > 0; itis — : for x < 0 since 


tan~!x + tan7! (+) is odd. Next the 


) is a constant 





lim | [tant x + tan“! (£)] =0+% = 3 and lim (tan? x + tan“! (4)) =04+(-3)=-% 


x 


In x) = x* In x and In (x*)* = x In x* = x? In x; then, x* Inx = x? Inx > (x*—x?)Inx =0> x* = x? 





ia Sea 1 eas xInx =2Inx > x =2. Therefore, x) = (x*)* when x = 20rx = 1. 





In the interval 7 < x < 27 the function sin x < 0 y f(x) = (sin x) * 
= (sin x)"* is not defined for all values in that Eek Nag ae, ROI 


interval or its translation by 27. 


0.9 
0.8. 


0.7 





0.6 








f(x) = e&) f(x) = e&) g'(x), where g’(x) x f'(2) =e (42) =F 


1+x? 
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or Inx = 0. 


490 Chapter 7 Transcendental Functions 


x 
14. (a) & = ABE . et = 2x 





(b) (0) = f 2m dt = 0 


(c) gL =2x => f(x) =x?4+C; f(0) =0 C=0 f(x) = x? the graph of f(x) is a parabola 








15. Triangle ABD is an isosceles right triangle with its right angle at B and an angle of measure 7 at A. We 
therefore have | = ZDAB = ZDAE + ZCAB = tan”! } + tan™! 5. 


16. (a) The figure shows that £ > me => mwine>elnz = Ine” >In7° => e* >7° 





(b) y= * => y'=(4) (4) -—™ > solving y’ =0 Inx=1 x=e;,y’ <0 forx >eand 


x x? 








y’ > Ofor0 <x <e => an absolute maximum occurs at x = e 


1 1 
17. The area of the shaded region is f sin~! x dx = f sin~! y dy, which is the same as the area of the region to 


the left of the curve y = sin x (and part of the rectangle formed by the coordinate axes and dashed lines y = 1, 
1 n/2 
X = 5). The area of the rectangle is | = f sin“! y dy + f sin x dx, so we have 


1 1 n/2 | m2. 1. 1 
z= f sin xdx+ J sinx dx => J sinx dx = 5 — [ sin~ xX dx. 


1 


Inb—Ina 1 
b < b-a <a 


a 


18. (a) slope of L3 < slope of Lz < slope of L; => 


(b) area of small (shaded) rectangle < area under curve < area of large rectangle 
b 
=> b-a)< fo tdx<1-a) > b< mbm cl 
19. (a) g(x) + h(x) =0 => g(x) = —h(x); also g(x) + h(x) = 0 => g(—x)+h(—x) =0 => g(x) — h(x) =0 
=> g(x) = h(x); therefore —h(x) = h(x) h(x) = 0 g(x) =0 
(b) f(x) tis _— [fe(x) + fote] + [fs + fo) _ Bele) fod) fe) — fot) - f(x); 














f(x) —f(—x) ___ [fe(x) + fo(x)] — [fe(—x) + fo(—x)] __ fig) + fo(x) — f(x) + fol) __ f (x) 
2 = 2 = 2 ~ *0 


(c) Part b = such a decomposition is unique. 





20. (a) g0+0) = #28, = [1 - 2°] gO) = 28) > g()— g3(0) = 2g) > 93(0) + g(0) =0 


=> g(0)[g’@) + 1]=0 > g@)=0 
i) 26 Tin, SEED) _. 7 [eda |— 20) lim 200+ 8(h) = 80 + 2°00 gh) 
a ae a ie h a BE 26) ath) 














. 2 x 
= lim, [82 | [S885] = 1-1 +e] = 14+ @) = 14 eR 
() =1+y > ros =dx => tan! y=x+C = tan! (g(x)) =x+C;g(0)=0 = tam !0=04+C 


=> C=0 = tan! (g(x)) =x > g(x) =tanx 


1 
25 dx = 2[tan-! x], = Z and M, = x dx = [In (1 + x?)]§ =In2 => X= My 


21. M= D) 9 1+x2 








ei 4; y = 0 by symmetry 


22. (a) V=r 





: 1 e x f* 1 T 4 T 1 T T 4 
(sx) dx =F figd dx =F llm [xl] fq =F (Ind — Im 4) = F In 16 = F In(24) =a n2 
. 914 

= [1 — (8 1) _ 64-1 _ 63. 
Ji. 8? ax = [8?] w= m) = Se = 


1 
2 
M, = f(t) (ae) ax =4 fb ax = [Lin xl] 4, = Fn 16 = 2 In; 
— vat (tx) .) es) 4 X x= [gin |x] jy = 3 in cares 
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M=f- : dx= fi dx? dx = [x7] 1, =2—} = 3s therefore, x= MY = ($) (3) = 4 =] and 





23. A(t) = Age; A(t) = 2A 2Ay = Age" e'=2 srt=In2 st=™ tw t= = ow 








24. & ks = S=kdt > Ins=kt+C > s=soet s = 550" 


= the 14th century model of free fall was exponential; 





note that the motion starts too slowly at first and then 
becomes too fast after about 7 seconds 











= 2 5 : 
25. (a) L =k(2 boot fe beset) => g = k (238 ¢ hese featt) : solving a —0 


= rb csc? @ — bR* csc O cot? =0 => (bese 6) (r* csc 6 — R* cot 8) = 0; but b csc 6 # 0 since 


OA => ricscd—R*cotd=0 cos 0 x > @=cos! (z=) , the critical value of 6 








(b) 6 = cos! (2)* = cos! (0.48225) = 61° 


26. Two views of the graph of y = 1000 [1 — (.99)* + | are shown below. 


y "700M" 


y= 1000[1 - (.99)% +4] 






y =1000[1 - (.99)* +4 


400. 





200. 


(a) At about x = 11 there is a minimum 
(b) There is no maximum; however, the curve is asymptotic to y = 1000. The curve is near 1000 when 
x > 643. 
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NOTES: 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


CHAPTER 8 TECHNIQUES OF INTEGRATION 


8.1 BASIC INTEGRATION FORMULAS 





loxdx , | U= 8x? 41 du _ = 2 
l. geet Paae YG = 2Vut C= 28? +14+C 

















3cosxdx . u=1+3sinx & _ 
’ V1+3 sinx” egea | =2,fu+C=2/1+4+3sinx+C 
: : u = sin v = 2 3/2 - . 3/2 
3. raat siti = [3/ua=3 Fue? + C = Asin v)3/? +C 
3 2 : u= cot y 3 —_ ut _ —cotty 
4. cot? y ese y dy; ea fw du)=—-F+C=—7=4+C 
i u= 8x°42 
5. fee, du = 16x dx ee du = [In [ul] 2° =n 10 —In2 =n5 
x=0 u=2, x=1 u 
is u = tan z A 
a sec?zdz , _ 2 
6. i ae ? du = sec* z dz —t f 1 du = [In |ul]° = In. /3 —In 1 =n 3 








w=1z2=% su=3 


AIA 


nSwats 
‘ Meacrenk du= sig dx] —, [2% —2In|ul +C=2In(\/x+1)+C 


2du— 


Va 





nov 
=I Gy: roa aT + f2% =2Injul+C=2In|/x-1/+C 

















8. 
2du= & 
9. f cot (3 — 7x) dx; aes => —} fcotudu =~! In|sinul +C =—} In|sin(3 — 7x) +C 
_/u=a7x-1 aie > 4 
10. ese eax ari |e | = foscu- # = = In |escu + cotul +C 


=— t In [esc (rx — 1) + cot(rx — 1] +C 


11. fie? esc (e% + + 1) dd; ea = csc udu = —In [esc u + cot u| + C = —In |esc (e? + 1) + cot (e? + 1)| + 


u=3+I1nx 
12. feeny ax | du — & | = cot udu = In |sinu| + C = In |sin@ + In| +C 
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u=t 
13. fisec £ dt; hea = 3 secu du = 3 In|sec u + tan ul + C = 3 In|sec 4 + tan | +C 
="4 


2 
2 _pu=xX—5 1 = 
14. J xsec(x Sei preemie = J} secudu = } In |secu + tan ul +C 


5 In |sec (x? — 5) + tan(x? — 5)|+C 


15. fcsc(s — 2) ds; | = Jfcsc udu = —In lese u + cot ul + C = —In [ese (s — ) + cot (s — m)|+€ 


1 

u=% 

16. f desc } a6; aoe | => J —csc udu = In [ese u + cot u| + C = In [esc } + cot 3] +C 
y 


u=x? 
Vin2 In2 
17. { 2xe* dx; du = 2x dx =f e" du = [e"]p’ =e"? -e8 =2-1=1 
x=0 u=0,x=VJIn2 > u=1n2 














e u=cosy 4 : 
18. J, sin (y) e°°SY dy; du = — sin y dy > f —e'du= fie a= [e"]°, fog = ent 
y= 5 u=0,y=7 u=-l 
u = tanv 


19. fe sec? v dv; | | = fer du=e?+C=e#V4C 


du = sec? v dv 





dy —&t,| — J 2e"du=2e"+C=2eVi + 


20. fos: — 
aE 








21. fata ax |e | AO f3%du=(-4)3"+C= 224 





Inx u=Inx Inx 
2. f2 _—— + fxd=3+c=8 +c 








. u=20 u 028 
24. J 10°? a0; nied — fy 10" au = ship +C= 3 (is) +C 





a x = 3u a 
25. S85: | of 5a] = [3% =3 tan 'x+C=3tan!3u+C 





= 2 1 
26. Sette: | = {2a = 2tanu+C = 2tan™ 2x + 1)+C 





u = 3x 
1/6 1/2 
dx ‘ — 1 du — fl ai 1/2 1 (an T 
27. Ts: ; aeier , i, 3 row — [ssi uly = 3(§-%) = 75 
x > u Pr - u=5 








6 2 
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35. 


38. 


39. 


40. 


41. 


J 
J 
J 








Vi-st’ 


2sds_. u=s 
du = 2s ds 


2 


Section 8.1 Basic Integration Formulas 





|-J du = sin-'u+C=sin!s?+C 
= 





2 dx u=2Inx du ein meal 
xv1—4imex? | du = 24x = fog =sin u+C= sin™ (2 Inx)+C 

















6 dx =f 6dx__ 6, -1 _ -1 
aa = x/ Jeok 3-5 sec |5x| + C = 6 sec™ |5x| + C 
dr — 4A -lfr 
ajace — 3 5 |z|/+C 


dx = [gs ‘ 
e+ex eex+] ? 





Pa: a = = =tan-'u+C=tan!e*+C 

















Tan = = lon 


/3 


i. dx ‘ 
1 xcos(Inx) ’ 


= In |sec $ + tan 3| 


J 


cae 


r 


x 


In x dx =f 
x+4xIn2x x 


y 
e dy u=e du 4 z 
: => = sec- ju] + C = sec e’ +C 
| uw —1 | | 


du = e’ dy 
u=Inx /3 [3 
du = % = JP By = JP secu du = [In |sec u + tan ul} 
x/3 x 
1 u=0,x=e Uu>3 








— In |sec 0 + tan 0| =In (2+ V3) — In (1) = In (2+ V3) 





u = In?x 
Tes | | ay f3 pte = bin |1 4 4uj) +C = 2 In(1 +4 In?x) + 


du = 2 In x dx 














u=x-1 ; : 
8 dx ‘ _ du 
T—mx+3 — 8 Vea du = dx — 8 J) My = 8ftan tu, 
x=1 u=0,x=2 u=1 
= 8(tan7' 1 — tan7!0) = 8($ —0) = 27 
, u=x-3 : : 
2 dx = dx : = dul __ - 
x — 6x +10 =2f qo3yP 41? du = dx = 2, at = 2 [tan ty), 
x=2 > u=-1,x=4 u=1 
= 2[tan“! 1 — tan“! (—1)] = 2[$ - (-4)] =2 











u=t—2 du — gin-l Sano 
laa 3 =foe% |" pea =f pg = Sin ut+C=sin™ (t—2)+C 


_ F u=x+1 du = -1 — -1 
Ss = =m Soot ‘| moe | — f- oz = sec jul +C = sec! |x + 1]+C, 


|u| = 


u=déd-1 














= du a eee] ee | 
ae @2 Soto |“ ae | — foi = sin u+C=sin~(@—1)+C 











Ix+1]>1 
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42. 


43. 
44. 


45. 


46. 


. fara fi 


: f axes f(1- oh) x =x- tan x+C 


Chapter 8 Techniques of Integration 

















= dx ‘ u=x—2 du _ —1 
Jz ae —4x+3 -Ja¢>5 : | du = dx | 7 Jo = sec ful +C 


= sec! |x — =|x-—2|>1 





(sec x + cot x)? dx = [ (sec? x + 2 sec x cot x + cot? x) dx = fsec?x dx + f 2csc x dx + f (csc? x — 1) dx 


= tan x — 2 In |csc x + cot x] —cotx —x+C 


f (esc x — tan x)? dx = f (csc? x — 2 esc x tan x + tan? x) dx = [csc?x dx — [2 sec x dx + [ (sec? x — 1) dx 


= —cot x — 2 In |sec x + tan x| + tanx —x+C 


ficse x sin 3x dx = J (csc x)(sin 2x cos x + sin x cos 2x) dx = J csc x) (2 sin x cos? x + sin x cos 2x) dx 


= | (2 cos? x + cos 2x) dx = [[(1 + cos 2x) + cos 2x] dx = f(1 +2cos 2x) dx =x +sin2x+C 


f (sin 3x cos 2x — cos 3x sin 2x) dx = J sin Gx — 2x) dx = sin x dx =-—cosx+C 





4) dx =x-In|x+1/+C 





3 3 
[Pax = f (ext PS) dx = fe +n [x?- 1], =O + n8)— +n) =74In8 





3 
f a7 dx = fo [2x —3) + 324] dx = x? — 3x +n [2x + 3/)2, =@—-94+1n9)-(+34+In1)=In9—4 


1 2x+3 





SEARS at = f[4t—1) + gy] at = 20 —t+ 21am“! (5) +€ 





fest? do = f[(@-e+1)+ 20 — 23] d9 = 4 5 ¢ +943 In |28—5|+C 











1—x xdx_ _ gi, -1 _ #2 
Fae 5 dx = Is Par nea Ka /1 x°+C 











Pee a= f+ fe =@-'? +m +e 


2xV/x—1 2/x-1 


7/4 n/4 i 
: { Liss dx = f (sec? x + sec x tan x) dx = [tan x + sec x] 7/4 = (1+ v2) —0+1)=V2 


1/2 . 12 ‘ 7 1/2 
fo 2B ax =f (pee — PB) dx = [tan (2x) — In [1 + 4x24] f/ 


T+4x2 T+ 4x2 T+ 4x2 
= (tan™! 1 — In 2) — (tan”-'0-—In 1) = ¥ —In2 


fp = f fom ax = fcosnn sin x) dx = f (sec? xX — sec x tan x) dx = tanx — secx+C 
+ sin x 


(1 = sin? x) 





: 1 + cos x = 1+ cos (2-3) = 2 cos” 3 > f=f ins =} f sec? (5) dx = tan} +C 





2 cos? (%) 


du = cos 6 dé 


, J rhes  = Jf 00; beer ae fi =n jul +C=In[1 + sind] +C 
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an u=1+cosé — au 
60. J sepbara a0 = J pathy 065 | gE A = f= = =I jul +C = -In|1 + cos | + 








61. fy ax = foes dx = f (1+ 4) ax = fd — 4%) ax = f (1 — csc? x — 28%) dx 


= [ (1 — csc? x — ese x cot x) dx =x+cotx+cscx+C 





62. fg x= fy ox = ft gpa) = f(t eet) & 


= fii 1 — L+snx ) dx = f (1 —sec?x — sins.) dx = [ (1 — sec? x — sec x tan x) dx = x — tanx — secx + C 





co: 


63. i james dx = ft |sin x| dx; Pe. <a => fi sin (3) dx = [-2 cos x| 7 = —2(cos m — cos 0) 


= (-2)(-2) =4 


a Aa fst =v Lo 
= —1/2 (cos m — cos 0) = 2/2 


7 nm t<0 . Ss oer 
65. is T+ cos 2tdt = J”, V/2 |cos dt; Been => i —V2eostat = [-y2sint] ” 
= —/2 (sin a — sin 2) = /2 


66. f- Teast at = J" V3 loos §| a: | —+ f° /2cos dt = [2 2 sin $] 


= = 2/2 2 [sin 0 — sin (- 2) |= = 2/2 


al 


for 


0 0 1 0 
67. fv — cos? 9 dé = J jsin 6| dé; | Bey ‘| => si — sin 6 d@ = [cos 6]°.. = cos 0 — cos(—m) 
=1=¢i)=2 


7 7 Q< T 
68. [iV T= sin 6 40 = J, cos 0) aos | aa > J, 008 6 d0 = [—sin 6]%y = —sin n+ sin 3 =1 


for 2 


, n/4 secy > 0 
69. J vianty +1dy= i |sec y| dy; & _t<y< 


=In|V2+1]-In]¥2—-1| 


n/A mT/4 
| —+ J sec y dy = [In |sec y + tan y]] ee 


0 0 tany <0 0 
70. ae /sec? y — 1 dy = J-,ltan y| dy; le _tey< | = is, — tan y dy = [In |cos YM a/4 =-—In (+) 
=In /2 


37/4 


3n/4 37/4 
71. J. (csc x — cot x)? dx = he (csc? x — 2 csc x cot x + cot? x) dx = J. (2 csc? x — 1 — 2 csc x cot x) dx 





= [-2 cot x —x +2 ese x]?71' = (—2 cot #f — 34 +2 ese 3Z) (—2 cot 4 % +2 csc £) 


= [-2-) - ¢ +2(v2)] - [-2a)- 5 +2(v2)| =4-3 
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m/4 m4 fe 
72. A (sec x + 4 cos x)? dx = f [sec? x + 8 + 16 (+#95**)] dx = [tan x + 16x — 4 sin 2x]7/4 
= (tan $ +40 —4 sin 2) — (tan0+0—4sin0)=5 +47 





u= sing 
= cos 6 dé 


= —In |csc (sin 6) + cot (sin 8)| + C 


73. cos 0 csc (sin 8) d6; a | — [csc udu = —In|esc ut cot ul] +C 


u=x+Inx 


74. fat 1) cot (x + In x) dx; ae (1 it 1) dx 


| — fcotu du = In |sin ul + C = In |sin(x + Inx)|+C 


75. (csc x — sec x)(sin x + cos x) dx = [(1 + cot x — tan x — 1) dx = fcot x dx — f tan x dx 
= In |sin x| + In |cos x| + C 





76. J 3sinh(3 + In5)dx = a = 6 f sinh udu = 6 cosh u + C = 6 cosh(% + In5) +C 
u= a3 
6d 12 du = = 
7. J Jyary' Fe i ~ jes = 12tan™hu+C = 12tan™ /y +C 


u = 2x 


_? 2 dx A du = -1 — -1 
78. Ia25 Im: Aa a fo. = sec™* |u| + C = sec™® [2x] +C 





























1dx = Tdx u=x-1 Tdu _ 4. -1 
am J &—DVx—2x—48 SaaS 79° | du = dx | _ IAS = 7+ sec""|5|+C 
= sec! |*=4|+C 




















= u=2x+1 du —_ 1 -1 
80. lan*=x= I ies isesnest ? | du — 2 dx | ma _ = 7 sec |u| +C 
= $sec! |2x+1/+C 


u= tant 


2 : 
81. sec t tan (tan t) dt; E i aaee pai 


| > ftan udu = —In |cos ul] + C = In |sec ul] + C = In |sec (tan t)| + C 


dx — 21) —l)_x_ 
ja gcsch 35, +¢ 
u= sind 
du = cos 6 dé 
(b) fcos® @ a9 = [ (cos 6) (1 — sin? 6)" d9 = f (1— v2)? du= f(1 — 2u? +04) du=u—2u3+"%4+C 
= sin @ — 3 sin? O + 4 sin’ O+C 
(c) J cos? 6.40 = J (cos® 9) (cos 6) dd = {a — sin? 6)'(cos 0) dd 


83. (a) Jos a8 = f(cos 6) (1 ~ sin?) a8; | | — f(—w)du=u—-"+C=sind—1sin?9+C 


. 3 _ oe : . u=cos 6 5 ae 
84. (a) fosin 0d0 = f(1 cos a) sin 8) as |g nF ag | Ai uw) (—da) = 5 —u+C 


= —cos 4+ 5 cos?6+C 
(b) sin? @ dd = [(1 — cos? 0)°(sin 0) dd = f (1 —u?)*(—du) = f(—1 + 2u? —u) du 


= —cos 6 + 3 cos? @ — ¢ cos°9+C 
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(c) fsin’¢d0= [(1 —u?)*(— du) = f (-1+ 3u? — 3u4 + u®) du = —cos 6 + cos? 6 — 3 cos® 6 + oot 
(d) fsin'? 6 d9 = f[(sin!? 4) (sin 0) dd = f (1 — cos? 8)°(sin 6) dd 
85. (a) tan? 6 d0 = f (sec? 6 — 1) (tan 6) dd = Jsec? 6 tan 9 d0 — ftan 0 dd = 5 tan’? @ — f tan 6 dO 


= } tan? + In |cos 6] +C 
(b) f tan? 6 d0 = [ (sec? 6 — 1) (tan? @) do = tan? 6 sec? @ dd — f tan? @ d0 = } tan*@ — [tan dé 
(c) ftan’ 6 dd = f (sec? 6 — 1) (tan? 6) dd = ftan?d sec? 6 dd — ftan> 6 dO = } tan® 6 — | tan> 6 dd 
(d) ftan**! 6d = [ (sec? @ — 1) (tan*! 6) dd = [ tan! 6 sec? @ do — f tan 6 dd; 


u= tan 0 
du = sec? 6 dé 


Q 


| = ju du — Jt 6d0 = + wk — ja 6 dé = nt tan** 9 — ftan™ 6 dé 


86. (a) fcot? 6.40 = f (csc? 6 — 1) (cot 6) dd = Jcot 6 csc? 6 40 — {cot 6 d0 = —§ cot? 9— Jot 6 dd 
= —} cot? 4 —In|sin 6] +C 
(b) fcot® 6 dd = f (csc? 6 — 1) (cot? 0) dd = fcot® 6 csc? 6 dd — f cot? 6. dd = — + cot*9 — [ cot? 6 dd 
(c) fcot? 6 do = f (csc? 6 — 1) (cot? 6) dd = [cot 6 csc? 6 dd — f cot? 6. dd = — 2 cot A — [cot 6 dd 
(d) [cot*!6d0 = [ (csc? @ — 1) (cot! 6) dd = [ cot! 6 csc? 6 dd — [cot 6 dé; 
u = cot 0 
du = — csc? 6 dd 


=-— x cot* 6 — foot 6 dé 


| — —fu*'du— f cot!6d9 = — du — [cot 6 40 








87. A= i (2 cos x — sec x) dx = [2 sin x — In |sec x + tan x|] ai 
= [Vi 9 (v+1)] - [-v2-(vE-1) 
= 2/2 ~ In (4B#t) = 2V2- n(& =) 
= 2/2 -In(3 +22) 

88. A= ie (csc x — sin x) dx = [—In rake at 


=—In|1+0/+In 2+ ¥3]- =in(24+ V3) - 4 





n/4 n/4 n/4 a /4 
89. V= L, m(2 cos x)? dx — i a sec? x dx = 41 f ' cos? x dx — nf 480” x dx 


=2n fv (C1 +.cos 2x) dx — [tan x], = 2m [x + 5 sin 2x] vom) 


= 2m [(G +35) —(— 9 — 9)] — 20 = 20 (GF +1) — 2m = 





n/2 7/2  /2 n/2 
90. V= i, mesc?xdx— msin?’x dx = J" csc? x dx — 5 J" (1 — cos 2x) dx 
n/2 T i m/2 = 5 “ - 3 
= [cot x]%5 — [x — 3 sin 2x] 75 = 7 [0 ( v3) 5 Ig 0) (3 1. ¥3)] 
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2 > 
91. y =In(cos x) > & — six 5 (2) = tan?x = sec?x—1;L= f 1+ (2 


COS X 


3 n/3 
=f T+ (sec?x— 1) dx = fi sec x dx = [In [see x + tan x{]/* = In |2 + /3| — In |1 + 0] = In (2+ V3) 





dy sec x tan x dy 2 2 2 ‘ di . 
92. y=In(secx) > F=“Q = (¢) = tan“ x = sec x-1;L= [ 1+ (2) dx 


7/4 
=f. sec x dx = [In |see x + tan x{]9/* = In| /2 + 1] —In|1+0| =In(V2+1) 











7/4 n/4 
93. M, = f° i (4 sec x) (sec x) dx = 5 f Sec? x dx H eee 1 
=} tan ae = [1 -(-)] = 1; ; 
M= i; sec x dx = [In |sec x + tan x{] 
=In | ¥2 +1] -n | /2 - 1] =n (34) x 
n|/2+ n|/2 a -n/2 -/4 n/4 n/2 
1 
=In (a2) - In (3 +22); K = 0 by 
i ya Mai 
symmetry of the region, and y = 77 = G12 ¥) 
57/6 y 
94. M, = fr"( 5 CSC X) (csc x) dx = if csc? x dx } 
57/6 
=} coe =} [- (-v3) = (-v3)| = /3; 


51/6 
7/6 


= nlp v3}- (m2 v9) <2 
=In (SAE) -am (24 va) X = 5 by symmetry 


of the region, and ¥ = ws = men 
n (2+ 


57/6 
M= 1 ee csc x dx = [— In |csc x + cot x]] 











Hiskecswcce sc cece 


xn/6 n“/2 &/6 





95. csc x dx = J (csc x)(1) dx = J (sc x) (Seebeck) dx = f ssctxtosoxcorx dx; 


csc xX + cot x csc X+cotx 





u=cscex-+ cot x 


ole os a = = = —In |u| + C = —In |csex+cotx|+C 





96. [(x? - 1) + D7? = [&— DOF DP? = & — NPB DM =F DP [OK — PPR + 17] 
=@+ 07 (Eh) = 6407 (1-4) 


x+1 


@) fle -)«+py rr a= f«+ yn? (1-3)? ax: le no aT al 























= f-a-2u)-?4 du = 3-2/8 40=3 (1-3)? +0=3 @ A) +e 
) fie? — No + PPP dx = fort (Sh)? ax u = (854) 
= dusk (Sap) eA doe = 2k per hs dx = SGP (1) du 


x+1 




















= Sie! (eaten FSR (Boe SG) 
-1 3 
2 


I 
(= ee ai = a fie du = - Bk) ul +C = 
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(c) fice —1)@+D) 8 x= fo 41)" (at) ae 



























































u=tan-!x i : 
1 tanu—1\~—2 *( du =f (Spuscosu —2/3 % 
A= en (a (aaa) (S 3) OUEST: (Gare) du, 
dx = — 
cos? u 
sin u + cos u = sinu + sin(Z —u) = 2 sin | cos (u — §) : i 1 [sea aw 
sin u — cos u = sinu — sin (4 a u) = 2cos § sin (u — 5) 2cos* (u— 7) | cos (u—7) 
: x 71/3 
— il —2/3 T 2 T me 1/3 T _ 3 | tanu—tan; 
= 5 f tan (u— §) sec? (uf) du = 5 tan’ (u— 7) +C= 5 fend +€ 
_ 3 /x-1)1/3 
— 9 (SS) +C 
_ -1 2 1 2sinu 2d(cos u) , 
(d) u = tan Jx tanu /x tan*u = x dx 2 tan u (4 ) du = cosa du costa 
— 2 __ sin?u—cos?u __ 1—2cos?u, _ 2 — cos?u+sin2u _ i one 
x—1=tan*u i= cos? u = cos? u ;x+1 = tan u+1l= cos? u ™ cos2u ? 
—2/3 
_ 4)-2/3 —4/3 = | en ao 1 gees 
Jee + 14 dx = f Oe. hg 
=9 4 
= fa —2cos?u) 7/3 - (2) - cos u- d(cos u) = 1 [1 —2cos?u) ) 78. d(1 —2 cos? u) 
1/3 
1—2 cos* 
1/3 Soe. —1\1/3 
=} -2eoety* 4c 5/88] 4c= jasc 
cos2 u 
e) u=tan! (X=! X=! —tanu x+1=2(tanu+ 1) > dx= = 2d(tan u); 
2 2 cos? u 


f w= po + 1-43 dx = f (tan u)-23(tan u + 1-4/3 - 2-8 -2- d(tan u) 


/ 
=3f(a rt) ya (l- at) = 380 - ete)  + =i (1 ay) +e 














lI 
bolLo 
—_, 

* 
| 
= 
“ 
= 
~ 
w 
ae 
io) 











(f) X =cosu f sin u du _ f sin u du 
— 7 ; q73 
dx = —sinudu V (cos? u— 1)? (cos u+ 1)? (sin’/ u) (27/8 cos 3) 


1 
_ i du f du =. i S(S3) Pay 
= / — iE =— < 
(sin u)!/3 (22/3 cos ays 2 (sin ays (cos # ay? 3 2 sin 5 (cos? #) 


= — fran“? (3) d(tan $) =~ § tan?’ § +c = 3 (—tan? §)" 40 = 3 (SSH) + 
=iGH)? +c 











u = cosh! x 


(g) fi [(x? -1)«+)]- 2/3 g X = coshu » Sy sinh u du 











; (cosh? u—1)” (cosh u+1) 























dx = sinhu 
sinh u du _ f du ee ee du 
V( sinh* u) (cosh u+1)? ‘/inh u) (4 cosh* 3) sinh ( ) coshé (3) 
=1B 4 u\) _ 3 u)2/3 — 3 (coshu—1 1/3 — 3 (x-1 1/3 
= J (tanh 3) "a (tanh ¥) = 3 (tanh 3) C=} (teh +C=3(F) +¢ 


8.2 INTEGRATION BY PARTS 





1. u=x, du = dx; dv = sin * 5 dx, v= —2 cos 5; 





Tei secu at —2 cos x) dx = —2x cos (%) +4 sin () +C 





2. u=6, du = dé; dv = cos 76 dé, v = 4 sin 70; 





f 6 cos 0 d0 = 2 sino — [2 sin 70 dO = £ sin + 4 cos 70+C 
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10. 


11. 


cos t 


(2 ————> sin t 


2t——+»  —cost 
+ 
Sr. —sint 
0 f 2 costdt =# sint + 2tcost—2sint+C 
sin X 
(+) 


X* > §=§ —COS X 
2X > «= — SIN X 


COS X 


0 J x? sin x dx = —x? cos x + 2x sin x + 2 cos x + C 


No 


xo. 


u=Inx,du= &;dv=xdx,v= 4%; 





. x? ? 2 dx x? ‘ 3 
foxinxdx = [¥ nx] - f'¥ &=2In2- [8] =2m2-}=In4— 


x! . 


q? 

e e e e 

3 _ | xt f xt dx _ et xt _ 3et+1 
Jp? nx dx = [¥ In| a Bly 46 


1 


u=Inx,du= &;dv=x' dx,v= 








dy 


u=tan! y, du = T+y? 





;dv=dy,v=y; 


fran-ty dy =ytanty — f 2% =ytan-ty—2in(it+y’)+C=ytanty—In fT ty? +C 





u=sin“ly, du = Gibs ; dv =dy,v=y; 
Jsinty dy =ysinty - fH8, =y sin y+ YI-y +C 








u = x, du = dx; dv = sec? x dx, v = tanx; 





x sec? x dx = xtanx — f tan x dx = x tan x + In |cos x| +C 


[4x sec? 2x dx; [y = 2x] => Jy sec? y dy = y tany — f tany dy = y tany —In |sec y| +C 


= 2x tan 2x — In |sec 2x| +C 


e* 
. w 
Xo ———mp C* 
3x? © e* 
+ 
6x Sz e 
Pane, : 
0 [xe dx = x%e* — 3x"e* + 6xe* — 6e* + C = (x? — 3x? + 6x — 6)e*+C 
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13. 


14. 


15. 


Section 8.2 Integration by Parts 








+ 
24 Sa —e?P 
0 f pte? dp = —p*e® — 4p*e? — 12p?e” — 24pe” — 24eP +C 
= (—p’ — 4p? — 12p? — 24p — 24)e? +C 
e* 
+ 
x? — 5x pols e* 
2x — 5 af, e* 
wae 
e 
0 fe — 5x) e* dx = (x? — 5x) e* — (2x — 5)e* + 2e% + C = x7e* — 7xe* + TeX +C 
= (x? -7x+7)e+C 
e 
(+) 
retrt+l—6~e 
2r+ 1 ., e 
+ 
2 ) e 
0 f(@4r4 le dr= (2 +r4 Ie — (rt Dei +2e°+C 
= (r? +r4+1)—-(r+1)4+2J&+C=(P?-r4+2)eh4+C 
e* 
ee ae 
x a 
< a e* 
+ 
20x3 os e 
60x? ay e* 
oa 
120x ——+ € 


0 fre dx = xe* — 5xte* + 20x%e* — 60x2e* + 120xe* — 120e* +C 
= (x° — 5x* + 20x? — 60x? + 120x — 120) e* + C 
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16. et 


?P——+ fe 
2t -) xe 
wae 
0 fe dt =fet— et 4 Zettcatet—fet+ Lev ic 
= (G-4+h)e"+C 
17. sin 20 


20 -} sin 20 
+ 
2 4) ; cos 26 
m/2 jus @2 9: 1 1/2 
0 j. 0 sin 20.40 = |~$ cos 20+ § sin 20+ } cos 26] 
‘ike T qr nr? — 
=[-F-CD+5-044-Cb] -[ot0+}- =F -5= 87 
18. cos 2x 
+ 
x? a 5 sin 2x 
3x2 (©) = ; cos 2x 














6 7g COS 2x 
7? 3 x 3x2 3x 3 ae 
0 jf x” cos 2x dx = [= sin 2x + 7 COS 2x 7 sin 2x x COS 2x] | 
_ |r 32 3 3 3 _ _ 3m? | 3 _ 3(4—7°) 
= |G -0+ 2% -( Iy— gy -O- 3 -¢ i) [0+0-0 = a= 16 
_ = _ _ dt, = a oe 
19. u=sec -t, du a ;dv =tdt, v oe 




















( tsec!tdt = [5 seo!t] f° (5) f= (2-4-3-2) f dt 
2/3 ~ [2 2//3 7V3\2) tVP=1 33 6 2/V3 2/21 
2 
_ 5r 1 _5r _ 1 4 _ 5st 1 JV3\ _ 5n V3 _ 5-33 
= -[} Gall p= 9-3 Vv? 3 1)=§ (V3 RR) =% z=" 9 





20... = sin (x), dua 2" dy = dk, VS es 





Vi-xt 
WE ple 1/V2 yy2 ade . UV2 4 (1x4 
j. 2x sin~! (x?) dx = [x? sin 1 (x2y) v2 _ f > ae BA = (4) (2) + ic Vo) 





1/2 
_ a / _« 3 _ 4+6/3-12 
=8+( 1—x!] | =8+y3 f=——p 


21. I= fe’ sin 6 dé; {u = sin 0, du = cos 6 d@é; dv =e’ dd, v=e’] => I=e’ sing — [ e’ cos 0 dé; 
[u = cos 6, du = — sin 6 dd; dv = e’ dd, v=e’] > I=e' sin 9 — (e* cos 6+ fe’ sin 48) 


=e’ sind—e’ cos@-I+C’ => 21 = (e’ sind —e’ cos 8) +C => I= }(e’ sin 6 — e’ cos @) + C, where C = F is 


another arbitrary constant 
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22. I= fer cos y dy; [u = cos y, du = — sin y dy; dv = e” dy, v = —e”| 
=> I=-—e” cosy — fre ¥) (—sin y) dy = —e’ cos y — fe siny dy; [u = sin y, du = cos y dy; 
dv =e’ dy,v=-—e”] > I=-e% cosy — (-e7 siny — [ ( —e’) ) cos y dy) = -e’ cosy +e siny—I4+C 


=> 2[=e(siny—cosy)+C => I= 5 (e ¥ sin y — e-’ cos y) + C, where C = 5 ” is another arbitrary constant 


23. l= f e* cos 3x dx; [u = cos 3x; du = —3 sin 3x dx, dv = e* dx; v = $ e*| 





=> l= ce cos 3x +3 fer sin 3x dx; [u = sin 3x, du = 3 cos 3x, dv = e* dcivese"| 
=> 1 = $e cos 3x +3 (Se* sin 3x — 3 f'e* cos 3x dx) = }e™ cos 3x + 3 e* sin 3x — 21+C 
=> SiS ie cos 3x + F e* sin3x +C’ => => © (3 sin 3x +2 cos 3x) +C, where C = 4 C’ 


24. fe™ sin 2x dx; [y = 2x] — 5 fee sin y dy = IJ; [u = sin y, du = cos y dy; dv =e’ dy, v = —e| 
= lac (-e sin y + fer cos y dy) [{u = cos y, du = — sin y; dv = e” dy, v = —e?| 
=> l=—fe%siny+} (-e7 cos y — fer) (— sin y) dy) = —fe%(sin y+ cos y)-I+C’ 
=> 2[= — te (sin y + cos y) + C’ => [= — fe“(sin y +cosy)+C= — & (sin 2x + cos 2x) + C, where 


_' Cc 
CS 5 








: 38 +9 = x? x. 2 2 = Aes : : x). 
20: for ds, i 2x ar | > fer-2xdx=2 [xe dx; [u = x, du = dx; dv = e* dx, v=e']; 


2 f xe dx = 5 (xe" — fe dx) — 5 (xe* —e*) + C= 3 (35-4969 — ev) +C 





26. u = x, du = dx; dv 1—xdx,v=—2/0—»)3; 


1 1 
fo xVi—xdx = [-2,/0—8 x], +2 f /—x8 ax =2[-20a-»] 5 =4 

















ers 
27. u =x, du = dx; dv tan? x dx, v= f tan?xdx = f 8% dx = [L220 ax = fi - fox 
COs* X CcOos* X CcOs* X 


a/3 


n/3 on n/3 — 
= tanx —x; f x tan? x dx = [x(tanx — x) 9° — (tan x — x) dx = $ (3 — §) + [In |cos x| + $] 


_ Tw 1 re = 78 rita 
=4(V3-#)+ind+ i In 2 18 








28. u=In(x+x’),du= Gxt es dv = dx, i. —s.c fin (x + x?) dx =x In(x +x?) — oa -x dx 








Xx 


=xIn(x-+x*) — f&tbe = x In(x +x”) ‘f2eepst dx = x In(x + x?) —2x+In|x+1]/+C 


u=Inx 
29. Jsin (In x) dx; | du=+dx | > J (sin u)e" du. From Exercise 21, f (sin u)e® du = e* (Su cost) 4 C 
dx = e" du 


= $ [—x cos (In x) + x sin(In x)] + C 
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u=Inz 
30. fzan 2)? dz; du = 4 dz = fet-w-e%du= fe -u? du; 
dz=e'"du 
ez 
+ 
Ww ( ) , $e 
oe! 1 ,2u 
2u—— 7e 
+ 
ec eer 
0 f wee du = ¥o™ — Ye 4 1e™4 C= fu? 24 I] +C 
= = (20n 2)? —2inz+1)4+C 
31. (a) u =x, du = dx; dv = sin x dx, v = — cos x; 








Si = f° xsinx dx = [—x cos xj + [cos x dx = 1 + [sin x]f = 7 


Qn Qn 
(b) Sy = -f x sin x dx = — x cos x]2™ + f cos X ax = —[-30 + [sin x]?"] = 30 


3x 30 
(c) S3 = f. x sin x dx = [-x cos x] +f, cos x dx = 5m + [sin x]3" = 5x 


(d 


wm 


n 
nt 


= (—1)™ [-( + Da(—1)" + na(—1)™"'] + 0 = (20 + Dr 


(n+-1)r 
Sn41 = yf x sin x dx = (—1)"? [[—x cos x]@*)* + [sin x]@*)"] 








32. (a) u=x, du = dx; dv = cos x dx, v = sin x; 


3n/2 3 3n/2 
= : a /2 ; = 30 T 3n/2 __ 
S;=- as X cos x dx = — ts sin x]5 — J; sin x dx —— (- on z) — [cos x], = 20 
5x/2 e 5x /2 
= a $ 5n/2 : — [Se 3n 5/2 __ 
(b) Sp = Jo. x cos x dx = [x sin x]37/, — ie sin x dx = [= — (- 2] — [cos x],"/. = 4a 
Tr /2 _ Tr/2 
= = : n/2 : = 7 5 Tr/2 __ 
(c) S3 =— i x cos x dx = — ts sin x], — i sinx dx =— (- a =) — [cos x];7/. = 6m 


(Qn+1)r/2 


(2n+1)n/2 . ale : 
(d) S, = uf x cos x dx = (—1)" ts sin x] on yo — J 


2n—1)n/2 


sin X ax 


2n—1)n/2 





=(-1)" [oes (—1) — G4 ( p| [cos x]}ion i/o = 4 Qn + 1 + nw — mr) = 200 


In2 In2 In2 
33. V= f° 2m(n2—x)e'dx =2nIn2 f° et dx —2n J” xe* dx 
In2 
= (27 In 2) [e*]$° — 20 (Ise — f e* ax) 


= 2n In2 — 2m (2 In2 — [e*]*) = —20 In2 + 2m = 2n(1 — In 2) 


0 





1 1 
34. (a) V= is 2nxe* dx = 27 ((-xe% + if e* ax) 


= 2n (—2 + [-e]p) = 2m (-2-2 +1) 


—9,— 4 
=2r-F 
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Section 8.2 Integration by Parts 


1 
(b) V= f 2n(1 — x)e™* dx; u = 1 — x, du = — dx; dv = e™ dx, 
1 
v=-—e*%;V=27 la —x) (-e*)|5 — f e* ax 


e 


= 2% [Io - \(—1)] + le"I9] =Ir(1t+i-1)=% 


n/2 : 1/2 n/2 : 
35. (a) V= i, 27x cos x dx = 27 { [x sin x])’° — f sin x dx 


= 2n (3 + [cos x}/”) =2n(E+0-1) =n(n—2) 


n/2 
(b) v= {fe 2n (5 — x) cos x dx; u = 5 — x, du = — dx; dv = cos x dx, v = sin x; 


T ‘ 1/2 mf2 m/2 
V = 20 [(§ —x) sin x] , +2nf sin x dx = 0 + 2m[— cos x])°° = 2n(0 + 1) = 27 


36. (a) V = f"2nx(x sin x) dx; 


sin X 
X* > §=6s — COS X 
2X > §=60— SIN X 


2 > §=— COS X 


0 = V = 2m ['x? sin x dx = 27 [—x? cos x + 2x sin x + 2 cos x] ) = 2m (1m? — 4) 


(b) V = f"2q(m — x)x sin x dx = 2n? [x sin x dx — 2m fx? sin x dx = 2n? [—x cos x + sin x]§ — (219 — 87) 


= 8a 


an 
37. av(y) = x f 2e cos t dt 


= 4 [e* (ate 


(see Exercise 22) = av(y) = oa (1-—e*) 


Qn 
38. av(y) = an 4e (sin t — cos t) dt 


Qn Qn 
f e* sint dt — 2 f e' cos t dt 
0 T 0 


-t (Setisost) | - 


— 


—t (Se taeest) 





e€ e€ 


aly aly Ale 


—e™ sin t]5” =0 


39. [= Jxcos x dx; [u = x", du = nx"! dx; dv = cos x dx, v = sin x] 


=>I]=x"sinx — fmetsin x dx 
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40. I= Joxsin x dx; fu = x", du = nx"! dx; dv = sin x dx, v = —cos x| 


=> I= —x"cos x + {nx!cos x dx 


41. l= fixe dx; [u = x", du = nx"! dx; dv = e™ dx, v= Ze] 


a 
Nea A 
=>I=*e* - a fx te dx,a #0 


42. T= fanx)" dx; [u = (Inx)", du = ce dx; dv = 1 dx, v =x] 


=> [= x(In x)" — fn(in x)" dx 
43. f sin x dx =x sin} x — J sin y dy = xsin-!x+cosy+C=x sin !x +cos(sin-! x) +C 
44, ftan- x dx =x tan! x — fran y dy = x tan"! x +In |cos y| +C = x tan”! x + In |cos (tan7! x)| + C 


45. fsecm! x dx = x seo“! x — Jisec y dy = x sec“! x — In |sec y + tan y| +C 
= x sec”! x — In |sec (sec™! x) + tan (sec™! x)| + C = x sec"! x — In x + Vx i +C 


46. flog, x dx = x log, x— [2 dy =x log, x— 2 +C =x log, x— 25 +C 


47. Yes, cos! x is the angle whose cosine is x which implies sin (cos~! x) = V1 — x?. 


48. Yes, tan~! x is the angle whose tangent is x which implies sec (tan~! x) = \/1 + x?. 


49. (a) J sinh x dx = x sinh"! x — J sinh y dy = x sinh”! x — cosh y + C = x sinh! x — cosh(sinh! x) + C; 
check: d[x sinh~! x — cosh (sinh! x) + C] = [sinh x+ WEES — sinh (sinh x) ae dx 

= sinh! x dx 

J sinh x dx = x sinh"! x fx (<4) dx = x sinh"! x — } fa + x2)? 9x dx 


1/2 


(b 


Ye 





= x sinh! x — (14x?) ""+C 


check: d [x sinh“! x — (1 + x2)" 





+C] = [sinh x + [25 - 5% dx = sinh! x dx 





50. (a) fitanh" x dx = x tanh! x — fianh y dy = x tanh~! x — In |cosh y| + C 
= x tanh”! x — In |cosh (tanh~!x)| + C; 
check: d [x tanh~! x — In |cosh (tanh7! x)| + C] = [tanh e+ sinh (tanh'x) _1_] gy 




















cosh (tanh-! x) 1—x? 
= [tanh x + ~*, — ;4,| dx = tanh! x dx 
(b) fitanh“ x dx = x tanh7! x — i dx = x tanh! x — } ies dx = xtanh-?x+4In|1—x?/+C 
check: d [x tanh7! x + 3 In |1 — x?| + C] = [tanh! x + 74, — 745] dx = tanh! x dx 


8.3 INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS 




















Lets = St ce > 5x- 13 = A@— 2) + Ba — 3) = (A+ B)x— (2A + 3B) 
A+B=5 _ 4 5x-13. _ 2 3 
recaen, = -B=(10-13) + B=3 > A=2; thus, SSB = 2 + 
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10. 


11. 


12. 


Section 8.3 Integration of Rational Functions by Partial Fractions 





eg = iy = oe tS = OK -7 = ACK 1) + B(x — 2) = (A+ B)x — (A + 2B) 























A+B=5 ; 5x—7 3 z 

A+2B = } Bee Se a ae ed 
2 eee 5. gpacageiepetee ae =?) ASS 
wig = sai t+ wap A+B=4 ; 


x+4 _ 1 
thus, jae = x7 t aep 











. é Aud 
wet, = = At pep > 2x42 =AK-1I)+B=Ax+(-A+B) = here, 


" A = 2 and B = 4; thus, 22 — 27 4 : 


2x+1 x 











att =34+84 55 = 24+1=A2@-1)4+BE-1)4+C2 = 24+1=(A+07?+(-A+B)z-B 




































































A+C=0 ) 
=> -A+B=1 Bel S A=-2 5 Ca]; thio SS tS tea 
-B=1 
aa 2 62 OU - 6. @ Hees = Fas = 1=A(Z+2)+BZ— 3) = (A+ B)z + ZA — 3B) 
A+B=0 1 1. 1 oa 
fom —5B=1 > B=-1 > A=}; tus, 54 — = 354+55 
248 as S5t+2 estat » S5t4+2  _ 5st+2 —_ A 
Boas = 1+ wears (after long division); 3 aie = & at Dt a Pees 
A+B=5 
=> 5t+2=AC—2)+Bt—3)=(A+B)t+(-2A—3B) > 5, an nf > —B=(104+2)=12 
B=—12 > A=17; thus, #8, =14+ 244-4 
“ + gr = it it oP = 1t Feto (after long division); Fests =448+ O42 
=> —97+9= At(?+9)4+B(?+9)4+(Ct+D)? = (A-+O}P + B+ DY? 4 9At4 OB 
A+C=0 ) 
Ba De=—2 . 9 1, —10 
eee A=0 > C=0;B=1 > D=~10; thus, S43 =14+44+ 7% 
9B =9 
se = Ait rh = 1=A0 +) 4+ BU -x);x=1 > A=};x=-1 > B=}; 




















Joe = BSS + Las = bln + xl — int —al] +0 








=> 1=A(x+2)+ Bx;x =0 A 


7 3X —2 B -_ 
Se% =i f2-1f =i bb|-mk+2I +c 














it = A+ Bo > x+4=ACK-1)+BK+6);x=1 B=3;x=-6 A=3=4; 








XxX 


f Gd = 32 f+ Sf =F nx $6] 4 8 in fx — 1 4 C= Fn [K +6%K— 14+ 























atti=A +; ee 33 B=2=-73x=4 3 A=2=9, 


x -1 


2x+1 a dx (x — 4)? 
= —7x+12 dx = 9f 25 J+c 











=, =9In |x —4| -—7In |x -—3|+C=In 





(x — 3)" 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


x=-l Cc 


Chapter 8 Techniques of Integration 





aS Bo => y=A(yt+1)+Biy-3);y=-1l > B= S=fsy=3 > A=}; 











y 5 37 y 


fio 3 afta 4 "sf, = [2 inly — 3) +f inlyt i] § = (3 n5 +4 m9) — Gin +4in5) 


= is i 














sit Ay BS y+4=Aytl+By:y=0 > A=4;y=-1 = B=4=-3; 


1 1 1 
+4 dy =4 #i3f 4 = [4 In |y| — 3 In ly + 1] 1. = 4 In 1 — 3 In2) — (41n 5 —3 In) 


1/72 yo+ry ij. ¥ 
= 1 1 27 27 1 = 
=Ing-n4+nZ=In(2-}-16) =n 7% 

















Bt+S => 1=AC+2t-1) + Bet—- 1) +Ctt+2);t=0 = A=-4;t=-2 


1. 1. d _ dt 
B é3t 1SC 7 Hp. fay Lf 
=—$lIn|t| +4 In|t+2/+4Injt—1)+C 



























































wt = 84 Bt SS > 343) = AK F 2K — 2) + BK — 2) + Cx(K4-2);K=0 > A= Asx =-2 
it bia x+3 —_ 3 dx 1 dx 5 dx 
B=jgsx=2>C 5; [iti dx = 8J x + 16 “5+ 8/5 
2 In |x| + 4 In|x +2/+ 2 In |x —2)+C=4In Ga 22! 4 C 
we = (x — 2) + BF (after long division), 247, = 4, + Bp > 3x+2=AK+1)4B 
=Ax+(A+B) > A=3,A+B=2 => A=3,B=-1; os 
1 1 1 1 
= dx dx = |x? 
= fix -2dx43 5 - J) Mp = [F- 2x43 Lu], 
= (5 -24+3in2+5)-()=3in2-2 
woe = +204 BB (after long division); 2 & =e = x4ot+ eer => 3x-2=A(x-—1)4+B 








ee ee te —2 A=3,B er 
=f wt2dx43 fo 


- re eee ee ae =2-3In2 








0 
x? 
—- = =|§ +2x+3n|x—1|- 45] 7 





ager > 1=AGF ID - 1? +B D+ 1? + CH 1? + DE+ D*; 
1 D +; coefficient of x? = A+B => A+B=0;constant= A—B+C+D 








ix 
=> A-B+C+D=1 > A-B=};thu,A=}4 => B=-1; foes 


Sh Sa et fmt} f Sm =n |4||- —a@ron tC 
































2 
GoD eR) =e er ee > P= AK +1! + BR -DE+D+CK-Dix=-1 
>C=-5;x=15A eR SEE a ete ee 
= = 3 
= 1 fe 43 fs-3 ary = 4 gin|x—1|+4 In |x+ 1) toe ay tC 
_— Inf«x-Da+1)| 
4 +oeea 





aCe = a | Bec => 1=A(x?+1)+(x+OK4+1);x=-1 > A= 3 coefficient of x? 


=A+B > A+B=0 > B=—};constat=A+C > A+C=15 C=}; f oo% ay 





1 
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Section 8.3 Integration of Rational Functions by Partial Fractions 








1 1 7 1 
=i a 0 Gar ax = [Fl n |x +1|— 4 In(x? +1) + 5 tan™' x], 


1] 
2 2 
= (4In2—41n2+42tan11) -(2in1—1in1 +} tan!0) =1n244 (7) = Ste) 


29, eettd AY Bt & 324 t44=A(24+1)4+ Gt+Out=0 > A=4; coefficient of ? 


e+t t t 








5s sss ana ais sana: setts at 


a oa 
14 v3 
=4 fs at a ig G+ at = [4m [t] — bn (2 +1) + tant] S 


= (sin V5— 3 n+ a0 V3) — (4in1—2m2+tan1) =2in3-m24+2+1m2-2 








— T 9 T 

=2in3-}In2+8=In(4)+4 

24 2y+1 Ay+B Cy+D 
23. a = eat to +t =Gy+B'?+1)+Cy+D 

= Ay?+By?+(A+QOy+(B+D) >= A=0,B=1;A+C=2 => C=2;B+D=1 => D=0; 


yt2y+l] qv _ 1 y a 
Je ay = fo ay +2 f hp ay = tan y- a 














24, aa eet + tee > 8x? + 8x +2 = (Ax +B) (4x? +1) +Cx+D 


= 4Ax® + 4Bx? +(A+C)x+(B+D);A=0,B=2;A+C=8 => C=8;B+D=2 = D=0; 


8x* + 8x +2 x dx = =i) 
Jee dx=2 fp +8 f pe = tan 2k— gay tC 











25. 





2s +2 — As+B C D E 
(@+1)6-be +1 ig IG rts Wg => 2s4+2 


~ (As + B)s — 1)? + C(s? +1) (s— 1)? + D(s? +1) (6 — 1) + E(s? +1) 
= [As* + (—3A + B)s? + (3A — 3B)s? + (—A + 3B)s — B] + C(s* — 2s? + 2s? — 28+ 1) + D(s? — s? +s — 1) 
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+E(s? +1) 
= (A+C)s* + (—3A + B — 2C + D)s? + 3A — 3B + 2C —-D+ E)s? + (—A + 3B — 2C + D)s+ (-B+ C—D+E) 
A +C 2. | 
—-3A+ B-—2C+D =0 
=> 3A-—3B+2C—D+E=0 ? summing all equations 2E=4 E=2; 
-A+3B—2C+D =2 


—-B+ C-D+E=2 
summing eqs (2) and (3) => —2B+2=0 => B= 1; summing eqs (3) and (4) > 2A+2=2 A=0;C=0 
from eq (1); then -1+0—-D+2=2 fromeqg(5) > D=~—1; 


Jets ds = iP Jie +2) Hy =—(s-—1)?*+(s—1y' + tan *s+C 














26. cE, = A+B + Gy > t+ 81 Hale +9) + (Bs + C)s(s? + 9) + (Ds + E)s 


= A(s* + 18s? + 81) + (Bs* + Cs? + 9Bs? + 9Cs) + Ds? + Es 
= (A +B)s* + Cs? + (18A + 9B + D)s? +(9C + E)s+81A => 81IA=8lorA=1;A+B=1 => B=0; 


C=0;9C+E=0 + E=0;18A+9B+D=0 > D=~18; fo ds= f*-18 fe, 








= In|s [= waa tc 








27, a ac a = f+ e oe => 26° +56? + 80+ 4 = (A+B) (6? + 20+2)+C0+D 


= A@® + (2A +B)6? + (2A + 2B+0)0+(2B+D) > A=2;2A+B=5 > B=1;2A+2B+C=8 => C=2; 


263 + 56? + 86 +4 26+1 20 +2 
2B+D=4 = D=2; Jeesees ao = J gthety do+ f Wimp o 


-f 2042 o—f ee d (6? + 26 + 2) jy eee Ee f 1 
_ P+ 2040 I PTS (82 +2042)" G2 +2042 aes 2 +2042 
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= pr tin(? + 26+ 2) —tan 1 (04+1)+C 





28. ae = APB C+D EO + FL = 4 — 463 + 262 —36+1 
(6? + 1) (62 + 1) (@ + 1) 


= (AO +B) (6? + 1)” + (CO +D) (62 +1) + EO + F = (Ad +B) (64 + 26? + 1) + (C62 + D6? +.CO+D) +E0+F 
= (Ad° + BO* + 2A6? + 2B? + Ad +B) + (C6? + D2 + CO 4+ D) +EO4+F 

= Ad’ + B64 + (2A+C)62 + (2B +D)0?+(A+C+BH)6+(B+D+F) > A=0;B=1;2A+C=-4 

=> C=-4,2B+D=2 >= D=0;A+C+E=-3 => E=1;B+D+F=1 => F=0; 


O — 403 +20 - 3041 ay _ do 6.0 6.6 1 -2 
i @ +1) a0 = J a; sf A ie + J ght = tan 8 +.2(6? +1)” = 4 (0? a1) +C 











1 




















29, ot = ox 4+ SE x + SE ot a A BS 1S AK-1)4+Bx;x=0 S A=-1; 


x Xx 


x=1 > Ba=1; f 5%! = foxax— f+ f-% =2-In|x|+infx-1]+C=24m[%=4/+C 











30. a = (3? 4:1)+ oh = ("4104+ 





1 . 1 _ oA B - . 
eee a eae ee a => 1=A—1)+ B+ J); 


a ae aa sx=1> B=}; fo" -1 = f(@t+iax-i f+ {= 


= 4x cette iii ete ext jin |Eeq|+C 














3 a a 
31, sett = 9 + % = 3+! (after long division); a ein = 44845 


Op tide ea Re aes 1 C=7;x=0 B=-1;A+C=9 => A=2?,; 
f et! ax = fodx+2 fe [847 f & =9x42m [x +247m[x-1/4+C 

















16x? _ 12x—-4  . 12x-4 _ A B = 
32. mai — OS) a =x 1+ a by => 12x —-4= AQx —1)+B 


SA=@-A+Bea4 5 i pee ae eee eg ee 


























= 2x + 1)? +3 In [2x — 1] — 54+ + Cy = 2x? + 4x +3 In [2x —- 1| -@x —1) 1+, where C=24+C, 
A an ae 
33. GN =y- age ygten = yt Par > 1 =A? +1) +By+Oy=AtBy +Cyt+A 
ois ; : aa 1 y dy 
=> A=1,A+B=0 > B=-1;C=0; f44¥—1ay= fydy— f%+ fo% 





=¥_mnly|+iin(it+y)+C 








34. oP = 2 +2+5 


A By+C 
yo-y+y-1 a 


2 : 2 _ 2 _ 

yty—-1° y-y+y-1 yY+Dy-D~ y y+ 

=> 2=A(y?+1)+ By+ Cy — 1) = (Ay? + A) + (By? + Cy — By —C) = (A+ B)y? + (-B+ Oy +(A-O) 
> A+B=0,-B+C=00rCc=B,A—C=A-B=2 A=1,B=-1,C=-1; 


Soa =2fotvay+ fe fray Ps 


= (y+ 1)? +Inly — 1] — $ In(y? +1) — tam! y +C, = y? + 2y + In ly — 1] — § In(y? + 1) —tan-ty +C, 
where C = C, + 1 























ed —l[et= d _ d +1 
35. farttis =i <9 pte - So -See =| +c-m GH) +c 














e 2e7t — ef e 2e'— 1, y=e 34 2y—1 _ -1 _ y d 
36. farts dt= fA kte= teat lay sean ~ SE y= f(y 54) =F + fy Jn 


= ¥ 


= £45 In(y? +1) -tam!y+C = 5 e+ ¢ In(e* + 1) — tan‘ (e)+C 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. V 


46. V 


47. 


Section 8.3 Integration of Rational Functions by Partial Fractions 


cos y dy eo _ dy =1f lo il t-2 
I =x y +siny — g: [sin y = t, cos y dy = dt] 1 {res —~ 5 (5 t+ ) dt = site| ec 











=1 siny —2 

In myo 3)4+C 

sin 6 dO 1 dy 1 dy =i ye ‘l: cos 6 +2 
lem 73 [cos = y| —e -f a= y+2 3 y-1 In PCS 3 In | Sean (ee 


= 3 in|jtosel +C=—3n|Stepal +C 














(x — 2)? tan~! (2x) — 12x? — 3x -f tan~! (2x) 
{ (he + lx — 2p dx ae AX 


3 [ op ax 




















=! f tan- 2x)d (tan 2x) — 3 f 5 —6 fq = OY - 3 n fx -2/ + 2 +€ 
(x + 1)? tan~! (3x) + 9x? +x tan— ae 
(9x2 +l) FIP dx = oy aX + Jape 
=} f tan! Gx) d (tan Gx) + fe ge = in eit ee 
(@-3t+2)*=1x= fe = fo - [Apa mit2|4+0; 2 =cest=3 andx =0 
F=C => H2ahe > x=In|2(E2)| =In|t—2| -—n|[t—1|+1n2 














(3t* + 4 + 1) t =2 3x = 23 f arte > V3f xy V3f 2 
=3tan™ (/3t) - V3 tant + C;t= Land x = 34 3 Vin _ 5 Van+C 3 C=-—n 
ae oc (v3t) — 3 tan t— 7 











= forts > dimxti=if*-ly 4 = nxt i/=m[-4/+¢ 


In2+In3=In6 > In[xt+1|/=n6|4,| > x+1=-%5 


(t? + 2t) F = 2x42; 44 
t=landx=1 => In2=In}+C => C= 


>x=-5 —1,t>0 


=z) 


(t+H)8%=41> Jats = Sots => tan™?x =In|t+ 1] +C;t=Oandx =F 
tx=In|jt+1/+1 > x=tan(n(t+1)4+1),t>—1 


=> tan? 4=In|1/+C 


=> C=tan'f=1 > tan” 


=r ff, dan fi 3x — _— 
5 ax =4rf (- 


4 (In 2) 


1) ) ax = [31 in| ;%5[] 93 = 3 25 





V=2n foxydx=2nf 


= [- 


t 
ra 
aw 
WIN 
— 
Nv 
Je 
tal 
ae 
ae | 
a. 


003 
4" (in |x + 1|+2In(2—x\)], = 

v3 v3 
A=f ae ie dx 


= 73 _ [5 In (x? +1)]- v8 m3 


eee 


In 2; 


va 1 
f x tan7~ x dx 


J3«. 
1 f [1 y2tan-l yy] V3 _ 1 : 
a ([3s tan x] 3, ry &) 
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48. A= ae elie gx = 3 [ s_ f 49 oe In [x + 3| +2 In [x —1]]3 = In 13; 
oe 5 
x=if" cena w one =*;) = 4G +11 In2-31n6) = 3.90 











49. (a) ae => fo®i= fas bfes+if = fea > Jm| |= 

















































































































= = _ 1 2 = 1 x = 1 
k = 355, N = 1000, t = Oandx =2 = qaqq In |ggg] =C => p09 In | qo! = a0 + TH In (ay) 
=> In| Qs | =4t > Ph Het = 499x =e*(1000— x) > (499 +e*)x = 1000e* > x= Amey 
(b) x =4N=500 = 500 = AO, = 500-499 + 500e* = 1000e* = ec = 499 = t= 11n 499 ~ 1.55 days 
50. ® =k(a—x\(b-—x) > = =kdt 
@ a=b: f-&.=fkdt > 2 =m+Ct=0mdx=0 5 t=c > 2 =Kt+! 
1 akt+1 a a?ki 
a-—x a x ae es a— akt +1 — ci 
(b) axb: f —*&— = =a = Lf&-As a feat > Am[/anse 
t=Oandx=0 > > m2=C = In[=3| = (b—adkt+In(2) > PE = Bel-akt 
ab [1— eat 
> X= ape 
51. (a) i a dx = fi (x5 — 4x9 45x! 4x? 44- oh) dx = Ban 
- 100% = 0.04% 
(c) The area is less than 0.003 
y y 
oe 005} 
ae x‘(x — 14 
0.4 .004 al 2 
t x*+1 
‘(x Xe 1)4 So 
re x? +1 
02! 
0.11 
Cr ae ee Po 
52. P(x) = ax? 7 bx = C, ae =c=1andP’(0) =0 b=0 P(x) = ax? + 1. Next, 
ae =: = ALS , +5 a ae cP ; for the integral to be a rational function, we must have A = 0 and 
D=0. Thus, ax? + 1 = oe — 1)? + C(x — 1)? + Ex? = (B+ E)x? + (C — 2B)x? + (B — 2C)x + C 
B+E=0) 
=> C-2B=a E=-B;x=1 a+ 1=; therefore, 1 —-2B=a >1+2E=a > 14+2(a+l=a 
C=1 
>a=-3 
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8.4 TRIGONOMETRIC INTEGRALS 


n/2 n/2 2 n/2 
1. f sin?x dx = f (sin?x) sin x dx = f 
0 0 0 
m/2 a/2 m/2 3 5 
= ic sin x dx — f 2cos?x sin x dx + f cos*x sin x dx = [-cos x+ ee _ es 


= (0) (-nrs =n 


2. m2 . 
(1 — cos?x) "sin x dx = i‘ (1 — 2cos?x + cos*x)sin x dx 
m2 


0 














2. f sin? ($)dx (using Exercise 1) = f sin(3) dx - a 2cos” (¥)sin($)dx 4 i cos*(3)sin(3) dx 
= [-2cos (3) + 3 c0s°(3) — §.00s°(3)] 5 = (0) — (-2+ 3 - §) = a5 
m/2 w/2 w/2 m/2 m/2 
3. f p00 dk = [-_,(cos?x)cos x dx = fa — sin?x)cos x dx = J cos x dx — fo sin’x cos x dx 
* sin?x me 1 1 4 
= [sin x — ; i (1 - §) — (-1+ 3) =4 
7/6 T/6 w/6 ‘ 7/6 
4, f 3cos°3x dx = J (cos?3x)° cos 3x -3dx = f (1- sin?3x) cos 3x -3dx = i (1 — 2sin?3x + sin*3x)cos 3x - 3dx 
7/6 7/6 m6 in33 ind3 1/6 
= f cos 3x - 3dx — a sin?3x cos 3x - 3dx + J sin’3x cos 3x - 3dx = [sin 2 
=(1-3+)-O=4 
m2 m2 m/2 m/2 m/2 
5. 1; sin’y dy = f sin’y sin y dy = it (1- cos?y)° sin y dy = f sin y dy — an cos’y sin y dy 
m2 4. os mi2 6. cos*y cos’ y cos’y ae 3 1 16 
+3f, costy siny dy — f° cos*y sin y dy = |-cos y +3 3 3 + ee] =(0)-(-14+1-2+2)=% 
m2 m/2 m/2 m/2 m/2 
i, 7cos’t dt (using Exercise 5) = 7 fi cos t dt — a sin’t cos t dt + 3, sin*t cos t dt — i. sin°t cos t a 
7 sin? sin? sin’ n/a 
= 7/sin t— 3580 + gait — site] "= 7(1-14+3-1)-7(0) = 8 
7 f 8sin*x dx = sf (La 90828) dx - af (1 — 2cos 2x + cos”2x)dx = af. dx — 2 cos 2x - 2dx + ae Lt costs dx 


= [2x — 2sin 2x)7 + fi dx + f cos 4xdx = 2+ [x + sin 4x]" = 20 +9 = 30 


CO 


1 1 1 1 1 1 
f 8cos*2rx dx = sf (tsetse "dx = 2 (1 + 2cos 47x + cos”47x)dx = al dx +4 cos 47x dx + 2f, TE COSSTX dx. 


= [2x + Lsin 4nx]) + [dx + [cos 8rxdx = 2+ [x + Asin 8rx]° =24+1=3 
7 0 0 0 80 0 


© 


i. 16 sin?x cos?x dx = 16f”., (L=20s2s) (4420828) dx = rhe (1 — cos?2x)dx = af, dx — af”, (L4e0s4s) dx 


m/4 7/4 : Tr 
= [4x] 4 _ 2f- dx - 2 [7 cos 4x dx =T7T+7— [2x + snd) eam _ (5 _ (3) =7 





10. J 8 siny cos?y dy = 8 f'" (1=8082)? (1420829) dy = [dy — f° cos2ydy — [” cos?aydy +f cost2y ay 


a — 4sin 2y]* — f (24884) ay +f (1 — sin?2y)cos 2ydy=—3 f dy-if cos4y dy + f° cos 2y dy 
- if sin?2y cos 2y dy = 7+ [-4y - zsin 4y + $sin 2y sas | =T 


0 





T T 
2 2 
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m2 m2 m2 m2 
11. f 35 sin*x cos*x dx = i. 35 sin*x (1 — sin?x)cos x dx = 35, sin*x cos x dx — 35, sin®x cos x dx 


. . n/2 
= [ssa — 35am] = (7-5) - (0) =2 
0 


i 2 : _ | _ 1 cos32x eens dt es 
12. » COSs’2x sin 2x dx = a | = OG +E =I 
0 





m/4 m/4 
3. f 8cos?26 sin 20 40 = |8( 3) sos] = [-cos*26]7* = (0) —(-1) =1 


m2 m/2 m/2 m/2 
14. f sin*20 cos*20 dé = {. sin?26(1 — sin?26)cos 20 d@ = f sin?20 cos 20 dé — f sin*26 cos 20 dé 


22 
— [1 sint2e _ 1, sin’20]™" _ 
x 3 2° 5 = 


0 


15. fo fe ak = 
16. i 1 — cos 2x dx = ["/2 sin 2x dx =f” /2sin 2x dx = [-V2e0s 2x] " = 2+ V2 = 2/2 
0 


sin 5 = fi" sin 3 ax = [- Qcos ¥]°" =24+2=4 








T T m/2 
17. f J1—sintt dt = "| cost jat= f° cos tdt— f”, cos tdt = [sin t]7”* — [sin t]7,, =1-0-0+1=2 
18. f V1 — cos?9 do = "| sind dd = f sin 6 40 = [—cos 67 =14+1=2 


w/4 m/4 m/4 
19. ers 1 + tan?x dx = i | secx|dx = [sec x dx = [In] sec x + tan x |] ha = In(/2 +1) -1 n(2-1) 
= In(¥2+t) = 2in(1 + V2) 
m/4 7/4 0 ml4 
20. on sec?x — 1 dx = fo tan x |dx = -f-, tan xdx + J, tan x dx = [—In| sec x irs + [In] sec x i 


= —In(1) + Iny/2 + Inv/2 — In(1) = 2In\/2 = In2 
n/2 n/2 . n/2 : x2 
21. f° aV1—cos20d0= [” ox/2|sino|d0= V2)” Asin 9 dd = \/2[—Ocosd + sin 6] = \/2(1) = V2 


T T T 0 T 0 
22, f- (1 —cos?t)*/? dt = oe (sin?t)*/? dt = i | sin3t| dt = = i sin*t dt + J sin*t dt = = (1 — cos*t)sint dt 
T 0 0 
+ fi 1 — cos*t)sint dt = —f- sint dt + on cos*t sin t dt + i. sin t dt — f- cos*t sint dt = [cost — me 


—T 


+ [cont] = G-941-)40-d41-)3 


0 
23. f a 2 sec?x dx; u = sec x, du = sec x tanx dx, dv = sec?x dx, v = tan x; 
=i 


0 0 0 
| ae sec?x dx = [2 sec x tan x]° 3 - 2f- sec x tan?x dx = 2-1-0-2-2-/3- Oe os sec x (sec?x — 1)dx 


w/3 
0 0 0 
= 4/3 - 2f__, sec?x dx + rae sec x dx; a) 2 sec?x dx = 4/3 + [2In| sec x + tan x|] er 


2° ,2sec8x dx = 4/3 + 2In| 1 +0] — 2in|2 — /3| = 4/3 —2In (2 - /3) 
0 
Jf g2 sec®x dx = 2\/3 —In (2 = v3) 
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24. feksec3(e*)dx;u = sec(e*), du = sec(e*)tan(e*)e*dx, dv = sec?(e*)e*dx, v = tan(e*). 
feksec*(e*) dx = sec(e*)tan(e*) — J sec(e *)tan?(e ; e*dx 
ec(e*)tan(e*) — J sec(e*)( (sec? (eX) — 1)e*dx 
= sec(e*)tan(e*) — f sec? 


2 fe%sec’ (e*) dx = sec(e*)tan(e*) + In|sec 


(e*)e*dx + f sec(e*) *\e*dx 
(e*) + tan(e*)| + C 
feksec3(e*) dx = $(sec(e*)tan(e*) + In|sec(e*) + tan(e*)|) +C 


nl/4 m/4 7/4 7/4 7/4 
25: J sec’9 d@ = J (1 + tan?0)sec?@ dO = f sec?0 d@ + i. tan?0 sec?@ dO = [tan 6+ in| ; 


=(1+))-@=$ 


TAZ T/12 wl 
26. f 3sec4(3x) dx = i (1 + tan?(3x))sec?(3x)3dx = i sec?(3x)3dx + 3 tan? (3x) sec?(3x)3dx 


n/12 
= [tan any + 2] = 0+) -O=3 


m/2 


m/2 m/2 nl 
21. i» esc*@ dé =— Jon (1 + cot?@)csc?0 dé = f : 


m/2 3 
a csc?6 dé + i. cot?0 csc2@ dé = [cota = sop 
=()-(1-)=4 


3 


7 





28. a 3csc*$ dé = 3 (1 + cot?$)csc?$ d@ = 3] esc” dO + 3 cot? § csc? £ do = [—Geor § ~ 62 | a 


= (-6-0—2-0)—(-6-1-2-1)=8 





n/4 
29. i. “dtan’x dx = 4" (sec?x — I)tanx dx =4 sec’x tan x dx — 4" “tan x dx = [4s — 4n|see x\} 


= 2(1) — 4In//2 —2-0+4In1 = 2 — 2In2 


7/4 4 7/4 F > 74 B > 7/4 4 
30. {6 tan*x dx = 6f, (sec’x — 1)tan?x dx = i sec*x tan“x dx — 6f tan*x dx 
1/4 7/4 7/4 
~o6f sec?x dx +6] dx 
/4 —/4 —/4 


= 2(1 —(—1)) — [6tan x], + [6x], =4—6(1 — (-1)) + #4 =30-8 


ml4 ala 


TT 





31. 


— 


m3 - m3 9 w/3 5 m3 2 1/3 
f cot?x dx = f (csc x—1)cotx dx =f csc xcotx dx — f cotx dx = |—S sy + In|ese x|] _ 
7/6 7/6 w/6 w/6 


=-1(1~3)+ (ng, —In2) =4-1In/3 


m2 A m/2 > > m/2 > 4 m2 4 
32. i. 8 cot*t dt = sf (cse*t — 1 )cot*t dt = sf cse“tcot-t dt — sf" cot‘t dt 


n/2 m/2 e - 
= -8|- soft] ” 8 if (csc?t — 1 )dt = —$(0 — 1) + [Scott] 7/4 + [8], = $+ 80-1) +40 — 20 = Qn — 8 


a4 n/4 


m/4 





0 0 
33. J sin 3x cos 2x dx = } f (sin x + sin 5x) dx = }[-cos x — }cos 5x]. = 3(-1-%-1-;)=-? 


Tv 


a/2 n/2 7 
34. i sin 2x cos 3x dx = if (sin(—x) + sin 5x) dx = $[cos(—x) — écos 5x] = 5(0) — 5(1- 4) =-? 
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30: 


36. 


37. 


38. 


40. 


41. 


42. 


43. 


44. 


45. 


Chapter 8 Techniques of Integration 


J sin 3x sin 3x dx = a (cos 0 — cos 6x) d =f" dx— 1" cos 6x dx = [x — dsin6x]" =2+2-0=7 


a/2 1/2 a/2 - 
i sin x cos x dx = a (sin 0 + sin 2x) dx = ap sin 2x dx = —3[cos 2x] 4 e —i(-1-1) =3 


fc cos 3x cos 4x dx = Lf 


9 (cos(—x) + cos 7x) dx = 5 [—sin(—x)+7sin 7x] i = $(0) =0 











n/2 n/2 ‘ : n/2 

— [2 28 7x cos x dx = 4 fo p(cos 6x + cos 8x) dx = $/4sin 6x+{sin 8x] nz O 
x=? oaPaxyob oy =< <t<2530<x< 22/3; 

ie 3 i= 9(2*/*) 9 (22/3) 

= x 9 ; Tr _I|a.2 3/2 
A=, 2m (%)/1+ 3x! dx: Fes Pin | He T+udu=[§-20+u)?) 

= 2 [(1+9(27))*? = 1] 

= ey! — —sinx _ 2 = 7/3 
y = In(cos x); y’ = =S2* = —tan x; = tan’x; 1 + tan?x dx = P tesaa) dx = [In|sec x + tan x|] 5 

= In(2 + V3) —In(1 +0) eer 

_ +y/ — Sec xtanx 2 /_ 7/4 
y = In(sec x); y’ = 2 = tan x3( = tans: a 1 + tan?x dx = i |sec x| dx = [In|sec x + tan x|] § 


= In(V2+1) - In(0 + 1) ee 





1/4 _ 
M= Jog see x dx — [In|sec x + tan x|]™*, = in( 2+ 1) —In|./2-1)=In a 











—— ine sec’x gx = —1 [tan x]” 4 = —l (1 —(-1)) = + 
Invgtid—n/4 2 ain viet 7/4 in YEH In vee 














Van sin’x dx = 1 f° Incest dx = Ff dx z { "cos 2x dx = #[x]j — [sin 2x]5 = 3(n 0) = 70-0) = 


7 7 n/4 30/4 7 
A= fi Tcos 4x dx = f° V2 |cos 2x|dx = 2 cos 2xdx — V2 J cos 2x dx + Jt j4008 2X dx 
= = ¥2 [sin 2x] 7/4 - V2 [sin 2x] 27/! + V2 [sin 2x] 7/4 = ea 0) va 1—1)+ v2 (9 +1) = §24+/2=2,/2 


1/4 2 





. 5 k+27 : 1 k+27 
(a) m* An +m+n#0andm—n#0> f[ sin mx sin nx dx = } f/ [cos(m — n)x — cos(m + n)x]dx 


1 


k+2r 
m+n ) l, 


= } [— sin(m — n)x sin(m + n)x 


= 5(— =; Sin((m — n)(k + 27)) — Gea i ((m+n)(k+ 27))) 5(—sin((m n)k) + sin((m + n)k)) 
sin((m + n)k) = 0 


= may sin((m n)k) 2m bay Sin((m + n)k) 2m ~ay Sin((m n)k) + eee 

















= sin mx and sin nx are orthogonal. 





k+27 k+2n 
(b) Same as part since } cos Odx = 7. m? 4 n? =>m+n¢0andm—n#40= [i cos mx cos nx dx 
k+270 
= if [cos(m — n)x + cos(m + n)x]dx = $ [—+-sin(m — n)x + aa sin(m + n)x] a 








= am ay Sin((m — n)(k + 2m)) + Tm pay sin((m +n)(k+ 27)) am sy Sin((m — n)k) Ta sy Sin((m + n)k) 


= ce sy Sin((m — n)k) + om Fay sin((m + n)k) jas = Sin((m — n)k) Pres a sin((m + n)k) = 0 
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= cos mx and cos nx are orthogonal. 


k+2n 
(c) Letm =n = sin mx cos nx = $(sin 0 + sin((m + n)x)) and an sin 0 dx = 0 and 5 cy ia sin((m + n)x) dx = 0 


= sin mx and cos nx are orthogonal if m = n. 














Let m £n. 
k+27 k+20 
f. sin mx cos nx dx = a [sin(m — n)x + sin(m + n)x]dx = $ [—-—+cos(m — n)x aoe +n)x] al 
= a= =yc0s((m — n)(k + 27)) — am Fay cos((m +n)(k-+ 27)) + ma —ayeost{m —n)k) + am Fay cos((m + n)k) 
a= 7 cos((m — n)k) am taycos((m + n)k) + ere cos((m — n)k) es aaa jcos((m + ‘ )=0 
= sin mx and cos nx are orthogonal. 
0 form#n 


Tv 


T N T T 
46. mi f(x)sin mx dx = 5> mf sin nx sin mx dx. Since a sin nx sin mx dx = ; 
= cat dan TJ —7 1 form=n 


Tv 
the sum on the right has only one nonzero term, namely = = sin mx sin mx dx = am. 


8.5 TRIGONOMETRIC SUBSTITUTIONS 

















9+y? = 9(1 + tan? 0) = 1 _ |cos@| __ cos 


1. y=3 tan, t<@<i,dy=2 *5 Jory 3 3 


cos? ays 


(because cos 0 >Owhen—5 <0< z) ; 
d cos J9+y? 
Jae =3 SJ et = [2 = In |sec @ + tan 6 +C’ = In| PEF 4 3/40’ =| YOY? +y|+C 














3d _ T T at z 
2. Jiro By = x » f sax tan t, P<t<f,dx=4,Vl4¢xX= ae 
C= tn f/ TER 4 ay] 4 














i = f Say mn sec t tan + C= In [VF T + x 





2 ¢ 
3. fo, ea = [p tan §]?, =p tan — § tan (1) = (3) F) - @) (-9) =3 


2 2 = 2 7 - 
flat = 4 Slats = 3 ant 3] = 3 (tt - ean) = (8) (8) @) -0= & 











3/2 ‘ 
dx a » oy x7 3/2 -11 —1 _ 7 _ 
5. iA a = [sin 415 = sin 5 — sin 0=%;-0= 5 
1/22 1/22 
2 dx _ dt pgs a V2 sd --ly_ _a 
6. i. 2 3 [t= 2x] > ff we en t], © =sin 7 0=7-0=f 


7. t=S5sin0,-—5<0< §,dt=5 cos 6 dé, 25 —t? =5 cos 9; 
f ee do = 25 (2 + 28) +.¢ 
= 3 (0 + sin 0 cos 0)+C= % [sin (4) + (4) (4=*)] +C= 8 sin“! (4) + wa5—e +C 


8. t=}sind,-2<0<4,dt= + cos 6 dé, /1— 9t? = cos 0; 
J V1=98 at = f (cos 8)(c0s 8) 48 = + f cos? 9 d8 = 4 (8 + sin 8 cos 8) +C = 3 [sin Bd + 3/1 — 98] +C 





9. x = 1 sec 0,0 <0 < 5, dx = 4 sec @ tan 6 dd, 4x? — 49 = \/49 sec? 9 — 49 = 7 tan 0; 
Z sec @ tan 4/4x2 — 
“2 -J% cotané) ? _ 1 f sec 9do = 1 In |sec 0 + tan 6] +C =} In #4 VERB! 4c 
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10. x= isec0,0<0< dx = 3 sec O tan 6 dO, \/25x2 —9 = \/9 sec? 9 — 9 = 3 tan 0; 





3 / 
I5- S(s see6tand)  _ f'sec 9d = In |sec 6 + tan 6] +C = In Sx 4. V2 =9) 46 





11. y=7sec0,0 <6 < 4,dy =7 sec 6 tan 6 dé, \/y? — 49 = 7 tan 6; 
J E® ay = f Tmo seteun 8 — 7 ftan? 9d =7 f (sec? 6 — 1) dO = Titan 6 — 8) +C 


7 sec 0 


—7 ja — sec”! (3) +C 


12. y=5sec0,0<0< 4, dy =5 sec @ tan 6 dé, \/y? — 25 = 5 tan 0; 
fe dy = f Stam x seo 8 tan 6) 48 J tan? 6 cos? @. do = 4 Lf sin? 6 dé = 3, fd — cos 26) do 


125 sec? 0 


1 
5 
= hse c= foe) - (EE) ()] +e [ald + 





13. x =sec 0,0 <0 < 5, dx = sec 6 tan 0 dd, x = tan 6; 
[4 = fseunese = f= —_ sin 6 + C= ye +C 








14. x = sec 0,0 < 0 < 5, dx = sec 0 tan 0 dd, /x? — 1 = tan 0; 
f 2 dx ey =2 fcos?a do =2 f (+0824) dé=6+4sin@cos6+C 


x3/x2—1 sec 6 tan 0 


=6+tan 6 cos?0+C=sec!x+ Vx? —1(2)? + C=sectx+ %!4+¢ 








= T T — 2d0 
is, k= Zia -— 5 <0 < StS oe Ve =o 


x3 dx =f! (8 tan? 0) Hees eer =9 f smear — einer cos” @— 1) nS sin 0) dé , 
Ve+4 cos? 6 cost#@ “cos? 


[t= cos] + 8 f&ztar=af(s— 4) ar=8(-1+ 4) +C=8(—seco+ 22) +C 


5) 3/2 
=s( ena eee ) Fo= 40 + 4) AJ +44C 

















eae ee an aa = sec 0; 
f dx =f sec? 6 6 = f ogee = a el —V241 +C 


eV +1 tan? 6 sec 6 sin? @ sin 7 








17. w=2sin 6, -—5 <0 < 5,dw=2 cos 0 dé, V4 —w? = 2 cos 0; 


8 dw = 8-2cos6dd  __ dé _ _ —2V/4-w 
ff, > f 4 sin? 0-2 cos 6 = 9 fe =—2cotd+C= w +C 





18. w=3sin0,—5<0< 5,dw=3cosddd, V9 3 cos 6; 
je sow dw = (as J cot? 6 a0 = fae dé = J (csc? — 1) dé 
=-—cotd-80+C= a sin! (¥) +C 








19; asin 6,0 6 <4, dx = cos 6 dO, (1 — x2)*”” = cos? 6; 


V3/2 n/3 n/3 
: at nm = =f" — A f (4e35°) dgé=4 i. (sec? 0 _ 1) dé 
ee 6-97" = 4/3 - 
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; x =2sin 6,0 <0 < 2,dx =2cos 6 d6, (4— x2)*” = 8 cos? 6; 


f dx =f" 2oosas 1 [7 a0 =1 {tan g|*/ = V3 _ 1 
0 (4—x2)8? ~ Jo 8cos?6 ~ 4 Jg cos?0” 4 ~ TD ~~ 4/3 








: x = sec 0,0 <0 < %, dx = sec 0 tan 0 d8, (x? — 1)" = 


dx _ sec #tan@d@ __ cos@dé __ 1 Tareas x 
eosy - f tan? @ on J sin 6 sin 0 +C= | +C 














. x =sec 0,0 <0 < §,dx = sec 0 tan 0 dd, (x? 1)? = tan? 9; 
x? a sec? @-sec Otan6d@ __ cos 0 — 1 = x? 
fs z= tan® 0 =o dé = rama tC = —sarpA te 


.x=sind, ~2 <0 <4, dx =cos0 d6, (1 — x?)*” = cos? 6; 
ai? 4 5 5 
fee dx _ [cot d-cosoas _ Jcot! 4 csc? 6d = — 8 +c=-}(YE*) iC 








sin® 0 


.x=sin 8, — < ®,dx =cos 6 dd, (1 — x2)" = cos 6; 
1/2 q 3 
p piesa = cos 6-cos 6 dé = foot? 9 csc?@ dp = - 8% +c = -1 (YEH) Ems, 


sint 6 








x= }tand,-—% <0 < 4,dx = 5 sec? 6d0, (4x? +1)” = sec! 6; 
Sdn = [iu rasa 1 = 4 J cos? @ dd = 2(0 + sin 8 cos 8) + C = 2 tan! 2x + GH +C 














(4x2 +1) sect @ 
t= jtand,—% <6 < 4%, dt = } sec” 6 dO, 9? + 1 = sec” 6; 
2 
Sais _ fel a # = 2 cos? 6d? = 6 +sin 6 cos 8 +C = tan 3t+ gy +C 
. v=sin0,—5<0@< §,dv =cos 6 dé, (1 — v2)*/? = cos® 6; 
3 
J tte = =e = f tan? 6 sec? gdp= mei c= ( +5) ee 


-t=ie,-5 <8 <5; 


2? ae id 7 
foes dr = fe Foes bdo Jcot @ esc? 9 dg =- 88 +c=-4 [YE 4c 














. Let e' = 3 tan 0, t = In(3 tan 8), tan“! (4 ) <0 < tan! (3 \ dt — se“2 gg, Jet +9 = \/9 tan? 6 + 9 = 3 sec 0; 





tan 0 
In4 t tan! (4/3) 2 tan“! (4/3) = 
edt __ 3 tan 6-sec° Odd __ 2 tan“ (4/3) 
i eee — Jason mare — team OOS 6 dé = [In |sec 0 + tan 4|] 4/3) 


= In (3 +4) —In (442+ 4) =m9-In(1 + ¥'10) 


. Lete' = tan 0, t = In(tan 6), tan~! (3) <O0< tan”! (4) dt = 8 do 1 + e% = 1 + tan? 6 = sec? 6; 





tan 0 
ie 26 = 
fbee ea ram) (an 6) (=F) ao ice fsin J") 4-321 
in(3/4) (1 + e249? tan! (3/4) sec? 6 tan! (3/4) tan1 (3/4) “ 5 5 5 











v4 oa 1 1 2du 7 7 : 
Sinn Tesi [u = 2,/t, du = J, at| » iq Piles u = tan 8, Z <0 < F, du = sec? 6 d0, 1 + u? = sec? 6; 


1 7/4 
2du  __ 2 sec? 6 dO n/4 T T\ _ 
Jigs I+ ee sec? 6 = [26] r/6 2(5 — 4 ~ 6 
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32. y=el" 0 <0 < F, dy =e? sec? 6 dd, /1 + (InyyY = V1 + tan? 6 = sec 6; 


e d n/4 wea m/4 m/4 > 
Soe = Si ems gg = sec 6 dé = [In |sec 6 + tan 6|] 4 / in (1+ V2) 


etand 





33. x = sec 0,0 <0@ < 5, dx = sec 6 tan 0 dé, x2 —1 = sec? 6 — 1 = tan 6; 
Is = f seedunods —-94+C= sect x+C 


sec # tan 0 








34. x = tan 0, dx = sec? 6 dO, 1 + x? = sec? 0; 
ie 4 = f iga —6+C=tan!x+C 


sec? 0 








35. x = sec 0, dx = sec 0 tan 6 dO, \/x2 — 1 = sec? @ — 1 = tan; 
oe =f setsee tint f sec? 640 =tand+C = Vx2-1+C 








36. x = sin 0, dx = cos 6d0,—5 <0 < §; 
dx _ cos 6 dé 
Js -fs4 =64+C=sin!x+C 





[x= 2sec8,0<0< 3 
37. x8 = x2? —4;dy= V2 —4 8; y= f 4 ax, dx = 2 sec 0 tan 6 d0 
Vx? —4=2tand 

y= f GimAGseettan de _ 9 f’ tan? 9 dd = 2 f (sec? — 1) dO = 2(tand — 6) + C 


2 sec 


= 2 | Y5=# — sec! (§)] +C:x = 2andy =0 + 0=0+C > C=0 > y=2[YE=4 — sec"! 








dNolK 


k= 3eec0,0<0< 5 
38. Ve -9 2 = Ldy= 8 sy= fos; dx =3sec@tandd@ | > y= (ate 


x? —9 =3tand 


54 YS=9/ 4C;x= Sandy =In3 => In3=In3+C => C=0 








= [sec @ d0 = In|sec 0 + tan 6] +C = In 


=> y=Injz+ ve? 














39. (x2 44) % =3, dy = 3% sy =3 fo = 3 tan 44+C;x =2andy =0 => 0=ftan!1+C 
-1(x 30 
C=-F > y=jtan'(5)-F 


we 
3 
w 








3/2 


40. (x? ye= Vx? +1, dy = 


oie beeper tanOdcos9+C= ™@44C= 


—_o_ ; x = tan 6, dx = sec” 6 dé, (x? + 1)°” = sec? 0; 


(x? Ty 





+C;x =Oandy= 1 





sec? sec 0 


1=0+4+C y 


aa +1 





+1 





eal 








V9=*" dx: x = 3 sind, On 044, dx = 3.cos 6 dé, \/9 — x2 = \/9 — 9 sin? 6 = 3 cos 6; 


41. A= 
1/2 
A 


—— 


seatente = af" cos? 6 dé = 3 [0 + sin @ cos gr! = sla 
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42. V= fir es dx = 40 fo! ie 
xX = tan 6, dx = sec? 9 dO, x? + 1 = sec? 6 


7/4 4 
V=41 f sec” 6 d0 
0 


sectd. An He cos? 6 d6 
=2n (1 +cos 26) dO = 2m [9 + 822] 7/4 = ( 














+1) 
(a) 
43. _s = IES = qt = = +C= en) +C 





(245) 
—— = Ns 














= In |tan (% ae 


45. f” =f (ae) 











1 
T422 = |. Qdz— _ 2 _ _ 
l+sinx 01+ (7% z) ~~ Jo 1+zP Fesal d 2y=1 
+22 
n/2 1 (2% 
dx _ 
46. ie l—cosx 


142 =f. dz __ 
va — (12 z=) v3 2 























1 1 
ip =f 2 dz = f 2 ae (ere oe eee ae | 
2+ cos 6 09 (45) ~~ Jo 24+224+1-22 ~ Jo 243 V3 V3 0 V3 V3 
1424 
T _ V3a 
~ 3,73 9 
2n/3 a 
48 f cos 6 dé 

: n/2 














1-2z* 2dz V3 a : Ai 
sin@cos@+sin6 =f Bel)! 2(1—2*) d 


2z — 223 + 2z +223 
























































} = 4(n3—2)=} (In ¥3~1) 
49 f dt =f (2%) =f 2 dz 22, 2 dz 1 ] +E 
" sint—cost ( 2z -15) _ 2z-14+2 (@+12—-2 — VJ2 n Liew? 
1422 1422 
— il tan ($) +1— 2 
v2 m tan ($) +1+/2 bia 
cos t dt ie ee 2(1—2?) dz 
50. fe va — fb = {om ( 
(i 








=f 2(1—27) dz 

—(1+z2)(1-2) J (1+2) (142-1427) 
=e aise _ dz f dz _ {dz 

_ 1+27)2 ~— J 2 (1+z27) 1+2 


= it 
ae 2 {a4 = 


2 tan-+z+C = —cot (4) —t+c 
(2%) 
fsecod9 = f , = Se es 


a 2 dz = 
(5) = {2 2 J (1+z)(1—z) = [+f 











51. 








=In|1+z|—In|l1—-—z|/+C= 














52. fcscoa9 = f 





% = In |z| + C = In |tan £|+C 
+z 
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8.6 INTEGRAL TABLES AND COMPUTER ALGEBRA SYSTEMS 


2. 


ye. 


4. 





: HS = a tan~ 34C 
(We used FORMULA a with a = 1, b = 3) 














dx Vvxt+4—V4 | Jx+4 | 
S<Ba= a In | Hevi| +e y In | Yeees be 
(We used FORMULA 13(b) with a = 1, b = 4) 























ie = fee 42 fie = f(Vx—2) ax t2f(Vae-2) 
3 1 
= (9) SA 2() AA) = yaa [2 44] +c 
(We used FORMULA 11 witha = 1,b = —2,n= 1 anda=1,b = —2,n= —1) 

















je = 5 en 3 oe — Lf, Ae ina 
ara = 1 -1 
= 41 (vae#3) dx—3 (2x43) ax = (4) 2) RE - (2) (2) OA 4c 


a (x+3) 
7 wa Qx+3+3)+C= V2x+3 +C 


(We used FORMULA 11 with a = 2, b = 3,n = —1 anda=2,b =3,n = —3) 








JxV/2x=3 dx = 3 f Ox —3)/2x—3 dx + 3 f 2x3 dx = 3 f (V2x- 3)" dx+3 f( Vix—3) dx 

5 3 
=) @) FHL +@ @ c= op ps py ec = maaeeeD 4c 
(We used FORMULA 11 with a = 2,b = —3,n=3 anda=2,b = —3,n= 1) 


J xx +5)9? dx = pf x4 Sy7x + 595” dx — § (7x +5)8/2 dx =} f (/7x-+5)° dx — 8 f (7x45) dx 
7 (1) (2) (J/7x+5) (3) (2) eas 5) cf 5 [ae | Pa 2] +C 


7 7 7 7 7 





_ | Ox+5)/? | (14x—4 
= |S] (Mat) +c 
(We used FORMULA 11 witha = 7,b =5,n=5 anda=7,b=5,n = 3) 


V9-—4x = == 4x (- = 
J x? dx = + J=* res 


(We used FORMULA 14 with a = —4, b = 9) 
J/9—4x ( 1 ) aed 
x 2 J9 In V9-4x + /9 fe 
(We used FORMULA 13(b) with a = —4, b = 9) 
_ -/9-4x 2 2 In | Y= 4x — 4] 4c 









































= x J9— 4x +3 
dx = V4x— dx 
[ats a (—9)x oat x/4x —9 ae 


(We used FORMULA 15 with a = 4, b = —9) 
= V4? 4 (2) (3) tan“! \/9>2 +C 





9x 9 
(We used FORMULA 13(a) with a = 4, b = 9) 
= 244 | tan- a 9 4G 
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9 fx ax —x?2 dx = [ x 2- 2x — x2 dx = S17Cr 39 ae 


= MDCr we agin AS) 4 C= (+2) —- ee = Asin 1S 


(We used FORMULA 51 with a = 2) 


[A axa [OE ax = 2 tx + bin (5 


(We used FORMULA 52 with a = 5) 


L pd 
S-M + sin Ge 1) C 





)4C= 


i 
2 


= In | Vo v7ex +C 

















11. ls- i) mG v7 a 


(We used FORMULA 26 with a = v7) 


























's) 
os 
~ 
<.. 
~s]}oQ 

| id 

Ps, 

| 
er! 
~ 
pine, 
S 


(We used FORMULA 34 with a = v7) 
2 In |2#veox +C 








+C=V4-% 








f 8 axa fax = VP 2 In |2+ve=xt 


13. 
(We used FORMULA 31 with a = 2) 

14. f = ax = [YE ax = VP = 2 sec [8] 4 C = Vx? — 4 — 2 sec [8] +. € 
(We used FORMULA 42 with a = 2) 

15. f /25—p? dp = [ /5? — pe dp = 8/5? — pe + § sin 2 +C = 8 \/25—p? + % sin 2+ 


(We used FORMULA 29 with a = 5) 


fe / 25 — q? dq = faeVv= = q? dq = © sin“ (4) — 
os sin“! (4) — $.q1/25 — g? (25 — 2g”) +C 
(We used FORMULA 30 with a = 5) 

a et le a © 


17. Josue =o = t= = sin M(t) —SrV2?-P4+C=2sin1 (5) —$r 


(We used FORMULA 33 with a = 2) 


§q\/5? — q? (5? — 2g) +C 


a 





2 
as 3 = cosh”! J +C =In|s + % — (V2) +C=In|s+/?-2|+C 

















(We used FORMULA 36 with a = v2) 




















do 2 1 20 Shin 
19. J sre = tan [\/ $4 tan - #)] +C=— 3 tan [5 4 
(We used FORMULA 70 with b = 5,c = 4, a = 2) 
do et 5 +4 sin 20 + \/25 — 16 cos 20 _ 1 5+4 sin 20 +3 cos 20 
20. ——- 2/25 —16 In | er ee ae | oS In a3 ci Gol +C 


(We used FORMULA 71 with a = 2,b = 4,c = 5) 
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22. 


24. 


29: 


27, 


Chapter 8 Techniques of Integration 





fe cos 3t dt = ee (2 cos 3t + 3 sin 3t) + C = ] (2 cos 3t + 3 sin 3t) + C 
(We used FORMULA 108 with a = 2, b = 3) 


fe sin 4t dt = ere (—3 sin 4t — 4 cos 4t) + C = < (—3 sin 4t — 4 cos 4t) + C 
(We used nORMULA 107 with a = —3, b = 4) 














-1 = ees = 1 xtldx x? af x2 dx 
. [xcos xdx = [x cos xdx = x+ 74 ie ee X+ 5 wie 


(We used FORMULA 100 with a = 1,n = 1) 
== ea x+5 4 (5 sin7 Ix) -4(3 xJ/1-#) +C= < cosy 1x + $ sin7 tx —3xV1—x2+C 


(We used FORMULA 33 with a = 1) 








fx fin xx = fx tan" (1x) dx = aa tan~!(1x) — 744 Js == tan!x-1} le 

(We used FORMULA 101 with a = 1, n = 1) 

= 7 tan-!x — } tGis« _ Tew) dx (after long division) 
x? 


= = tan- 1x-1 fax+) jane = © tan! x — 1x44 tan x+C= 1((x?+1)tan!x—x)+C 








ds ds s 1 s+3 
Jats = Jats = racy + pln pola 
(We used ieee 19 with a = 3) 
108 In [$331 +C 





—_ Ss 
= Boe + 











do do = 8 1 6+ V2 
: Se Saya (va) (ay -*] wy" ni B+ 


(We used FORMULA 19 with a = v2) 





__ @ 1 O+V/2 
=70-wH +g n|& V+ 





V4x+9 = V4x+9 4 dx 
fA e = - % fos 
(We used FORMULA 14 with a = 4, b = 9) 


J4x+9 (=; 1 Bes 19—/f9 ) = — ies 2 ak | 
oe In 31 V5 +C +431n [Raves +C 
(We used FORMULA 13(b) with a = 4, b = 9) 


























dx 
ifn = 
(We used FORMULA 14 with a = 9, b = —4) 
V9x=4 9 (4 tn (24 2-4) ieee — Yo=4 +9 tan VRE 4 ¢ 





x 2 


(We used FORMULA 13(a) with a = 9, b = 4) 








. [P= a =2V3t 4+(-4) f oa 


(We used FORMULA 12 with a = 3, b = —4) 


304-4 (tan! \/84) += 2V3t— 4-4 tan! Rt + C 
(We used FORMULA 13(a) with a = 3, b = 4) 
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eo dt = 2,/3t+9 +9 fo, 
(We used FORMULA 12 with a = 3, b = 9) 


= 2/849 +9 (+n |B) += 2VHF9 43 In| ER) 4 C 


J 


J 


cos 3 COS | 9 a6 = 6sin(4) as 6 fae 
(We used FORMULA 62(c) with a = 


sin ( 132 
cos 4 cos 79 dé = 4 sin (42) + 7 sin (4%) +C= ( z ) 


LF 














VJ3t+9+/9 V3t+9+3 


(We used FORMULA 13(b) with a = 3, b = 9) 








pre 1 x —_i{_¥*, 
. fx tan xdx= 25 yf ete ax = ¥ tan x df ae 


(We used FORMULA 101 with a = 1, n = 2); 


(= dx = fxdx— f 2% =*-—lin(i+x7)+C > Je tan-! x dx 
== tant x— = 4+lin(i+x4)+C 











tan7! x _ -2 -1 x? Les ~2+1) xl -1 J x7! 
+i dx = [x tan xdx = 25 tan"! x eat ip = cp tan x+ a+xy ax 


(We used FORMULA 101 witha = 1, n = —2); 








+1 
Sot = fontty = [2 - [RS =i — pint) +C 


fe eee x] — 3 n(1 +x’) +C 


: f sin 3x cos 2x dx = — 58 — 8088 4 C 





(We used FORMULA 62(a) with a = 3, b = 2) 





J sin 2x cos 3x dx = — S58 + 282 4.C 


(We used FORMULA 62(a) with a = 2, b = 3) 


[8 sin 4t sin £ dx = 8 sin (2) a8 sin (2) +C= =e - sin (3) 
. 2 2 2 








i 9 





(We used FORMULA 62(b) with a = 4, b = 5) 


sin } sin ¢ dt = 3 sin (4) — sin (4) +C 
(We used FORMULA 62(b) with a = 1,b = 4) 











2 


(We used FORMULA 62(c) with a = }, b = 7) 


x +xtl qx = 


(x? 





+1) Se+ Sate 1=4f% PH Sees 


= 3 In(x? +1) + a7tgy + tan Tx+C 
(For the second integral we used FORMULA 17 with a = 1) 


, 


2 


We 














+ y dx = ies + SEs i ae = =J> (A ) a3 J oS 3 J . 





[: + (v3)'] 
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els 1 tan7! 


= tan“! (5) 2 3 — + (=) +C 

VENA I CAA) aC 
(For the first integral we used FORMULA 16 with a = V3 ; for the third integral we used FORMULA 17 
with a = V3) 


= —1 x 3 x 
= ig ae (=;) x43 Tera tC 


u=Vx 
41. J sin“ /x dx; x=w = 2 ful sin udu =2 (45 si tu- fy du) 
dx = 2u du 


4 
=v? sintu— f udu 


V1l-—w 
(We used FORMULA 99 with a = 1, n = 1) 
=vw sin-tu— (3 sin-tu— suv 1 =) +C= (u? — 5) sin-tu+ suvl—u?+C 
(We used FORMULA 33 with a = 1) 


= (x — 4) sin7! JxteVvx-xX+C 


WS47% 
42. [USF a; x=wv > fet -2udu=2feostudu=2(ucostu-}VT—w) +C 
dx = 2u du 
(We used FORMULA 97 with a = 1) 


=2(/x cos! /x- VI=x) +C 














ae = 
43. [Aid| xsw | > fo au=2 fey du =2(dsintu—duvi—w) +c 
dx = 2u du 


=sintu-u/1—w+C 


(We used FORMULA 33 with a = 1) 


= sin7 —,/xV1—x+C=sin!,/x—-Vx-x?+C 
a VV  Va-Vaae 


44, f AR dx: — as [FS -audu=2 ff (v2) -w au 
dx = 2u du 
2 
25 (v2) eel) sin”! (45) +C=uy2—w? +2sin" (4) +C 
(We used FORMULA 29 with a = v2) 


= V2x—x2+2sin7! /3+C 




















45. { (cott) (= sinttar= f asco | u=sint |  [i=ea 


sint > | du = cost dt 
= VJ/1l-w In [LHe +C 
u 


(We used FORMULA 31 with a = 1) 
= V1 = sin?t — In | +¥ Est] 5 ¢ 
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= cos t dt u=sint f du ee ed eat 
46. I—{-- Josette: ° ee al : u/4—w - 2 In u +C 


(We used FORMULA 34 with a = 2) 



































== 1 2+ V4 —sin?t 
~~ bn sin t ake 
u=Iny 
dy é — _au e" du 2 du = / 
oh Se ae aes Is in |u+ 3404 +c 
y =e" du 


=In |Iny + /3+(ny)?|+C 


(We used FORMULA 20 with a = V3) 


cosédé_ u= sin 6 du = | d = | i Cony) | 
48. tts | aa coe ao] = Japan ut+ f/5+u?7|+C = In Jsiné@ + V5 + sin? 6) +C 


(We used FORMULA 20 with a = V3) 





3 dr ‘ u = 3r du | =| | 2 1 
49. ws | ata 3] — jo =Inju+ Vu +C=I1n |3r+ V9r? —1)+C 
(We used FORMULA 36 with a = 1) 








ad | U=3y du | 7 = 2 
50. we | an ay > Joey ain u+V/1+u2/+C = In [3y + /1 4 9y2|+C 
(We used FORMULA 20 with a = 1) 


(57x 
51. Jf cos! /x dx; x=t? + 2 ftcosrdt=2($ cost +3 foe. )=Peostt+ fot dt 
dx = 2t dt 


(We used FORMULA 100 with a = 1,n = 1) 
=cos't+ sin t—-ftV¥1—-?+C 
(We used FORMULA 33 with a = 1) 


=xcos! 4/x +4 sin) \/x — § \/xV1—x+C=xcos? /x+ 3 sin \/x-4Vx-x?+C 
inv 


52. fran" /¥ ay; y=v + 2 fetan-tedt=2 [5 tant bf Peal =P antt- feat 
dy = 2tdt 


(We used FORMULA 101 with n = 1, a= 1) 
=Ptant— fSttars f; a =ttan't—t+tan?t+C=y tan! \/y + tan hyf¥ aly re 


























53. f sin’ 2x dx = sin? 2x cos 2x 4h 5 = 1 J sin’ 2x dx = sin’ 2 cos 2x as 4 sin? 2x-c08 2x ae 3 = 1 fosin 2x dx] 
(We used FORMULA 60 with a = 2, n = 5 anda = 2,n = 3) 


_ _ sint2xcos2x 2 g:2 8 (_1 = sin? 2x cos 2x 2 sin? 2x cos 2x 4cos2x 1. 
aT ig Sin* 2x cos 2x + 75 ( +) cos 2x + C= 0 - i C 











464 











sin’ cos 9 = . sin? 9 cos 9 am . 7 
54. fsin’ dé = “a 245 1 f sin’ £49 = —2 sin’ $ cos $44 22 + 3 =| [sin £ a0 
5- 5 2 5 2 2° 5 27 | 
(We used FORMULA 60 with a= 1,n=5anda=1,n=3) 
— — 2 gin4 8 9 _ 8 Gin2 8 a4 8 (_ 8 — — 2 gin4 2 9 _ 8 oA? @ d_ 16 8 
= — 5 sin* 5 COS 5 — 7g SiN” 5 COS 5 + 7s (—2 0 f)4+C= = sin” 5 COS 5 — zs SIM” 5 COS 5 5 cos 5 +C 
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55. f 8 cos* 2nt dt = 8 (2 azisin2sl 4 dat J cos? Qnt dt) 
(We used FORMULA 61 with a = 27, n = 4) 
= cos? 2nt sin 2nt +6 [$+ a 4c 
(We used FORMULA 59 with a = 27) 
_— cos? zis sin2nt 4 344 3 snd +C= 008 a sin 2nt 4 3 cos ae sin2nt 4 344.0 








56. f3 cos? 3y dy = 3 (4 +33 S=! [ cos! 3y dy) 


_ cos* Sy sin 3y +4 2 (ans he “- 3y dy) 
(We used FORMULA 61 with a = 3, n = 5 anda = 3, n = 3) 
= tcos* 3y sin 3y + 4 cos? 3y sin 3y + & sin 3y +C 











57. J sin? 20 cos® 26 dé = sin' 36 cos. 20 + aa} f sin? 20 cos 26 dé 


(We used FORMULA 69 with a = 2, m = 3, n = 2) 
= Sint 26 oost28 4 2 J sin? 26 cos 29 do = sim’ 28cos!20 4 2 [3 sin? 26 d(sin 26)| = sini 20coe 29 4 sind 29 4 C 








58. f 9 sin? 6 cos*/? 6 d@ = 9 soon! oh a) fosin 0 cos?/? 6 do] 
2 2 


= —2 sin? @ cos?/?94+4 cost? 6 sin 6 dé 

(We used FORMULA 68 with a = 1,n = 3, m= 3) 
= —2 sin? 6 cos®/2.6 — 4 f{cosi? 6 d(cos 0) = —2 sin? 6 cos>/? 6 — 4 (2 cos?/? 0) +C 
= (—2 cos*/? 6) (sin? 6 + 4) +C 





59. f 2sin?tsectt dt = f2 sin? t cos“ t dt = 2( sin tcos fy 3=1 fcos~*tat) 
(We used FORMULA 68 with a = 1, n = 2, m = —4) 
= sint cos? t — J cost dt = sin tcos~? t — f sectt dt = sint cos~*t (sgum on 2 f sec? tdt) 
(We used FORMULA 92 witha = 1,n = _ 
= sin t cos-3t — (sym) - 2 tant +C = 3 sec’ t tant — } tant +C = } tant(sec?t—1)+C 





= }tan?t+C 
An easy way to find the integral using substitution: 


f2sin?tcostdt = [2 tan®t sec? t dt = f 2 tan? t d(tan t) = 3 tant +C 


<_\ gael 
(5 1) cos’ y 


60. J csc? y cos* y dy = f sin? y cos’ y dy = a ro Ee S=1 [ sin-? y cos? y dy 
= (aay) ooty td ¢ pate an 7 1 f'sin-?y cos v3) 


(We used FORMULA 69 with n = —2,m=5,a= 1 andn = —2,m=3,a= 1) 


1 04 
_ (a5) cosny. 4 1 2 8 aD : cos! y 4 cos” y 
~~ 3 a 3 \ siny cos’y ee 3 sin "y d(sin y= 3 siny at 3 sin y 3 siny +C 




















61. J[4 tan’ 2x dx = 4 (3 — ftan 2x dx) = tan? 2x — 4 f tan 2x dx 


(We used FORMULA 86 with n = 3, a = 2) 
= tan? 2x — 4 In |sec 2x| + C = tan? 2x — 2 In |sec 2x| +C 
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tan® (5) x) 
. fiant (3 ) dx = 3 rah a — fitan? (% ) dx = 3 tan (5) — fan? ( (3) 
(We used FORMULA 86 with n = 4, a = 5) 
=3 tan? ¥ — 2 tan ¥ 5 +xt+ Cc 


ee a SoRMELA 84 with a = $) 


. [8 cot!tdt = 8 (— sft — f cot?t at) 


(We used FORMULA 87 with a = 1, n = 4) 
= 8 (—} cot?t+cott+t)+C 
(We used FORMULA 85 with a = 1) 





J[4 cot? 2t at = 4 [- cot? 21 — feot 2 at = —cot? 21-4 fcot 2t at 


23-1) 
(We used FORMULA 87 with a = 2, n = 3) 

= —cot? 2t — 4 In |sin 2t| + C = —cot? 2t — 2 In |sin 2t| + C 
(We used FORMULA 83 with a = 2) 


J sec? nx dx = 2 | ssemximm 4 3=2 [sec mx dx | 


(We used FORMULA 92 with n = 3, a = 77) 


= + sec mx tan 7x + + In |sec rx + tan 7x| + C 


(We used FORMULA 88 with a = 77) 





1 3x i esc 5 cot 5 ae x 
. ficsc s dx = 3 ( T3O—1 + 3=75 J csc 5 dx 


(We used FORMULA 93 with a = 5,n = ;) 


[- csc 5 cot 5 cee 


$ |] +C = —§ csc § cot § — § In |esc § + cot $1 +C 
(We used FORMULA 89 with a = 5) 


f3 sec! 3x dx = 3 [se +i J sec? 3x dx] 
(We used FORMULA 92 with n = 4, a = 3) 
= sec? atu 3x 4s 3 tan 3x a: C 


(We used FORMULA 90 with a = 3) 





ficsc! $d0 = oe cot i 44 =2 [ csc? 2 § dg 


(We used ae ae 93 withn = 4,a = 3) 
= —csc? 4 cot 4 —¢< -3 cot 4 + C = —csc? 4 cot § —2cot$+C 
(We used eons 91 with a = <) 





(We used FORMULA 93 with n = 5,a = 1 andn = 3,a= 1) 


= — j csc? x cot x — 3 csc x cot x — In |csc x + cot x| +C 


(We used FORMULA 89 with a = 1) 


5 = esc? x cot x 5-2 3 _ _ esc? x cot x 3 [ _ csc x cotx eee 
foese x dx = c=] + $=2 fose xdx=—-S7* +3( SS + 3=7 J ese x dx 


J sec® x dx = sec! x tan x + +4 f sec x dx = as 4 3 Gaon oe 3-4 J see x dx) 
(We used FORMULA 92 with a = 1,n = 5 anda= 1,n = 3) 








Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


531 


532 Chapter 8 Techniques of Integration 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


= } sec’ x tan x + 3 sec x tan x + 2 In |sec x + tan x| + C 


(We used FORMULA 88 with a = 1) 





_ J 16x nx? dx = 16 | 2G" — 3 fx nx dx] = 16 [SG2* — 3 [eGo — 3 fx? ax] 


(We used FORMULA 110 with a = 1,n=3,m=2anda=1,n=3,m=1) 
= 16 (4 = ne + x) +C =4x‘dnxy —2x4Inx+54+C 





fan x)? dx = minal = 3 fan x)? dx = x(In x)? — 3 | ae Jinx dx] = = x(In x)? — 3x(In x)? + 6(=bs = 


= x(In x)® — 3x(In x)? + 6x Inx — 6x +C 
(We used FORMULA 110 with n = 0, a = 1 and m = 3, 2, 1) 


. fxe® dx = F Gx -1)+C=SGx-)+C 


(We used FORMULA 104 with a = 3) 





. fxe™ dx = (2x - 1) 4+C=-Fex+y+e 


(We used FORMULA 104 with a = —2) 


[ver dx = 2x3e"/? —3-2 f x2e"/? dx = 2x%e%/? — 6 (2x72 —2-2 f xe”? dx) 
= 2x3e"? — 12x7e"? + 24 - de"? (3 — 1) + C = 2x3e"? — 12xe"? + 960"? (3 — 1) +C 
(We used FORMULA 105 with a = ; twice and FORMULA 104 with a = $) 


fer dx = 4 xe™ — 2 [xe dx 
(We used econ 105 with n = * a=T7) 

= i xe™ — 2, -e™ (nx — 1) + C= 1 xe™ — (2) (nx -1) + 
(We used FORMULA 104 with a = - 














x x?2* 2 x x?2* x2* x __ x?2% 2 x2* Poa 
fx 72" dx = ¥ Ind Ind fx dx = 5 Te (2 re f2 dx) = In2 Ind [2 | +C 
(We used FORMULA 106 with a = 1,b = 2,n=2,n= 1) 














2n-x x22-% -x _. Sx" 2 2-* 
f 2 dx = vere 2 f x2 dx = =H + 2 ( ae dx) 


x22-* x2 2.% 
In 2 + 5 An — +C 


(We used FORMULA 106 with a = —1,b=2,n=2,n= 1) 

















[xm dx = x nm fn dx = 7 re a (5) +C= x oF +C 
(We used FORMULA 106 with n = 1,b = 7, a= 1) 














/2x = x2Vv2x _ 1 J2x — xzxv2 _ pv? 
fx dx = a J 2 dx = FS - ae tC 


(We used FORMULA 106 with a “/2, b=2,n=1) 








t 3 (at ‘ x=e'—] 3 __ sec X tan x 
fe sec’ (e' — 1) dt; ime = J sec x dx = ScAtunx + 32 32 f sec x dx 
(We used FORMULA 92 with a = 1, n = 3) 
= Sexunx + In |sec x + tan x| + C = 3 [sec (e' — 1) tan(e' — 1) + In |sec (e' — 1) + tan(e' — 1)|] +C 
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t= Vi 


. fF ao; 6=t? = 2 f ese? tt = 2 [— ssptentt 4 3-2 + J ese tat] 
dé = 2t dt 
(We used FORMULA 93 with a = 1, n = 3) 


= 2 [— tet — F In |csc t+ cot t|] + C = —csc 8 cot V6 — In |ese v/4 + cot V/6] +C 


eo 
N 


1 - 7/4 
83. f2v32 + 1 dx; [x = tant] — a sec t - sec 2a = 2 sec eat = 2 | [sae Pe a seca 


(We used FORMULA 92 with n = 3, a = 1) 
= [sec t- tant + In |sec t + tan t|] \t4 = = V2+In(V2+1) 
3/2 4 n/3 x/3 ; 1/3 
ry ‘ = cosxdx __ 4 __ | sec* x tan x 
84. 1 aa yy ly = sin x] = 4 cos FO =f sec* x dx = To |, 
(We used FORMULA - with a= 1,n = 4) 


= [sym 4 3 tan x] = (4) V3 + (2) V3 =2V3 





7/3 
4-2 2 
+74 A sec’ x dx 





85. _— dr; [r = sec 0] — ‘ie it (sec tan 6) do = fo and de— [es ie we tan? 0 dé 


sec 0 


= [see - ano + 4)” * = 38 V3tE=3 
(We used FORMULA 86 with a = 1, n = 4 and FORMULA 84 with a = 1) 





1/3 n/6 4 a/6 ae 7/6 7/6 
di —_ sec’ 0d0 __ 5 — | cos’ @ sin é s-1 3 
86. f way’ 3 [t = tan 6] = f  Secl@ f cos? 6 dé = [ee] P + (254) i cos” # d@ 


toe. 9) 7/6 dg. g] 7/6 7/6 
— | cos'@ sin é 4 cos~ @ sin @ 3-1 
= [sgn |, + §|[sstgane i + (3+ si. cos 0 


406i ‘ : i a 
= jos Gsin@ 4 4 os? M@ sing + & sind 
5 15 15 0 


(We used FORMULA 61 with a = 1,n = 5 anda = 1,n = 3) 
a) v3)" (1) 4 (8) (2) = D4 hy 4 a ewese4 _ 8 
15 2 15) \3) ~ 160 © 10 T 15 — 480 = 480 


87. ff sinh? 3x dx = } (sth'secoshx _ 521 f'sinh8 3x dx) 


__ sinh* 3x cosh 3x 1 sinh 3x cosh 3x 3-1 : 
— 0 is ( aa 5 f sinh 3x dx) 


(We used FORMULA 117 with a = 3,n = 5 anda = 3,n = 3) 
sinh‘ 3x cosh 3x sinh 3x cosh 3x 
eG ne en nS + (3 cosh 3x) +C 


wD sinh? 3x cosh 3x — 3 sinh 3x cosh 3x + ra cosh 3x + C 








Nile 











n= yk 


du = 





88. pus dx; 


cosh* u sinh u sinh 2u u 
ae ae eee aS 
(We used FORMULA 118 with a = 1, n = 4 and FORMULA 116 with a = 1) 


= 4 cosh? \/x sinh \/x + 3 sinh 2\/x + $ /x+C 








= 2 fcoshtu du = 2 (sesusinhs 4 451 f cosh? u du) 





89. fr cosh 3x dx = 7 sinh 3x — 2 fx sinh 3x dx = © sinh 3x — 5 ( cosh 3x — 4 f/cosh 3x dx} 


(We used FORMULA 122 with a = 3, n = 2 and FORMULA 121 with a = 3,n = 1) 
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= > * sinh 3x — 3 cosh 3x + 3 7, sinh 3x +C 


90. fx sinh 5x dx = | cosh 5x — x sinh 5x + C 
(We used FORMULA 119 with a = 5) 


91. f sech” x tanh x dx = — as +C 
(We used FORMULA 135 with a = 1, n = 7) 


92. J csch? 2x coth 2x dx = — sir c= — si 4 ¢ 
(We used FORMULA 136 with a = 2, n = 3) 











93. u=axt+b > x= > d=; 


a, _ f=) du _ 4 ice 5) du = 3 [In |u| + 2] +C = S [In [ax +b] + a] +C 


aue a 








94. x =atan@ => a?4+x? =a? sec?0 => 2x dx = 2a? sec? @ tand = dx = asec’ 6 dé; 
J = fast do=h f= ts fl +cos 20) do = +, (0 + 4 sin 20) +€ 


a? +x?) (a? sec? 6)” sec’ 6 


= 54 (6 + sin 0 cos 0) +C = +; [0+ (224) cos? 6] +C = (0+ cu )+cC 


cos 0 T+ tan?0 
= -1x x 
2a! [i 7 7 a(1+4) 
a 








+C = gayargy t+ gp tam F+C 





95. x=asind > a? —x? =a’ cos? = —2x dx = —2a” cos 4 sin d@ = dx =acos 6 dé; 
J Ve = dx = f acos O(a cos 6) d0 = a cos? ado = * f G+ cos 26) do = § (9 + 5228) + 
= £ (9 +cos @sin§) +C= 5 (0+ V1 —sin?d- sin) +C= = (sin- we eet oe r+ 
= = sin 1 2424/2 —x24C 


96. x =asec@ => x?—a? =a? tan?6 => 2x dx = 2a’ tan @ sec?6d@ = dx =asec 6 tan 0 dé; 


Shee = Sees = J etha = 2 frcos odo = 3 sind +C = ZV 1— cos +C 
_ (4) +0= (4) “881 4.02 (4) B44 c= +c 


a (aso 6 sec 8 ) 




















97. fw sin ax dx = — fx t) d(cos ax) = (cos ax) x” (- 1) + i cos ax - nx"! dx 
= — © cos ax + ss cos ax dx 
(We used integration by parts J udv = uv — fv du with u = x", v = — 1 cos ax) 
98. fxn ax)™ dx = f dnaxym d (25) = “Ate” — (22) md axym-! (4) dx 


n+1 ay)m 
— x (naxy" na — fan ax)™"! dx,n 4-1 








(We used integration by parts ‘| udv =uv — J v du with u = (In ax)”, v = =) 














Pea en | = . xatrl = xatl sy f xatl a 
99. fx sin — ax d (2 <1) =aa0 ae ati) JT Ga dx 


xml fa x@tl dx 
=e St aH Jiceee 1 
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535 
(We used integration by parts if udv = uv — f v du with u = sin7! ax, v = x) 
xl) ntl | xntl a 
100. fx tan~! ax dx = f tan” ax d (24) = 4 tan ax S(8) T+ Gx? dx 








xml =1 a i xml dx 
~ n+l tan" ax n+1 itae nF 1 


(We used integration by parts J u dv = uv — } v du with u = tan! ax, v = =) 





~ n+l 


v2 : 
101. S= f° 2ny/T +P dx 
V2 
=2n f° Je 42/14 By ax 
J2 
=2/2n f° Ve +1 dx 
— ee 
= 2/2n [EHTS Lin [x + Vx? +1] " 
(We used FORMULA 21 with a = 1) 


= V2n | V6+In(V2+ V3)| = 203 +02 In (V2 + V3) 








fi Bi Bi 
102. La fi" JTF GaP dx =2 "Poe dx =2 [8 EF + (2) (2) n(x + 1+x2)] 


(We used FORMULA 2 with a = 3) 

x = 3 
[3 Vi 4 +d in(x +3 i+ae)] 14+4(3) + 
ff 


eee 











_ 2 dx 3 sl oak 
103. A= f = [2 x+1| =2;x=1f 





0 A Vxtl 
1 : lx x 1 : dx 
A Jo +1d -if, Vxt1 


=1.2(«413?]°-1=4; 


on used FORMULA 11 witha = 1,b = 1,n = 1 and 
a=1,b=1,n=-l) 








y= Af y= fat 1ingd=1in2=In V2 














3 
104. M, = f x( es ) dx = 18 [243 dx 54 f°, = [18x — 27 In [2x +3)/$ 
= 18-3 —271n9 — (—27 In3) = 54—27-2In3 +. 271n3 = 54 —271n3 


105. S=2n fo x2/1 44x dx; 
Saar f, 
u= 2x r [7 2 
baad = ae 1+? du 
2 
= 4g + 20) VT +0? - $n (ut T+w)] 
(We used FORMULA 22 with a = 1) 
=4[20+2-4)/1+4-tin(2+ V1+4) 
ee a) 1+4+}In(-2+4 V1+4)| 


=4[3V5-4n(4)] = 7.02 
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106. (a) The volume of the filled part equals the length of the 
tank times the area of the shaded region shown in the 
accompanying figure. Consider a layer of gasoline 
of thickness dy located at height y where 
—r<y <-—r-+d. The width of this layer is 


—r+d 
2,/r? — y?. Therefore, A = 2 ‘ Je —y? dy 


andV=L-A=2L f \/2—ydy 





—r+d 


() aL fo Vy? dy = 2b [ERY +S sit 2] 
(We used FORMULA 29 with a = r) 
= aL [252 Yard = + § sin! (452) + 5 (3)] = 2L [() Ved — @ + (F) (sin (4) + 9)| 


oI 











107. The integrand f(x) = x — x? is nonnegative, so the integral is maximized by integrating over the function's 
entire domain, which runs from x = 0 tox = 1 


1 1 ; (x—}) i >, GY a1 (x-3 
=f. x—wdx= f ,/2-dx-x2dx= mas 2-4x—x2+ © sin! (4) 
(We used FORMULA 48 with a = 4) 


2 
— [&-4) Gopal ete, siy|) al 
a 3 X—xX* + sin cme ae 


108. The integrand is maximized by integrating g(x) = x/ 2x — x? over the largest domain on which g is 
nonnegative, namely [0, 2] 


2 
=> fx 2x — xi dx = [G+ Ur dVn= 8 Va=¥ + sinh —1)] 


(We used FORMULA 51 with a = 1) 


2 
0 


CAS EXPLORATIONS 





109. Example CAS commands: 


Maple: 
ql := Int( x*In(x), x ); # (a) 
ql = value( ql ); 
q2 := Int( x*2*In(x), x ); # (b) 
q2 = value( q2 ); 
q3 := Int( x*3*In(x), x ); # (c) 
q3 = value( q3 ); 
q4 := Int( x*4*In(x), x ); # (d) 
q4 = value( g4 ); 
q5 := Int( x4n*In(x), x ); # (e) 


q6 := value( q5 ); 
q7 := simplify(q6) assuming n::integer; 
q5 = collect( factor(q7), In(x) ); 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


110. 


111. 


Section 8.6 Integral Tables and Computer Algebra Systems 


Example CAS commands: 


Maple: 


ql := Int In(x)/x, x ); 

ql = value( q! ); 

q2 := Int( In(x)/x’2, x ); 

q2 = value( q2 ); 

q3 := Int( In(x)/x43, x ); 

q3 = value( q3 ); 

q4 := Int¢( In(x)/x4, x ); 

q4 = value( g4 ); 

q5 := Int( In(x)/x4n, x ); 

q6 := value( q5 ); 

q7 := simplify(q6) assuming n::integer; 
q5 = collect( factor(q7), In(x) ); 


Example CAS commands: 


Maple: 


q := Int( sin(x)4n/(sin(x)4n+cos(x)4n), x=0..Pi/2 ); 
q = value( q); 
ql :=eval(q, n=1 ): 
ql = value( ql ); 
for N in [1,2,3,5,7] do 
ql := eval( q, n=N ); 
print( ql = evalf(q1) ); 
end do: 
qql := PDEtools[dchange]( x=Pi/2-u, q, [u] ); 
qq2 := subs( u=x, qql ); 
qq3 = q+q=q + qqQ2; 
qq4 := combine( qq3 ); 
qq) := value( qq4 ); 
simplify( qq5/2 ); 


109-111.Example CAS commands: 


Mathematica: (functions may vary) 


Clear[x, f, n] 
f[x_]:=Log[x] / x” 
Integrate[f[x], x] 





109. (e) fx®inx dx = ms — fxm dx A -1 


110. (e) fx inxdx = 4s — 1 ymax ZI 


n+1 
(We used FORMULA 110 with a = 1, m = 1) 
xntl Inx xt xntl 











= Tel ~@ep tO =a n+l 





—n+1 (-n)+1 


(Inx——1,)+C 


# (a) 


# (b) 


#(c) 


#(d) 


#(e) 


#(a) 


# (b) 


#(c) 


In Mathematica, the natural log is denoted by Log rather than Ln, Log base 10 is Log[x,10] 
Mathematica does not include an arbitrary constant when computing an indefinite integral, 


each case) for small values of n, but for large values of n, it identifies this integral as Indeterminate 


(We used FORMULA 110 with a = 1,m = 1, n = —n) 
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For exercise 111, Mathematica cannot evaluate the integral with arbitrary n. It does evaluate the integral (value is 77/4 in 
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1-n 1-n 1 
— x "Inx 1 (; \+C=% 


=f 
l-n 1-n \1l-—n —n 


(Inx—;+.)+C 


111. (a) Neither MAPLE nor MATHEMATICA can find this integral for arbitrary n. 


(b) MAPLE and MATHEMATICA get stuck at about n = 5. 


1 











(c) Letx= 5 —u = dx=—du;x=0 u=5,X u 
m/2 
1= f 


2 
— sin" (5 — u) du a 
~ Jo 


, 0 
sin" x dx _ f cos" u du 
sin” x+cos" x x/2 sin” (= — u) +cos® (F —u) 








cos? u-+ sin? u 


0; 


m/2 
= 


cos" x dx 


cos" x + sin® x 







































































































































































































































































ware "x + cos"x a2 T T 
S 141s JS (Sees) dea fT x= 5 S 1=5 
8.7 NUMERICAL INTEGRATION 
L fox ee xi | f(x) | m_ | mfx) 
b-—a = ee Ax _ 1 Xo 1 | ! ! 
I (a) Forn=4,Ax= 2 7 =4 2 83 x1 | 54 | 5/4 2 5/2 
Yinka Ss T= y= 3 x. | 3/2 | 3/2 | 2 3 
f(x) =x > f(y) —-1 > f”-0 > M=-0 x31 74 | 7/4 ,] 7/2 
=> |Er| —0 X4 2 2 1 2 
2. 2 2 
(b) fi xdx ER 2-1=3 > [B= f xax-T= 
Er 
(c) ql x 100 = 0% 
I. (a) Forn=4,Ax=%#=2)1=1 Sad; X; f(x) | m_ | mf(x) 
> mf) = 18 > S = 7,18) = 3; xo | 1 I I I 
a) x, | 54 | 5/4 4 5 
fe Pe ee m| 32 | 32 | 2 1.3 
(o) fxdx=2 > [Bl = f'xdx-s=32-2=0 x31 74 | 74 | 4 7 
[Es| _ “| 2 2 1 3 
(c) True Value x 100 = 0% 
a Cede x | f%) | m_ | mfx) 
b-a_ 3-1 _2_1 Ax _ 1. Xo 1 l ! ! 
L @) Porn =4, Ax => =f — 4 5 QD = a> xi | 3/2 2 2 4 
>> mf(x;) = 24 T = 4$(24) =6; X.] 2 3 2, 6 
f(x) =2x-1 > f(x) =2 => f"=0 >= M=0 x3 | 5/2 4 2 8 
=> |E,|=0 X4 3 5 1 5 
3 2 3 =} 
(b) f Qx- dx = (2 —x]} = 9-3)-C-)=6 = [l= ff @x-dx-T=6-6=0 
Ey 
(c) ql x 100 = 0% 
Il: ‘@) torn tagcat ase eet Se Bet x | f%) | m_ | mfx) 
> mfx) = 36 + §=166)=6; Xo - ; z : 
(4) A 
f °) 0 > M=0 = |E,| 0 ale A 5 - 
(b) f Qx—)dx=6 = [Bs| = f @x-1dx-s x3 | 52 | 4 4 16 
|Es| _ 
(c) True Value x 100 = 0% 
3. : (x? +1) dx Xj f(x;) m mf(x;) 
- boa TCs Ax _ 1 Xo | ol 2 ] 2 
- (@@) Forn=4,Ax=*4=—=7=3 > F=4; Ix] 12) 54/2 wD 
X mf(x;) = 11 => T= 4 (11) =2.75; x! 0 1 2 2 
f(x) =x? +1 f/(x) = 2x f"(x) =2 M=2 |X3{ 1/2 | 5/4 2 5/2 
=> [Ey] < =E2 (2)?2) = 4 0 0.08333 2 ae a ee 
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1 ’ 1 1 
@) f@+dx=[F4x] =G4-Ch-)=$ sa f @+)a-T=$-Y=-2 
= |E,| = |— 4| ~ 0.08333 
() EL x 100 = #) x 100 = 3% 

IL. (@) Forn=4 An 2S go eS =e x | fx) | m_| mix) 
dX mf(x,) = 16 > S = § (16) = § = 2.66667; Xo| —! | 2 1 2 
£3)(x) =0 £4 0 M=0 Fl =0 xy | —1/2 | 5/4 4 5 

” =0 => fa) ; |Es| TO ; 5 5 
) f@+idx=[S+x] =3 x) 12 | 54 | 4 7 ~S 
- P 
1 X4 1 2 1 2 
= |Es| = f_ (P+1dx-S=!8-8=0 
|Es| = 
(C) aaevane X 100 = 0% 
4. f° (x21) 4x x | fox) | _m_| mix) 
= | 2 3 1 3 
b—a 0 -—(-2) Ax 

I. (a) Forn=4, Ax = \ 2 1 Ax | x aaa) Sd 5 ap 
Yn) =3 > T= $6)= 43 1 1 0 5 0 
f(x) =x?-1 f(x) =2x=> f(x) =2 x3 | — 1/2 | —3/4 2 —3/2 
> M=2= |B] < ©S (1) = 45 =008333 et 9 | tt tj a 

0 0 0 
(b) fe a =0-(-$4+2)=3 > B= fe -1)dx-T=2-3=-4 
=> |E|=% 
(c) rata X 100 = (4) x 100 = 13% 

I. (a) Forn=4,Ax= 22 = * OD) _2=-1 x | tf) | m | mfx) 
ae = a Ema) =4 > 6 1(4) = 2; xo | -2 | 3 I 3 
OO403606-9 tere elena 

0 7 0 : X2| —l 0 2 0 
() fj(2-1)dx =? = |B) = [2-1 ax-s x3)-12)-34|.4 | —3 
a ee 0 X4 0 —1 1 —l 
=2_2= 
(c) —L— x 100 = 0% 
5. f(t i [fe | m [mie 
0 
I. F 4A bea _ 2-0_2_1 to | 0 0 1 0 
(a) Forn=4, Ax = = “4° = 49 i |i | 5/8 5) 57a 
+S = yy mit) =25 > 1165) =2% ei A ) 2 4 
fp=P+t > fH =3?4+1 > f(t) =6t ts | 3/2 | 39/8 | 2 39/4 
M = 12=f"(2) |Er| < 5° (4 \ (12) =} ty] 2 10 1 10 
2 4 2 2 4 2 2 
ow) f(@+a=[$+$] =(F+9) eto B= flesna T=6-%=-! > |E,|= 
() Bl x 100 = Eél x 100 = 4% 

I @) Porna4, Anata tae ato eat; t; f(t) | m | mf(t) 
> mf(t,) =36 > S= (36) =6; to | 0 0 1 0 
F(t) =6 + {4 =0 + M=0 = [B,|=0 * ie 6 : = 

2. 2 
(b) fi (+t) dt=6 => |E|= f (8+) dt—s t;| 3/2 | 39/8 | 4 | 39/2 
an te) 2.40] 4 10 
IEs| = 
(c) True Value x 100 = 0% 


ae 
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1 
6. fi @+ i m i 
I (a) Forn=4,Ax= %#2{H0)_2_1 oi : , [ 
a = ag hl—12| 98 | 2 | 74 
= = 7) ei 8 = T= ei=2; elo |.. fe 12 
ft) =8+1 > f() =30 aS 6t tz| 12 | 98 | 2 | 944 
ti] 2 1 2 
M=6=f"(1) > [Ey] < <S¥ (1)@ =1 : 
1 1 
(b) f (+1) dt= [e+] — ( +1) (se +( 1)) =2 > [E|= f (@+1)a-T=2-2=0 
Er 
(c) ql x 100 = 0% 
I. (a) Forn=4,Ax=2=2=+C)_2_1 t | f@) | m_ | mf) 
Ax _ 1. 1 F t —1 0 1 0 
= 48-1, > mf) =12 = S=1(12)=2; 0 
sim 3 : mi ce ae ese i |—I2[ 78 | 4 | 7 
oe et) ; IEs| t{ 0 | 1 [2/2 
o) f+ )a=2 > Bl=f (e+ as i | 12 | 98) 4 | 97 
=2-2=0 te] 2 i 2 
Es 
(c) ail x 100 = 0% 
1. fohas ROWE SELS 
So I I j 
b-a 2-1 1 Ax dig 
Lb @) fou 4 a s | 5/4 | 1625| 2 | 32/25 
179,573 _ 179,573 \ __ 179,573 
X mf(s,) = 2258 + pat (TE?) — 1957 s | 32/49 | 2 | 8/9 
aappbbatay atk <ifily 2 s3 | 7/4 | 16/49| 2 | 32/49 
~ 0. sf(s) = 2 =a s,| 2 | 14 [ 1 1/4 
f"(s) = § M=6=f"(1) 
= |Ex| < 25! (4)’@ = 4 = 0.03125 
2 2 2 
=> |E;| = 0.00899 
|Er| 0.00899 23 
(C) Fuevaue X 100 = “Q5- x 100 = 2% 
I. (a) Forn=4,Ax=% #57 15ji5 424; s | fs) [| m_ | mf(s) 
__ 264,821 264,821 264,821 so| 1 1 1 1 
R= aig. , (288) - 529,200 s, | 54 | 1625| 4 | 64/25 
~ 0.50042; £9)(s) = — 4 => £5) = s. | 3/2 | 4/9 2 8/9 
dy pe. thet ce, He (Pe s3 | 7/4 | 16/49| 4 | 64/49 
Esl < || (4) (120) si] 2 | 14 1 1/4 
= 4, © 0.00260 
2: 
(b) fsa 5ds=}4 > Es= f 4, ds —S = 4 — 0.50042 = —0.00042 = |Es| = 0.00042 
(c) a x 100 = 2:04 x 100 = 0.08% 
: = =o a S; f(s;) m mf(s;) 
I. (a) Forn=4, Ax =a 4-2 _1 Axil, ae : : : 
. , 4 2 2 4? Ss, | 5/2 4/9 2 8/9 
> mf(s,) = 22 ol &-| wel 2 1/2 
=> T= + (49) = 9 = 0.70500; s3 | 7/2 | 4/25 2 8/25 
f(s) =(@- 1)? + f@=- 25 sai| 4 / 19 | 1 1/9 
6 
f"s)= So = M=6 
= > [Bl < 42 (1)°@) =1 = 0.25 
4 4 
-1 aS = = 2 = aD oe 
o) fo rs=[S5] = GA) - FA) = 3 > B= ff hp as -T = 3 — 0.705 » —0.03833 


=> |E,| © 0.03833 
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(c) ra Val x 100 = “a x 100 © 6% 
3 
b-a _ 4-2 _ 1 Ax 1. 
II. (a) Forn = 4, Ax - 472 1 , 1, 


— 1813 
E mf(s;) = "450 


— 1 (1813) — 1813 . : 
=> S=i (88) = RR x 0.67148; 


£93) = Se > [%@ = GZ = M= 120 


= |E,| < 442 (4)°a20) = 4 ~ 0.08333 











4 
1 
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Si f(s;) m mf(s;) 
So 2 1 1 1 
s, | 5/2 4/9 4 16/9 
Sg 3 1/4 2. 1/2 
ss | 7/2 | 4/25 4 16/25 
S4 4 1/9 1 1/9 























4 
6) J, apds=3 > Es = aa ds — S © } — 0.67148 = —0.00481 = |Es| ~ 0.00481 


(c) mete x 100 = ac x 100 © 1% 
3 


9. f° sintat 
b—a a—0 1 Ax T. 
I. (a) Forn=4, Ax : i a ; es 


S> mf(t,) = 2 + 2/2 = 4.8284 
> T= $(2+2V2) ~ 1.89612; 

















f(t) = sint f'(t) = cost f"(t) = —sint 
= T 2 Tw 

= M=1 > |B <5" (3)O=f 

~ 0.16149 





mif(t;) 





t | f(t) 
0 




















BlVNlrmlwu]—] 8 


2/2 
0 


Oo 





(b) Je sin t dt = [—cos t]} = (—cos 7) — (—cos 0) = 2 = |E,| 


Ey ; = 
(c) ql x 100 = 219388 x 100 & 5% 
II. (a) Forn =4, Ax baa nt 
So mf(t;) = 2 + 4/2 & 7.6569 
>S=4 (2 a 4/2) ~ 2.00456; 
f(t) = —cost > f(t) = sint 


> M=1 = [E.| < S32 ()*(1) © 0.00664 








T . 
4 3 12°? 





























t f(t;) m mf(t,) 
to | 0 0 1 0 
ty | 4 | 22} 4 | 2/2 
t| a2) 1 2 2 
ts | 37/4 | 22] 4 | 2/2 
ty 1 0 1 0 











(b) f’ sintdt=2 > E, = [” sintdt—S ~ 2 — 2.00456 = —0.00456 = |Es| ~ 0.00456 


(c) aa x 100 = 200456 x 100 & 0% 


ie Value 


1 
10. f- sin mt dt 
b-a_ 1-0 _1 Ax _ 1. 
I. (a) Forn=4,Ax=°* = 7 =; Sat; 
S> mf(t,) = 2 + 2/2 » 4.828 
= T=} (2+2V2) ~ 0.60355; f( = sin at 
f'(t) = 7 cos mt 
=> f"(t)=—7’ sinat > M=7? 
= |E,| < 15° (4)? (2?) ~ 0.05140 














1 
(b) f sin mt dt = [— 4 cos mt]} = (— 4 cos z) 
~ 2 — 0.60355 = 0.03307 


(c) Tae Vane X 100 = “7 x 100 = 5% 























tj f(t;) m mif(t;) 
to | 0 0 1 0 
t, | 1/4 | /2/2}| 2 2 
| v2) 1 2 2 
ts | 3/4 | 2/2} 2 J2 














1 
|Er| = J, sin mt dt —T 


2 ~ 0.63662 
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I. (a) Forn=4,Ax=%#=19 =f > aL; t | ft) [| m_ | mf(t) 
St mf(t,) = 2 + 4/2 & 7.65685 | 9 | 0 ! 0 

$= 1 (2444/2) 0.63807: t, | 14 | /22| 4 | 2/2 
+ S= 15 (2+4y2) ~ 0.63807; t) i121 x | 2 

f(t) = —r cosmt > f(t) = x4 sin at tz | 3/4 | /2/2| 4 2/2 
=> M=n* = |B,| < 132 (4)° (a4) 0.00211 ul] 1 | 0 I 0 


1 1 
(b) _f, sin xt dt = 2 ~ 0.63662 => Es =f sin nt dt—$ ~ 2 — 0.63807 = —0.00145 = |Es| ~ 0.00145 


qT 


(c) TaeVane X 100 = “x 100 ~ 0% 








ll. (a) n=8 > Ax=3 > =H; 
> mf(x,) = 10.0) + 2(0.12402) + 2(0.24206) + 2(0.34763) + 2(0.43301) + 2(0.48789) + 2(0.49608) 
+ 2(0.42361) + 1(0) = 5.1086 = T= 4 (5.1086) = 0.31929 
(bs) n=8 > Ax=j3 > B=H; 
> mf(x,) = 10.0) + 4(0.12402) + 2(0.24206) + 4(0.34763) + 2(0.43301) + 4(0.48789) + 2(0.49608) 
+ 4(0.42361) + 1(0) = 7.8749 = S = 4,(7.8749) = 0.32812 


(c) Letu=1-—x? > du=—2xdx > —}du=xdx;x 0 u=1,x=1 u=0 


) 1 
Jixv1 =e ax =f’ Ya(—$au) = 3 fut? gu = [3 (%)] = [097], = $ (v1) 
1 
3 

















3 





-4(/0) =3; 


32812 = 0.00521 


oO 


1 1 
Ey = f xV/1—x2 dx —T = 4 — 0.31929 = 0.01404; Bs = [0 xV/1— 2 dx —S = 














12. (a) n=8 > Ax=3 > S=3; 
y mf(G;) = 1(0) + 2(0.09334) + 2(0.18429) + 2(0.27075) + 2(0.35112) + 2(0.42443) + 2(0.49026) 
+ 2(0.58466) + 1(0.6) = 5.3977 = T= 4 (5.3977) = 1.01207 
(b) 78 Aca 2S Sad: 
> mf(G;) = 10) + 4(0.09334) + 2(0.18429) + 4(0.27075) + 2(0.35112) + 4(0.42443) + 2(0.49026) 
+ 4(0.58466) + 1(0.6) = 8.14406 = S = } (8.14406) = 1.01801 
(c) Letu= 16+ 6? du = 26 dé 5 du éd0;0=0 u= 16,0=3 u= 1643? = 25 


: 2 25 \7 25 _ 
Popkpe=[o pa) —4 [tora [\(@)]=vB-Vie~1 


16 






































_fP 4 ~ _ pf? 2 ~ = 
E; f Visine dé — T = 1 — 1.01207 = —0.01207; Es i iene dé —S = 1 — 1.01801 = —0.01801 





13. @ n=8 > Ax=t = So: 
dS mf(t;) = 10.0) + 2(0.99138) + 2(1.26906) + 2(1.05961) + 2(0.75) + 2(0.48821) + 2(0.28946) + 2(0.13429) 
+ 1(0) = 9.96402 = T = 4 (9.96402) = 1.95643 
(bs) n=8 > Ax=% > =H; 
y> mf(t,) = 10.0) + 4(0.99138) + 2(1.26906) + 4(1.05961) + 2(0.75) + 4(0.48821) + 2(0.28946) + 4(0.13429) 
+ 1(0) = 15.311 > S* 4 (15.311 * 2.00421 


(c) Letu=2+sint > du=costdt;t=—% > u=2+sin(—%) t= 5 u=2+sin > =3 
1 
1 

















2 
m/2 ; 3 3 “4 3 
3 cos 3 = u 1 = 
Fon Petty at = fo $e du =3 fru? au = [3(%)] =3(-3)-3(- 1) =2: 
aj? 3 cos ad : 7/2 30 
E,= f "Daily dt—T~ 2 — 1.95643 = 0.04357; Es = i in Dati dt — 


we 2 — 2.00421 = —0.00421 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


(a) 


(b) 


(c) 


(a) 
(b) 


(a) 
(b) 


(a) 


(b) 


(a) 


(b) 


(a) 


(b) 


(a) 


(b) 


(a) 


(b) 


(a) 


(b) 
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n=8 Ax = 5 ax ne 
> mf(y;) = 1(2.0) + 2(1.51606) + 2(1.18237) + 2(0.93998) + 2(0.75402) + 2(0.60145) + 2(0.46364) 
+ 2(0.31688) + 1(0) = 13.5488 => Tx J (13.5488) = 0.66508 


n=8 Ax=% as es 
> mf(y;) = 1(2.0) + 4(1.51606) + 2(1.18237) + 4(0.93988) + 2(0.75402) + 4(0.60145) + 2(0.46364) 
+ 4(0.31688) + 1(0) = 20.29734 = S = x (20.29734) = 0.66423 


Letu=coty = du=-csce?ydy;y=% > u=lyy=% > u=0 


JO eset) Ye Ay = J Ya ay = fw an = [2] "= 3 (VI) - 3 (V0) = 3 


2 


[2 m/2 , 
E; = i, (csc? y) \/cot y dy —T © } — 0.66508 = 0.00159; Es = J (csc? y) ,/cot y dy — S 
~ 2 — 0.60423 = 0.00244 




















M = 0 (see Exercise 1): Thenn = 1 Ax =1 |E| bs (1)?(0) = 0 < 107+ 


M = 0 (see Exercise 1): Then n = 2 (n must be even) Ax ; |Es| Ww (4)*O) =0< 10-4 











M = 0 (see Exercise 2): Thenn = 1 Ax =2 |E>| 4 (2)?(0) = 0 < 10°+ 
M = 0 (see Exercise 2): Then n = 2 (n must be even) Ax=1 |Es| im (1)4(0) = 0 < 107+ 











M = 2 (see Exercise 3): Then Ax = 2 => |E,| < 4 (2)’@) =4<107* > n> + (10*) >n> $ (104) 


3n2 
=> n> 115.4, so letn = 116 
M = 0 (see Exercise 3): Then n = 2 (n must be even) Ax 





ee 


IEs| = 725 (1)4@) =0 < 10-4 





M = 2 (see Exercise 4): Then Ax = 2 = |E;| < ¥ (2)°(2) = ge < 10-4 S on? > F (10*) S n> 4/5 (104) 


=> n> 115.4, soletn = 116 
M = 0 (see Exercise 4): Then n = 2 (n must be even) Ax=1 |Es| aa (1)4(0) = 0 < 1074 








M = 12 (see Exercise 5): Then Ax = 2 = |E;|< 34 (2)712) =4<104 > n’>8(10') > n> \/8(104) 
=> n> 282.8, so let n = 283 
M = 0 (see Exercise 5): Then n = 2 (n must be even) Ax=1 |Es| im (1)4(0) = 0 < 10-4 








M = 6 (see Exercise 6): Then Ax = 2 = |Ex| <4 (2)°) =4<104 = nr’ >4(10') = n> V4 (104) 
= 200, so letn = 201 
M = 0 (see Exercise 6): Then n = 2 (n must be even) Ax=1 |Es| mi (1)4(0) = 0 < 1074 








M = 6 (see Exercise 7): Then Ax = + = |E,| <4 ()’©) = < 10% = n? > 3 (10‘) > n> (104) 


1 
2 
=> n> 70.7, so letn = 71 


M = 120 (see Exercise 7): Then Ax = 1 = |Es| = jf; (4)"120) = 2, < 10-4 = nt > 2(104) 


ee - (104) + n> 9.04, so let n = 10 (n must be even) 





M = 6 (see Exercise 8): Then Ax = 2 = |E,| <4 (2)°) =4<10% = rn’ >4(10*) > n> V/4(104) 
=> n> 200, so letn = 201 


M = 120 (see Exercise 8): Then Ax = 2 > |Es| < 33, (2)(120) = & < 10-4 = nt > (104) 


>n>4/ # (104) = n > 21.5, so let n = 22 (n must be even) 
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23. (a) f®) =/7xtl s f@=441)? =& f"~ =—-1 («417737 = —- —,, 5 Maz FF =}. 
(a) fx)= 7 (x) = 5 ¢ ) (x) z ( ) arr) iy 1 
Then Ax = 2 = |E,| < 3 (3) (4) = < 10-4 = > 2 (10) = n> 4/2 (104) = n> 75, 
so letn = 76 
b) £@)(~) = 3 1-3/2 x) = — 8 1-72 = — —_ We Ba. _3 
(b) (x)= 3+) => F(x) ig (xt) Gani > ie(viy 3. Then Ax = = 
15) _ _3°(15) = 3°(15) (104 4 /35(15) (104) 
=> |Es| < ts y (ig) = Tédsont < 10 * => nt > G00) => n> wae => n> 10.6, so let 
n = 12 (n must be even) 
24. f L f' = 1)~3/2 f"(x) = 3 1)-5/2 — —__3___ M= Bee 3 
(a) f(x) Jal (x) 5 (x +1) => P(xK)= 7+) aati > a ; 
Then Ax = 3 = |B,| < 3 (3)? (3) = 24 < 10-4 3 n> 20% 5 ns /8OM = n> 1299, solet 
n= 130 
b) f89~@~=-Beatl”? = (O« iS x+ 179/72 = 168_ ys M= 18 = 1 Then Ax = 3 
(b) (x) q ( ) (x) = 46 & +17 Te(v=tiy i6(viy 
3 105) _ _3°(105) = 3° (105) (10*) 4 /35(105) (104) 
= |Es| < Tae is (je) = Tus)? < 10 t => nt> 168) T6180)” > 17.25, so 





let n = 18 (n must be even) 


25. (a) f(x) =sin(x+ 1) = f'(x) =cos(x4+1) => f"(x) = -sin(x+ 1) => M=1. Then Ax = 2 => |E,| < 4 (27a) 


2 — 8(10*) 8 (104) 
= NM > 5 12 


237 < 10" =>n> => n> 81.6,soletn = 82 


(b) f(x) = —cos(x + 1) > f%@) = sin(x+ 1) > M=1. Then Ax =2 = |[E,| < ey (1) = 7a < 10-4 


32 (10") 4/32 (104) 
=> n° > “5 180 


=>n> => n> 6.49, so let n = 8 (n must be even) 


26. (a) f(x) =cos(x+7) => f'(x) = —-sin(x+7) => f"(x) = —cos(x+7) > M=1. Then Ax = 2 


















































= |Ex| <2 (2)?q) = ps < 10-4 > > SO) ns \/80%) = n> 816, soletn = 82 
(b) f(x) =sin(x+7) => f(x) =cos(x+7) > M=1. Then Ax = 2 => |E,| < w (2 : (1) = a < 10" 4 
=>nt> . =>n> 4) => n> 6.49, so let n = 8 (n must be even) 
27. 3(6.0 + 2(8.2) + 2(9.1)... + 2(12.7) + 13.0)(30) = 15,990 ft’. 
28. (a) Using Trapezoid Rule, Ax = 200 = S* = *° = 100; f(x;) m mf(x;) 
S> mf(x;) = 13,180 = Area © 100 (13,180) Xo 0 1 0 
= 1,318,000 ft2. Since the average depth = 20 ft XI s ; a 
i ~ ~ 3 XQ 
we obtain voles 20 ae ~ 26,360,000 ft’. % 1000 5 000 
(b) Now, Number of fish = “559- = 26,360 (to the nearest XA 1140 5 77280 
fish) = Maximum to be caught = 75% of 26,360 X5 1160 2 2320 
= 19,770 = Number of licenses = “377° = 988 X6 1110 2 2220 
X7 860 p) 1720 
Xg 0 1 0 
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29. Use the conversion 30 mph = 44 fps (ft per 
sec) since time is measured in seconds. The 
distance traveled as the car accelerates from, 
say, 40 mph = 58.67 fps to 50 mph = 73.33 fps 
in (4.5 — 3.2) = 1.3 sec is the area of the 
trapezoid (see figure) associated with that time 
interval: 5 (58.67 + 73.33)(1.3) = 85.8 ft. The 
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total distance traveled by the Ford Mustang t (sec) 
Cobra is the sum of all these eleven trapezoids 
(using at and the table below): 
s = (44)(1.1) + (102.67)(0.5) + (132)(0.65) + (161.33)(0.7) + (190.67)(0.95) + (220)(1.2) + (249.33)(1.25) 
+ (278.67)(1.65) + (308)(2.3) + (337.33)(2.8) + (366.67)(5.45) = 5166.346 ft = 0.9785 mi 
v(mph) | 0 30 40 50 60 70 80 90 100 110 120 130 
v (fps) 0 44 | 58.67 | 73.33 88 102.67 | 117.33 132 | 146.67 | 161.33 | 176 | 190.67 
t (sec) 0 2.2 3.2 4.5 5.9 7.8 10.2 12.7 16 20.6 | 26.2 | 37.1 
At/2 0 1.1 0.5 0.65 0.7 0.95 1.2 1:25 1.65 2.3 2.8 5.45 
30. Using Simpson's Rule, Ax pa 24-0 a 4; Xj Yi m my; 
y my; = 350 => S = $(350) = 4 & 466.7 in? Xo | 0 0 d 0 
X1 4 18.75 4 75 
XQ 8 24 2 48 
X3 12 26 4 104 
X4 16 24 2 48 
X5 20 18.75 4 75 
X6 24 0 1 0 
31. Using Simpson's Rule, Ax = 1 => x = ; : Xj Vi m my; 
> my; = 33.6 => Cross Section Area ~ § (33.6) Xo 0 15 ! 15 
= 11.2 ft?. Let x be the length of the tank. Then the = ; . - 
. 2 . yi 
Volume V = (Cross Sectional Area) x = 11.2x. x3 3 19 rT 76 
Now 5000 lb of gasoline at 42 lb/ft? X4 4 2.0 5) 4.0 
=> V = WM = 119.05 ft? Xs 5 21 4 84 
=> 119.05 = 11.2x > x & 10.63 ft X6 6 2.1 1 2.1 
32. 240.019 + 2(0.020) + 2(0.021) +... + 2(0.031) + 0.035] = 4.2L 
33. (a) |Es| < 232 (Ax) Mjn=4 > Ax= 25° =2; |f| <1 > M=1 = [B| < &5° (2)*a) 0.00021 
(b+) Ax=Z > B=; f(x) m mf(x1:) 
S> mf(x;) = 10.47208705 1 1 1 
= S = 4 (1047208705) ~ 1.37079 0.974495358 4 3.89798 1432 
0.9003 16316 2 1.800632632 
0.7842 13303 4 3.136853212 
0.636619772 1 0.636619772 
(c) we (P32) x 100 ~ 0.015% 
34. (a) Ax = <2 = 1-9 = 0.1 = erf(1) aS) (yo + 4y1 + 2y2 + 4y3 +... + 4yo + yi0) 
sara (e? + e700! + 209% + den 0M +... + 4e-O81 + ev!) Fe 0.843 
(b) |Es| < 432 (0.1)*(12) & 6.7 x 10-° 
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35. 


36. 


37. 


38. 


39. 


Chapter 8 Techniques of Integration 


(a) n= 10 Ax zat - Ax a8 
S> mf(x;) = 1(0) + 2(0.09708) + 2(0.36932) + 2(0.76248) + 2(1.19513) + 2(1.57080) + 2(1.79270) 
+ 2(1.77912) + 2(1.47727) + 2(0.87372) + 1(0) = 19.83524 = T= 3 (19.83524) = 3.11571 
(b) a — 3.11571 = 0.02588 


(c) With M = 3.11, we get |Ex| < 4 (4) Gary = ss (3.11) < 0.08036 















(a) f"(x) =2cosx—xsinx > £9) (x) = —3 sinx —xcosx => £4 (x) = —4cosx-+x sin x. From the graphs 
shown below, |—4 cos x + x sin x| < 4.8 for0 <x <7. 
¥ 
y 5 
3 48 
2 46| 
x 4.4} "Zoom" 





(4) , 
f x) =-4c0sx + xsinx 
#4 (x) =-4cosx + xsinx (x) ' 





xX 





(b) n=10 > Ax=4 = [Esl < 7% (%)*48) ~ 0.00082 

(c) YS mf(x,) = 1(0) + 4(0.09708) + 2(0.36932) + 4(0.76248) + 2(1.19513) + 4(1.57080) + 2(1.79270) 
+ 4(1.77912) + 2(1.47727) + 4(0.87372) + 1(0) = 30.0016 = S = (30.0016) = 3.14176 

(d)_ | — 3.14176| ~ 0.00017 





T= AX (yo + 2y; + 2y2 + 2y3 +... + 2yn-1 + yn) where Ax = boa and f is continuous on [a, b]. So 


T= eee eee = bea (Mal tse ali aaa) Ae gh Hae ute!) 








: : . ‘ £(xx_1) +f 
Since f is continuous on each interval [X,_1, X,], and Fea) + fe) 


[xx—1, Xx] with f(c,) = ett) 


is always between f(x,_;) and f(x,), there is a point cy in 


; this is a consequence of the Intermediate Value Theorem. Thus our sum is 


>> (%*) f(ck) which has the form }> Axxf(c,) with Ax, = 2=* for all k. This is a Riemann Sum for f on [a, b]. 
k=1 k=1 





AX (yo + 4y, + 2y2 + 4y3 +... + 2¥n-2 + 4yn_-1 + yn) where nis even, Ax = boa and f is continuous on [a, b]. So 


S= 
— b=a/yo+4yity2 y2+4y3 + ya ya +4ys +ye Yn-2 +4Yn-1+Yn 
S = baer 4 et 4 Waste f+ 3 ) 

















6 6 


= os (2 + 4f(x1) + flea) 4 (xe) + Aflxs) + fla) Hea) + aflss) + Flas) de ae Huis bet) 
f(xX2K) + 4£(x2K41) + f(X2K42) 
6 








is the average of the six values of the continuous function on the interval [X2x, X2x+2], so it is between 
the minimum and maximum of f on this interval. By the Extreme Value Theorem for continuous functions, f takes on its 
maximum and minimum in this interval, so there are x, and xp with x2, < Xg, Xp < X2x42 and 


f(xa) < Fx) iio) (x22) < f(x,). By the Intermediate Value Theorem, there is cy in [X2x, X2K+2] with 








n/2 


f(cx) = £(xax) Aires) f(xK-2) $6 our sum has the form 2 Axif(ex) with Ax, = tor 7? a Riemann sum for f on [a, b]. 

















Exercises 39-42 were done using a graphing calculator with n = 50 
1.08943 40. 1.37076 41. 0.82812 42. 51.05400 
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43. 


45. 


46. 


47. 


(a) 


(b) 


(c) 
(d) 


(a) 
(b) 


(b) 


(c) 
(d 
(e) 
(f) 


wm 


(a) 


(b 


Vw 


Tio & 1.983523538 
Tio0 © 1.999835504 
Tio00 © 1.999998355 














n [Er| =2-T, 

10 | 0.016476462 = 1.6476462 x 1072 
100 1.64496 x 1074 
1000 1.646 x 10~° 














| Erion | ~ 10~?| Ey, | 

b—a=7,(Ax’=5,M=1 
* find we 

|Er, | < ale) = Ton 

Reser S 107 *\Er, | 





[s am i? 


f(x) = 2x cos(x’), f"(x) = 2x - (—2x)sin(x” 


y = —4x? sin(x?) + 2 cos(x?) 
Ra 






LLAL TL Fit ii tt iyit yy 





Section 8.7 Numerical Integration 


44, (a) Syo © 2.000109517 
S100 & 2.000000011 
S1000 & 2.000000000 

(b) | 0 |Es | = 2 —Sn 

10 | 1.09517 x 10-4 

100 1.1 x 10-8 

1000 0 

(c) |Es,, | © 10-4] Es, | 

(d) b—a=7, (Ax)’=5,M=1 

4 


5 
Han 5) = i 
| Eston < 107 4 Es, | 























i Te0tt0n* in)" 


x*) = —4x’sin(x”) + 2cos(x”) 


The graph shows that 3 < f”(x) <2so| f”(x)| <3 for-Il<x<1l. 


“pitaay'@) = SF 


|Er|}< 4 5) 





hehe, |Er| < 
I-(-)) 2 _ 
hee gS 





f"(x) = —4x? - 2x cos(x”) — 8x sin(x”) — 4x sin(x”) = —8x7cos(x*) — 12x sin(x?) 
f(4)(x) = —8x3 - 2x sin(x”) — 24x?cos(x?) — 12x - 2x cos(x”) — 12 sin(x?) = (16x* — 12)sin(x”) — 48 x?cos(x’) 
y 
A 
10 











The graph shows that —30 < f(x) <0so | i 


|Es| < $552 (Ax)4G0) = 42" 

For 0 < Ax < 0.4, |Es| < cant 
1—(-1) 2 

n= Ax > og =) 





Using d = ©, and A = r($ y= 


o1* — 0,005 < 0.01 


(x)| < 30for-1<x<1. 


< 9 ~ 0.00853 < 0.01 


c yields the following areas (in square inches, rounded to the nearest tenth): 


2.3, 1.6, 1.5, 2.1, 3.2, 4.8, 7.0, 9.3, 10.7, 10.7, 9.3, 6.4, 3.2 
If C(y) is the circumference as a function of y, then the area of a cross section is 


A(y) = 7(29)" = 


ate , and the volume is 7- om C(y) dy 
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6 6 
© fAag)dy=2 f° Cy) ay 
= 2 (S59 Ne Re Me Te irc mee eee ee, Sere ee eT ee) 


6 
(d) V= a] C?(y) dy 2 (2°) 5. 4? + 4(4.57) + 2(4.47) + 4(5.17) + 2(6.37) + 4(7.87) + 2(9.47) + 4(10.87) 
+ 2(11.67) + 4(11.67) + 2(10.87) + 4(9.07) + 6.37] = 34.792 in? 
by Simpson's Rule. The Simpson's Rule estimate should be more accurate than the trapezoid estimate. The error in the 


Simpson's estimate is proportional to (Ay)* = 0.0625 whereas the error in the trapezoid estimate is proportional to 


(Ay)? = 0.25, a larger number when Ay = 0.5 in. 


nel eens iam. Xo = 0, xX, = 10— Ax, 
Ax =2.54,n=10=> f’" A(x) dx = 254104 4(1. 07) + 2(3.84) + 4(7.82) + 2(12.20) + 4(15.18) + 2(16.14) 


48. (a) Displacement Volume V ~ 


+ 4(14.00) + 2(9.21) + 4(3.24) + jae 2:54 (248.02) = 209.99 ~ 210 ft?. 








































































































(b) The weigth of water displaced is approximately 64 - 120 = 13,440 lb. 
(c) The volume of a prism = (2.54)(16.14) = 409.96 ~ 410 ft?. Thus, the prismatic coefficient is ~ 0.51. 
1 ne 1 X; f(x;) m mf(x,) 
49. (a) a=1,e=} > Length=4 [” ,/1—} cos?tat i i i 
is = Xo 0 1.732050808 1 1.732050808 
=2 f° V/4—cos?tat = f” f(t) dt; use the x, | 7/20 | 1.739100843 | 2 | 3478201686 
a (-0 2 | afl0_[ 1759400893 [2 | 3.518801786 
Trapezoid Rule with n a 10 x3_ | 37/20 | 1.790560631 | 2 ‘| 3.581121262 
r/2 10 

= 2, pp ~ > mf(x,) = 37.3686183 X4 m/5 1.82906848 1 3.658136959 
a 7 10 X5 7/4 1.870828693 1 3.741657387 
=> T= at (37.3686183) = 7 (37.3686183) XG 1.911676881 2 3.823353762 
= 2.934924419 => Length = 2(2.934924419) x7 poe) ee 
~ 5.870 Xg 1.975982919 2 3.951965839 
7 : _ X9 1.993872679 2 3.987745357 

(b) [f’"(D| <1 > M=1 ; X10 7) 5) I 5) 

= |Er| < %*(AbM) < 2° (2)"1 < 0.0032 

50. Ax = 72 = 2 => At = 2; YD mf(x,) = 29.184807792 " £(x;) m mf) 
sS= 34 (29.18480779) ~ 3.82028 Xo 0 1.414213562 1 1.414213562 
xX T/8 1.361452677 4 5.445810706 
©) 7/4 1.224744871 2 2.449489743 
X3 3/8 | 1.070722471 4 4.282889883 

X4 m/2 1 2 2 
X5 52/8 | 1.070722471 4 4.282889883 
X6 37/4 | 1.224744871 2 2.449489743 
X7 Tx/8 | 1.361452677 4 5.445810706 
Xg 1 1.414213562 1 1.414213562 


51. The length of the curve y = sin (% 


= Ho (Hx) > La P+ 


52. First, we'll find the length of the cosine curve: L = 


2 
dy _ wv 
> (2) = 4 


' 


x) from 0 to 20 is: L = 1. 





cos? ( 























3m 





dy _ 37 
1+(§ a dx; & = 30 


2 d 25 
dx; 2 = T sin (z 





50 
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) =>L= o . / i ker ~ sin? (= x) dx. Using a numerical integrator we find 


) = (#) 


27 x) dx. Using numerical integration we find L = 21.07 in 





33: 


54. 


a1 


Section 8.8 Improper Integrals 


L & 73.1848 ft. Surface area is: A = length - width ~ (73.1848)(300) = 21,955.44 ft. 
Cost = 1.75A = (1.75)(21,955.44) = $38,422.02. Answers may vary slightly, depending on the numerical 
integration used. 


y =sinx ae 
Sx 14.4 

x? d 
1 4 = 








2 Tv 
cosx > (¢) Sco s = SS f 27(sin x) \/ 1 + cos? x dx; a numerical integration gives 








a A 2 2 ; 
(2) =7 >S= i 2a (=) ,/ 1 + 7 dx; a numerical integration gives S 5.28 


d 


2 
»y=x+sn2dx > F=14+2cos2x => (2) = (1 +2 cos 2x); by symmetry of the graph we have that 


d 





2n/3 
S= 2 27(x + sin 2x) Jl + (1 + 2 cos 2x)? dx; a numerical integration gives S ~ 54.9 















































_ x 2 dy _ V36—x? xX. 1 (-—2x) _ V36—x? x2 _ 1 (36 — x? — x”) 
YB 36 —- x" => dx 12 + 12 a x2 12 12/36 — x2 12 \/36—x2 
— 1 (36—2x?) _  (18—x?) dy (18 — x? fx Qnx ./a¢_ y2 (18 — x2)" 
12 /36-2  6/36—0 dx} — 36@6— Ly = = 36-x? 1+ 4 36 (36 — eee 
= = ['2 a Vv 36 — x?) (48 Ig-x)? dx; using numerical integration we get S + 41.8 


A calculator or computer numerical integrator yields sin~! 0.6 ~ 0.643501 109. 


58. A calculator or computer numerical integrator yields 7 & 3.1415929. 


8.8 IMPROPER INTEGRALS 


1 f° dx __ 
: 0 @+1l 


N 


ee 


- 


A 


oy 


~ 


oe 


0 x7 +1 


b 
lim = = lim [tan7!x]}= lim (tan7!b—tan“!0) =7-0=% 
) b — 00 b — co 


b = 0 


ve b 
dx _ dx _ oy: —0.001])5 _. ys —1000 = 
J, gor = lim | i gor = lim | [-1000x }) = lim (=o + 1000) = 1000 


i 
0 


X= lim 
vx pb 0+ 


1 0 
dx __ 
_) xs 








, Him fa x) dx = , Him [- 2 


xV? dx = lim, [2x"], = Tim, (2 = 2b) = 


= 


be) ade 





: 2 1 
& + ae: a =a. [3x¥/3] i + lim, [3x3] | 


_— | a _14)1/3 : 1/3 _ 3.1/3] — _ 0) — 
lim (3b 3(—1)"5] + lim [3/8 — 3/5] = © +3) +B -0) =6 





_ dx _ 4 3 2/37 : 3 2/3]! 
. fs= fet a= lim [3x [ge lm Ee: lL 


= lim, [}b2 — 3 (-8)°9] + im. [3029 — 32°] = [0-3] + (F-9) = - 3 


. fiz8ae, 


tim _ [sin 


Lejee. ye 1-1 sa—1Q) — = 
xJo = lim (sin b=—sin “O) = 5 —0 = 5 


1 
f a, = lim. [1000r°%']; = lim. (1000 — 1000b°*') = 1000 — 0 = 1000 
Oe b—0* b—0* 
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-9 “2, —2 3) 
9. JF 2x _ — fs = [In |x — Ij], —, tim [In |x + 1], = [In Seale - 


=, tim (In {=| — In |5F71) =In3—In(, lim bat) =n3-Inl=In3 


I=, lim, (ant tn) =~ (5) = 3 





11. f oy = lim, [2m ||]; = lim (2 In |2=+] — 2 In |245+]) = 2In(1) —2In($) =0+2In2=In4 





12, i — = lim, [in |]; = tim, (In |2=+| — In |2=+|) =n) —n($) =0+n3 = 1n3 











as x dx x dx x dx = 24] } lu ain : ‘ c 
13. f ee — a zi z + J a rae , be oe a f ¢ + 1 a = , im | [- 1), +, lim, [- al 
= lim (145) +,lim, [ 1 — (-1)] =(-1+0)+(0+1)=0 


oo 0 ¢ a ee 
x dx = x dx ~~ xdx ,{, u=x +4 
oe i ay? _ ie Grape t J, (8 +.4)97? ? E = 25 ie : fox aus + ie a7 


4 c 
= lim |- 32], +. Him, |- =] = lim, (-$+4,) + lim, (- 4. +4)=(-$+0) + 0+4)=0 


4 

















' | u=@? +26 : 
15. ff opt a [a te ag] > Ste = slim, Sods = tiny [VE lim, (v3- v4) 


“os = > 284s 2° ds F u=4-s 0 é . 
7 Io Gis ae sits th ra | anne ae = <4, et alee Vine 

= lim, ae + im [izes =, ae [7a]; aoe lim_ [sin al 4 

= one (2- Vb) + lim, er ee v=e 0+ (3 0) = 442 




















u= Vi 


co co b 
dx : 2du _ |}; 2du _ -1,,)> 
17. J, riz [an “| J, = ete over —, im. [2 tan uy 


= » lim. (2 tan~' b — 2 tan“! 0) = 2 (3) —20) =7 





ia dx _ 2 dx +f dx —_ mf —*— + lim . dx 
: 1 x/x-1 1 xVx2-1 2 xVx2-1 = oa COO J2 xV/x?-1 


. = 2 . es = : 
= tim, [sec! |x|], + lim. [sec™! |x|] = iim, (sec7' 2 — sec" b) + , lim, (sec 








—l¢ — sec"! 2) 
cow 


=(3-)+(5-3) =3 





19. f cere = lim, [In | + tan“ vi], = lim [In |1 + tan~! b|] — In |1 + tan7! 0} 
= In (1+ 4) —In(1 +0) = In(1+ $) 





20. ff, Satz dx = tim [8 (tan-x)"| = tim [8 (tan! b)”] — 8 (tan! 0)” = 8 (§)? — 8(0) = 2n? 


2 
I+x = 00 0 b-+co 
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21. f Oe? do = | lim [de? — e*], = (0-29 2%) — lim [be? — e'] = -1— lim ea 





00 = — —0o b+ oo 
=-l1—- lm (4) (I'HOpital's rule for & form) 

b — —00o € [oe) 
=-1-0=-1 


inal b 
22. iA 2e~® sin @.d0 = lim i. 2e~# sin 6 dO 
— CO 


=a b 
= lim 2 ss (— sin 6 — cos 6)| (FORMULA 107 with a = —1,b = 1) 
— cC 0 





—_ : —2(sin b + cos b) 2(sin0 + cos0) __ 20+1) _ 
mar lim | 2ee 7 el =O73 1 


0 0 
23. fe Mdx= fi etdx=, lim [ely =, lim (1-e)=G-0)=1 


—Cco 


co . 0 e co 2 z 2 z 27¢ 
24. J 2xe" dx = fi 2xe~* dx + f 2xe* dx = : jim e* le + fm. |-e*], 


[— 
= jim | [-1-—(-e™)] + ,lim, [ e* —(-1)] = (-1-0)+04+1)=0 











b 
25. f' xinxdx = lim 2 inx—*]'=(1m1—1)- lim, (“inb-#&)=-1- tim, BR +0 
at bot L? falas 9 q = 2 4} 4 por (3) 
1 
eel : () _ 4 : (%) = 1 eee 
=-1i- lim, AY, =-14 1 P)=-}+0=-} 
4 ae ee aa Par q ia 4 














5) bor (-3) 
=1- lim, b=1-0=1 
—3 
2 
ds = ; + —1 s]> _ : «,—-l b ‘a — Tt _ 7 
27. J. a [sin“* 5], =, lim_ (sin-! 8) —sin-10=%-0=% 
28 f adr = jim [2sin(r2)]|) = lim_ [2 sin (b*)| —2sin-!0=2-2-0=7 
“Jo Vi-r psi 9 bol 2 
7 s : = 2 = : - T T 
29. Jive =m, [sec~! s], = sec 62— tim, sec b= F-O=§F 
30 i “= lim, [$ sec"! 4] = lim, [(4 sec"! $) — § sec"! (8)] = 4 (4) -—4-0=2 
{Wood he ole — ee, 2 2) ~ 2 ai ala) oY = 5 


4 ax ; Ode : ae : b : 4 
31. J. = , im. “ats t lim, Jo = tim [-2/—x] _, + lim, [2x], 
= lim (-2V-b) - (-2V/=ED) + 2V4- lim, 2/e=0+2+2-2-0=6 
= co 





Oo 
N 




















2 1 2 b 2 
dx = dx dx — : = = j = 
, J 72a J Fae) vVx-1 se a x] + tim, 2 x i 


c 


= lim ( 2/1 b) ( 34/1 0) +22=1- lim, (2 c—1)=0+2+2-0=4 
— co 




















33. [7 grclbcg =, lim [ln |$3[]", =, im [ln ]$¢2[] — in |=123|=0- im (3) = In2 
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34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


Chapter 8 Techniques of Integration 





eS : 1.7? ‘ aie)? 
> RFDeTy =, 1m, [5 lm [x + 1|— 5 n(x? +1) + 5 tan” x] | = lim [5 in ( se) +} tant x| 
1 





= lim, [41m (BL) +} tanh] - [din 4+} tanto] = 2m 4+$-2-}in1-4-0=$ 
n/2 
f tan @d0 = lim _ [—In |cos Ol}, =, lim_ [— In Jcos bl] + In 1 = lim [—In |cos b|] = + 00, 
= ae} =S 
the integral diverges 


n/2 
f cot@d?= lim. [In|sin 6\]7? =In1— lim. [In|sin bl] = — lim. [In |sin b]] = + 00, 
0 b— 0+ b— 0+ b= 0r 


the integral diverges 








rg 0 TT 7 
siné dé . _~A— sinx dx __ sin x dx = sin x 1 dx 
Jp mee [tr -—0=x] > f ~ Hn we . Since 0 < 4 < 4. for allO <x < mand [4 
converges, then f a dx converges by the Direct Comparison Test. 














xXx=T7 
1/2 0 (7 _X 2m in (X + % 
cosédd_. — FH = cos (5-5) dx f sin (5) dx : a rd 

ioe Gr — 203 ° o 2 > ix Oe = J, ia - Since 0 < — 7 for all 


an 
0 <x <2mand fi 





OT et X 
dx . sin 5 dx . ri 
3,15 converges, then f 3,13 converges by the Direct Comparison Test. 


In2 1/in2 9 -y oo 
—2,-1/x «pd d = * -y]> : —_ —1/In 
i xe dx; [4 =y] > f yeov = e¥ dy =, lim [ ©") m2 =, lim [—e*] — [-eV™| 


-y’ 1/in2 


=0+e 1% = e™ so the integral converges. 





f or dx; = a Vx] > 2 e* dy = 2 — <, so the integral converges. 


ix era Since forO <t<7,0< Fa corp ji and Sis - converges, then the original integral 


converges as well by the Direct Comparison ie 





1 
f) _ 4 O 47 cin PF 6t 

Ls t—sint a 7 ; let f(t) = tS wnt and g(t) = ~ z 2 then lim, ap lim, t—sint lim, l—cost im, sint 

4 dt __ . 1.7 1 : 1 = : . dt 

= im, ma = 6. Now, |. ra = [- atl =-35 ea [- xt | = +00, which diverges => at 


diverges by the Limit Comparison Test. 











2 1 2: 1 
dx __ dx dx cx . 7% Lt 1+x 
ay and 0 j-@ =, hm_ [5 In |; 


diverges => fs 


Jo =, tim_ [5 In|{=8|] — 0 = 00, which 











2 1 2 
i us =f + ce and [5% dx x =, lim_ [In — x)], = , tim [—In(1 — b)] — 0 = co, which 


1-x 


diverges > 1. far diverges as well. 


1 0 1 1 . 1 
J in[x| dx = fi im(—x) dx +f Inx dx; fy Inx dx = lim, kInx—x],= [1-0-1] — lim, [bInb ~b] 


0 1 
=-1-0=-1; f incw dx=-l = fin |x| dx = —2 converges. 
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Xx 


1 0 1 ; 3 el! 2 el! 
; f(-xin Ix| ) dx = fo [-x In(—»)] dx + f, (—xInx) dx = lim [= Inx-¥| — lim [= Inx-¥] 





b c—>0t ° 
= [}n1- 3] - im, [$ inb—] - [1-3] +, lim, [ginc-$] =-4-04+4+0=0 > the integral 
converges (see Exercise 25 for the limit calculations) 


47. f fa30<a<4 for 1 <x < cand | @ converges => 


Comparison Test. 





f poe converges by the Direct 








es if 
48, J 5 lim is lim, a = lim, Gog = rte = Vand [OF 








= yim, [2vx]$ = 


which diverges => 





| diverges by the Limit Comparison Test. 





Sn ie A ; 
49. J 8; lim 5) = lim, 3 = lim, = = shy = land f° 4 = lim [2¥]} = 00, 
which diverges => f ie a diverges by the Limit Comparison Test. 














50. j. “02s > <4 for0 << ocoand [ # lim [-e“]} = 


lim (-—e°+1)=1 
b — 00 b — 00 ( ) 
=> ies = converges => f — converges by the Direct Comparison Test 






































dx dx * dx “dx 4: 17% 
Sl. Tt =f aa -+f0 Vx +1 s f Vxo +1 iF x3 and f xe = J [= oat ls 
= ‘ge Ca a2 + 1) = 5 > ihe wa converges by the Direct Comparison Test 
1 
a lim. (a) = lim x — jim 14; [Lax = lim [Inb]t = 00 
; es 1? x abo () x00 Vx?-1 X00 Ce *J2 x b— co 2 
which diverges => , Tact 











53. f° A+! dx; lim, ( zy = in = lim, gia = b [ax = fs 


_ -1/27> _ 1; 2 _ © /x+1 
sin, act) = im, (p42) =2 = J 

















dx converges by the Limit Comparison Test 








54. a dk. lim (5) 

















_ Vx — 1 oe * x dx -[°« _ ae 
2 VJx4_-1 7X 0O (45) = lim. ro = , lim, =e 1; 2 Vxt = Jo x lim (In x] = ow, 
x x 
which diverges => fr Tay 





55. f 24 cos x dx;0< i < 2+ cos for x > 7 and f a = lim [In x]° = 00, which diverges 


= f 200s x +e0s* dx diverges by the Direct Comparison Test 


56. i L4snx dx; 0< ues <4 2 forx >and [3 


: 27> : 242 2 
dx= lim |—</_= lim (—¢ =< 
=> {2 24x converges > i: tags dx converges by the Direct Comparison Test. 
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57. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


: ee eee 


ex F 1 ie °° dx : = 
f “dxs0< 1 <© forx> Land f ® diverges > = 








Chapter 8 Techniques of Integration 
a . = b 
f paoz 3, tim, 3 = land J, i = » lim. [—4t-1/?] | = 


=> f. ea converges by the Limit Comparison Test. 


Q<i L< 1 forx >2and fo ® & diverges > fre 


Inx nx 


e* dx 





fc In (In x) dx; [x = 
= oo, which diverges => f “In e’ dy diverges > i : In (In x) 












































37 converges 


+2)=2> fr3e 


diverges by the Direct Comparison Test. 


diverges by the Direct Comparison Test. 


dx diverges by the Direct Comparison Test. 





1 
ss tim GES) = tim EK = sab JP = fret ax 
1 Vex—x ’x 00 (45) oo Vex-x x00 {/p Xx 1-0 > Si Vex 
Vex e 
—~ —9a-x/2]5 _ yg; —_Apa-b/2 -1/2) _ _2_ f- en*/2 fe 
, lim. [—2e*/7] / = lim (—2e*/? + 2e-/?) fe als dx converges => = converges 
by the Limit Comparison Test. 
ia dx lim, (ae) _ im lim) —Ayx = 7p = land i = » lim. [-e*]? 
1 e%-2%’x (=) _ Go e%—2 X—0O | oe ~~ 1 
= , im (-ePtetjy= i => fs @ converges > | Zo Converges by the Limit Comparison Test. 
= CO 
co co lo) 1 co 
dx = dx dx dx dx 
Je xt+1 =o) Veal? ai =i, oo + fi Vxi+l Sie at + 1 x and 








1) =1s> f _ crm converges by the Direct Comparison Test. 





i xo = =2f~ x =30 Ja = 4 for x > 0; fr converges => 2 = ; converges by the 
Direct Comparison Test. 
sacar L In2 - 
ae Pp = P 
@) fi g&pilt=nx] > [> $= tim, [pe] = tim) Bh + pb, an) 


=> the integral converges for p < 1 and diverges for p > 1 


(b) f we ; [t=Inx] — ‘ie: oF * and this integral is essentially the same as in Exercise 65(a): it converges 


for p > 1| and diverges for p < 1 


2x dx __ 
x41 


= [In (x? + 1)]9 = 


r 


lim 
b— oo 





=04+1=1 


lim [In(b?+1)] -O= lim In(b?+1) =co = the integral i 
b — oo b— oc 








b 
; : 2xdx _ 4; 2 Len 2 2 a be+1 
diverges. But lim - ee: = lim [In (x +1), = lim (In (b* + 1) — In (b* + 1)] = lim, In (E44 
— lim (Inl)=0 
b > co 
= ae — 4 —a-xp> 1 _a-b) _ (_pa-9 
A=fre dx = lim [| e Jo = lim ( e>) — (—e°®) 
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 f (In y)e’ dy; 0 <Iny < (Iny)e’ fory >eand f Inydy = lim lyIny—y]? 


ene 


) 


dx 


Section 8.8 Improper Integrals 





1 * x — x x ‘ b —b —0 -0) _ — 

mh xe*dx= lim [—xe*—e Jo =, lim (—be? — e®) — (-0-e® —e°) =041=1; 

L [*(e-x\2 gy — 1 [ex ay — 7; 1yJ_ 1, : 1 i 1 1 4-2-0) _ el 
wf, er ax =3 ff e*dx= lim 3 [—7e™],= tim, 3 (—3e") — 3 (-2e) =04+5 =] 





68. x = 
y= 
69. V= 
70. V= 
71. A= 
~ 5 
72. (a) 
(b) 
73. (a) 
(b) 
74. (a) 
(b) 
75. (a) 


7 he 2axe* dx = 27 fo xe dx =2n lim [-xe*—e™]} =2n lim (—be®—e°) — | = 20 
0 0 b — 00 
fon (e*)? dx = [om dx=m lim [—Je*| lim (-—je%+3)=% 

0 0 b— 00 2 0 b 2 2 2 


m/2 
f (sec x — tan x) dx = | lim _ [In |sec x + tan x| — In |sec x|]) = | lim_ (In [1 + 22] — In |1 +0) 
2 2 





lim_ In|1 + sin b|] = In2 
Tg 


n/2 m/2 m/2 [2 
v=f m sec? x dx — f mtan?x dx =m f (sec? x — tan? x) dx = [ nm [sec? x — (sec? x — 1)] dx 
0 0 0 0 
m/2 ja 


m/2 - n/2 ; 
Saie= if 2m sec X\/ 1 + sec? x tan? x dx > f. 27 sec x(sec x tan x) dx = 7 : lim _ [tan? x], 
ae 
2: 
: : : [2 
=), lim_ [tan?b] — 0] =z : lim_ (tan? b) = co = Souer diverges; Simer = f 27 tan x\/ 1+ sec*x dx 
— z — z 


n/2 
2 f 2n tan x sec?x dx = 7 lim_ [tan? x]; =7 |. lim_ [tan?b] —0] =7, lim_ (tan?b) =o 
0 bo 5 bo 5 bas 


=> Sinner diverges 


Pe oie —, ‘fF 1 .-3x)> __ sy; ie ft 93 \. Ve oe 
jes dx = lim [—3e™], =, lim. (— ze) — (ge) =0+ 5 -€? = 3e° 
= 0.0000411 < 0.000042. Since e* < e* for x > 3, then J “ee dx < 0.000042 and therefore 
ee 2 3 2 . . . 
iL e-* dx can be replaced by f e-* dx without introducing an error greater than 0.000042. 


fe dx ¥ 0.88621 
V= fort) dx=m tim [-2]}=7[ tim (-2) -(-})]=70+D=7 

b — 00 b — 00 
When you take the limit to oo, you are no longer modeling the real world which is finite. The comparison 
step in the modeling process discussed in Section 4.2 relating the mathematical world to the real world 
fails to hold. 





CT = 


xX os 
Si(x) = j Sf at 
0 t 
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(b) > int((sin(t))/t, t=0..infinity); (answer is 7) 








76. (a) 








(b) > f:= 2*exp(—t’2)/sqrt(Pi); 
> int(f, t=0..infinity); (answer is 1) 


77. (a) f(x) = be? 





f is increasing on (—oo, 0]. f is decreasing on [0, 00). f has a local maximum at (0, f(0)) = (0, +) 


(b) Maple commands: 
>f: = exp(—x42/2)(sqrt(2*pi); 
>int(f, x = —1..1); = 0.683 
>int(f, x = —2..2); & 0.954 
>int(f, x = —3..3); & 0.997 


(c) Part (b) suggests that as n increases, the integral approaches 1. We can take f : f(x) dx as close to 1 as we want by 
choosing n > | large enough. Also, we can make f “£(x) dx and f - f(x) dx as small as we want by choosing n large 
enough. This is because 0 < f(x) < e-*” for x > 1. (Likewise, 0 < f(x) < e*? for x < —1.) 

Thus, [ f(x) dx < f° eax. 

sie e*? dx =lim J e*? dx = lim| —2e*? |" = lim | ge 4 8 | a oe 

As n — 00, 2e7"” — 0, for large enough n, [toy dx is as small as we want. Likewise for large enough n, 
f 7 f(x) dx is as small as we want. 


78. f "te 1 ial +) dx # f . ot = i . oe since the left hand integral converges but both of the right hand 








integrals diverge. 
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79. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


Section 8.8 Improper Integrals 


(a) The statement is true since f. fo) dx = [" foo ax + ff * F(x) dx, JO top ax = [te ax — fi "ee de 
and i ° f(x) dx exists since f(x) is integrable on every interval [a, b]. 

b) f° toy dx+ [fey ax =f" toy ax+ [” £00 ax — f° £00 ax + [£00 ax 
= f° 00 dx + f° to) dx + ffx) ax = f° t00 dx + f° f(x) dx 


(a) f™ fexyax =f" teyax + f foo dx =— fw au + [#00 ax 
= fw au + J f09 ax =2 J” t00 ax, where u = —x 
b) [fey ax =f" toy ax + [foo dx = — fw au + [100 ax 
= f/f) du + fo f(x) dx = — J f(x) dx + J) f00) dx = 0, where u = —x 














-_ dx 7 f dx di : 

; iverges because _ lim 

JA aaa [85+ +f Vret1? Ji Vx24+1 g x7 00 ( 1 ) 
xX 


= , lim, veil = lim, /1 +4 = 1 and fig & diverges; therefore, 7 ee cae diverges 


oo co ‘00 
lq : f 1 _ f 1 : : 
—=—— dx converges, since ——— dx =2 —=— dx which was shown to converge in 
i J/1+x6 Bes; —oo /1+x6 0 VW1+xé 8 


Exercise 51 





oo co foe 
dx __ Bhdx. 3 8, 1 1 dx _ 7; a x]o a OTS ace _ 
No e+ex I. ex+1> pl — &pex Se and oe lim [ © Jo a lim, ( er 1) = 


oo oo 
e«dx __ dx 
=> j= =2 f a,x converges 














Se dx "eX dx x dx a e* dx et du 
i ee =f- ae ae a =f Tp Where u = —x, and since ; <. >= +(u > 1)and 


co 
du 4; e" du e*dx q: 
j *, diverges, the integral f° i7w diverges => i 1 diverges 








co co b 
— |x| = —X — H —x —_ : —x]b : 
it e™dx=2 ia e*dx =2 , im f. e* dx = —2 , im [e*]; = 2, so the integral converges. 





0° —2 -1 2 oe 
ax dx dx dx dx. 
Shes (x+ 1? i (x+ 1? a J, (x+ 1? + J, (x+ 1? 5 J, (x+ 1? ? 
b 
. dx = : 1 b 
" jim _ f aie = , Jim - leas = oo, which diverges => fx wri diverges 


i |sin —— x| dx —2 te |sin x| + |cos x| a+ [eos x| dx > te Shtaccostix de 5 lim, b dx re 
—oo ~ fxf+T [+ a + 1 o x+1 








_ : _ : °° |sin x| + |cos x| 
=2 » lim (In |x + 1|]} = 00, which diverges > ie Ter ax diverges 


f i. @ED 43 dx = 0 by Exercise 80(b) because the integrand is odd and the integral 





co 
x dx ” ax 
{ G1) (42) < > x converges 


Example CAS commands: 
Maple: 

f := (x,p) -> x4p*In(x); 

domain := 0..exp(1); 

fn_list := [seq( f(x,p), p=-2..2 )]; 
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90. 


91. 


92. 


Chapter 8 Techniques of Integration 


plot( fn_list, x=domain, y=-50..10, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], thickness=[3,4,1,2,0], 
legend=["p= -2","p = -1","p =0","p = 1"","p = 2"], title="#89 (Section 8.8)" ); 

ql := Int( f(x,p), x=domain ); 

q2 := value( ql ); 

q3 := simplify( q2 ) assuming p>-1; 

q4 := simplify( q2 ) assuming p<-1; 

q5 := value( eval( ql, p=-1 ) ); 

il := ql = piecewise( p<-1, q4, p=-1, q5, p>-1, q3 ); 


Example CAS commands: 


Maple: 


f := (x,p) -> x4p*In(x); 

domain := exp(1)..infinity; 

fn_list := [seq( f(x,p), p=-2..2 )]; 

plot( fn_list, x=exp(1)..10, y=0..100, color=[red, blue, green,cyan,pink], linestyle=[1,3,4,7,9], thickness=[3,4,1,2,0], 
legend=["p = -2","p =-1","p=0"","p = 1","p = 2", title="#90 (Section 8.8)" ); 

q6 := Int( f(x,p), x=domain ); 

q7 := value( q6 ); 

q8 := simplify( q7 ) assuming p>-1; 

q9 := simplify( q7 ) assuming p<-1; 

q10 := value( eval( q6, p=-1 ) ); 

i2 := q6 = piecewise( p<-1, q9, p=-1, q10, p>-1, 8 ); 


Example CAS commands: 


Maple: 


f := (xp) -> x4p*In(x); 

domain := 0..infinity; 

fn_list := [seq( f(x,p), p=-2..2 )]; 

plot( fn_list, x=0..10, y=-50..50, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], thickness=[3,4,1,2,0], 
legend=["p = -2","p =-1","p =0"","p = 1","p = 2", title="#91 (Section 8.8)" ); 

ql1 := Int( f(x,p), x=domain ): 

ql1 = Ihs(i1+i2); 

™ = rhs(il+12); 

= piecewise( p<-1, q4+q9, p=-1, q5+q10, p>-1, q3+q8 ); 

“= piecewise( p<-1, -infinity, p=-1, undefined, p>-1, infinity ); 


Example CAS commands: 


Maple: 


f := (x,p) -> x4p*In(abs(x)); 

domain := -infinity..infinity; 

fn_list := [seq( f(x,p), p=-2..2 )]; 

plot( fn_list, x=-4..4, y=-20..10, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], 
legend=["p = -2","p =-1","p=0"","p = 1","p = 2"], title="#92 (Section 8.8)" ); 

q12 := Int( f(x,p), x=domain ); 

q12p := Int( f(x,p), x=0..infinity ); 

q12n := Int( f(x,p), x=-infinity..0 ); 

ql2 =q12p + q12n; 


N 


~ = simplify( q12p+q12n ); 
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89-92. Example CAS commands: 

Mathematica: (functions and domains may vary) 
Clear[x, f, p] 
f[x_]:= xP Log[Abs[x]] 
int = Integrate[f[x], {x, e, 100)] 
int/.p— 2.5 

In order to plot the function, a value for p must be selected. 
p=3; 
Plot[f[x], {x, 2.72, 10}] 


CHAPTER 8 PRACTICE EXERCISES 


4x? —9 2 3/2 
1. fx 4x? — 9 dx; pares = 1 f fadu=}-? u3/? +C = d (4x? — 9) +C 


— 2 
£ fea/RFTie [tS 4] - Jytertor vento sah sc 





u=2x+1 a 
: froxs ni as [Oro | ae ae 


_ 2x+ 1? (2x + 1)3/? 
i 10 6 +C 


1) Jadu = } (fu? du ful’? du) = } (2u9/? — 2 y9/?) +C 





4. i dx; ieee + -fo2 du = (v- +) du = 3u3/? — 2u/? +C 
= 3(1—x)9/? - 20 — x)? +C€ 











5 xdx , | U= 8x? 1 1 du 1 V8x? +1 
. Be 41? | = | — if 6° Dul/2 + ¢ — z+ 
6 x dx : u=9— < af du 1 1/2 C V9 — 4x? 
7 Vo an? > z Ja z° uu + -~ Zz +! 





dy. u=25+y? 1 u 1 1 2 
7. aeons +1 f%=1mjjl+e= 5 n(25+y”)+C 





=4+4y! 
8. seas(y +y | +1 f%=1mjjl+co=tin@+y) +e 








du = 4y? dy 
oa, | u=9—4¢t 1 fia __ 1 .» 1/7 _ oat 
. Fa | ann 168 a fe 6 ee 5 Te 


2tdt . i 
’ [la oa + fe= tan“tu+C = tan??? +C 


5 = 5/3 4.4 5 5 
ip ee (28/9 +1)" a; lane 3a al ae a du= $$ += 3 (B41) +C 
23 
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12. 


19. 


20. 


21. 


25. 


‘ = 4/5 
-1/5 Hyal/2 u=1+z 
fz (1 +Z ) dz; dig 47-15 ay 








1 
2(1 — cos 26) si 


sin2gag_ , | U= 1 —cos 20 1 fdu__ 1 = 
rite | hn bain ae [@=-g+¢= 





cos@dé_. u=1-+siné == 1/2 = 
J aettes [in eoue | — > fay =? +C=2/1¥sind +C 
sintdt . u=3+4 cost 1 du __ 1 
; f s&s | aun aamtae| = —} f% 1p juj4+o=—}n[34+4cost|+C 





cos 2tdt . u= 1+ sin 2t 1 du _ 1 eee | : 
; fees; eee | =? 1 f' —1injul +C=}in|1+sin 2] +C 


. u = cos 2x 
: ff (sin 2x) e°* dx; Pee => —2 fedu=—te'+C=—hem*+C 


u = sec X 
: f (sec x tan x) e** dx; | | 


du = sec x tan x dx a fe Slee ee 
u = cos (e”) 


Je’ sin (e”) cos? (e’) dO; os v| = f-wdu=-14+C=— 1 cos? (e%)+C 


0 
fe’ sec? (e’) dd; la ce | = fsec? udu = tanu+C = tan(e’) +C 











=e’ dd 
fra = +e 2. fodx= 4 (FF) +c 
Sts [ quota | = f® =injul +C=m[nvj+c 
. Sratcs: |e ta | = f® =injul+C=inj2+Invj+C 
S emt’ eee > fF = mul +C = In [2+ tanrtx] +C 





_ u=sin-!x 
fuze.| dx => fudu=iw+c= $ (sin tay ee 








=sin-'u+C=sin"! (3) +C 








Tiga = J 7 re wx| > o> fats 
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3 
dt_—_l da | US Gt 1 du 1 gt 1 gin-1 /3t 
29. V16— 902 Sy ay [arate = 4 fo =F sin u+C= ; sin (#)+C 
dt 1 a _,| u=3t 1 du lo 2t 
= v9 wail 1 (2) du = 2 dt e9 [a ~ 2 Sin” tu+C= 5 sin™ 1(Z)+4C 
“(4 3 
1 
di reer: d P Uu= 3 t 1 d 4 4 4 A 
31. ote = re ae — 3h fate = San tu + C= pra! (3) + 
=3 
a, | u=St 1 de. 3 af 4 o 
32. J tise: pe 7? wie =; tan‘u+C=; tan (t)+C 
4d 4-445 
ae I Jase a16 sJ—4 ae 3 sec! |3|+C 
6d = d = =i [2 
34, Jax dees 2 sec! |X| + 
4 
d _ dx—2) os 4 x2 
35. Jae 7/0, sin (45 )+C 
36. laf es = sin”! (x—2)+C 
= y—2) — 1 tan-} —2 
Un pee! ay 78 =/<% pea = tan? (*5-) +C 
di _ d(t+2) __ =] 
38. fats = i tan~* (t+ 2)+C 
dx = d(x—1) —1 _ 
a0) Sais ~J—o25- sec’ |x—1]+C 
dv _ d(jv +1) a 
ae las Jaa sec" |v+1/+C 


41. 


42. 


44. 

























































































SMES 6 


fsin?x dx = f 1=99828 dx = ¥ — 
cos? 3xdx= if tetsenee dx=%+"24C 


u = cos 
du = — 


__fsin® £49 = f (1 — cos? 2) (sin $ S) do; 


a2 39 _ 8 
= = COS” 5 2cos5+C 





f sin’ @ cos? 6 d@ = fa — cos? 8) (sin @) (cos? 6) dé; | 
_w w — cos’ é cos? @ 
= 5 > gf CSes His Fe 
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u=cos@ 
du = — sin 6 dé 


Chapter 8 Practice Exercises 


id 
2, | + -2 f(1—v?) du 


1 . 
3 Sin 5 dé 


J--f 


561 


562 


45. f tan’ 2t dt = f (tan 2t) (sec? 2t — 1) dt = fran 2t sec? 2t dt — f tan 2t dt; | 


fo sec*t dt = 6 f (tan? t+ 1) (sec? t) dt; | 


J 


J 
| 


Chapter 8 Techniques of Integration 


— 2 ftanusec?udu— f tanudu =! tan?u+ } In [cos ul +C = 


= } tan? 2t — 3 In |sec 2t| +C 


=2tan?t+6tant+C 





u = 2x 


=| ae fee 


cos 2x ’ 
= In |sec 2x + tan 2x| + C 


2 dx 
cos? x—sin? x 


le 








cosu 


| 





-(-)=2 


Qn 5 Qn 7 Qn x 
eine = = x = x _ x = oe 
f 1 — sin Fax = [i Jcos 8] dx = J’'cos ¥ dx ti cos 5 dx = [2 sin x|" 


=(2-0)—@-2)=4 





a V1 — cos 2t dt = /2 [7 lsin dt = 2/2 i 





[V1 eos 2% at = V2 [ |cos t dt = 


u = tant 
du = sec? t dt 


1 — cos? 2x dx = J \sin 2x| dx = [P'sin 2x dx — Je,sin 2x dx = — [98] 


V3 ie 


u=2t 
du = 2 dt 


; tan? 2t + 3 In |cos 2t| +C 


| — 6 f (u? +1) du=2u? + 6u+C 


. en - {= = f csc 2x dx = — } In |esc 2x + cot 2x| +C 


J 


= f sec udu = In |sec u + tan u| +C 


n/2 [2 
. [o, Vesey —Tdy = J cot y dy = [In sin yl] 73 = In —In J; =In V2 
2 ae 30/4 30 
fe cot? t+ 1 a= fi esc tdt = [—In |cse t + cot t]] "= —In |ese #2 + cot 24] + In |esc 5 + cot 4 
1) (V2+ 
= = In| 2-1) +1n| 7241) = In ]22+4| = In beet) 1)) _ = In (3 +2V2) 





n/2 
0 


cos 2x] 7™ 


+P ln 


ad 


[2 sin x]? 


"20/2 Cin 82 


x/ 
sin t dt = [-2 2 cos | 
0 


Qn 
cos t dt + Jf2 f 2008 t dt 


= —/2 [sin t]*” + /2 [sin t] 37). = —/2(-1 - 0) + V2[0 - (-1)] = 2/2 














2 

5 =x i= =x-2tan1(%)+C 

xidx __ x (x2 +9) — 9x _ f 9x x2 
9+x2 x2 +9 dx = (x #45) dx = 2 





2 In(9 +x?) +C 


4243 dx = f [ax +1) + x45] dx =x4x?42In [2x —1|+C 

mde — (24 —8-) dx = 2x + 8In|x—4|+C 

x-4 

2y-1 2y di d = 
Ss oy = f BS — fp = in? +4) — fear ( 





y 
2 


)+C 
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ft4 ay = fxy+4 | a= hat 











Chapter 8 Practice Exercises 


+1)+4tanty+C 


fa dt = it +2 fot = —/4—t?4+2sin7! (4) + Cc 

















jueves dt — a a+fe =-2/1-t41n {t| +C 


fe Bac, 2 
; J tan x dx _ -f sin x dx =| ane aes x)( a x) dx = {= 1 + cos x dx 
tan x + sec x sinx+1 1—sin? x cos? x 


pes f+ fox= xy ~ tanx+x+C=x-—tanx+secx+C 


COS* X 





f cotxdx  __ [pe _ (cos x)(1 — cos x) 
cotx+cscx cosx+1 ~~ 1 —cos? x 





= ant 
dx = = ws sin’ xX qy 


= finn — foe + fax =-— 2 4 cotx+x+C=x+4cotx—cscx+C 


sin? x 


.|y=s- 3x dy) _ ee! 
__f sec (5 — 3x) dx; Reed = Jscey-(—¥) =-4 fscey dy = —} msec y + tan y| +C 


=- 4 In |sec (5 — 3x) + tan (5 — 3x)| + C 


J x csc (x? + 3) “= © Pose (x2 +3) d(x? 


J cot (%) dx =4 | cot (5) (3) d (3) = 4 In |si 


+ 3) = — 4 In [esc (x? + 3) + cot (x? + 3)| +C 


n(3)| + 


__fitan (2x — 7) dx = 3 f tan (2x — 7) d(2x — 7) = — } In [cos (2x — 7)| + C = } In|sec (2x —7)| +C 


_ fx i=xax | oa > =~ fa-wyid= f (u/ [2 —w/?) du = 2u°/? — 29? +C 





= 2-0)? -2(0- x9? 4+C= 2| 


2x+1 
. [3x 2x1 dx; ee oa 











= 42x41)? —$Q2x+ D9? +C= 


3 5 
(v =) (v a x) 4 Cc 
1 du = 3 ['( 3/2 ul/2) u=2.2y5/7 2 8/2 4.¢ 
3 (/2x41)° J2x+1)° 
( ea ( am +c 


af z2+1dz; [a= ceo = f Vian? 0+1- sec? 9d0 = f sec a0 


= seedtand + 3-2 =a) sec 6 dO (FORMULA 92) 


i, + §In|sec 6 + tan 6| +C 


— Wet +}in|z+ V1+2|+C 





; z—4tand 
dz = 4 sec? 6 d0 


4sec20d0 _ 1 f 2 = 
{— = je J cos dd = 75 sin 6+ C= 


Zz 
16/16 +27 +C€ 
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dy dy du _ yy. u = tan 0 sec? dg _ 
73. Sas ~ 5 Lear, V1i+u ’” [u 3] _ Ps al a Vi+tar2@ sec 0 dé 


= In |see @ + tan 6| + = In| [Fw +u]+C, = 1+ (2)? +2 +, = In| YF 49) 4.¢ 


= In ly + /25+y2|+C 

















d _- ll d a | du _ 1 : 
74. Sa&e Ein oy eo in| 1+ +ul+C, from Exercise 73 


— 41In|./25 + 9y? | ee 





: Int: Pasert = foes = focsc? 6 40 =-cot@+C=—4-¥ + 


vi-x’’ | dx = cos 6 dé cos 6 
[u = cos 6] — — f (1—v?) du=-u+#£4+C=-—cos6 +} cost@ = — i-x+10-x)"+¢ 
Note: Ans = — vinx zV/1 x? + C by another method 


76. x? dx ‘| x = sin@ | a f= dcosod? — f'sin? 9 49 = [ (1 — cos® 9) (sin 6) dd; 








Vi-x’ | dx = cos 6 dé cos 6 
= }0—sin0cos0= sin = AVE ae +C 


77. x?dx_. | xX = sind | aay f= Gos 0dé = fosin?@ a9 = [ L228 dé = $0—4sin20+C 


; x = 2siné 1: 
78. f Pe te | ya 9 a = J2cos @-2cos 6.40 =2 | (1 + cos 26) dd = 2 (6 + } sin 20) +C 


= 20 +2 sin 0 cos 0 +C = 2 sin! (4) +x 1= (2)? #C=2sint (2) 4 24-F + 





79. 





x = 3 sec 0 3 sec OtanO dd __ 3 sec OtanOdé __ 
Is - ‘lena dai ad [9 sce 9 1 3 tan 6 = J sec 9 ao 


= In |sec @ + tan | + C; = In i+ V@?=i]+c=in kt vx? v= 9) + = Infx + Vx? —9] + 














12 dx xX = sec 6 12 sec 6 tan 6 dO 12. cos @d0 . u= sin 6 12 du 
80. J Gn: [acevo i are = a Freeper ~ J ‘ 


= 12 = 
=-%+c=-2 





+C=- 7X +C 


sin and 








dw = sec @ tan 6 d@ sec 6 


=tand-0+C = Vw? —1—sec!w+C 


81. [How | w = sec 0 | a. f (= )- sec 0 tan 0. dd = | tan? 9d0 = | (sec? — 1) a0 





V2—16 4. z=4 sec 0 4 tan 6-4 sec @ tan 0.d0 _ 2 = = 
82) fF as) ay Sece on , fAunbdtsccouned — 4 f tan? 9 dd = 4(tan 0 — 6) +C 


= z? —16—4sec7! (2) +C 


83. u=In(x+ 1), du= =* : dv = dx, V=X; 


fin+ Idx =xint+1)— fy dx=xine+1)— faxt fe =x )—xtinxe+ D4 
=(x+)Ink+1)—x+C, = (x41) In(e+1)—(*4+1)+C, where C = C, + 1 
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84. u=Inx, du = %; dv = x? dx, v= 


1 
3 
feinxdx =!x3Inx— [4x3 (2) dx==inx—=+C 


85. u = tan! 3x, du= 2 dv = dx,v =x; 


ioe 


= = = axdx , | Y= 1+ 9x? “7 1 fay 
fran 3x dx = x tan ox ft — xtan 3X — § - 





= x tan“! (3x) — ¢ In(1 + 9x?) +C 








86. w= cos (3), da= dv =dx,v=x 


—dx 
V4—-x2’ 
x (% x dx 4— ie 
Jeos-* (3) d= x00 "0 [2a @-1S% 


=x cos” 1a) - V4—x?+C=xcos!(% 2/1 


87. e* 





(x+1)? ——+» 


2(x + 1) en e* 
(+) 


e* 


> J+ Det dx = [KF 1% —AK+ 1) 4+2er+C 


88. sin (1 — x) 


Xi ——— cos (1 — x) 


2x——» —sin(l —x) 
+ 
Se, —cos(1 — x) 
0 > fx? sin (1 — x) dx = x? cos (1 — x) + 2x sin(1 — x) — 2 cos(1 — x) +€ 
89. u = cos 2x, du = —2 sin 2x dx; dv = e* dx, v= e"; 


I= fe* cos 2x dx = e* cos 2x +2 f e* sin 2x dx; 

u = sin 2x, du = 2 cos 2x dx; dv = e* dx, v= e’; 

I =e cos 2x +2 [e* sin 2x — 2 fe* cos 2x dx| = e* cos 2x + 2e* sin 2x — 41 => [= Segetx 4 Ze sine 4 C 
90. u = sin 3x, du = 3 cos 3x dx; dv = e-* dx, v = — 58% 


I= fe sin 3x dx = — 5 e-** sin 3x + 3 fem cos 3x dx; 


u = cos 3x, du = —3 sin 3x dx; dv = e* dx, v = — se; 
I=-je” sin 3x + 3 [— $e cos 3x — 3 fee sin 3x dx = — te sin 3x — 3e-™ cos 3x — 21 
>I[= 4 (= $e sin 3x — 3e-** cos 3x) +C=-3e* sin 3x — 4 e™* cos 3x +C 





91. Iz xi = f 2% (eS = 21n |x — 2| —In|x—1]+C 





_ 3 d 1 d: _ 3 1 
92. fate, =2 fs -2 fo =n t3/—-dinfxt+ +e 
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93. Jur -SG-4 + aah) dx = In |x| - In|x+1)+ 45 +C 





94. f tt dx = f (2; —2- 4) ax =2n|[S2]424C=-2In [x] +2 42Infx- 14 


x2(x—1) x-l 





0dé — d — 1 as, +2 
95. f rit; leos@=yl > —fogta=-3f 6+3 f=} In [243 a] +c 


= 3 in| ett +C=— 3m lSaeal tC 

















cos 6 dé ‘ _ dx =, dx 1 dx: 1 sin @—2 
96. J azorsna—e > [Sin@ =x] > f x tx-6 7 5 L& 5 i= = 5ln Sn oa| +C 





= 4 In |x| — $ In(x? +1) +4tan-?x+C 





97. 











J 
J 

98. fe = [44 = 2 tan“! (%)+C 
J 


99. 








+3)d 
se = 1 f ( 2+ aia tats) dv =—2In|v|+Xn|v—2)+4n|lv+2)/+C 


rams 
= jg In 





wa afr a 4¢ 








oe +C 


(3v —7) dv = (—2) dv dv 
100. eK ~ J v=l +f ae ee =In WD 

















101. [ee ee gis = 5 tan t— 1 tan! (4,) +C= Stan tt— 8 tan“! 4, + 








102. f até, =1f gH —2 ft, = bin [?-2-2m(@+1)+C 


—-?—-2 t—2 3 +1 
f dx 
x+2 








WIE 


103. f 228, ax = f (e+ p25) dx = fxaxt? f+ 


=*©+4in|x+2/+2In[x-1/+C 











tod. fttdx= f+ S44) dx= ffi+ phy] ax= fox+ fy - [8 =x +n[x-1)-mpj + 








105. f Ba ax = f (x- ) x= fxaxt3 fs -3S& 


= © —2in|[x+3|+2in[x+1/+C 








106. fe areatbee ax = J [Ox— 9+ hcg Jax = fex—3yaxg) fo? fos 
=x? —3x+2In|x+4/+4In|x—2|/+C 


























dx F = dx 2 udu __ il du 1 du __ i 1 
107. Satay: du 2V/x+1 ss 2 fe = fe 4b fe = be 1) - bm +a+e 





dx = 2u du 
| x+1-1 
= tin At] 4c 
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109. 


110 


111. 


112. 


113. 


114. 


115. 


116. 


117. 


118. 


119. 


120. 


Chapter 8 Practice Exercises 


u= Vi 




















lest du = 32 Jor85 3 Sas = 3 lal +c=3mn| 
dx = 3u? du 
u=e—-1 
oe ake Sats = Ja+feq In| | + C= In |S 4|4+C=n]l—e+|+C 
S=a4T 

















ds 3 — _eds 2u du _ du _ du du 
vest | a Sa, -2/ ete = SS f= In [S54] +C 














d d(16 — y” 16 v2 
(a) Tis pe 3 rd = a 
(b) 2 ; [y =4 sin x] 4 [ soxooxds = —4cosx+C= dyis=y. +C=—-V1l6-y?+C 




















x dx 1 d(4 +x’) 
(a) a= 5 ce = V44+x2+C 


+ x2 


(b) aera [x = 2 tan y] if Pimps’ ydy — 2 [sec y tan y dy = 2secy + C= V/44+x2+C 











_2 
@ fet =-3 [GaP =-pm-x] +c 
(b) fet [x = 2 sin 0] J Psng2seses® — f tan 6 dd = —In |eos 6| + C = —In( Exe 
=—- $n|4—x]+C 

















2 
(a) Aes =} Lanne 














(b) f n=; [t ; 5 sec 6] fe a ri 1 f sec? @ d0 = =™84+C= vat = ee @ 














+C 


1 
J9—-xX? 


tie | LS ae ifm 1 a7 2 = 
es | eke | 1f ==— 7 ln jul+C na+C In 











Saw =} fe 4 Lf 1 f 5 = 2 in |x| 75 In |3 — x| — #4 In|3+x/+C 
=jhn abl — 2 nox] +C 











fee Hh fe 44 f& =-h[3—x/+ hn 34x) +C= } [243] +C 








dx - x =3sin0 3 cos @ s.—l xX 
Ss aa yao] — [3284 ae fdd@=60+C=sin'F+C 


. . . A ao ah 
J sin’x eos dx = fcos*x(1 — cos?x)sin x dx = cost sin x dx — J cos®x sin x dx = —ST* + SA +C 


: ; 2 
J cossx sin?x dx = J sin’x cos*x cos x dx = J sin® x (1 — sin*x) "cos x dx 





. ° ° cin G: 38 ni AO, 
— f sin’x cos x dx — 2 f sin’x cos x dx + f sin®x cos x dx = a 2s x ae +C 
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121. 


122. 


123. 


124. 


125. 


126. 


127. 


128. 


129. 


130. 


Chapter 8 Techniques of Integration 


Lf 
ftan*x sec?x dx = =e +C 


ftan3x sec?x dx = J (sec?x _ 1) sec2x - sec x - tanx dx = fsectx -sec x- tanx dx — f sec?x - sec X- tanx dx 


5 


— sec x sec?x 
Harr atc 








fosin 50 cos 66 dé =  f'(sin(—6) + sin(110)) dé = © f'sin(— 0) dO + = 1 fsin( 110) dO = }cos(—0) — £cos 110+C 


a 1 
= 3cos 6 — 35 C08 110+ C 


{cos 36 cos 30.49 = 1 f (cos0 +e 


ff 1 +c08(4) dt = [ /2| cos | 


os 60) d =}fao+3 Jcos 6040 = 10+ sin 69 +C 


dt = 4,/2|sin s|+C 


fe tan2et + I dt = f |sece'| ef dt = In| sec e' + tane'| +C 


3- 
Es] S Tea 





1 (Ax)*M where Ax = 2= 











Sige or! =f OSs Sie Sea 


n 


=> f(x) = 24x~ which is decreasing on [1,3] = maximum of f(x) on [1,3] is f(1) = 24 = M = 24. Then 
|E.| < 0.0001 > (354) (2)*(24) < 0.0001 + (28) (4) < 0.0001 > + < (0.0001) (482) > n* > 10,000 (28 


180 


180 


=> n> 14.37 => n> 16(n must be even) 


|Er| < 45° (Ax)? M where Ax = 
=> 2 < 108 = = 3£ > 1000 > 











1-0 1:9 < fx) <8 => M=8. Then|E,| <10-* = 4 (1)*(8) < 10° 
n? > 20 = n> 25.82 > n> 26 











b-a am—0 T 
Ax n 6 6 2 


6 
> mix) =12 > T=(4 


i=0 





























smi = 18 and =* = 


i=0 


ra 




















oe Xj f(x;) m mf(x;) 
Xo 0 0 1 0 
) 2) =n; x, | 76 12 2 i 
Xo t/3 3/2 2 3 
x3 7) 2 2 4 
X4 2n/3 3/2 2; 3 
X5 57/6 1/2 2 1 
XG T 0 1 0 
X f(x;) m mf(x;) 
Xo 0 0 1 0 
X} 7/6 1/2 4 2 
XQ t/3 3/2 2 3 
X3 r/2 2 4 8 
X4 2n/3 3/2 2 3 
X5 57/6 1/2 4 2 
XG Tv 0 1 0 
































[POW] <3 > M=3;Ax= 22! =! Hence |B, < 107° > (23) (1)°G) < 108 = A < 108 Ss nt > 


n 


=> n> 6.38 => n> 8(nmust be 








= 565 [( 37 ( COs [5 (365 


On 


even) 





Yu = xq J, [37 sin (2% & - 101) + 25] dx = a [-37 (255 cos (2% (x - 101) + 25x)] 2% 





101)| + 25(365)) — (—37 (382) cos [24 (0 — 101)] + 25(0))] 





= — #1 cos (#4 (264) +25 + # cos (24 (—101)) = — # (cos (2 (264)) — cos (24 (—101))) + 25 
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~ — #1 (0.16705 — 0.16705) + 25 = 25°F 





675 7 675 
132. av(C,) = as4g fi, [8.27 + 10-§ (26T — 1.87T?)] dT = a [8.277 + ie T? — 982 T3] 



























































% ce [(5582.25 + 59.23125 — 1917.03194) — (165.4 + 0.052 — 0.04987)] ~ 5.434; 
8.27 + 10- (26T — 1.87T?) = 5.434 = 1.87T? — 26T — 283,600 =0 > Tx vee remnen 
~ 396.45°C 
133. (a) Each interval is 5 min = 4 hour. 
4q[2-5 + 2(2.4) + 2(2.3) + ...4+2(2.4) +2.3] = 3 = 2.42 gal 
(b) (60 mph) (55 hours/gal) ~ 24.83 mi/gal 
134. Using the Simpson's rule, Ax = 15 > ox = 5; Xj f(x;) m mf(x;) 
S> mf(x,) = 1211.8 > Area (1211.8)(5) = 6059 ft?; Xo 0 0 1 0 
The cost is Area « ($2.10/ft2) ~ (6059 ft) ($2.10/ft2) us = _ ; a 
Koay 1 X2 
= $12,723.90 = the job cannot be done for $11,000. 7 5 3] q 04 
x4 | 60 49.5 2 99 
xs | 75 54 4 216 
X6 | 90 64.4 2 128.8 
x7 | 105 67.5 4 270 
Xs; | 120 42 1 42 
; dx : dx : x\]> : : b ‘i 0 1 1 
135. Jf, sow = pm Jo Joos =, lim [sin ? (3)], =, lim. sin? (3) — sin"! (3) = 3-0 = 5 


1 
136. fo inx dx = lim [xinx—x],=(1-In1—-1)— lim, [binb—b])=-1- lim, ®2 =-1- lim 
0 b— ot b— 0t b 


=-1+0=-1 








1 0 1 
ii J a - ps + a =2f- 3 yn Se re [y""],=6(1— lim, b') =e 





C _ ‘8a dé . . 
138. f. wes = f, oa i . ee + f @1 pws Converges if each integral converges, but 


jim | = = | and ie we diverges > _— diverges 











139. f° Pie = J ats — JP 2 = tim, [in [252 (]) = tim, [In [252] - m |252| = 0-0 (G) = m3 








140. fo fabdv= fo (E+ 4-74) dv= lim [Inv—2—In@y—1]} 
= lim [In (g2+) — t] —-dn 1 -—1-—In3)=In¢ +143 =14+Inj 








141. ie xXe*dx= lim [—xe*—2xe*—2e7]) = » lim (—b?e> — 2be> — 2e°) — (—2) = 0+ 2=2 


142. fo xe® dx= lim [x ex — = e*| =—1~-— lim (2 e> — 1 eo”) =—i_-9=- 





143. fats =2 Sp atts = 4 Jp ay = 4b tim, 3 tant ()]) =} lim, [3 an (%)] - fan © 
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144, f™ te, = 2 f” foe = 2 lim [tan (3)]} =2 (lim, [tan-? ()] — tan} (0) =2(2)-O=" 
145. im TEI = 1 and {2 diverges => Sos diverges 


ee aaa _ 4: = b PP cata _ : ug b on 
146. I= fre cosudu = lim [—e cos ul? — fe sinudu=1+ lim [e sin ul’ — f (e) cos u du 








= I=1+0-I 2I= 1 I 5 converges 


oo e [ore 276 
147. [2 d2= [dz [2 dz = [oe] + lim |“ ] = (4-0) + tim [or — 3 
© e — CO 


= oo => diverges 
148. 0< = <e‘fort > 1 and iM e' dt converges => I <, - dt converges 


ae 











foe} foe) 
2dx __ —2dx_ 
149. J. = 2f Pee hee converges 


are x 








co -1 0 1 
d. _ d. d: dx : 
150. i- riers) + i. 20S) + Jum ite) a o «e(l es) 7 1 atts ’ 


1 
x 


_— 








_ tim BU te) _ ae 
Jim, E , = Jim, z= Jim, (1 + e*) =2and f% y diverges > J, a7 yen diverges 


x? (1+ eX) 





=> ie Ute) +e diverges 





151, JA%s: 


= —x+4+2 x—2In(1+,/x)+C 





| - feeue = f (20 —2u+2— 72.) du= fue —u?+2u-2In|i+ul/+C 




















152. dx =— f (x+ 442) dx =— fxdx—-3f 4-8 f 4 =-%- 3x +2|-3in[x-2/+€ 
dx : x = tand sec? 6 dé cos? ou 1=sin® 0 
re ieee, ; Fae J arts = J oe = f(a ) atsin ) 
2 
= In |sin 6| — 5 sin? 9+C = in| 535] (73) +C 





= f ssu2udu — 2 f'cos udu = 2sinu+C =2sin /x+C 





154, fe ax; oo ve 
a 


_ 4 
Vx du = 5 











dx _ d(x + 1) | 
155. fr —— sin-!(x +1) +C 





_ 42 
156. Dat u=t 2t | > 3 f= fatc=Ve-2+¢ 


—2t F = (2t — 2) dt = 2(t — 1) dt 


157. Joes le = tan ol = J 222 = Im [see @ + tan 6] +C = In| YT+u? +u] +C 
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158. 


159. 


160. 


161. 


— 


162. 


163. 


164. 


165. 


166. 


167. 


168. 


169. 


170. 


171. 


172 


J 
ee 


sin2 Xx 


=cosx+sink gy — f 2csc?x dx — fae + fcsc x dx = —2 cot x + 


Chapter 8 Practice Exercises 


e' cos e' dt = sine' +C 





— In |esc x + cot x] + C 


sin x 


= —2 cot x + csc x — In |csc x + cot x] + C 


fxg do = f 288 ao = | sec2949— [dd =tand—0+C 





9 dv 





i dv 1 dv __ 3+Vv 1 Ty 
pai feoté aay! 12 Say 41 ool (ee tan +C 








cosx dx __ d(sinx) __ =1 7-2 
fees = [2 =o (sin x) +C 





cos (20 + 1) 





$—_—-+ $ sin (20 + 1) 


|1-_4 —F cos (26 + 1) 


* dx pe i 
J qv =, lim, 


= [6cos(26 + 1) dd = § sin(20 + 1) +} cos(20+ 1) +C 


[a]? = lm, [4s-Cp] =041=1 





Jota fo = [ +242! st) )ax = fx+2d4+3f 4+ fp 
=*+42x+3in|[x—1]/--,4+C 





eae Pe 
=# (14a) 


x sec \/x , 


2 sin \/x dx , y=\x 
dy 





f= («+2 





| seat fs ] 








do = 2(x — 1) dx 


= 4, | fps =2f /xdx-2 f% = 43/2 _ 4x24. 


-4(1+ V8)" +0=4 (om V1l+ Vo} +c 





i : a5 ftsinx2ra = [2 sin 2y dy = — cos (2y) + C = — cos (2,/x) + C 


= ah 





16x =24 f (4 wy) ) dx <4 1n 





a=4|+C 





f= EET = =f as — f2 csc (2y) dy = — In |csc (2y) + cot (2y)| + C 








_ V3 tan-l (O-1 
las 244 =-{—4s- 3 tan V3 +C 


[= dx = f tan x sec? x dx = f tan x - d(tan x) = } tan?x +C 





cos* 


d(r+ 





= sec! |r+1/+C 








. Sa - = J 


ae 
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~Ju+C=-V/4-04+22+C 


@+2)dr _ +yar , | u=4—(r +2)? _ fia 
ie. V-r —4r V4—( +2)?” bw —2(r + 2) dr i 





d d 2 = | 
m4, fee = 2 [AO =tan(F) +e 


175 sin 26 d0 1 dd. +cos 20) __ 


2 
-+cos202 ~~ 2 J A+cos20e — SST = i sec” 0+ C 











176. Sa =f oS = aay t gin |$44|+C (FORMULA 19) 


(1—x?) x-1 


1/2 n/2 n/2 
177. I, TF eos 4x dx = —/2 J” cos 2x dx = [— 2 sin 2x| =2 


7/4 





178. [sy dx = 4 fsydex+=4 (SZ) + 








179. f x dx a pase ; fy pay — 2 ye? — 4y/? 4. C= 3(2—x)? — 472 — x)? +€ 


-a| es ey oe 





+C 











180. [MS av; [v= sing] + festeosea — [Usa ee — fosc2g ag — [do = cotd—0+C 


sin? 0 








d 7 dy-) 4 
181. fay = f Sy = tant - +E 








=,/x—-—1 ¢ 
182. fin x — 1 dx; E dx | = Jiny-2y ain tny.an = 9 say =29y.0 9 
Y= 
> f2yiny dy =y? Iny— fydy=y?Iny—!y?+C=@-D)inyx—-1-16-)4+G 
= $[«-1)In|x— 1]—x] + (C1 +4) =§ [kIn|x— 1] -x—In|x—1]}+C 
183. J 6 tan( 6°) d =! ftan( 0°) d (6°) = } In |sec 63| +C 
184. xo 











Gee (= arn i = } sin 1 (#31) +C 


185. fotty az=} f(b +4 - 344) az =P infe|—2-} ine? +4)-f tan 24+ 





186. fer dx = [x2e" d(x 2) =1 (ee) ¢ c= 2 +c 














dt 1 fdo-4t’) 1 ‘ 
187. J A= ES 1V9-4?+C 





188. ee 1+ cos 56 dé = re ia cos (%2) dé = ae [sin (%) i = 22 (sin i — 0) = 
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189. 


190. 


191. 


192. 


193. 


194. 


195. 


196. 


197. 


198. 


199. 


200. 


201. 


202. 


203. 


Chapter 8 Practice Exercises 








{=e = cos 6 dé xX = sind : f dx -[* {2% 
1+sin? 0 (sin 8) (1 + sin? @) ° dx = cos 6 d@ x(1+x?) Xx e+] 


= In |sin 6] — 5 In(1 + sin? @) +C 





dx = 
1+x? ? x? x 


wi tanta forigy =— daria fe fA 
= —‘ tan"! x + In |x| — 5 n(x?) + C= — 8 4 In —InV1+x?+C 














JS Wa = f= = In [see x| + C = In |sec /y| + C 





J fuile=1 Sata e ies f= In |x + 1] —In|x+2|+C 
= In |E55|+C = In (S45) +€ 


























f 2% = f(-14 <4) oe = fao— [+ [ % =-6-—mo—2)4+ m9 +2) + 
=-6+In|#2/+C 





f eee dx = f tan?x dx = f (sec?x — 1) dx = tanx—x+C 


1+cos 2x 


V1—x? du = 





— gip-l 
cos (sin7! Ay Ge US sine a ne eae - 1 2 
ee dx — |cosudu=sinu+C =sin(sint x) +C=x+C 





V1l-x? 
cosx dx __ cos x dx = cos x dx — 2dx_ __ 
f sin’x—sinx (sin x) (1 —sin? x) ~ (sin x) (cos? x) ~_ f sin2x 2 fese 2x dx 


= In |csc (2x) + cot (2x)| + C 


x x — Jlan(x x —1 i --1 
J sin 8 cos ¥ dx = [4 sin(3 +3) dx =} f sinx dx = 3 cosx +C 











x?—x x x dx _ ‘ ; -] 
J =F dx = Jes less, = a7 tan”! (=) te 5 oe +2) °4+C 


= J; tan (=) + agtpy + C 





f edt —In(1+e')+C 


1+et 


fan? tdt = f (tant) (sec? t = 1) dt = wnt — [tant dt = tant _ In |sec t| + C 





x=Iny 
co co co 
d “eX 7 : 7 : 
f Inydy | dx = ¥ ff x= dx = f xe* dx = lim [—-ke™*—je™] 
1 y y o e 0 BO) 2 4 
dy = e* dx 





ae dx =3 fcotxdx+ f22x* +4 [cos x dx = 3 In |sin x| +In |tan x| + sinx +C 


tan x 





In (sin v) (sin v) In (sin v) ” 


: u = In(sin v 
[ates = _cosvdv __. be | => Pc = In |u| + C = In [In(sin v)| + C 
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204. 


205. 


206. 


207. 


208. 


209. 


210. 


211. 


212. 


213. 


214. 


215. 


216. 





























f =f 2 dx -f 2 dx u=2x—1 = f du 
(2x — TEs —x (2x — 1) V'4x2 — 4x (2x — 1) (2x — 1)? — ; du = 2 dx uw —1 
= sec”! |u| +C = sec! |2x—-1]+C 
fervidx = f /xdx =2x3?4¢ 
/ : u=4e? | 1 de, <2) 1 3/2 
i FI asa Tae ao] + pf V3 Fudu=7-FG+w?+C= 33440")? +C 
sin Stdt_ u=cos St | 1 di: ee ce i abe 
Pratt | gy Seat 1 fo, = 3 tan u+C= — ; tan (cos 5t)+C 
x=e fig eat ee 
_ oa + fo =see x+C= sec (e’) +C 
J en? a9 =} far 4G0+1 = sty @N* += 3 (Er) +c 
sin x 
ne 
x —>_ — cos x 


i 


5x4 —_—> = — Sit) X 


eG, 
20x? —————=_ COS X 


(- 


60x? ——_—_»_ sin x 
(+) 
120x ————— — cos x 


(- 


120 oe — sin x 


0 => [x sin x dx = —x® cos x + 5x* sin x + 20x® cos x — 60x? sin x — 120x cos x 


+120 sinx +C 


Stas | ava, | — [Bt-Se- 





4x3 — 20x = d (x4 — 10x? +9) _ 4 2 
Js dx = fae = In |x" — 10x" + 9, +C 





J x85 = fe sre+ fe yi = =in|-4|+2-24+¢ 





(t+Ddt , u=t?+2t cf a wy/s ens 1/3 
Se nae + fea h si +ca fer +c 





_ 8dm_ 


m/49m? —4 =f, on ST aC, = 4 sec™ t| +c 




















i dt _[u=lnt : f du _ f du 
t1+Int),/dno2+Int ? | du = a (+u)/u2 +u) (u+1)/f/(u+ 12-1 
= sec! |jut+1)+C=sec |nt+1/+C 
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=) du = 2u—21n [1+ uj +C =2,/r—2In (14+ ft) + 


Chapter 8 Practice Exercises 575 
217. Ifu= fev 1+ (t— 1)! dt and dv = 3(x — 1)? dx, then du = ,/1 4+ (x — 1)4 dx, and v = (x — 1)° so integration 
at a x 1 
. 2 _ 3 
by parts + f 3(x— 1) [J JI+@= Diat dx = «= 1) i T+@= Dat] | 
1 ; 3/2 1 a 
~ f«-» T+ @— Did = [-2014+@- 047] =e 








18. ote =44354 0 +4 RHE = 4y34v—-1 
= Av(v — 1) (v? 41) LBW DG? +1)+Cv? (v? + 1) + (Dv + E) (v”) (v— 1) 
v=0: -1=-B B=1; 
v=1:4=2C C=2: 
coefficient of v1: O=A+C+D => A+D=-2; 
coefficient of v?: 4= -A+B+E-—D 
coefficient of v7: 0=A—B+C—E > C—D=4 = D= -—2(summing with previous equation); 
coefficient of v. 1=—-A+B => A=0; 
insummary: A=0,B=1,C=2,D=-—2andE=1 


ays +v-1 —2 1 2v 
= J aaa TCE) dv = mn Le py + re — Tear) dv 


= lim neni re, 
b — 00 * 2 





























— i (b= 1)" - - = tr = 
= lim, [Im (SSF) — b+ tant] — (In 1 — $+ tan“42— In 5) = (0-04 §) — 0- } + tan” 2 In5) 
= %+n(5)+ 4 —tan12 


219. u = f(x), du = f’(x) dx; dv = dx, v =x; 
3n/2 3n/2 37/2 
Jo, #60 dx = fx too] — JO xt" ax = [37 £38) — $£(8)] — J cos x dx 


/2 
= (32 — ®) — [sin x] %? = (3b — a) — [(-1) — 1] = $(3b—a) +2 








dx _ -lyjy>_ 4 -1 -1,)_ a In: 
re = lim, [tan x], = lim. (tan~" b — tan™* a) = 5 — tan“ a; 


220. 





ie <) 
dee pl oi as 
» Tee = [tan™ x], = tan a; f 
1 


therefore, tan™'a = $ —tan"'a > tan'a=% > a=I1sincea>0O. 


CHAPTER 8 ADDITIONAL AND ADVANCED EXERCISES 


2 sin— eae 


1. u=(sin7! x)’, du = va dev =x 


f (sin x)” dx = x (sin x)’ = f 2x sin? xdx , 


1—-x? 








— gin-l = dx - ee 2k te = _ 2s 
u = sin x, du aes 53 dv vin v=2V1-x?’; 
— fase = 2 = 2(sin™’ x) V1 — x? — I 2 dx = 2(sin™' x) V1 — x? — 2x + C; therefore 


J (sin x)” dx = x(sin"! x) +2(sin™ x) V1 —x?-—2x+C 


1 
x(x +1) x x+I1? 
1 ot 1 + 1 
x(x+1)(x+2) ~ 2x x+1 2(x+ 2)? 











1 _ 1 teed 1 
x&+DQ+2D04+3) 6x 2a+D 1 2W+2 ° 6x43)’ 








=> the following pattern: 











1 =; Ue deel tot 
xx+D&+DE+3IR+4 24x 6K+D ) 4K42” 6K H3) ) MATA 














1 dx 
xx+DQ+2)-@ +m) — => km op therefore fo 
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k=0 








._ 2 
3. u=sin’x,du= >"> ;dv=xdx,v= 4; 
~e 
1 x onl x? dx x = sind f 7-1 xP ed sin? 6 cos 6 dé 
x sin-’ x dx = = sin’ x — f => xsin--xdx=* sin’ x-— | =a 
J 2 2/1 —x2 il = cos 6 d@ 2 2 cos 6 
a a . 2 a a4 os 
= © sin 1x1 fsin?@d9 = © sin 1x-5(g-**)+C= * sin ep See Ee 
2 2 2 2 \2 4 
a eas ee | 
_— sin Ty 4 xv l x sin7* x +C 
LS 
+1 : 1 : : real 
4. J sin Jy dy; dz = > f 2z sin~~ z dz; from Exercise 3, fz sin z dz 





: ae, /7 _ —sin7! 
= Gants 4 eine asin 4 ¢ > f sin /¥ dy = y sin? vy +$ Ve : z Wi 


2 


4/ sin“! 
=ysin™ ,/y + T= va +C 











5. f ag = f tg a0 = f 20828 ao =} f (sec 20 + 1) do = beeen 261 +7 | © 


1 —tan? 6 cos? 6 — sin? 6 2 cos 20 























6. u=In (V+ VI+x) »du = (=“a) (sy + st) = Wis AV = dK v= x: 
Jin (a+ J+) dx = xin (x+ V14x) - 3 fe Ai ert 


x+ 5 = 5 sec 0 eae 1 2 
dx = 3 sec 6 tan 6 dd as 7 tan #) = 3 J (see 6 — sec 0) dé 


tan 6 — In |sec 6 + tan 6| 2V xX +x In [ax +1+2Vx? +x] 
= - +C= 5 +C 


> fin( Je+ VTtR) dx=xin( a+ fTox) — ET | 






































a u = tand 
t= sin 2 
7. dt__. : f _cos 6 d0 =f dé. | du = sec? 6 dO 4 [aes 
t—+/1—-# dt = cos 6 d@ sin 6 — cos 6 tan@—1 do = aa (—D(w+1) 
~ w+ 
ail du 1 du i udu _ 1 u—1 1 -1 at tan @-—1 1 
=) fo -sfey-t fe =tm got] — Stan u+C=5ln|Se | -29+C 





ll 
=4in(t- Vie) — } sin —1t+C 














8 (2e*—ex) dx, u=e Qu-1)du_ _ss f (Qu-1)du , 
: V 3e* —6ex— 1” | du — e* dx V/3u2 — 6u — 1 V3 a-1-4 $ 
—1= sec 
V3 _4 2 1 
j= ict oid > +) (4 sec 6 + 1) (see 8) d9 = $ see 040+ +, [sec 0 dd 


= $ tan 0 + J, In|sec 6 + tan | +C, = 4-4/3 @- 1? 1+ 4, in| I+ /3@-12-1]/ + 
= 24/30? —6u—1+ J, In fu 1+,/m-1-4]+ (Cc. +m ¥) 
= +, [2ye — 2c" =} In [eX — 1+ ye — 20" 3 illic 


1 _ 1 
=-/—aie= dx = 25 ss 

















dx dx 








7 
2x +2 2x —2 
ie retts + eEDTl 4+ in| dx 
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=;ln acer + § [tan (x + 1)+ tan? (-1D]+C 
_1 1 —2 2 
10. Iz ;dx=}f (- 1 x ct Boga witty) dx 
SA =i 1 2x - 3 2x+1 3 
= ¢ln|l+ aS [es (1) 43 P41 ate] dx 
= $n [SS] +f [In [SSH] — 23 tan! (At) — 2V3 tan! (AHt)] + 












































11. , lim, f. sintdt = lim. [—cost]", = , lim. [—cos x + cos(—x)] = , lim, (—cos x + cos x) = lim, 0 =0 
12, lim, f° des lim i) ae ee / % dt diverges since [’ diverges; thus 
“x sot dx & "+ Sor (2) tor cost x3 otux F ov , 

1 
Lae X f oor dt is an indeterminate 0 - oo form and we apply I'H6pital's rule: 
x—- a2 x 
lim x f oH dt = lim We = lim Ty = lim, cosx = 1 
x > 07 # x > 07 x x + 07 (-3) x > 07 
n n 1 Gu = 
: 2 k_ 4 1 1) _ . u=1+x, du = dx 
13. lim, doin V1 + $=, lim, © In(1 +k (5)) (3) = fin +90 dx F (So 
2 
_s Jo inudu = [ulnu—uj} = @In2—2)—(n1—1)=2In2—1=In4~1 
n—1 1 n—1 1 n—1 1 
14. |i i. = I (=e) ) =! 1 
n » ye peewee n2 —k2 (Go eae > 1=[k() () 
1 
= » Vice OX = [sin x] = 5 
2 n/4 2 m/4 
15. & = \/cos 2x > 1+ (2) = 1+ cos 2x =2cos?x;L= f- 1 + (eos 21) d= /2 [ cos? t dt 
= /2 [sin t]7/4 =1 
2 2 4 2 1/2 2 
dy 2 d — (l=x?) +4x? 1 42x? 4x4 14 x? ‘ _ d 
6 oie ES) =O ee ieee (a) be, yt t(s) & 
1/2 7 1/2 1/2 1/2 
== 1+x _ 2 = al = 1+x 
= Jo (HH) ax= fo (it ea) ax= fo (rt re ty) x= [xt |] 
= (—44+In3) —-(0+Inl)=In3—3 
ae i shell \ (shell se ic y 
Ti}, v= fone) a) dx = Jf 2nxy dx y=3xJ/1—-x 
; u=1-x 
= 6m f x2/1—x dx; du = — dx 


x? = (1—u)? 
+ -6r f° —u)?/adu 
=6H fw — 2ui/? + 09/2) du 
Mn (Bul? — fu? 9]! = 


= 6 (B=) = 6 (18) = Be 


WI 
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18. V= fony?dx =n f 
4 
=n fi (% +58 + 55) 
=n [In|*,| - 3]; = (In4— 3) — (Inj -5) 
= DT +2nIn4 






y=5/AV5—x) 





19. V= [2m (sl) (on ae J, "Qnxe’ dx 


= 2n [xe* — e*]) = 20 


20. Vv =f” 2ndn2— x)(e*— 1) dx 
=2n f” [(n2)e* —In2—xe" +x] dx 
= 97 [dn 2) e* — (In 2)x — xe* + e® + “| ‘ 
= 2n [2In2—(In2)?-21n2+2+ SP] — 2m(n2 +1) 


= 2n [- SF in 2+ 1] 


21. (a) V= f° [1 — dn x) dx 


= [x — x(n x)?]i + 2m f Inx dx 

(FORMULA 110) 
nm [x — x(In x)? + 2(x In x — x)]} 

= 7 [—x — x(In x)? + 2x In x]{ 
m[-e—e+2e-—(-D] =7 

(b) V= fo m(l—inx dx =f [1 —2Inx + dn x))] dx 


=T x — 2x Inx —x) +x(n x); — 27 f In x dx 
= 7 [x — 2(x Inx — x) + x(In x)? — 2x Inx — x)]} 
= 7 [5x — 4x In x + x(In x)?]} 

= 1 |(5e — 4e +e) — (5)] = m(2e — 5) 











22. (a) ver f [(e)?-1] ay = nf (e—1)ay=n[% -y]} 
bee be aaa) heii alt-arvalea| 6a) 9) 


=1($— 24 $) = Hees) 


23. (a) i xInx=0 > yr f(x) = 0 = f(0) = fis continuous 
x—-U' x— 
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u = (Inx)? 
2 du = (2 Inx) & : 5) 2 2 
(b) V =f mx2an x)? dx; ase HT pate x (tim, [Fanx?] - Jf, (s)e In x) *) 
3 
v=% 





v9|"4, 


2 
= fs 2_ (2) } x] | _ , [8an2)? _ 16an2) | 16 
= x ((3) an2y?- (3) , tim, nx 3] | =r| 5 5 + is| 


1 
24. v= fi m(—In x)? dx 


=r{ ii Inx)?], —2f'Inxd 
=m\ lim, [x(n x)"], — 2 J, In x dx 


=—2n lim, [kInx—x], =27 
b= 0t 


25. M= fo inxdx = [xinx—x]f=(e-e)—@-1)=1; 
M, = f° (In x) (3%) dx = af. (In x)? dx 
=} ([xdn x]; 2 f/ nx dx) =1@-2); 
M, = foxinxdx = [Sea] — 3 


=} [emx-¥] =3/(°-$) +3 =4(e+1); 


Pa 
Qa 
Pa 














therefore, xX = My = — and y = Mz = & 
"2x a 71 
26. M= o View = 2 [sin 1= 
1 1 
_ 2x dx 2 = 
M, = fi? iy) | = 2 
therefore, xX = My =— 2 and y y = 0 by symmetry 





aa x = tan@ cae er ce 6d0 
27. L= ee dx = f° dx; dx = sec? 6 dé —~L= a ~ tand 


le 


tan“! e tan™ 
= =i Geet tan) ap i (tan 6 sec 6 + csc 8) dO = [sec 6 — In |esc 6 + cot 4]] *, ia 


~~ tand 


=(Vi+e In |= + 2)) [v2 in (1+ ¥2)|=Vi+e In (42# + 2) V2+In(1+ v2) 








2 d 1 = Ay 
28. y=Inx + 1+(3) =14+x? > $=2nf xVT+e dy 3 S= 20 fe VT Fe dy; | 4 . | 


u =e’ dy 
u=tand@ 
du = sec? 6 dé 


= 2n (3) [sec @ tan 6 + In |see @ + tan 4)%.'° = x [(VT +e?) e+ In| VT +e? + e|| —n[V¥2-1+In(v2+1)| 
a [eviFe +m (GBH) — V9 


5G, ere mn (2) ax: x2/3 4 y2/3 =14 75 (1 — 2/3)3? 33 dy = aati — 2/3) 17? (x-1/3) (2) 


+ S=2nf- T+ au; | |- — am f"* sec #- sec? # db 
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2 _ 2/3 Lig _2/ 1 7 1 
= (2) = 1% L=4 f 1+ (48) ax = 4, = 6 [x?/3] | = 6 


1 1 ¢ 
30. S=2n ff) 1/1 + [PO}? dx; fx) = (1-2/9)*? = [PoP +1= 4; > S=20 J, 0-2")? . ae 


a u=x : ; 
=4nf(1 xt/8) ; (=) dx; F | ~ 4-30 fo a-w?? du = —6r f, a — uy? dC —u) 





= -6n-3[0—w 9] = 

















2 
31. (2) x dy We y J/x ory =—\/x,0<x<4 


1 
32. The integral f aw 1 — x? dx is the area enclosed by the x-axis and the semicircle y = 1 — x?. This area is half 


the circle's area, or 5 and multiplying by 2 gives 7. The a of the circular arc y = 1 — x? from x = —1 to 


x=lisL= f. 4) dx =f 1+ ( (s\ 7 ies oe = 1 (2m) = r since L is half the 
1 


circle's circumference. In conclusion, 2 f. 1—x?dx= 














= 


33. (b) fiw dx = fie e* dx (a) y 
0 b 

= ‘ (-e*) ax ‘ (-e*) ax é 

= lim, freed +, tim, yee dx: 


u= e - 
du = e* dx 


1 e 
lim f e"du+_ lim f e "du 
a —00 de bo +a Jl 





=, lim, [e+ lim [-e*]} 
= ‘ 1 —(e eb 1 
=, im [-g+e@] + » lim [-e ©) + 4] 


(2 +e!) 4041) =1 














d fie! is 
eae ae apy > dv = ny —— 
n 1 
4 1 y —l n 
yim, 0 ay = , tim, (25), a 0 oe “7 ty) = 7 +, lim, 0 ES 





1 yu 1 1 n— 
. . n i . — . 1 . ny 
= UO ds nF ty Svy = e}ta tn, 2 ao OS gM Ja Tay 


35. u=x?-—a? => du=2xdx; 
[x (Ve = 22)" ax = 3 f (fa) au = 3 for? =3 (952) +en4-2 


n+2 
42)/2 n42 x? — a? 
Naelet pees eo) ae 



































o-S ie xe < fi V4— =e <4, Je “ae =3f" Te w 


he" YY? = apie B= 3 (Q) = 9 
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: a 2 1 bok: 1 +1)" : 
37. f( (5 - x) ax = » lim. , x= » iim. [2 In(x +1) —3Inx], =, lim [pin Set) 
= lim } [In were In ae . ee > lim SS = limb“) = coifa> } = the improper 
— CO — CO — CO — CO 
7 9 1/2 
integral diverges ifa > 5; fora= 4: lim ptt — jim 145=15 lim 1]in@*)- ~—jp21? 
2" b= 00 b b— 00 b boo 2 b 
21. 1 n2. : (b?+1)" : (b+) _ ad 
=4}(Inl—$In2) =— ™2; ifa< 5 -O< tim SS < lim) ar = lim, © + Dt =0 
=> , im In wey = -—oo = the improper integral diverges if a < 5 ; in summary, the improper integral 
— oO 
f ° ( a +) dx converges only when a = + and has the value — in? 





38. G(x) = lim few dt= lim [-te"]}= im (42*) = 52 = hitx>0 + xG@) =x (2) 


b— co 
=lifx>0 


39. A = |°% <r converges if p > | and diverges if p < 1. Thus, p < 1 for infinite area. The volume of the solid of revolution 


(3) 


about the x-axis is V = fon *dx=ao Ye < Which converges if 2p > 1 and diverges if 2p < 1. Thus we want 


p> 5 for finite volume. In conclusion, the curve y = x’? gives infinite area and finite volume for values of p satisfying 


; <p<l. 
1 
40. The area is given by the integral A = : oe : 
p=1:A= lim, [in] = ~ lim. In b = 00, diverges; 
p>1l:A= Bly [x], =1- Rue b'? = —oo, diverges; 
p<l: A= nue [xi], =1- eu. b'? = 1 — 0, converges; thus, p > 1 for infinite area. 
The volume of the solid of revolution about the x-axis is V, = 7 fs = which converges if 2p < 1 or 


p <4 5, and diverges if p > >} 5. Thus, V, is infinite whenever the area is infinite (p > 1). 


The volume of the solid of revolution about the y-axis is V, = 7 Li [R(y)) dy=7 [3 S which 
converges if 2 a 1 & p < 2 (see Exercise 39). In conclusion, the curve y = x? gives infinite area and finite 


volume for values of p satisfying | < p < 2, as described above. 


41, (+) cos 3x 


Oe ssin 3x 
* a — cos 3x 


Rae Ee 
I= = sin 3x + 7 ~ cos 3x — zl => By — & 3 sin 3x +2cos 3x) > I= | (3 sin 3x +2 cos 3x) +C 
42. e* (+) sin 4x 


ee —} cos 4x 
ee (oe — + sin 4x 


a 


I= — cos 4x+ 2% sin4dx—- 21 > BI= (sin 4x —4cos 4x) > I= & (3 sin4x — 4 cos 4x) +C 
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43. sin 3x (+) sin x 


3 cos 3x oe —cos Xx 
—9 sin ‘.< oe —sin x 


a 
I = — sin 3x cos x + 3 cos 3x sinx + 91 => —8I = —sin 3x cos x + 3 cos 3x sin x 
= = wm an nos yal cos 3x ons +C 








44. cos 5x (+) sin 4x 
— sin 5x yp} cos 4x 
—25cos a et sin 4 
I=- 7 cos 5x cos 4x — > sin 5x sin 4x + 2 I > l= + cos 5x cos 4x — - sin 5x sin 4x 


=>I[= 5 (4 cos 5x cos 4x + 5 sin 5x sin 4x) + C 


45. e™ (+) sin bx 
ae™ as — £ cos bx 
PT ere — § sin bx 
———____» 


I = — © cos bx + 








Aae 5p a2 a2 2 ax é 
Sr sinbx— FI => (*$")1= gz (a sin bx — b cos bx) 


ax 





= I= a yp (asin bx — b cos bx) + C 
46. e™ (+) cos bx 


ae™ Oa + sin bx 
je (ee — & cos bx 


a ae 
I= & sin bx + = cos bx — 51 > (4")1= < (a cos bx + b sin bx) 





= f= arp (a cos bx + b sin bx) + C 


47. In(ax) (+) 1 
—___». 


48. In(ax) (+) x? 
1 aa ie 


oo 


I= 1x3 In(ax) — f (4) (3) dx = 7x? In(ax) — 5x°+C 


met ge — 4 ae a fe =). 4 1 — = 
49. (a) PU)= fp etdt= lim foetdt= lim [-e"]}= lim [--(-b] =04+1=1 


(b) u=t*, du = xt™' dt; dv =e" dt, v = —e'; x = fixed positive real 
= cet er = . x,t] > ee eT et = : b* x 40 — 
>Ta+)= fre dt = lim  [-te +x [> te dt= lim (—% + 0%") + x1) = x19) 
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(c) T+ 1) =n) =0!: 


(b) 


(c) 


n=0: [O+1)=Td) =0!; 
n=k: Assume I'(k + 1) =k! 


Chapter 8 Additional and Advanced Exercises 


n=k+1:Tk+14) =k+DIk4+)) 


= (k+ Dk! 
=(k+ 1)! 
Thus, [(n + 1) = nI‘(n) = n! for every positive integer n. 


for some k > 0; 
from part (b) 
induction hypothesis 
definition of factorial 



































n (2)" 2n7 calculator 

10 3598695.619 3628800 

20 2.4227868 x 1018 2.432902 x 1018 

30 2.6451710 x 10°? 2.652528 x 10°? 

40 8.1421726 x 104” 8.1591528 x 1047 

50 3.0363446 x 10° 3.0414093 x 10% 

60 8.3094383 x 10°! 8.3209871 x 10°! 

n (2)"/ 2nr (2) /2n7 e'/ calculator 
10 3598695.619 3628810.051 3628800 
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NOTES: 
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CHAPTER 9 FURTHER APPLICATIONS OF INTEGRATION 


9.1 SLOPE FIELDS AND SEPARABLE DIFFERENTIAL EQUATIONS 





1. (a) y=e™ = y’=—e* = 2y' + 3y =2(-e*) + 3e%* =e 
(b) ya=e*+e°%%? > y’=-e*— 3 e/? => 2y'+3y=2 (-e* _ 2 3/7) +3(e*+e%"?) =e™ 
(c) ya=oe*+Ce*? => y'’=-e*— 2 Ce"? => 2y'+3y=2 (-e* = 2 Ce) +3(e* +Ce%*?) =e* 





























4. y= she fi vied = y’ --t |e I T+ dt+ Th. (Vi+x) 


ee 


xy oy sha Jivi+e dt) +1 > y t= (5)y+ 1>y+o-y=1 











5. y=e* tan! (2e*) > y’ = —e* tan! (2e*) +e* | (2e*) = —e™ tan! (2e") + ae 
=> y=-yt+ pee > ty = ees yn) =e O™ tan! (2e-”) = 2tan 11 =2(F) =F 


2 


6. y=(x—2e™ = y'se* + (—2xe™) (K—2) + y! =e — Ixy: y2) = 2—2e™ =0 





q. y = Sosx = y’ = =ksinx=cosx = y= — Sx — 3 (4) => yi =— mx? = xy’ =—sinx—y 
x x x x x x x 
! = : : am) __ cos(m/2) __ 
=> xy +y=-—sinx;y (4) = a2) =0 


inx-x (t) : 


_ x? x? on 2. _ ee _ 
(In x)? = y! = tnx aaa = x? - = ix ~~ dn x)? => Xy =xy-y ;y(e) = Ine — © 


9. 2,/x w =1 => 2x!/2y!/2 dy = dx > 2y!/? dy =x1/? dx = fry? dy = fx? dx => 2(2y*/”) 
adh 2G, > 3 y3/? — x i = C, where C = $C, 


10. & = x? \/y => dy=xy!? dx > yl?dy=xdx > fy WP dy = fx? dx = 2y!/2 = x +4C 
= dy? 1x8 =C 





11. & =e’ > dy =e*e dx e’ dy = e* dx ferdy= ferdx = &=e+4C + ee =C 








12, & = 3xe-Y + dy =3xe%dx > eo dy =3edx > fe’dy = [3xdx > eX = 8 +C5 &— 8 =C 
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13, 2 = Jy cos”, /y = dy = (,/y cos”, /y) dx = Hay = dx > [s V9 dy = fax. In the integral on the left-hand 














side, substitute u JY du a5 dy > 2 du Hi dy, and we have J sec? udu = fax => 2tanu=x+C 
= -x+2tan,/y=C 





14. J oxy = 1 dy = Ta dx V2,/ydy = Jy dx > \/2 y!2 dy=2 desea fy? dy= [x dx 
2 dy=* se Swlpeeades esa ah — 3,/x = C, where C = 3C; 
2 2 

















15. Jx wy evtvx dy oc dy eer dx =>e'*dy= ma dx => fe Ydy = Js dx. In the integral on the 


right-hand side, substitute u = /x du = ai dx > 2du= a7 dx, and we have f e*’dy=2 f e" du 
=> -e%=2e"+C, > —-e’ = 2ev*+C, where C = —-C, 











16. (sec x) & = evtsinx = WY — evtsinx cog x => dy = (e¥ e%* cos x)dx > e-¥ dy = e™* cos x dx 


=> fer dy = fer cosx dx => —e’ =e™*4+C,; > e%+e%"* =C, whereC = -C, 








17. es = 2x,/1— y? => dy = 2x\/1 — y*dx jog = 2x dx Ios = foxax > sin"! y = x? +C since |y| < 1 
=> y = sin(x? + C) 








18. Se Sys iS dy = de = sx => eY dy =eX dx > fe dy = fetdx > 2 =e +C, 


dx Xey 


=> eY — 2e* = C where C = 2C, 




















19. y’ =x+y = slope of 0 for the line y = — Y 
. -. g 
For x, y > 0, y’ =x+y = slope > 0 in Quadrant I. Coys a eee eee ee 
: eee eae 
— ie ie allele 
For x,y <0,y =x+y = slope < 0 in Quadrant III. ee sl 
: RRR Ree eK KK 
For |y| > |x|, y > 0,x <0, y’ =x+y= slope > Oin VAR ee ee eee Bey 
i i oa a i en en ee 
Quadrant II above y = —x. Meine iewredagse 
For |y| < |x|, y > 0,x <0,y’ =x+y = slope < Oin Noe eer 
= S Cw ete wr 
y »y > a y Pp Ce  ) i ae a 
Quadrant II below y = —x. Peer re.. eee ees 
! : ee bh beak’ Pn oe oh a 
For |y| < |x|,x > 0,y <0, y’ =x+y= slope > Oin PNR BRAN RS ON OR ect: 
Quadrant IV above y = —x. 
For |y| > |x|, x > 0, y <0, y’ =x+y = slope < Oin 
Quadrant IV below y = —x. 
All of the conditions are seen in slope field (d). 
20. y’ = y+ 1 = slope is constant for a given value of y, slope Y 
is 0 for y = —1, slope is positive for y > 1 and negative for Aiea ae ee 
gs ¢ 6 # § $f 8 $¢ $ # $$ 8 8 
_ +42 - ‘ 7 ss ¢ § $ oH 8 gs ¢ § ¢ # 8 8 
y < —1. These characteristics are evident in slope field (c). PC ee ae 
gp pp ep gg g eee gg gg g 
ee 8 Fe ee we SF FF FS eS eK 
ee fw ew ww a a i a i a ed 
> 
a i AE ay RT TT at 
te oer Gira eee Ekle iret eere rs 
Ne errs 
a ewe eee Bee RR 
eee eR we ReRR ee eRe RRA 
ee RR RRRR eee RRR RR 
RR RR Re Re RAR RR RR eR RRR 
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21. y’ — slope = 1 on y = —x and —1 ony =x. y 
! x . ‘4 a a a a ne eo 
y = —% = slope = 0 on the y-axis, excluding (0, 0), eae tpl tes pee ans 
‘< . ‘ bse 5 BB wwe ~Be BRR 
= 7 i i a ae aed ~ RR RR 
and is undefined on the x-axis. Slopes are positive for aarrree Se 
faa ae ae a an 
x > 0, y < Oand x < 0, y > 0 (Quadrants II and IV), fr a a a a ae thease 
0 o_o _0 o_o o_o 0 e+ > X 
i ‘ , ‘ F ‘ a a eo 2 Z2s994 
otherwise negative. Field (a) is consistent with these rae eae ree 
sas xe eR ®Re BWW He ee gp gs 
conditions. RRR RRR eS! wees 
we BR BWW WH SH He Tre we we 
ee ae eS rrr ww 
oe ee ee ee arr wr Ww wr 
i i i Sie Sie Sie rere we 
22. y’ =y? — x? = slope is 0 for y = x and for y = —x. Y 
For |y| > |x| slope is positive and for |y| < |x| slope is pac ae ae ae ee eee ee aes 
ive. Fi ‘sti Sees se ee cers ee: 
~~ se 
negative. Field (b) has these characteristics. Piece ee eee 
ee be ewer gs swe eee ee 
Cr i le ree eeieie ee 
es 
hee pees eee ware a 
i wee eee ee 
ee ee Uew gs wee ee et 
eek ewe 6 4284 6 6 wwe eeee 
be eoee gg gs re en a 
bees ee eo 6 $6 § § gw eRe 
Li a $+ ¢ ¢ $$ gw e 
~~ F $$ 6 6 o 4h 6 6 oe eH BO 












24. 
= > x 
44 
25-36. Example CAS commands: 

Maple: 

ode := diff( y(x), x ) = y(x); 

icA := [0, 1]; 

icB := [0, 2]; 

icC := [0,-1]; 

DEplot( ode, y(x), x=0..2, [icA,icB,icC], arrows=slim, linecolor=blue, title="#25 (Section 9.1)" ); 
Mathematica: 


To plot vector fields, you must begin by loading a graphics package. 
<<Graphics PlotField~ 
To control lengths and appearance of vectors, select the Help browser, type PlotVectorField and select Go. 
Clear[x, y, f] 
yprime = y (2 — y); 
pv = PlotVectorField[{1, yprime}, {x, —5, 5}, {y, —4, 6}, Axes — True, AxesLabel — {x, y}]; 
To draw solution curves with Mathematica, you must first solve the differential equation. This will be done with 
the DSolve command. The y[x] and x at the end of the command specify the dependent and independent variables. 
The command will not work unless the y in the differential equation is referenced as y[x]. 
equation = y'[x] == y[x] (2 — y[x]) ; 
initcond = y[a] == b; 
sols = DSolve[{equation, initcond}, y[x], x] 
vals = {{0, 1/2}, {0, 3/2}, {0,2}, {0, 3}} 
f[{a_, b_}] = sols[[1, 1, 2]]; 
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25. 


27. 


solnset = Map[f, vals] 

ps = Plot[Evaluate[solnset, {x, —5, 5}]; 

Show[pv, ps, PlotRange — {—4, 6}]; 
The code for problems such as 33 & 34 is similar for the direction field, but the analytical solutions involve 
complicated inverse functions, so the numerical solver NDSolve is used. Note that a domain interval is 
specified. 

equation = y'[x] == Cos[2x — y[x]] ; 

initcond = y[0] == 2; 

sol = NDSolve[{equation, initcond}, y[x], {x, 0, 5}] 

ps = Plot[Evaluate[y[x]/.sol, {x, 0, 5}]; 

N[y[x] /. sol/.x — 2] 

Show[pv, ps, PlotRange — {0,5}]; 
Solutions for 35 can be found one at a time and plots named and shown together. No direction fields here. 
For 36, the direction field code is similar, but the solution is found implicitly using integrations. The plot 
requires loading another special graphics package. 

<<Graphics ImplicitPlot" 


Clear[x,y] 

solution[c_] = Integrate[2 (y — 1), y] == Integrate[3x? +4x+2,x]+c 
values = {—6, —4, —2, 0, 2, 4, 6}; 

solns = Map[solution, values]; 

ps = ImplicitPlot[solns, {x, —3, 3}, {y, —3, 3}] 

Show[pv, ps] 
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Section 9.2 First-Order Linear Differential Equations 


30. 











) 


LLLLLL Ls 





nee ie 

oe 
AR RRRA 

www esses 


SAAN | 
cee SL | 


9.2 FIRST-ORDER LINEAR DIFFERENTIAL EQUATIONS 


xe ty=S E+ Cy=F.PW=7,AW=F 
Ties ta ty nee ave PRG i 


y=4 fvwmawdx =! fx(2) ie ageeeet 


et 2 + 2ety = 1 > + 2y =e, P(x) = 2, Q(x) =e 
J P(x) dx = [2 dx = 2x > v(x) = el?) = @& 


yoda fer-erdx=4 fe dx = 3 (e +C) =e*+Ce™ 








xy’ +3y= 9 





+ (3) y= 888, P@) = 2,00) = 
jinn conor 


y= 3 [x9 (993) dx = 3 f'sinx dx = 3 (—cosx + © = 2, x > 0 





2 


y’ + (tan x) y = cos’ x, 7<X< 55> dy + (tan x) y = cos? x, P(x) = tan x, Q(x) = cos? x 





fran x dx = f si dx = —In |cos x| = In(cos x)7!, — 3 <x < £ => v(x) = e™ 8") = (cos x)! 


COS X 





y= mist f (cos x)! - cos? x dx = (cos x) f cos x dx = (cos x)(sin x + C) = sin x cos x + C cos x 


& t2y=1—-3,x>05 8+ (Zy= i - 2 PW =7,QW={i-F 
cin eee 


y=$fe(l-d) d= hfo-dx=b($-x4+C)=1-14+§,x>0 














th 


4+~y ty=Vxs %4+(4)y= “Pw = 4. Qi) = 
J Ay dx = In (1 +x), since x > 0 v(x) = en) = ] 


Y= fa+» (74) dx = 13 Jv¥xdx = (4) (3 8? +C) = a Pa = 


























& _ly lev? > Pa)=—1,Q@) =1e? > [P(x)dk =—2x > Vx) =e”? 


>y= fe? (5 e*?) dx =e"? fi dx =e? (5x+C) = 5 xe”? + Ce” 




















8 4 2y = 2xe* => P(x) = 2, Q(x) = 2xe™* => P(x) dx = f2dx = 2x > v(x) =e* 
>y= A fo (2xe*) dx = A lox dx = e™* (x? +C) = x2e* + Ce-™ 
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9. ¥—(1)y=2inx > P(x) =—!,Q@) =2Inx = [PW dx =— fl} dx =-Inx,x>0 





> VO ae = S y xf (2) (2 In x) dx = x [(In x)? + C] = x (In x)? + Cx 





10. % + (2) y = 3, x>0 => P(Q)= 2 Q(x) = esx 5 [P(xy dx = [2 dx = 2 In |x| = In x2 x>0 
woe" =" y Life (25%) dx = 4 ficos x dx = + (sinx + C) = 44 


X 














11. ean Come a r P(t) 47 QW = tt => frma= fs dt = 41n |t— 1| =In(t— 1)4 
> v= = @-1f > s= 2b fe-0! Feu d= SL fe-1at 


1 it t Cc 
=~ Gp (5- t+C) = 3(t— 1) (t pte 1 

















12. ¢+1) $4+2s=3t+D+ op > $+ (A)s=3+ ap > POH F- QW =34++D 





= fpmad= f2;dt=2In [t+ 1)=me4+1? > vi) =e” = 4 17 
> en ORS OE eee 


=aup (t+ 1)? +In|t+1)/+C)=t+)D+0t4+1)- *In(t+ 1+ gSyot> -1 





13. © + (cot @)r = sec 6 = P(6) = cot &, Q(@) =secd > [P) haar atoegami a 6| => v(0) = ebisnel 











= sin becauseO<0<% > r=S, f (in 0)(sec 0) dd = 1, fran 0dé = =, (In |sec 6| + C) 
= (csc ) (In |sec 6| + C) 
14. tan é x +r=sinré > x +a = sin’ x + (cot #)r = sin @ cos 9 = P(@) = cot 8, Q(A) = sin 6 cos 6 








> [PO dé = fcot 6 dé = In |sin 6| = In(sin @) since 0 < 0 < v(0) = ein) — sin 9 
J sin? 0 cos 0d = (+ ) (34 +C) = e+ c 


sin 0 

















>Tr= aby f csin 9) (sin 8 cos 0) dé = ta ad 








15. 2+ 2y=3 > Pi) =2, QW) =3 => [Piya f2dt=2 > wt)=e" = y 4 [30% dt 
= x (2e7+C)syO=1 > 34+C=1 > C=-3§ S> y=3-jfe* 














16, ¥4 2% =P S P= EeO=t a dt =2In|t| > vy =e" = + y=) fe) (Pat 


It 


=3 fea=3($+c)= ®4SsyQ=1 3 8§4+fs13CH-2 syat-2B 














17. $+ (4)y= 2 > P@)=4,Q0)= sind 5 [PA) dd In |8| > vO) =e"! = |9| 
= y= fo) (982) ao =} fo (82) do fora 40 + y=} fsind dd = }(—cosd+C) 
=—fcos0+$;y (3) 1 C=5 y —4tcos6+ % 














18. & — (2)y=6" sec A tan? = P(O) = —2,Q(0) = 6 sec O tand => J P() 40 = —2 In |6| > v6) =e?" 





af? =| y= ae | (0-2) (@ sec 0 tan 6) eee sec 6 + C0”; 
y($)=2 + 2=($)@+C(F) + C= 8-2 = y=P seco + (4-2) 
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2° x(x ee maa 
19. (x +1) % a 2 (x? aly -_ 5 =e 2 2 | een Y= @+ip aa 2 2xy (x+ 1? P(x) = —2x, 
Q(x) = read => [PO dx = (ox dx = —x? v(x)=e* => y = few Fear dx 
=® foo dx =e eo +C =- 2 + Ce y(0) = 5 > =qitC=a > —-14+C=5 
y 6e* — el 
20. W +xy=x => P(x) = x, Q(x) =x = [ P(x) dx = [xdx 7 v(x) ex /2 y afer? x dx 
oa (e*? +C) =14+ GsyQ=-6 = 14+C=-6 3 C=-7 5 y=1- 
21. ¥—ky=0 =— = = Vioedeo _ ackt 
: y=0 => P(t) = -k, Q(t) =0 => | Pit) dt= kdt = —kt > vit)=e 
= y= | (e“) Odt=e(0+ 0 =Ce'; y(0) = yo C= yo y = yoe“ 
22. (a2) *+kv=0 > P=, QM=0 > fPwdt= fkdt=*t=" = wH=eK™ 
> y= im fem -Odt= en ; v(O) = Vo xin Vo C=vo V = voe k/mt 
(b) a Ky wv x dt > Inv = — nt + CS vee K/mHe = y =e K/mt. CC Lete® =C). 
Then v = iim C and 1 v(0) = =VW= -C, = Cy. So v = vo e &/™t 
23. x fi dx = x (In |x| + C) = x In |x| + Cx = (b) is correct 
24. =<) 2 cos xdx = == (sinx + C) = tanx+ 55 => (b) is correct 
25. Let y(t) = the amount of salt in the container and V(t) = the total volume of liquid in the tank at time t. 
Then, the departure rate is | (the outflow rate). 
(a) Rate entering = at : > gal = 10 lb/min 
(b) Volume = V(t) = 100 gal + (St gal — 4t gal) = (100 + t) gal 
(c) The volume at time t is (100 + t) gal. The amount of salt in the tank at time t is y Ibs. So the 
concentration at any time t is ea Ibs/gal. Then, the rate leaving = ia (Ibs/gal) - 4 (gal/min) 
— ie Ibs/min 
dy _ 4 d 4 _ _ 4 _ - 4 
() $= 10- TH > H+ (WER) Y=10 > PO = IR QW =10 > fPHar= J mPR at 
=4In(100+t) > vit) = e*®) — (100+ tf? > y= aoa {coo + t)4(10 dt) 
_ __ 10 (100+t)° = 
= aooro (a + Cc) = = 2(100 + t) + ane ;y(0) = 50 => 2100+ 0)+ oO oF = 50 
=> C= —(150)(100)* = y = 2(100 + t) — TRG" = y = 2(100 +t) - ex 
700 
(e) y(25) = 2(100 + 25) — Se = 188.56 lbs = concentration = 125) x 188.6 & 1.5 lb/gal 
26. (a) @ = (5-3) =25V=100+42t 


The tank is full when V = 200 = 100+ 2t > t = 50 min 
Let y(t) be the amount of concentrate in the tank at time t. 


d Ib gal al dy 5 3 d ee 
= (44) (ss) (soto i) Gat ) > 4 =3-a(¢n) > at W+50% = 3 
Qt) = §; PW = 3(sl4) + [Pw at =3 fy at = 3m (t +50) since t+ 50 > 0 
v(t) = e/ PO dt _ gin (t+50) _ =(t+ 5)" 


(b 


we 
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3/2 ~3/2 
y(t) = atgn Ste + 50)" dt = (t + 50) [(t a 50)” + C] = yt) ta 30s 50) 
Apply the initial condition (i.e., distilled water in the tank at oo = oh 
y(0) =0 = 50+ sf > C= —50 = y(t) =t+50—— . When the tank is full at t = 50, 


y(50) = 100 — ae & 83.22 pounds of concentrate. 
27. Let y be the amount of fertilizer in the tank at time t. Then rate entering = 1 a -1 a = =1 sb and the 


volume in the tank at time ; is V(t) = 100 (gal) + [1 aa —3 (eal/min)It. min = (100 — a gal. Hence 


= _ dy __ d 3 _ 
rate out = (ia a) a= Toe x lbs/min > = (1 — woe ma Ibs/min = G+ (a) y=1 
= P= peg QH=1 > [Pw dt= fd dt = UW = vy = ersmtim-syy 


= (100 = 2)? > y= ayia f (100 — 2-9? dt = (100 - 24-8? a 4 c| 


= (100 — 2t) + C(100 — 2t)3/?; y(0) = 0 > [100 — 2(0)] + C[100 — 2(0)]?/2 > C(100)3/2 = —100 


3 — 94)1/2(_ 
= C= —(100)-!/2 = -i = y = (100 — 2t) oe on ay =O ty —_9 (3) (100 — (—2) 


= —2 + SV = 0 S 20= 3/100 —2t > 400 = 9(100 — 2t) > 400 = 900 — 18t + —500 = —18t 
=> tf 27.8 min, the time to reach the maximum. The maximum amount is then 


y(27.8) = [100 — 2(27.8)] — ia = 14.8 lb 











28. Let y = y(t) be the aa of carbon monoxide (CO) in the room at time t. The amount of CO entering the 
room is (i x 3) — at ft?/min, and the amount of CO leaving the room is ( saa) (3) = 500 ft/min. 
Thus, § = 000 000 7 + 5, wo Y = oo = PO= 5000 QO = ig > V(t) = ef/150 
>y= ae (eo a et/15,000 gt >y= e7t/15,000 (128.000 15.000 t/15,000 ah O= = e-t/15,000 (180e!/1>: ,000 ae cs 
yO) =0 > 0=1(1804+ C) C= -—180 = y = 180 — 180e-¥5°, When the concentration of CO is 0.01% 
in the room, the amount of CO satisfies oa = or = y = (0.45 ft?. When the room contains this amount we 


have 0.45 = 180 — 180e~¥/150 = 178.99 — eH/15,000 <= ¢ = —15,000 In (433°) = 37.55 min. 


























29. Steady State = ¥ and we wanti=3(%) > §(~) =F (l—-e 8") > fF =1-e8/" & -f=-e Bt 
>Ing=—-® —king=t > t= In2sec 
30. @@) $+8i=0 = ¢di=—Edt > Mi=—-—F+Q, > i=ecte® =Ce®, 100) =I sI=C 
=> i=Ie®" amp 
(b) S[=Ie®* se®=5 > —-B=in§ =-In2 > t= § In2 sec 
Cis = i=l ee" = le tanip 
31. (a) t= & > i= LE (1 — el RVC) = ¥ (1 — e3) = 0.9502 ¥ amp, or about 95% of the steady state value 
(b) t= % > i= P(1—e RYCUR) = ¥ (1 — e*) © 0.8647 & amp, or about 86% of the steady state value 


32. @) €+8i=¥ = PH=8,Qn=¥ > fPHa= fFdt=¥ = wy =e 























L L 
> ix ae for () a= te [Rem (D) +] = H+ Cem 
: Vv Vv »_ VV VaR 
(c) i x dt 0 #4+k8i=0+(8)(f)=¢ => i= {isa solution of Eq. (11);i = Ce“® 
33. y’!—y = —y’; we have n = 2, soletu=y!-? = y"!. Theny =u! and @ = —ly 72% = & = —y?du 
=>-u 2 du wl=-u?=> qu +u= 1. With e/* = e* as the integrating factor, we have 
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eX(# +u) = £(eu) =e. Integrating, we gete*u =e +C Su=1+O=isy 








a ae _ —y-l — anal du _ 2 dy _ 2du _ yo? du 
y —y=xy°; we haven=2,soletu=y.Theny=u and? =-y°7>R=-YuR= ae 
Substituting: —u du -ul=x?s> du +u = —x. Using eS = eX as an integrating factor: 

d _d _ _ e&(1—x)+C a : 
eX(@ +u) = £(eu) = -xe > eu=e(1-x)+CSu= eU-NtC yay = See 


xy ty=yoy' + Cy=@)y* Lettay ey Sy a andy a. 
du 


gov ey =a Gla) 

















a (2) (u aay, Thus we have 
(4) ($¢) (uw) + (4)ul® = (4)u-*8 > # + (2)u = (2) 1. The integrating factor, ee is 
eS ix — e3lnx — on _ x3 Thus 4 (x3u) 2)3 537 > xu=xr4+CS5u=14+S$=y' 
=>y=(1+ e) 
xy’ +2xy=y? = y'+ (2 )y = (S)y’. =(=);O0)/=(5),0=3. Letusy =" 
Substituting gives $¢ + (—2)(2)u = ve => ¢ + (= )u = 3. Let the integrating factor, v(x), be 
oJ (Ge — elnx* x4. Thus (x4) = -2x% > x4u= 2x94+Csu= 24+Cxt=y”? 


sy =(24cx')" 


EULER'S METHOD 


vi =yo+ (1 2) dx = -14 ( — =) (5) = 0.25, 

y=yi+(1-¥)d x = —0.25 + (1 — 32) (5) = 0.3, 

ys=yot (1-2) dx =03 + (1- %) (5) = 0.75; 

®%+(1)y=1 > P@= 1 Q@=13 [P~@dx= ft d= ln | lia ks 0 S 9) ae =x 
= y=tfx-ldx=1($+C);x 2y=-l -1=1+§ CcC=-4 y=3-? 














Y1 = Yo + Xo (1 — yo) dx = 0 + 11 — 0)(.2) = .2, 

yo =y1 + x1 (1 — yi) dx = .2 + 1.2(1 — .2)(.2) = .392, 

Y3 = Yo + X2(1 — yo) dx = 392 + 1.4(1 — .392)(.2) = .5622; 

 =xdx = -Infl-y|=54+CGx=1y=0 = -mMl1=$+C = C=-} = nf|l-yl/=-$ +} 
> y=1-e )? = y(1.6) & 5416 





yi = Yo + (2xoyo + 2yo) dx = 3 + [2(0)(3) + 2(3)|(.2) = 4.2, 

yo = yi + (2x1y1 + 2y1) dx = 4.2 + [2(.2)(4.2) + 2(4.2)](.2) = 6.216, 

Y3 = Yo + (2x2y2 + 2y2) dx = 6.216 + [2(.4)(6.216) + 2(6.216)](.2) = 9.6969; 

® —2y(x+1) > % =2Ax+1)dx > Inly| =@%41°+C;x=0,y=3 => n3=14+C > C=n3-1 


=> Iny=(k41?%4+in3-1 3S ya et tt & cinder tte — Fett?) = y(.6) & 14.2765 








yi = yo + y2(1 + 2x0) dx = 14 17[1 + 2(-1)].5) = 55, 

yo = yi t y7(1 + 2x1) dx = .5+(.5)?[1 + 2(-.5)](.5) = 55, 

ys = yo + y3(1 + 2x2) dx = .5 + (.5)*[1 + 2(0)](.5) = .625; 

4 =(1+2x)dx > -2=x+%? +C;x=-ly=1 -1=-14+(-17°4+C Cc=-1 - l—x- x? 


> y=pce > V5) = shay =4 
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5. y1 = yo + 2xoe* dx = 2+ 2(0)(.1) = 2, 
Yo = yi + 2xye"' dx = 2+ 2(.1)e"'(.1) = 2.0202, 
y3 = Yo + 2xge” dx = 2.0202 + 2(.2)e7'(.1) = 2.0618, 
dy = 2xe" dk > y=e" +C; y() =2 = 2=14C53C y=e4+1 > y(.3)=e* +1 2.0942 
6. yr =yot (yo te* — 2) dx = 24 (2+e9 — 2) (5) =2.5, 
yo =yi t+ (yi te™ — 2) dx = 2.5 + (2.5 +e? — 2) (.5) = 3.5744, 
¥3 = Yo + (yp te® — 2) dx = 3.5744 + (3.5744 + e! — 2) (.5) = 5.7207; 
 _y = e%—2 > P(x) =-1,Q@) =e -2 > [PH dx=-x > vx) =e* > y= fe~(e'—2) ax 
= e*(x+ 2e*+C); y(0) =2 > 2=24+C C=0 y = xeX+2 => y(1.5) = 1.5e'? +2 & 8.7225 
7. yi =14+ 162) = 12, 
yo = 1.24 (1.2)(.2) = 1.44, 
y3 = 144+ (1.44)(.2) = 1.728, 
ya = 1.728 + (1.728)(.2) = 2.0736, 
Y5 = 2.0736 + (2.0736)(.2) = 2.48832; 
Yadk > ny=x+C => y=Ce*; y(0)= 1 = Ce? C=1 y=e* y(1) = e & 2.7183 





























8. yi =2+4+ (2) (2) =24, 

yo = 24+ (74) (2) =2.8, 

y3 = 2.8 + (23) (.2) = 3.2, 

ya = 3.2 + (32) (.2) = 3.6, 

ys = 3.6 + (78) (.2) =4; 

%=& > Iny= Inx+C => y=kx; yy) =2 2=k y = 2x y(2) =4 
ee [S#] (5) = - 5, 

yo = —5 + [S=] (.5) = —.39794, 

a2. | 39794)? _ 
y3 = —.39794 + j= ~ (.5) = —.34195, 
_ (—.34195)° _ 

y4 = —34195 + j= a (.5) = —.30497, 

Y5 = —.27812, ye = —.25745, yz = —.24088, yg = —.2272; 

Woe > -1-2,/454+C yy) =-1 = 1=24+C > C=-1 ! s y(5) 1__ = —,2880 

yo x y ag Y= To2/x y 1-2/5 
10. y, =1+(1-e°) (3) =1, 

y2 = 1+ (1 —e?/8) (4) = 0.68408, 

y3 = 0.68408 + (0.68408 — e4/3) (4) = —0.35245, 

y4 = —0.35245 + (—0.35245 — e°/3) () = —2.93295, 

Ys = —2.93295 + (—2.93295 — e*/3) (4) = —8.70790, 

y6 = —8.7079 + (—8.7079 — e1/3) (4) = —20.95441; 


yay 
=e*(-e* +C);yO)=1 > 1= 


11. 


2x 





1, Q(x) =e > P(x) dx = —x 





=¢ 


P(x) 





v(x) =e™* y A fen (—e*) dx 








-1+C C=2 y 





Let Zn = Yn—1 + 2Y¥n—1(Xn—1 + 1)dx and Ya = Yo—1 + (Yn—1(%n—-1 + 1) + Zn (Ka + 


—e* + 2e% > y(2)= 


—e! + 2e? = —39.8200 


1))dx with xo = 0, yo = 3, and dx = 0.2. 


The exact solution is y = 3e*+?), Using a programmable calculator or a spreadsheet (I used a spreadsheet) gives the 


values in the following table. 
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x Z y-approx y-exact Error 
0 --- 3 3 0 
0.2 4.2 4.608 4.658122 0.050122 





0.4 6.81984 7.623475 7.835089 0.211614 
0.6 | 11.89262 13.56369 14.27646 0.712777 

















» Let Zp = Yn-1 + Xn—-1(1 — Yn-1)dx and Yn = Yn-1 + (ect Laat dy with xp = 1, yo = 0, and dx = 0.2. 


The exact solution is y = 1 — elt) /2, Using a programmable calculator or a spreadsheet (I used a spreadsheet) gives the 


values in the following table. 








x Z y-approx y-exact Error 
1 --- 0 0 0 
1.2 0.2 1.196 0.197481 0.001481 





1.4 0.38896 0.378026 0.381217 0.003191 
1.6 | 0.552178 0.536753 0.541594 0.004841 














: ay = 2xe*, y(0) =2 => yait = yn t 2xne**dx = ya + 2xne*(0.1) = yn + 0.2x,e" 

On a TI-92 Plus calculator home screen, type the following commands: 

2 STO > y:0 STO > x: y (enter) 

y + 0.2*x*e4(x42) STO > y: x + 0.1 STO > x: y (enter, 10 times) 

The last value displayed gives yeuter(1) 3.45835 

The exact solution: dy = 2xe*dx > y =e" + C; y(0) =2 =e +C3C=1Sy=1l+e 
=> Yexact(1) = 1 +e & 3.71828 








, o =y+e*—2, y(0) =2 > yori = Yn + (Yn $+ O™ — 2)dx = yn, + 0.5(yn +O — 2) 
On a TI-92 Plus calculator home screen, type the following commands: 

2 STO > y:0 STO > x: y (enter) 

y + 0.5*(y + e&* — 2) STO> y: x + 0.5 STO > x: y (enter, 4 times) 

The last value displayed gives Yeuter(2) & 9.82187 


The exact solution: . -—y=e—-25 P(x) =1, Q(x) =e-25 [Po dx = —x > v(x) =e™* 














= y = A fe*(e* — 2)dx = eX(x + 20 + C);y(0) 2532=24+C>C=0 


e* 


=> y = xe* +2 > Yexact(2) = 2e? +2 © 16.7781 





. = 4 y>0, 0) =15 yar = yn + dx = yn + 0.1) =y, tO. 
On a TI-92 Plus calculator home screen, type the following commands: 
1STO>y:0STO> x: y (enter) 

y+ 0.1*(\/« ly) STO > y: x + 0.1 STO > x: y (enter, 10 times) 


The last value displayed gives Yeuter(1) 1.5000 
The exact solution: dy Fax y dy = \/xdx> ¥ = 3x3 + c; oor = L = +(0) 


a Fa 24 Lop y= /H82 41S Yerner(1) = $I +1 & 1.5275 








/ R= 1 ty’, y(0) =O = your = yn + (1 + yp)dx = yn + (1 + yf)(0-1) = yn + 0.1(1 + yQ) 
On a TI-92 Plus calculator home screen, type the following commands: 

0 STO > y:0 STO > x: y (enter) 

y +0.1*(1 + y*) STO > y: x + 0.1 STO > x: y (enter, 10 times) 

The last value displayed gives Yeuter(1) 1.3964 


The exact solution: dy = (1 + y*)dx > roan = dx > tan'y =x +C;tan-'y(0) = tan-'0 =0=0+C>C=0 
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Stn yy =x > 9 = tink = yea (1) tan be 15574 








(@—) % = 2y'(x-1) > $= 2(x-1)dx > fy dy = f (2x -2)dx > -yt = x? - 2+ 
Initial value: y(2) = —} > 2 = 2? —2(2)+CS>C=2 

Solution: -y~! = x? — 2x ++2ory = 
y(3) = ESTEE = = —0.2 
To find the approximation, set y; = 2y?(x — 1) and use EULERT with initial values x = 2 and y = -) and step size 
0.2 for 5 Points. This gives y(3) ~ —0.1851; error ~ 0.0149. 

(c) Use step size 0.1 for 10 points. This gives y(3) + —0.1929; error ~ 0.0071. 

(d) Use step size 0.05 for 20 points. This gives y(3) + —0.1965; error ~ 0.0035. 


_ 1 
x2 —2x+2 





(b 


we 


wa 














(a) 2 =y-13 f% = fdx>Inly-1| =x+Csly—-l]=eC sy-1= +e&e® sy = Ae +1 

Initial value: y(0) = 3 > 3 = Ae®°+1>A=2 

Solution: y = 2e* + 1 

y(1) = 2e + 1 © 6.4366 

To find the approximation, set y; = y — | and use a graphing calculator or CAS with initial values x = 0 and y = 3 
and step size 0.2 for 5 Points. This gives y(1) + 5.9766; error = 0.4599 

(c) Use step size 0.1 for 10 points. This gives y(1) ~ 6.1875; error ¥ 0.2491. 

(d) Use step size 0.05 for 20 points. This gives y(1) 6.3066; error ~ 0.1300. 


(b 


wm 


The exact solution is y = a: so y(3) = —0.2. To find the approximation, let 2) = Yn—1 + 2y>_,(X»—1 — 1)dx and 

Yn = Yn—1 + (ya_y(Xn—1 — 1) + 22(xQ — 1))dx with initial values x9 = 2 and yo = —}. Use a spreadsheet, graphing 
calculator, or CAS as indicated in parts (a) through (d). 

(a) Use dx = 0.2 with 5 steps to obtain y(3) ~ —0.2024 => error ~ 0.0024. 

(b) Use dx = 0.1 with 10 steps to obtain y(3) % —0.2005 => error ~ 0.0005. 

(c) Use dx = 0.05 with 20 steps to obtain y(3) ~ —0.2001 => error ~ 0.0001. 

(d) Each time the step size is cut in half, the error is reduced to approximately one-fourth of what it was for the larger step 


Size. 


The exact solution is y = 2e* + 1, so y(1) = 2e + 1 © 6.4366. To find the approximation, let zy = Yn—1 + (Yn—-1 — 1)dx 

and Yn = Yo—-1 + (tite?) dx with initial value y, = 3. Use a spreadsheet, graphing calculator, or CAS as indicated in 

parts (a) through (d). 

(a) Use dx = 0.2 with 5 steps to obtain y(1) ~ 6.4054 => error © 0.0311. 

(b) Use dx = 0.1 with 10 steps to obtain y(1) + 6.4282 => error ~ 0.0084 

(c) Use dx = 0.05 with 20 steps to obtain y(1) + 6.4344 => error = 0.0022 

(d) Each time the step size is cut in half, the error is reduced to approximately one-fourth of what it was for the larger step 
size. 


6. Example CAS commands: 

Maple: 
ode := diff( y(x), x ) = 2*x*exp(x42);ic := y(0)=2; 
xstar := 1; 
dx := 0.1; 


approx := dsolve( {ode,ic}, y(x), numeric, method=classical[foreuler], stepsize=dx ): 
approx(xstar); 

exact := dsolve( {ode,ic}, y(x) ); 

eval( exact, x=xstar ); 
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evalf( % ); 


Example CAS commands: 


Maple: 


ode := diff( y(x), x ) = 2* y(x)*(x-L)sic := y(2)=-1/2; 

xstar := 3; 

exact := dsolve( {ode,ic}, y(x) ); # (a) 

eval( exact, x=xstar ); 

evalf( % ); 

approx! := dsolve( {ode,ic}, y(x), # (b) 
numeric, method=classical[foreuler], stepsize=0.2 ): 

approx | (xstar); 

approx2 := dsolve( {ode,ic}, y(x), # (c) 
numeric, method=classical[foreuler], stepsize=0.1 ): 

approx2(xstar); 

approx3 := dsolve( {ode,ic}, y(x), # (d) 
numeric, method=classical[foreuler], stepsize=0.05 ): 

approx3(xstar); 


Example CAS commands: 


Maple: 


ode := diff( y(x), x ) = 2* y(x)*(x- sic := y(2)=-1/2; 
xstar := 3; 
approx! := dsolve( {ode,ic}, y(x), # (a) 

numeric, method=classical[heunform], stepsize=0.2 ): 
approx | (xstar); 
approx2 := dsolve( {ode,ic}, y(x), # (b) 

numeric, method=classical[heunform], stepsize=0.1 ): 
approx2(xstar); 
approx3 := dsolve( {ode,ic}, y(x), # (c) 

numeric, method=classical[heunform], stepsize=0.05 ): 
approx3(xstar); 


Example CAS commands: 


Maple: 


ode := diff( y(x), x ) =x + y(x)sic := y(0)=-7/10; 

x0 := -4;x1 := 4sy0 := -4; yl := 4; 

b:=1; 

P1 := DEplot( ode, y(x), x=x0..x1, y=y0..y1, arrows=thin, title="#21(a) (Section 9.3)" ): 
Pl; 


Ygen := unapply( rhs(dsolve( ode, y(x) )), x,_C1 ); # (b) 
P2 := seq( plot( Ygen(x,c), x=x0..x1, y=y0..y1, color=blue ), c=-2..2 ): # (c) 
display( [P1,P2], title="#21(c) (Section 9.3)" ); 

CC := solve( Ygen(0,C)=rhs(ic), C ); # (d) 


Ypart := Ygen(x,CC); 

P3 := plot( Ypart, x=0..b, title="#21(d) (Section 9.3)" ): 

P3; 

euler4 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(x1-x0)/4 ):  # (e) 
P4 := odeplot( euler4, [x,y(x)], x=0..b, numpoints=4, color=blue ): 
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display( [P3,P4], title="#21(e) (Section 9.3)" ); 
euler8 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(x1-x0)/8 ): — # (f) 
PS := odeplot( euler8, [x,y(x)], x=0..b, numpoints=8, color=green ): 
euler16 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(x1-x0)/16 ): 
P6 := odeplot( euler16, [x,y(x)], x=0..b, numpoints=16, color=pink ): 
euler32 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(x 1-x0)/32 ): 
P7 := odeplot( euler32, [x,y(x)], x=0..b, numpoints=32, color=cyan ): 
display( [P3,P4,P5,P6,P7], title="#21(f) (Section 9.3)" ); 
<< Nlh | *percent error® >, # (g) 
< 4| (x1-x0)/4 | evalf[5]( abs(1-eval(y(x),euler4(b))/eval(Y part,x=b))* 100 ) >, 
< 8 | (x1-x0)/8 | evalf[5]( abs(1-eval(y(x),euler8(b))/eval(Y part,x=b))* 100 ) >, 
< 16 | (x1-x0)/16 | evalf[5]( abs(1-eval(y(x),euler16(b))/eval(Y part,x=b))*100 ) >, 
< 32 | (xl-x0)/32 | evalf[5]( abs(1-eval(y(x),euler32(b))/eval(Y part,x=b))*100 ) > >; 


13-24. Example CAS commands: 


Mathematica: (assigned functions, step sizes, and values for initial conditions may vary) 
For exercises 13 - 20, find the exact solution as follows. Set up two error lists. 


Clear[x, y, f] 
f[x_,y_]:= 2 y? (x — 1) 
a=2;b=-—1/2; 

xstar = 3; 


desol=DSolve[{y'[x] == fLx, y[x]], y[a] == b}, y[x], x] //Simplify 
actual[x_] = desol[[1, 1, 2]]; 

{xstar, actual[xstar] } 

errorlisteuler = { }; 

errorlisteulerimp = { }; 

pa = Plot[actual[x], {x, a, xstar}] 


Euler's method with error at x*. The Do command is used with a sequence of commands that are repeated n times. 


a=2;b=-1/2; 

dx = 0.2; 

xstar = 3; n = (xstar — a) /dx; 

solnslist = { {a,b} }; 

Do[ {new =b + f[a,b] dx, a=a+ dx, b=new, AppendTo[solnslist, {a,b}]},{n}] 
solnslist 

error= actual[xstar] — solnslist[[n, 2]] 

relativeerror= error / actual[xstar] 

AppendTo[errorlisteuler, error] 

pe = ListPlot[solnslist, PlotStyle — {Hue[.4], PointSize[0.02]}] 
Show[pa, pe] 


Rerun with different values for dx, starting from largest to smallest. After doing this, observe what happens to the 
error as the step size decreases by entering the input command: errorlisteuler 
Improved Euler's method. with error at x* 


a=2;b=—-1/2; 

dx = 0.2; 

xstar = 3; n = (xstar — a) /dx; 

solnslist = { {a,b} }; 

Do[{newl =b + f[a,b] dx, new2 =b + (f[a, b] + f[at+dx, new1])/2 dx,a=a + dx, b=new2, 


AppendTo[solnslist, {a,b}]},{n}] 
solnslist 
error= actual[xstar] — solnslist[[n, 2] 
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relativeerror= error / actual[xstar] 

AppendTo[errorlisteulerimp, error] 

peimp = ListPlot[solnslist, PlotStyle — {Hue[.8], PointSize[0.02]}] 

Show[pa, peimp] 
Rerun with different values for dx, starting from largest to smallest. After doing this, observe what happens to the 
error as the step size decreases by entering the input command: errorlisteulerimp 
You can also type Show[pa, pe, peimp]. This would be appropriate for a fixed value of dx with each method. 


You can also make a list of relative errors. 
Problems 21 - 24 involve use of code from section 9.1 together with the above code for Euler's method. 


9.4 GRAPHICAL SOUTIONS OF AUTONOMOUS DIFFERENTIAL EQUATIONS 


Ly = 2) = 3) 
(a) y = —2 isa stable equilibrium value and y = 3 is an unstable equilibrium. 


(b) y” = (2y — ly’ = 2(y +. 2) (y — 5) (y — 3) 


1 1 
y>0 y'<0 y>0 











2. y'=(y + 2)(y — 2) 
(a) y = —2 isa stable equilibrium value and y = 2 is an unstable equilibrium. 


(b) y” = 2yy’ = 2(y + 2)y(y — 2) 
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3. y’=y-y= (yt Dy(y—1) 
(a) y = —1l and y = 1 is an unstable equilibrium and y = 0 is a stable equilibrium value. 


(b) y" = (By? — Dy! = 37+ (y+ +) y(y +)y 1) 

















y'>0,y"<0 









y'>0,y’>0 





4. y’=y(y —2) 
(a) y = 0Oisa stable equilibrium value and y = 2 is an unstable equilibrium. 


(b) y” = (2y — 2)y’ = 2y(y — 1)(y — 2) 





5. y'= /y,y>0 
(a) There are no equilibrium values. 


—. 1 — 1 an | 
(b) y” zy Y' TyaVv¥ 9 











a4 
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y'=y-y.y>0 


(a) y = 1 is an unstable equilibrium. 


©) y= (1-2) y= (1-2) O- VI = (V- DV-1) 


y' <0 | y' <0 | y'>0 

mor is 2% 
y">0 | y"<0 | y”>0 

0.25 


(c) 





-10 = -7.5 


ye yo Vy 2-4) 
(a) y = 1 and y = 3 is an unstable equilibrium and y = 2 is a stable equilibrium value. 


(b) y" = (By? — 2y + 1) - Ny -2y-3) = 30 - D(y- $4) 9-2 (y- SH“) iy -3) 
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8. yi=y-y=yly-1) 
(a) y =Oand y = 1 is an unstable equilibrium. 
(b) y" = Gy’ — 2y)(y’ —y’) =v’ Gy —2)(y- 1) 


y' <0 y' <0 y'>0 


(c) 





9. F = | — 2P has a stable equilibrium at P oe 22 2(1 — 2P) 

















10. e = P(1 — 2P) has an unstable equilibrium at P = 0 and a stable equilibrium at P = 
ce = (1 — 4P)¢ = P(1 — 4P)(1 — 2P) 
P’<0 ee) 


1 
3 
















P’>0 | P”’<0 
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0.6 








0.4 PSO, Peo 


Por aeneenencsensasscascsaccssecenensscnssenaonacerescnonsonessssvunensarssessensssenscoessscossnssrreass 


0.2 
Pi <0, P's) 


A ene 
4 


a P<e0 P20 


11. & 


. 5; = 2P(P — 3) has a stable equilibrium at P = 0 and an unstable equilibrium at P = 3. 
eP — 2(2P — 3) = 4P(2P — 3)(P — 3) 








12. a = 3P(1 — P) (P — 5) has a stable equilibria at P = 0 and P = | an unstable equilibrium at P = 
@P_ 3 dP _ 3 3-3 3+ V3 
if = —3(6P? — oP+1)2 = 3p(P — 2x4) (p— 3) (P- 2448) (p—1) 


1 
ot 











P’>0 P’<0 





Pp’ > | Pp’ <0 P”> P” <0 


~ 0.21 0.79 


P*’>0 

0, P’<0 
P*>0 
P’<0 
, P’>0 
P* <0 
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13. 


14. 


15. 





Chapter 9 Further Applications of Integration 
Before Catastrophe After Catastrophe 


ages 
1 
1 
1 
1 
1 
1 
1 
1 
' 
1 
' 
I 
1 
' 
1 
1 
1 
I 
1 
1 
1 
1 
1 
1 
1 
ee | 
1 
1 
1 
' 
1 
' 
1 
I 
1 
1 
' 
1 
1 
1 
' 





>t 


t 


f ‘catastrophe 


catastrophe 


Before the catastrophe, the population exhibits logistic growth and P(t) — Mp, the stable equilibrium. After the 
catastrophe, the population declines logistically and P(t) — My, the new stable equilibrium. 


dP = rP(M — P)(P— m),r,M,m>0 


a b 

t H 8 ' 

| P'>0 }Pt<o! PP>o} P'<0 | = Pr>0 
P'<0 i P’>0 P’<0 
0 m M 


The model has 3 equilibrium points. The rest point P = 0, P = M are asymptotically stable while P = m is unstable. For 
initial populations greater than m, the model predicts P approaches M for large t. For initial populations less than m, the 
model predicts extinction. Points of inflection occur at P = a and P = b where a = ; [M +m-—./M2 —mM+ m | and 
b= 3[M+m+/M?—mM+n]. 

(a) The model is reasonable in the sense that if P < m, then P > O ast — oo; ifm < P < M, then P > Mast — ov; if 
P > M, then P > Mast > ew. 

(b) It is different if the population falls below m, for then P — 0 as t — oo (extinction). If is probably a more realistic 
model for that reason because we know some populations have become extinct after the population level became too 
low. 

(c) For P > M we see that ae 


P = Misa solution to the differential equation. Since the equation satisfies the existence and uniqueness conditions, 


= rP(M — P)(P — m) is negative. Thus the curve is everywhere decreasing. Moreover, 


solution trajectories cannot cross. Thus, P — M as t — oo. 
(d) See the initial discussion above. 
(e) See the initial discussion above. 


a — ky?, g,k,m > Oand v(t) > 0 


Equilibrium: # = g— kv? =0>v=,/8 


Concavity: wy = —2(kv)% = —2(£v)(g— £v’) 
(a) 











Lt 


(c) Vterminal = (/ wee = 178.9 a = 122 mph 
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16. F=F, —F, 
ma = mg — k/v 
®& —g—*,/y, v(0) = vo 


Thus, we = 0 implies v = (=e)? the terminal velocity. If vo < eoy the object will fall faster and faster, approaching the 
terminal velocity; if vo > (ey, the object will slow down to the terminal velocity. 

17. F=F, —F, 
ma = 50 — 5|v| 


at = m (50 — 5Iv|) 


The maximum velocity occurs when wy =O0orv=10 <. 


18. (a) The model seems reasonable because the rate of spread of a piece of information, an innovation, or a cultural fad is 
proportional to the product of the number of individuals who have it (X) and those who do not (N — X). When X is 
small, there are only a few individuals to spread the item so the rate of spread is slow. On the other hand, when 
(N — X) is small the rate of spread will be slow because there are only a few indiciduals who can receive it during the 
interval of time. The rate of spread will be fastest when both X and (N — X) are large because then there are a lot of 
individuals to spread the item and a lot of individuals to receive it. 








(b) There is a stable equilibrium at X = N and an unstable equilibrium at X = 0. 
#X — k9X(N — X) — kxX&X = k?X(N — X)(N — 2X) = inflection points at X = 0, X = N, and X =N. 
X’>0 
xX 
(c) 


(d) The spread rate is most rapid when x = x. Eventually all of the people will receive the item. 





19. LE +Ri=VoG=}f-Ri= Rf -i), V.L,R>O 





LL L\R 
Equilibrium: t= L (= i) =0>i1= R 
ao. Gi R)\di _ R)\2(V _; 
Concavity: gz = Gr = (t) (R i) 
Phase Line: 
di 9 : di 9 
dt H dt i 
2 2° 
0 €% 24 ding 
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If the switch is closed at t = 0, then i(0) = 0, and the graph of the solution looks like this: 





As t + 00, it — Igteady state = x. (In the steady state condition, the self-inductance acts like a simple wire connector and, as 


a result, the current throught the resistor can be calculated using the familiar version of Ohm's Law.) 


20. (a) Free body diagram of he pearl: 

















W = mg 
(b) Use Newton's Second Law, summing forces in the direction of the acceleration: 
mg — Pg —-kv = ma> qv = (™=*)g Ky, 
(c) Equilibrium: we a & (re — v) =0 aw os (m- P)g 
dt 
=> Vterminal = = 
Concavity: # =—Kér = _()? (mPa _ y) 
t 
(d) 
v 
(m- P)g 
k 
t 
(ec) The terminal velocity of the pearl is @ Pe 





9.5 APPLICATIONS OF FIRST ORDER DIFFERENTIAL EQUATIONS 


1. Note that the total mass is 66 + 7 = 73 kg, therefore, v = voe/™! => vy = 9e-39U78 
(a) s(t) = f9e-3V73dt = — 2190 9-3.91/73 4. C 
Since s(0) = 0 we have C = 442° and lim s(t) = jim > (1 — e73-94/73) — 2180 & 168.5 
The cyclist will coast about 168.5 meters. 
(b) 1 = 9e73-9V/73 = 38 = Ing >t = BB? ~ 41.13 sec 


It will take about 41.13 seconds. 
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V = voe"(K/m)t = y = Ge~(59.000/51,000,000)t sy — ge-59t/51,000 
(a) s(t) = J 9e759/51.000 a _ EL 7 591/51,000 4 
Since s(0) = 0 we have C = see and lims(t) = lim 42,0000 ee ae ae ~~ 7780 m 
t—00 too 


The ship will coast about 7780 m, or 7.78 km. 
(b) 1 = 9e759/51000 59 = In 9 => t = LOB? ~ 1899.3 sec 


It will take about 31.65 minutes. 








The total distance traveled = “* = See = 4.91 => k = 22.36. Therefore, the distance traveled is given by the 


function s(t) = 4.91 (1 — e~(22369°)t) The graph shows s(t) and the data points. 











“ = coasting distance = {0.80)(49-50) =132>k= 3 
vom _ k _ 998 __ 20 
We know that =~ = 1.32 and 5 = 33499) = 33- 


Using Equation 3, we have: s(t) = “88 (1 — eM) 1.32(1 — er?) 1921 — oO) 


(a) ¥ = 0.0015P(150 — P) = 2253 P(150 P) = PM P) 


Thus, k = 0.255 and M = 150, and P = == 


150 
1+ e 7 1 + Ae~0.255t 


Initial condition: P(0) = 6 > 6 = >A > 1+ A=25> A= 24 














pe 150 
Formula: P = 7757-055 


(b) 100 = pean => 1 + 24070755 = 3 => Dde 0795 — F => e075 — A _0,255t = —In 48 
=>t= 8 ~ 17.21 weeks 
125 = trae > 1 + 2407055 = $F > De 0755 — 2 => e055 — D-  _0.255t = —In 120 
> t= Bie & 21.28 














It will take about 17.21 weeks to reach 100 guppies, and about 21.28 weeks to reach 125 guppies. 





(a) & = 0.0004P(250 — P) = 25 P(150 = = 4P(M — P) 

















Thus, k = 0.1 and M = 250, and P = M4 = >on 
Initial condition: P(0) = 28, where t = 0 represents the year 1970 
28 = 2 > 28(1+ A) = 250 > A= W_-1= 1 = 7.9286 
Formula: P = ian or approximately s a ae 
(b) The population P(t) will round to 250 when P(t) > 249.5 + 249.5 = ian => 249.5(1 + Hel") = 250 
CH Me) = 0.5 > elt = Me = —0.1t = In gl, > t = 10 (In 55,389 — In 14) 82.8. 


It will take about 83 years. 


(a) Using the general solution form Example 2, part (c), 


7 Wi 
Gt = (0.08875 x 10-7)(8 x 107 — y)y = y(t) = totam = atten = Teaco 
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Apply the initial condition: 


y(0) = 1.6 * 10" = Tea => §-1=4 5 y(1) = aon © 2.69671 x 107 kg. 











Fm => 4e-O-7 = 1 => t= — BD) we 1.95253 years. 


(b) yoH=4%1)' = pon 


(a) Ifa part of the population leaves or is removed from the environment (e.g., a preserve or a region) each year, then c 
would represent the rate of reduction of the population due to this removal and/or migration. When grizzly bears 
become a nuisance (e.g., feeding on livestock) or threaten human safety, they are often relocated to other areas or even 
eliminated, but only after relocation efforts fail. In addition, bears are killed, sometimes accidently and sometimes 
maliciously. For an environment that has a capacity of about 100 bears, a realistic value for c would probably be 
between 0 and 4. 


(b) 


® ~0.001(100-P)P-1 
dt 


OM OO OO 
ee ee ee ee ee ee ee ee 





Equilibrium solutions: * = 0 = 0.001(100 — P)P — 1 = P® — 100P + 1000 = 0 => Pq © 11.27 (unstable) and 
Peg & 88.73 (stable) 
(c) 











io 20 30.40 ha 


For 0 < P(0) < 11, the bear population will eventually disappear, for 12 < P(0) < 88, the population will grow to 
about 89, the population will remain at about 89, and for P(0) > 89, the population will decrease to about 89 bears. 
(a) Y — =l+y>dy=(l+y)dt> 4 rear =dt>In|I+y)/=t+C, > eB yl = et = [1 + y| = ete 
l+y = +Coe! = y = Cet — 1, where C) = e@! and C = +Cp. Apply the initial condition: y(0) = 1 = Ce® — 1 
=C=2> y= 2e — 1. 
(b) ah = 0.5(400 — y)y > dy = 0.5(400 — y)ydt > aon a5 = 0.5 dt. Using the partial fraction decomposition in 








Example 2, part (c), we obtain sm (: + ae ms) = =05dt > (: “p= ms) = = 200 dt 





= J (4+ abs )ay = f200at > Inly| — Inly ~ 400] = 200t + Cy = In] 455] = 200 + Cy 














In| —¥ 
=> elt| =| = 2 00+C — 92001 =, 5 | = = Coe (where C) = e“) rae y= $00 
=> sw = Ce? (where C = + C2) > y = Ce*y — 400 Cet => (1 — Ce?™)y = —400 Ce? 
2001 
== eae = ra = a sm» Where A = — t . Apply the initial condition: 

















y(0) 2 1 Re A 199 y(t) 1+ aaa 
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10. & =r(M— P)P > dP = r(M — P)Pdt > = rdt. Using the partial fraction decomposition in Example 6, part (c), 





















































PP 
we obtain (4 + gis)dP =rdt > (4 + ome: — ty)aP = frat 
=> In|P| — In|P — M| = (™M) t+C) > ie (rM) t+ Cy => ellp=m! = eMC: — e( Mtg 
=> |54 | = Coe)! (where C2 =e“) > 5F = Core™)! > FE = Ce) (where C = + C) 
=> P=Cel™)'p _MCel™)t > (1 —Ce™)')p = —MCe™)t > p= Mc _, p _ oe 
=>P= <—tam, where A = = —t. 
M1. (a) & = KP? => [Pap = fkdt > —P2=K+CSP= 54 
Initial condition: P(0) = Po = Pp = —-4 > C= FH 
Solution: P = ao) = ar 
(b) There is a vertical asymptote at t = i 
12. (a) G =1(M—P)(P— m) => = 1(1200 — P)(P — 100) > aagg=pyprioy Ge = 1 > TT PPLIoy a = 1100r 
= ESTE = = 11001 > = pt F100) a = = 1100r > (one pt pa 109) dP = = 1100 rdt 
> t( (sop + iw) dP = 1100 rat > —In (1200 — P) + In(P — 100) = 1100 rt + Cy 
=> In| FS] = 1100 rt + Cy > In| FS | = 1100 rt + C) > FMS = Heel Mt = Fe = Cel rt 
where C= +e“ > P— 100 = 1200Ce!*t — Cpe! rt = pi] + Cell0rt) — 1200Ce!100#¢ + 100 
=>P= 200 ee = ee ina =>P= Ee ae where A = d. 
(b) Apply the initial condition: 300 = 1200+100 —, 399 + 300A = 1200 + 100A > A = 3 => P = M0Qx900Ae TON 








(Note that P — 1200 as t > oo.) 
—m P—m)+(M-P 
(c) & =r(M—P)(P—m) > Moo) a=t> (M— PP a at = =1(M — m) > Goes) @ — r(M—m) 


(M—P)(P—m) dt 
= (ip + pig) =r(M—m) = f (pip + pg) = fr(M— mat 














=> —In(M — P) + In(P—m) = (M—m)rt+C; = Inf F=8| = (M—m)rt+C) > FB = tee mt 
>free Ce™-™) tt where C = te > P—m=MCe™-™)'t _ Cpe(M-m)rt 
—m) rt e7(M-m) rt —(M-m) rt 
=> P(1+Ce™—™) t) =MCeOH™ 4 m > P= Meg tm > p— Mik P= Mima 
= il 
A=¢. 


Apply the initial condition P(0) = Po 

— M+mA = M—P M(Po — m) +m(M — Poe") tt 
Po = Toa =>Po9+PA=M+mAS>A a P (Py =m) + (M—Pp)e- Oa 
(Note that P — M as t — co provided Pp > m.) 
































3: youn 2 Sm Si 0=>y' = *%. So for h 
orthogonals: w = ydy = -xdx > x + x =C 





>xr+y=C 
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Va 
14. y=cr > =c a =Usxy’ = Ixy 


A 
>yi= 7y So for the orthogonals: o = =i 
2ydy = —xdx > y? —¥4+Csy=4 ¥ +6, 
C>0 x 


15. k+y=151-y=k? = 1 = y 


y: 
2 i ag! x 
= SOO = 0. —2yx*y! = (1 —y?)(2x) 
sy'= G7) = Gy) . So for the orthogonals: 
7 fis 2 2. x2 
= 9, => fay = xax hy= >= F,+C x 
kx? +y?=1 


16. 2x7 + y? =c? > 4x+2yy’=05y’ a =>, For 


y 
r 
orthogonals: % x ° & = Iny =$nx+C 
=> Iny =Inx!2 +InC; > y= C |x|” 
x 
17. y=ce — exe 4 
=>e*y’ =-—ye* = y’ = —y. So for the orthogonals: 
2 
f= il sydy=dk>$=x+C 
>y=2x+C,;>y= +4/2x+ Cy; , 
y 
A 


x(t)y!—Iny 


18. yo=e*>Iny=k> “=k =: 0 
=> (x) y’-Iny=05y'= yy So for the orthogonals: 
av — jy = Yiny dy = —x dx 
=> sy7ln y = ily?) = (—43x’) +C 


>yiny-=-x+C 













































































“ 
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19, 2x? + 3y? = 5 and y? = x? intersect at (1, 1). Also, 2x” + 3y? =5 > 4x +6yy’=0 y’ =a y’(1, 1) =-3 











ySsx =} 2yiy, =3e = yy, = y,(1, 1) = 3. Since y’- yj = (—4) (3) = —1, the curves are orthogonal. 
20. (a) xdx+ydy=0=> x + a = Cis the general equation 7 
of the family with slope y’ = — - For the orthogonals: 





yi =2 % & = Iny=Inx+Cory =C\x 





(where C, = eC) is the general equation of the 


orthogonals. 





dy dx 


2y x 


mH 





(b 


wm 


x dy — 2y dx = 0 => 2y dx = x dy 





ear 


1(2) = & > dny=Inx +C>y=C,x’7 is 


¥: XxX 
the equation for the solution family. 


1 ae = ly! 
sin y Inx=C>o5y = 


= slope of orthogonals is wv a 5, 





dy dy = —xdx > y* = — = + C is the general 








= 
{ 
< 
I 
2 


waa 


equation of the orthogonals. 





21. y? = 4a’ — 4ax and y* = 4b? + 4bx = (at intersection) 4a” — 4ax = 4b” + 4bx => a* — b? = x(a+b) 
=> (a+b)(a—b) = (a+b)x > x =a—b. Now, y* = 4a’ — 4a(a — b) = 4a” — 4a? + 4ab = dab > y = 42vV/ab. 
: : H+ 2 — 4nd _ 1_ _ 4a yp. _ 4a 
Thus the intersections are at (a b, £2 ab). So, y~ = 4a° — 4ax > yj By which are equal to C Vib) and 








Soe fo a i ‘ Dies, 2 1 __ 4b : Ab 
= Jt and Ji at the intersections. Also, y° = 4b“ + 4bx > y = By which are equal to ; @ Vib) and 





_—__4a__ 
2(- vab) 
4b ea Ae b : 7 a PS 

oo Jz) & J) v2 and /2 at the intersections. (y/) - (y3) 1. Thus the curves are orthogonal. 

Yy 


A 


> xX 
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CHAPTER 9 PRACTICE EXERCISES 


10. 


11. 


12. 


13. 


14. 


15. 


-1/x 2 
& = \/ycos? VY > Treaty = dx = 2tan,/y =x+C> y= (tan '(=45)) 


(oe = ov dy = 3(x+1)° dx > y— Iny=(x+1)+C 





yy’ = sec(y”)sec*x => - xe D = = see de i) ) = tan x +C = sin(y?) = 2tanx + C, 





y cos?(x) dy + sinx dx = 0 > y dy = —“3% dx a +Csy=H 


cos?(x) 2 iG 


+ Cy 








cos aa 


_ = _ ~y _ 2(x—2)9?(3x +4) —~y _ —2(x—2)°?(3x +4) 
y’ = xe’\/x —2 > e Ydy = xv/x — 2dx ey a +CSe¥s See -C 


>-y= In| 2a = c] y= In| 2 c| 











y'=xye* > 2 =e*xdx >Iny=te"+C 





sec x dy + x cos*ydx =0 say — ae > tany = —cosx—xsinx +C 











2x7dx — 3,/y csc x dy = 0 = 3,/ydy = 2x dx => 2y3?2 = 2(2 — x*)cos x + 4x sinx +C 


csc X 


=> y?? = (2 —x’)cosx + 2x sinx +C; 


y= £ = yeYdy = © = (yt l)eY = —In|x| + C 








y’ = xe*Yese y => y’ = Scsc y > ody = xe*dx => (sin y — cos y) = (x — 1)e*+C 


esc y 








x(x — 1)dy — ydx =0 => x(x— l)dy=ydx=> 2 = Gey In y = In(x — 1) —In(x) + C 





=> In y = In(x — 1) — In(x) + nC; Iny =In(S0=) y = C=) 


y-l 


In 
y=(P-)x)s =#5 "(H) _ Inx+C> n(33} +) =2inx + In Cy = 4 = Cx? 








2y’ —y = xe"? 


p(x) = —4, v(x eae e 
eX? yl — Lewy = (e-¥2) (x) (ev?) = X = He? y) =X Sey = ane 6 >y= e2(e +C) 


v +y =e “*sinx => y’ + 2y = 2e“sin x. 
p(x) = 2, v(x) = ef = es, 
ey! + 2e%y = 2e%e*sin x = 2e*sin x => £(e% y) = 2e*sin x > e* y = e*(sin x — cosx) +C 


=> y =e-*(sin x — cos x) + Ce~* 


xy’ +2y=1—-x!sy'’+(2)y=i-4. 


v(x) atl > = las pe — 5% 











xy! +2xy=x—-1> 4(xy)=x-1 xy=F-—x+C y=4-i+S 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


23% 


24. 


25, 


26. 


27. 


Chapter 9 Practice Exercises 


ee 
v(x) =eS# = es = 1. ()y!— (1)’y = Max > 
f(t-y) oe sl, +y [Inx]??+C>y=x[Inx]}’+Cx 


xX XxX 




















(1+ *)dy + (ye* +e*)dx =0 > (1+e*)y’ +e"y =—-e* > y’ = say = 


v(x) = ed 35 = eln(e*+1) =e*4+ 1, 








(e% + l)y’ + (e+ N(S)y= = rey (e* +1) > 2[(% 4+ Dy] =-e* = (+ Dy =e*+C 
_ eX4+C _ e*4C 
y x+1 ~— l+e 


* +x —4yeY =0 => x'+x = 4ye’. Let v(y) = eJ 4 = eY, Then e¥x’ + xeY = dye? > § (xe”) = 4ye’y 
=> xeY = (2y — le’? +C > x = (2y — 1)e¥ + Ce 


(x + 3y?) dy + ydx = 0 => xdy + ydx = —3y*dy > 4(xy) = —3y7dy > xy = —y7+C 


3 


3d) 
y dx + (3x — y~’cos y) dx = 0 > x’ +(2 ae cos y. Let v(y) ely = ellay — gly yo. 








Then y*x’ + 3y?x = cos y and y 3x = Joos y dy = siny+C. Sox =y~*(siny +C) 


dy =e *-9-? = dy = e (dx = eY = —e +7) + C. We have y(0) = —2, soe? = —e2 + C > C = 2e7? an 


eY = —e +2) 4 2e-? = y = In(—e7 +?) + 2€77) 





























2 ius st => In(Iny) = tan“! (x) +C > y= et” "We have y0)=e>e= ecm ore 
= e+ — 9 = tan!'(0) + C=n2504+C=In25C=m25y=e™ 

(x+ 1)% + 2y =x => y' + (44)y = <4. Let v(x) =e xT — e2ln(x+1) — eln(xtl)” — (x + 1)?, 

So y’(x +1)? + + giyt y= gy k+l’ > 4 fy(x +1)?] =x(x+1) > y(xt 1)? = fx(x+ Ddx 


= y(x+1P =84"84CSy=(x4+1)7 (8.48 +0), Wetmey(0) <1 1=C.86 


y=(x+1)°(44+541) 


x% +2y=xX+4+1>y'+ (2)y=x+ 1. Let v(x) = “a = elt” — x2 So x2y! + 2xy = x3 +x 


x 








=> 4(y)=4+x> xy P+2+CSy== +5+4.Wehave y(1l)=15>1=$+C+45C=j 


_ x 1 1 _ x442x?+1 
My =a tatty ae 











w + 3x’y = x’. Let v(x) = ef 3X°dx — 6 So e* *y’ + 3x2e"y = xe" > 4 (ex 'y) xe" => e* 








We have y(0) = —1 > e*(—1) = te" + -1=4+Cs5C Fie ee 


xdy + (y — cos x)dx = 0 > xy’+y—cosx =0=> y’+ (4)y = ™*. Let v(x) = et eax — glnx — 


d 


613 


So xy’ +x(4+)y =cosx > 4 (xy) = cos x > xy = [cos xdx => xy =sinx + C. We have y(£) =0=> ($)0=1+C 


=>C=-1.Soxy=—-l+sinx>y= —1+sin x 


XxX 








x dy — (y+ ,/y)dx = 0 of = & => 2n(,/y +1) = Inx + C.We have y(1) = 1 = 2In(/T +1) =In1+C 


(y¥+/y) x 
2In2 =C =In2? = In4. So 2In(,/y + 1) = Inx + In4 = In(4x) = In(,/y + 1) = $1n(4x) = In(4x)'” 
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—s eln(V¥+1) — gln(4x)!” _, J/yti= 2/k>y = Q\/x- 1)" 





x xX 3 
28. aes =an1i> tly = oS, > x =e*—e*+C. Wehave y(0) =1> ok =e-eP+4+CSCH= i 


So} =e -e* +h ay =3(e'-e*) +1 sy =[3(eX—e*) +1] 


29. xy’ + (x — 2)y = 3x3e™% = y’ + (%*)y = 3x’e™. Let v(x) = ed (SA) dx = gx-2inx = =. So 
Sy + S$()y=35 4(y-$) =3 Sy: § =3x+C. We have y(1) =0 > 0=3(1)+C>C=-3 
=>y- 5 =3x-3 Sy =x’e*(3x — 3) 














30. ydx + (3x —xy + 2)dy=0> & + 2=BHY 9S 44 B_-x= 2a ey (3 1)x= 2, 


P(y) = 2-1 => JP(y)dy = 3lny—y > vy) =e = ye 
yee-Yx’ + yPe¥ (2 — 1)x = —2y*e = yrex = f—2y?eYdy = 2e%(y? + 2y +2) +C 


2(y? 2y +2) +Ce¥ 








. We have y(2) = -1 > -1= zee a => C = —4e and 


2(y? +2y+ 2) —4eyt! 
x 


Sy = 








Sy = 


31. To find the approximate values let ya = yn—1 + (Yn-1 + COS Xn-1)(0.1) with xo = 0, yo = 0, and 20 steps. Use a 
spreadsheet, graphing calculator, or CAS to obtain the values in the following table. 














x y x y 

0 0 1.1 1.6241 
0.1 0.1000 1.2 1.8319 
0.2 0.2095 1.3 2.0513 
0.3 0.3285 1.4 2.2832 
0.4 0.4568 1.5 2.5285 
0.5 0.5946 1.6 2.7884 
0.6 0.7418 1.7 3.0643 
0.7 0.8986 1.8 3.3579 
0.8 1.0649 1.9 3.6709 
0.9 1.2411 2.0 4.0057 
1.0 1.4273 


32. To find the approximate values let Zz) = yn—1 + ((2 — yn-1)(2 Xn-1 + 3))(0.1) and 
Yn =Yaut (Game zac = 2 tall2 Sat) ) (0.1) with initial values x9 = —3, yo = 1, and 20 steps. Use a 





spreadsheet, graphing calculator, or CAS to obtain the values in the following table. 








Xx y Xx y 
—3 1 —-19 —5.9686 
—2.9 0.6680 —18 —6.5456 
—2.8 0.2599 —-1.7 = —6.9831 
—2.7 —0.2294 —16 —7.2562 
—2.6 —0.8011 —-1.5 —7.3488 
=25 —1.4509 —14  —7.2553 
—2.4 —2.1687 —-13 —6.9813 
—2.3 —2.9374 —1.2 —6.5430 
=2.2 —3.7333 —1.1 —5.9655 
—2.1 —4.5268 —10 —5.2805 
—2.0 —5.2840 
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33. To estimate y(3), let Z, = Yp_1 + ( 


Xn-1 7 2Yn-1 
X-1t1 


) (0.05) and yn = yn-1 + 


Chapter 9 Practice Exercises 615 


Xn—1 — 2Yn-1 Xn — 22 
Xp-itl + Xat+1 





( 


) (0.05) with initial values 


Xo = 0, yo = I, and 60 steps. Use a spreadsheet, graphing calculator, or CAS to obtain y(3) ~ 0.9063. 


34. 


To estimate y(4), let Z, = Ya-1 + ( 


5 —2yn-1t1 
Xn-1 


spreadsheet, graphing calculator, or CAS to obtain y(4) ~ 4.4974. 


35. I 


Let Ya = Yn-1 + (Sea 


programmable calculator, or CAS to generate the following graphs. 


(a) 





senceecereeescere soos, 
_ —— 





[-0.2, 4.5] by [-2.5, 0.5] 


) (0.05) with initial values x9 = 1, yo = 1, and 60 steps. Use a 


) (dx) with starting values Xy = 0 and yo = 2, and steps of 0.1 and —0.1. Use a spreadsheet, 


(b) Note that we choose a small interval of x-values because the y-values decrease very rapidly and our calculator cannot 


handle the calculations for x < —1. (This occurs because the analytic solution is y = —2 + In(2 — e~*), which has an 


asymptote at x = —In 2 = 0.69. Obviously, the Euler approximations are misleading for x < —0.7.) 








[-1, 0.2] by [-10, 2] 


eYn-1 + Xy-4 


36. Let Zp = Yn-1 — ( 


2 
Xp-1 + Yn-1 


2 2 
Xn + Yn-1 ait Xn 








eYn-1 + Xp en 4 


) (ax) and Yn = Yn-1 + i( 


= ) (dx) with starting values xo = 0 and yo = 0, 


and steps of 0.1 and —0.1. Use a spreadsheet, programmable calculator, or CAS to generate the following graphs. 








Y 























(a) (b) 
> x 
37. x 1 1.2 1.4 1.6 1.8 2.0 
y -l -08 -056 -—0.28 0.04 04 
a x=>dy=xdx>y *+C;x=landy=-1 
2 
-1=}+CS5C —3 y(exact) = + — 3 
=> y(2) = z - 3 = $ is the exact value. 























ee wr we sos 
ae & res sosfe 
eh rr we et gs es 
PY x rrr ew sg s 
e R\R we we s/s 8 
ee dd sos 
eee wearers poe s 
eee wr we ss gp 

ae eines cdl # x 
SUE ae ays ae 
eer ~ see 8 
eee - a a rn ne 
eee ” eee 8 
eee ~ ” a ne 
eee re spe gs 
eee ~ a” ssp 8 
eee ~ ” sss 8 
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39. 


40. 


41. 


42. 


Chapter 9 Further Applications of Integration 














x 1 1.2 1.4 1.6 1.8 20 ~~ __. 
y —1 -0.8 —0.6333 —0.4904 —0.3654 —0.2544 Se eaa Eee 
i i i i a eo x2 
& — 1 = dy=!dx > y=Infx| + C;x=1landy=-1 PSTPPP lL 
=>-l=Inl+C>C=-15 y(exact) = In|x|—1 pelea adi tome ahah 
ane en 
=> y(2) = In2— 1 & —0.3069 is the exact value. a = 4 
oot 
fo oo 

















































x 1 1.2 1.4 1.6 1.8 2.0 y 
y 1 1.2 0.488 1.9046 —2.5141 —3.4192 DENG NaN Evareg st 0h aes ene 
dy dy 2 Ee ee eS oe oe oe 

x a rw ge sg 
ae Ty x dx > Inly| 5 +C tA RRR Rey ween 
i ie rrr ww gt , 
x2 x2 x2 a i i i i er we wr ww 
=> y =e? SeF -e = Cet; x= andy =—1 Spit 
ie in in 2 Coe et ww wR RRR 
— > 6g gp ow Bs ~ we eR Re? 
—1=Cye C; = —e"*y(exact) = —e'" +e? 68 8 St we week a 
(2-1)2 3/2 . ee 7 ae Ce ee ee 
=-e => y(2) = -e x —4.4817 is the ag a/e es a Na 
exact value. 

x 1 1.2 1.4 1.6 1.8 2.0 y 
y -l -1.2 —1.3667 —1.5130 —1.6452 —1.7688 Ee ee ee ee ee 
‘ , A Steen eee 
Koy ~Ydy=dk > 5 =x+Cx=landy=—-1 Peewee a ee eee ews 
LJ a A ee i i ee a 7 a a i a a 
1 1+C Cc 4 2 ax — Le Ae a ee ee ie as 8 oe wo Bo 
i Z x—1 oe ee er) 
2 2 + “Syed arise tule eure 
‘ tae ReRKR BBR’ ~ ~ eR RRR 

= —_ = ye K «i. 
=> y(exact) = /2x —1 => y(2) V3 1.7321 is the ASS Se SES SS 
exact value. ina eee eek ee 


ay =y>-1l>y'=(y+1)(y— 1). Wehave yy’ =0=> (y+ 1) =0,(y—1)=0>5 y=~-1,1. 
(a) Equilibrium points are —1 (stable) and 1 (unstable) 














(b) y'=y’-Loy" =2yy’ > y” = 2y(y? — 1) = 2y(yt+ I(y—1). Soy” =OSy=0,y=-Ly 

















=-1 yl 

1 1 
40 i % <9 1 Xeo 1 9 
dx 1 dx idx 1 ax 
2 ar) a a) >>y 
d*y ; dy ayy 1 ay 
—<0 '==>0! <0!—=>0 
dx 1 de ia 1 dx? 

ys 


(c) 








w =y-y’=>y’=y(l-y). Wehave y’ =0=> y(1—y) =O0>y=0,1-y=0=> y=0,1. 
(a) The equilibrium points are 0 and 1. So, 0 is unstable and | is stable. 
(b) Let —+ = increasing, ¢+— = decreasing. 


y’ <0 y’>0 y’ <0 


" 








y=y-y sy" =y'—-2yy’ sy" = (y—-y’) —2y(y-y’?) =y—y* — 2y? + 2y? Sy” = 2y? -3y* +y 
‘: 





= y(2y* -3y+- lh) sy" =y(2y—-1)(y-1). Soy” =O0>y=0,2y-—1=0,y-—1=05y 


0, y 
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y=1. 
Let —> = concave up, += = concave down. 
y” <0 y”>0 y” <0 y” >0 
6 1/2 I a 
(c) 











43. (a) Force = Mass times Acceleration (Newton's Second Law) or F = ma. Let a = 7 = e . fe = v©®. Then 
ma = —mgR?’s~? > a= 7 er v= = Pik ~2 > vy dv = —gR*s~7ds > fv dv = J —gR’s ~ds 
=k +C, ov = 28 + 2¢, = 2% +. Whent =0,v = vo and s=R>Vv3= = +C 


>C=vyj-2gRov == yt eR 


(b) If vo = \/2gR, then v2 = 288  y = ,/28R', since v > O if vo > /2gR. Then - \/s ds = \/2gR? dt 


=> fsl?ds = f\/2gR? dt > 259? = \/2gR2t+ Cy > 83? = (3/2gR2)t + Cs t= Oands=R 
5 RP? = (3,/—R2)(0) 4C- C = R9? = 99? = (3,/2gR?)t + R™ = (3R/2g)t + R*” 
= R°?[ (BRI? \/2g)t +1] = R27] (24) +1] = RM [ (SB)t+ 1] Ss =R[14 (B8)t]" 

















Vi 


44, “" = coasting distance > {0.85)(0.8) 


=097 > ke 27343. 60) = Sle OO) SSO ig er) 
=> s(t) = 0.97(1 — e~ 9886), A graph of the model is shown superimposed on a graph of the data. 











CHAPTER 9 ADDITIONAL AND ADVANCED EXERCISES 


1. (a) ay =k&(c —y)=>dy= —k#(y —c) 





Se = —kbdt > fo = — fk$dt > Inly — co] = —k$t+ Cy 
=>y—c= +ee-*¥t, Apply the initial condition, y(0) = yo > yo =c+C>C=yo-c 
> y=ct(yo—c)e*, 

(b) Steady state solution: y.. = lim y(t) = lim [c + (yo —c)e*¥t] =c+ (yo —c)(0) =e 








2. Measure the amounts of oxygen involved in mL. Then the inflow of oxygen is 1000 mL/min (Assumed: it will take 5 
minutes to deliver the 5L = 5000mL); the amount of oxygen at t = 0 is 210 mL; letting A = the amount of oxygen : the 
flask, the concentration at time t is A mL/L; the outflow rate of oxygen is A mL/L (lb/sec). The rate of change in A, ¢ 
equals the rate of gain (1000 mL/min) minus rate of loss (A mL/min). Thus: 
aA = 1000 -A=> aw = dt > In(A — 1000) = -t+C > A — 1000 = Ce. Att = 0, A = 210, so C = —790 and 


A = 1000 — 790e. Thus, A(5) = 1000 — 790e~° = 994.7 mL. The concentration is 747 ™ = 99.47%. 


a 
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3. The amount of CO) in the room at time t is A(t). The rate of change in the amount of CO>, & is the rate of internal 


production (R;) plus the inflow rate (R2) minus the outflow rate (R3). 
Ry = (20 bsatmin) (30 students) (9% ft?) (0.04 2) ~ 1.39 HCO 
= (1000 a) (0.0004 wees) = 0.4 002 
oa £0 
Rs = (sa4q5) 1000 = 0.14 CO 
dA — 139404 —0,1A = 1.79 —0.1A > A’ +0.1A = 1.79. Let v(t) = e/°4", We have $ (Ae/os') = 1.79¢/ 0-14 


= Ae®lt = [1,792 "dt = 17.9e°!"+C. Att =0, A = (10,000)(0.0004) = 4 ft? CO, > C = -13.9 


=> A= 17.9 — 13.9e~°!". So A(60) = 17.9 — 13.9e~°() ~~ 17.87 ft? of CO. in the 10,000 ft? room. The percent of 
COp is ipa X 100 = 0.18% 





d(mv) d — dony) d =a4 d d d — ed d 
To HP t(vtwG a F=-3 VvVtu, 2P=mog tVa — a 8a oS PK He 


am — —h => m= —|blt+C. Att = 0, m = mp, soC = mp and m = my — IbIt. 




















Mo — |b|t 


Thus, F = (mp — [b|t)¥ — ulb| = —(mp — |b]t)|g] > & =-g+ PE + v=-at win(™ ah) +c 














v=Oatt=0>C,; =0.Sov=~—gt uln(==Br) — # yv=J| gt win(™=H) |dtandu=c,y = Oat 


t=0=> y= —Fgt +e[t+ (ea) in(==Et) 





(a) Let y be any function such that v(x)y = J v(x)Q(x) dx + C, v(x) = eJ PO). Then 


(v(x) -y) = v(x) -y! Fy -w/(x) = v(x)Q(x). We have v(x) = eJ PO ® = v(x) = = eS P(x) = v(x)P(x). 
Thus v(x) -y’ + y- v(x) P(x) = v(x)Q(x) = y’ + y P(x) = Q(x) => the given y is a solution. 


i 


(b) If v and Q are continuous on [a, b] and x € (a, b), then # LS v(t)Q (t)at| = v(x)Q(x) 


=> ii v(t)Q( = fv) dx. So C = yov(xo) — es dx. From part (a), v(x)y = Jv(x)Q Q(x) dx +C. 
Substituting for C: v(x)y = ae (x)Q(x) dx + yov(xo) — J v(x) Q(x) dx = v(x)y = yov(xo) when x = Xo. 


(a) y’+P(x)y =0, y(xo) = 0. Use v(x) = eJ PO) & ag an integrating factor. Then 4(v(x)y) = 0 = v(x)y =C 
=> y = Ce SPO) & and yy = Cre SPO) &, yy = Ce SPO) ax, yi (Xo) = y2(xo) = 0, y1 — y2 = (Cy — Coe SP) ae 
= Cze~ SPO & and yi — Y2 =0—0=0. So y; — y2 is a solution to y’ + P(x)y = 0 with y(xo) = 0. 

(b) £(v(x)Ly1(%) = ya(x)]) = & (efPO)*[e-JPe . ~)]) = £1 -&) = £(C3) = 0. 


J &@OOLy10—) — yo(x) Jax = (v (x)[yi(x) )= fodx=c 
(c) yi= Ce SPH) dx y2 = Coe J PC x ) dx. y=yi—Yy2. So — =-0s Cie7 [Poo dx Coe JP) dx _ 0 
=>C; —C, =05 CC, = G = yi(x) = y2(x) fora <x <b. 
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CHAPTER 10 CONIC SECTIONS AND POLAR COORDINATES 


10.1 CONIC SECTIONS AND QUADRATIC EQUATIONS 





1. x r 4p = 8 p = 2; focus is (2,0), directrix is x = —2 








4p =4 p = 1; focus is (—1, 0), directrix is x = 1 














3. y=—% => 4p=6 = p=; focusis (0, — 3), directrix is y = 3 








4. y < 4p =2 p i ; focus is (0, i) , directrix is y = — 5 





5. x — x =1>5> c= /44+9=vV13 = foci are (+ V 13,0) ; vertices are (+ 2,0); asymptotes are y = + 2x 





6. e+e=1 => c=/9-4= 5 = fociare (0. + V5) ; vertices are (0, +3) 








7. F+y=1>c=V2-1=15 foci are ( + 1,0); vertices are ( + /2,0) 





8. ¥ -V=15c=V/4+1= J5 = foci are (0. + V3) ; vertices are (0, + 2); asymptotes are y = + 2x 








2 2 





























0. VSS sas Sapa S pS 3: 10. eS by S y= = > 4p = 6 > pHs: 
focus is (3, 0), directrix is x = —3 focus is (0, 3) , directrix is y = — 5 

px = —8y y = 4p =8 p=2; 12. y? = —2x x a 4p =2 pas: 
focus is (0, —2), directrix is y = 2 focus is (- $5 0) , directrix is xX = 5 
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x2 . 
13. y = 4x? Y= 4p ; p i 


focus is (0, x) , directrix is y = — 4 




















16 
y 
y=4x2 
a 
1 
+0. i5) 
7 > x 
0 1/44 
directrix y= —1 
2 y? 1 
15. x = —3y xX ne) 4p=, P= jp; 


+ 











2 2 
17. 16x? + 25y? = 400 => r+eE=1 
> c= Va—b? = 25-16 =3 











19. 2x2+y2=2 > 244% =1 
>c=Va—b=/2-1=1 














14. y = —8x? y=-7 4p=}3 











16. x= 29" x 4p 


Nie 


pas 
(3) 


focus is (F 0) , directrix is x = — 7 


18. 7224 16 =112 > 4+¥=1 
> c=Vae—b=/16-7=3 





2 
rae ae 





16 





x —_ 
20. 2xX°+y?=4 > $4+%4=1 


=c=Va—b=/4-2= 2 
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21. 3x24+2y2=6 > $+4%=1 


2 2 
22. 9x? + 10y? = 90 => S+h=1 
= c= Va —b? = /3-2=1 


=>c=Va2—b? = /10-9=1 


y 











2 


ee 
10 9 





2 


23. 6x2 + 0y2=54 > F +E =1 


5 = 24. 169x? + 25y? = 4225 = © +25 =1 


169 — 
= c=Va—-b=/9-6= V3 








=> c= Va —b? = \/169 — 25 = 12 


» 
A 


2 
x 
V6 af 





> x 

















25. Foci: (+ V2, 0) , Vertices: (+ 2,0) a=2,c=/2 





26. Foci: (0, +4), Vertices: (0, + 5) a=5,c=4 











> b?=25-16=9 > £48 =1 








a _ - _ : 2 2 _ x — 
7.x-y=1 > c=Vae@+b=/J/14+1= 72; 28. 9x? — loy? = 144 > © -Y=1 
asymptotes are y = +x >c=Vae+b = 16+9=5; 


asymptotes are y= + 3 x 
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— 


29. y?>—-x? =8 => 3 
= 8+ 8 = 4; asymptotes are y = 4 





CX 











Sn 


31. 8x? -2y?=16 > 5-4 


= /2+8= v10; asymptotes are y = 4 




















=1>c=Va?+b? 





t 2x 


32, y= 3x =3 = 
= 3+ 1 = 2; asymptotes are y = 


Chapter 10 Conic Sections and Polar Coordinates 


a ee a 








30. -x=4 5 YY a1 aca Ve +e? 
= 444 = 2/2; asymptotes are y = +x 
aoe 
aie ee es 





2 
y 


3 


xr=1>c 















































33. 8-2 =16 > E-FH=1 sca Ve+b? 34. 64x? — 36y? = 2304 > S-F=1 > c= Va? +0? 
= /2+8= v/10; asymptotes are y= + 5 = \/36 + 64 = 10; asymptotes are y = + : 
t Ae ey : 
9 %, = - 
ey a 
—_____>sle* _,, 
-V10F Fy 
35. Foci: (0, ac v2) , Asymptotes: y= +x > C= V2 and 2 
a=1 bed Soy =e =] 
36. Foci: (+2,0), Asymptotes: y= + a x c = 2and 2 A b FA C=a+b =a? + a = dat 
4-4 > 2-3 > a=/3 > b=1> E-y=1 
37. Vertices: (+ 3,0), Asymptotes: y= + $x > a=3and2=%4 > b=4(3)=4 x - y =1 
38. Vertices: (0, +2), Asymptotes: y= +5x > a=2and?=5 > b=2(2)=4 — x =1 
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39. (a) y? = 8x 4p =8 p=2 directrix is x = —2, 
focus is (2,0), and vertex is (0, 0); therefore the new 


> 








: _ : (y+2)?=8(x- 1) 
directrix is x = —1, the new focus is (3, —2), and the 2 





new vertex is (1, —2) ; >x 











40. (a) x? = —4y 4p =4 p=l1 directrix is y = 1, 
focus is (0, —1), and vertex is (0,0); therefore the new 
directrix is y = 4, the new focus is (—1, 2), and the 
new vertex is (—1, 3) 





2 


41. (a) - + x = 1 = center is (0,0), vertices are (—4, 0) 


and (4,0);¢ = \/a2? —b? = \/7 => foci are (v7. 0) 42 (3)? 
+ =1 


16 9 


> 












and (-v7 ; 0) ; therefore the new center is (4, 3), the 
F\(4-17, 3) 


new vertices are (0, 3) and (8, 3), and the new foci are C(4, 3) 
e 


(4 g/t, 3) 





(8, 3) 





F,(4 +7, 3) 








42. (a) . + ¥ = 1 = center is (0,0), vertices are (0,5) 
and (0, —5);c = Va2—b? = 16 =4 = foci are 
(0,4) and (0, —4); therefore the new center is (—3, —2), 
the new vertices are (—3, 3) and (—3, —7), and the new 
foci are (—3, 2) and (—3, —6) 





43. (a) 16 _ x = 1 = center is (0,0), vertices are (—4, 0) 


and (4,0), and the asymptotes are } = + 3 or 


= ie = Vaz+b?2 = /25=5 = foci are 
(—5, 0) and (5,0); therefore the new center is (2, 0), the 
new vertices are (—2, 0) and (6, 0), the new foci 








are (—3, 0) and (7,0), and the new asymptotes are 
— 3(x — 2) 
y= a lack 
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44, 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


(a) ve _ x = 1 = center is (0,0), vertices are (0, —2) 





and (0, 2), and the asymptotes are 5 = ar or 





— + c= Val +b? = V9 =3 = foci are 
(0, 3) and (0, —3) ; therefore the new center is (0, —2), 


the new vertices are (0, —4) and (0, 0), the new foci 
are (0, 1) and (0, —5), and the new asymptotes are 














yt2=+ ar 
y? = 4x 4p =4 p=l1 focus is (1, 0), directrix is x = —1, and vertex is (0, 0); therefore the new 
vertex is (—2, —3), the new focus is (—1, —3), and the new directrix is x = —3; the new equation is 


(y +3)? = 4(x +2) 








y? = —12x 4p = 12 p=3 focus is (—3, 0), directrix is x = 3, and vertex is (0, 0); therefore the new 








vertex is (4,3), the new focus is (1,3), and the new directrix is x = 7; the new equation is (y — 3)? = —12(x — 4) 
x = By 4p = 8 p=2 focus is (0, 2), directrix is y = —2, and vertex is (0, 0); therefore the new 
vertex is (1, —7), the new focus is (1, —5), and the new directrix is y = —9; the new equation is 


(x — 1)? = &(y +7) 


x? = by 4p =6 p 3 > focus is (0, 3) , directrix is y = — 3 , and vertex is (0, 0); therefore the new 


L 
2 








vertex is (—3, —2), the new focus is (-3, _ 
(x + 3)? = 6(y + 2) 


) , and the new directrix is y = — i ; the new equation is 





* 4% —1 = center is (0,0), vertices are (0, 3) and (0, —3);¢ = Va? —b? = /9 -6= V3 = fociare (0, V3) 


fo) 

5 

Qa 
oc‘ 


0, -/3) ; therefore the new center is (—2, —1), the new vertices are (—2, 2) and (—2, —4), and the new foci 


2 2. 
are (-2, -1t V3) ; the new equation is aa + eee =] 








= +y?=1 = center is (0,0), vertices are (v2, 0) and (-v2,0) c= Va —b? = \/2—-1=1 = fociare 





(—1, 0) and (1, 0); therefore the new center is (3, 4), the new vertices are (3 + /2, 4) , and the new foci 


are (2,4) and (4, 4); the new equation is ae +(y—4P =1 





9 2 


+ +%=1 = center is (0,0), vertices are (v3, 0) and (-V3,0) c= Va —b? = /3—-2=1 = fociare 





(—1, 0) and (1, 0); therefore the new center is (2, 3), the new vertices are (2 + J3, 3) , and the new foci 


are (1,3) and (3, 3); the new equation is —2y + vs =1 





x + ¥ = 1 = center is (0,0), vertices are (0,5) and (0, —5); c = Var —-b= 25 —16=3 = fociare 
(0, 3) and (0, —3); therefore the new center is (—4, —5), the new vertices are (—4, 0) and (—4, —10), and the new 


foci are (—4, —2) and (—4, —8); the new equation is a + ver =1 

















x _ y = 1 = center is (0,0), vertices are (2,0) and (—2,0); c = Ja +b? = V4 +5 =3 = foci are (3,0) and 
(—3,0); the asymptotes are + ; = me >y=t ss ; therefore the new center is (2, 2), the new vertices are 

an , and the new foci are and (— ; the new asymptotes are y— 2 = a+ *—>—~ ; the new 
(4,2) and (0, 2), and th foci are (5,2) and (—1, 2); th ymp yo? ee) h 
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55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 
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_ 92 _ 92 
equation is aor - oe = 1 





x _ x =1 = center is (0,0), vertices are (4, 0) and (—4, 0); c = Ja +b? = 16 +9=5 = foci are (—5,0) 


and (5,0); the asymptotes are + ; =ts>y=H+ x ; therefore the new center is (—5, —1), the new vertices are 


3 
(—1, —1) and (—9, —1), and the new foci are (—10, —1) and (0, —1); the new asymptotes are y + 1 = + 3at9) : 


(x+5? — (ytb? _ 1 
16 9 











the new equation is 





y? —x? =1 = center is (0,0), vertices are (0, 1) and (0, —1); c = Ja +b? = aft +1= J2 => foci are 


(0, + J 2) ; the asymptotes are y = + x; therefore the new center is (—1, — 1), the new vertices are (— 1,0) and 





(—1, —2), and the new foci are (-1, —1+ v2) ; the new asymptotes are y+ 1 = +(x + 1); the new equation is 
(y+1IP-«+)?=1 





x —x?=1 = center is (0,0), vertices are (0. v3) and (0. -3) c= Va + b? = V3 +1=2 = foci are (0, 2) 











and (0, —2); the asymptotes are + x = as y=u 3x; therefore the new center is (1, 3), the new vertices 








are en 3+ V3) , and the new foci are (1, 5) and (1, 1); the new asymptotes are y-— 3 = + J3(x 1); the new 


2 « 
equation is yaar —(x-1?=1 


e+4xty?=12 > x74+4x+4+y? =12+4 => (x4+2)*?+y? = 16; this is a circle: center at 
C2 a4 


2x” + 2y* — 28x + 12y+114=0 => x?—- 14x4+49+y? + 6y +9 = -574+494+9 > (K-7P% 4+ (vy +3 =1; 
this is a circle: center at C(7, —3),a = 1 


x°42x+4y—-3=0 => x24+2x4+1=—4y+341 > («4+ 1)? = —4Gy — 1); this is a parabola: 
V(—1, 1), F(-1, 0) 


y? —4y —8x -12=0 = y?—-4y+4=8x+4+124+4 = (y— 2)? = 8(x + 2); this is a parabola: 
V(—2, 2), F(O, 2) 


4+ 5y?+4x=1 > x°44x4+445y? =5 => (x+27?+5y27=5 => aie + y? = 1; this is an ellipse: the 
center is (—2, 0), the vertices are (2 ete J/5, 0) c= Va —b= J5 —1=2 = the foci are (—4, 0) and (0, 0) 





Ox? + Gy? + 36y = 0 > 9x? +6(y? + 6y+9) = 54 > 9x24 6(y 43) =54 > E+ way = 1; this is an ellipse: 
the center is (0, —3), the vertices are (0,0) and (0, —6); c = Var —-b= J/9 -6= V3 => the foci are 


(0, 34 V3) 








x? + 2y? — 2x -—4y=-1 > x?-2x41+2(y?-2y+1)=2 = «K-17? +2y-1) =2 





=> oy +(y — 1)? = 1; this is an ellipse: the center is (1, 1), the vertices are (1 a Jf2 1) : 
2. > : F) > “_ v] > 





c= Va2—b=/2-1=1 => the foci are (2, 1) and (0, 1) 


4x? + y? + 8x —2y =—-1 => 4(x?4+2x4+1)+y?-2y+1=4 => 441% +(y-1 =4 
=> (x+1)?+ gay = |; this is an ellipse: the center is (—1, 1), the vertices are (—1, 3) and 
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(-1,-l;c = Va —b = /4—1= V3 = the fociare (-1.1 + V3) 


65. x? —y?-2x+4y=4 => x?-2x4+1-(y?-4y+4) =1 => (x- 1)? -(y — 2)? = 1; this is a hyperbola: 
the center is (1, 2), the vertices are (2,2) and (0,2); c = Ja? +b? = V1 +1= J2 => the foci are (1 + /2, 2) : 








the asymptotes are y —2 = +(x-— 1) 


66. x? -—y?+ 4x -6y=6 => x?+4x4+4-(y?+6y+9)=1 > (x+2)? —(y + 3)? = 1; this is a hyperbola: 
the center is (—2, —3), the vertices are (—1, —3) and (—3, —3);c = Ja +b? = V1 +1= J2 => the foci are 
(-2 + V2, -3) ; the asymptotes are y+ 3 = +(x +2) 














67. 2x” —y?+ 6y =3 = 2x’? —-(y?-6y+9) =-6 => ga 3 . = 1; this is a hyperbola: the center is (0, 3), 


the vertices are (0, Bk v6) ee Va +b? = V6 +3=3 = the foci are (0,6) and (0, 0); the asymptotes are 
y-3 x 
7 eit y + f/2x+3 




















68. y? — 4x? 4+ 16x = 24 => y?-4(x?- 4x44) =8 => y — coe = 1; this is a hyperbola: the center is (2, 0), 
the vertices are 2, ot v3) sc= Va? +b? = /8 +2= V10 => the foci are (2, ot V'10) ; the asymptotes are 
E 2(x — 2) 




















x—2 
/8 ~ /2 y 7 


70. 


y 
x2 +> 4 and 4x2+y2<4 





71. 72. 


x +4y2=4 


wp 


(x2 + y? — 4)(x2]+ 9y? - 9) <0 
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1D: 


76. 


Th 


78. 


79. 


80. 
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74. |x? -y?]| <1 > -1<x?-y?<1 => -1<x’-y? 


Voy<1 > 1>y?—x’andx?-y? <1 





|x? — y?| <1 y 


o 


b/2 b/2 b/2 
Volume of the Parabolic Solid: V; = f° 2mx (h— 4x?) dx = 2h wh (x - #) dx = 20h [5 — 3] 


— hb” ; Volume of the Cone: V2 = 50 (°)7h = i (3) h= mh ; therefore V; = 5 3V» 


y=]% xdx= 3 (5 s)+C= wx +C; y = 0 when x =0 => o= xo +C > C= 0; therefore y = YX is the 


equation of the cable's curve 


A general equation of the circle is x? + y? + ax + by +c = 0, so we will substitute the three given points into 
a +ce=-l1 
this equation and solve the resulting system: b+c=-l >cH= i anda = b= — i; therefore 
2a+2b+c=-—8 


3x? + 3y? — 7x — 7y + 4 = 0 represents the circle 


A general equation of the circle is x? + y? + ax + by +c = 0, so we will substitute each of the three given points 
2a+3b+c=-—13 
into this equation and solve the resulting system: 3a+2b+c = —13 a= 2,b=2,andc = —23; 
—4a + 3b +c = —25 


therefore x” + y? + 2x + 2y — 23 = 0 represents the circle 








r=(-2-1?%+(0 —-37 =13 > (+2)? +(y — 1)? = 13 is an equation of the circle; the distance from the 
center to (1.1, 2.8) is /(-2 — 1.1)? + (1 — 2.8)? = 12.85 < J/13 , the radius = the point is inside the circle 





(x-2)?+(y-1?=5 5 24x -2)+2y-) #=0 => wv — = —sy=0 => («x-2/?+0-1)% =5 
> (x-27=4 x=4orx=0 the circle crosses the x-axis at (4, 0) and (0,0); x = 0 














=> 0-2P+(-)?=5 >= y-1)*= 1 y =2ory=0 the circle crosses the y-axis at (0, 2) and (0, 0). 


At (4, 0): w = — £* =2 = the tangent line is y = 2(x — 4) or y = 2x — 8 


= 
At (0,0): & = — %&2 = —2 = the tangent line is y = —2x 


1 
At (0, 2): ay =- =2 = the tangent line is y— 2 = 2x ory = 2x +2 
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628 


$1, @) y= =} x= a ; the volume of the solid formed by 


82. 


83. 


84. 


85. 


86. 
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y 


Vkx 2\2 
revolving Ry about the y-axis is Vj = f T (¢) dy 
Vx 
=6 |, yi dy = 2 ae ; the volume of the right 
circular cylinder oan by revolving PQ about the 
y-axis is Vj = 7x”\/kx => the volume of the solid 


formed by revolving Ry about the y-axis is 





V3=V2—-Vi = ae use as . Therefore we can see the 
ratio of V3 to V; is 4 


x 2 x 
(b) The volume of the solid formed by revolving R2 about the x-axis is V; = f T (Vikt) dt = 7k th t dt 


wm 


= kx . The volume of the right circular cylinder formed by revolving PS about the x-axis is 
2 
Vo=T7 (v kx) x = 7kx”? = the volume of the solid formed by revolving R; about the x-axis is 


2 


V3 = Vo — V1 = 7kx? — a. a _ . Therefore the ratio of V3 to Vj; is 1:1. 


Let P,(—p, y1) be any point on x = —p, and let P(x, y) be a point where a tangent intersects y? = 4px. Now 














y” = 4px 2y ay 4p ay 25 ; then the slope of a tangent line from P, is ~ tp 5 wy = * 
=> y*? —yy, = 2px + 2p’. Since x = £ 5 we have y? — yy: = 2p (E =) + 2p? = y 2 — yy, = Sy? + 2p? 
=> $y’ -yy. -2p?=0 > y= 2yrt vy; + Topt Woes = yi + \/y? + 4p’. Therefore the slopes of the two 

2p _ 4p? =-]| 


_ 2p = ss 
tangents from P; are m, = ey ee and mz = yay ae => MM = 2-yTR = 
=> the lines are perpendicular 
Lety = ,/1— “ on the interval 0 < x < 2. The area of the inscribed rectangle is given by 
A(x) = 2x (2 hi +) - 4xy/ 1 — © (since the length is 2x and the height is 2y) 
=> Al(x)=4,/1- 2% — 2. Thus A(x) =0 = 44/1- 2 — - -=0 4(1-¥) -~=-0 5 %=2 
1- 


1-7 











>x= “/2 (only the positive square root lies in the interval). Since A(O) = A(2) = 0 we have that A (v2) =4 


is the maximum area when the length is 2/2 and the height is »/2. 


(a) Around the x-axis: 9x? + 4y? = 36 > y?=9- 3 rw >y=4t,/9- 2x? and we use the positive root 


= va2f'r(/9-3e2) dx =2 f° m(9— 2x2) dx = 2n [9x — 3x3]? = 240 


(b) Around the y-axis: 9x? + 4y? = 36 > x?=4-4 sv => x= +,/4- < y? and we use the positive root 


= va2fn(/4— sy), dy =2 f'n (4— Sy?) dy = 2m [ay— A y3]8 = 16m 








— 4 _—__2 
9x? — 4y? = 36 => yo y= +3 /%2 4 on the interval2<x<4 > v=f n (3Vx = 4) dx 


= 9 [2 — 4) dx = % [% - 4x] = 8 [(4 - 16) — (§ - 8)] = 9 (@ - 8) = 3 (66 — 24) = 240 








3 
y=] > x= +)/T+y? onthe interval 3 <y <3 > V= fon (/I+¥? J1+y?) Pay =2f° m/( J1+y?) ° dy 


a3 
=2nf (1+y) dy = 2m y+ 5] = 240 
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87. Lety = ,/16 — 8 x? on the interval —3 < x < 3. Since the plate is symmetric about the y-axis, x = 0. Fora 
4/16 
vertical strip: (X,Y) = (. =) length = ,/16 — 8 x? , width = dx area = dA = ,/16— 8 x? dx 


> mass = dm = 6 dA = 6,/16 — ex? dx. Moment of the strip about the x-axis: 














16 Be # 16 Be 
Y dm = ro (6 [16 — 2 6 x2) d x=6 (8 — x) dx so the moment of the plate about the x-axis is 


M, = m = i (8 - 8 x?) *) dx = 6 [8x — 4 se, = 326; also the mass of the plate is 


M = f5)/16 — 18 x2 dx = [46y/1 — (4x)? dx = 46 [3/1 — w? du where u = = 3du = dx; x =-3 
=> 


a= lene so SS we, a ee 1—w du 














1 
= 126 [3 (u 1—u2+sin7! u)| 7 676 y ve jae . Therefore the center of mass is (0, 3°) : 





2 2 2 ; 
8. y=Ver1 s F-30841) en= 5 = () = da > tt (S) =i ten 
v2 2 v2 V2 
= eH me Sa anyy/1+ (2) dx= fi Qn +1 ant dx = fi 2nv/ 2x? + 1 dx; 


oY] = Vera 2 (OTT +m + VOD). = j [evra (24 V9) 











g9, & — ws it 4 (7, —1r3) = 0 > rm —1r3 =C,aconstant > the points P(t) lie on a hyperbola with foci at A 





























dt dt 
and B 
90. (a) tan G = my tan 3 = f'(xo) where f(x) = ,/4px; P 
! al —1/2 2p ! 2p 
f"(x) = 3 (4px) - > £"(%0) = . 
=? >tan@G==. Ply») —— \B a 
ay 0 y 
(b) tan d= mp = B=0 = 
(c) tana = eons _ (3% -#) - 








readin? — a) 


—2p(xo—p) __ 4pxo —2pxo + 2p? __ 2p(xo+p) __ 2p 


~~ yoko p+2p) ~ ——-yo(Xo +p) yo(xo+p) Yo yt =4 px 





91. PF will always equal PB because the string has constant length AB = FP + PA = AP + PB. 


92. (a) In the labeling of the accompanying figure we have 
+ = tant so the coordinates of A are (1, tant). The 
coordinates of P are therefore (1 +r, tan t). Since 
1? + y? = (OA)?, we have 1? + tan?t = (1 +r)? 


=> ltr=vV1l+tan?t=sect > r=sect—1. 


The coordinates of P are therefore (x, y) = (sec t, tan t) 


=> x? —y? =sec?t—tan?t=1 
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(b) In the labeling of the accompany figure the coordinates 
of A are (cos t, sin t), the coordinates of C are (1, tan t), 
and the coordinates of P are (1 + d, tan t). By similar 


. d _ oc d _ Vi1+tan?t 
triangles, AB” OA = l—cost 1 


=> d= (1 —cos t)(sec t) = sect — 1. The coordinates 
of P are therefore (sec t, tan t) and P moves on the 





hyperbola x? — y? = 1 as in part (a). 





93. x? = 4py andy =p x = 4p" x = +2p. Therefore the line y = p cuts the parabola at points (—2p, p) and 


(2p, p), and these points are \/[2p — (—2p)]? + (p — p)? = 4p units apart. 


























94. im (2x-2 aa) =? lim (x- a?) = 2 im « x2 #) (x4 x2 “] 
a a ) ax—->oo 


— oo \a xX — 00 x+Vx2—a2 
by; we —(x?-a’)| by: oo = 
=n + x2 — 92 = 7.0m, x+ x2 — 92 = 


10.2 CLASSIFYING CONIC SECTIONS BY ECCENTRICITY 


x2 2 
1. 16x?+25y?=400 = +48 


1 
= /25-16=3 > e=£=2;F(+3,0); 



















































































directrices are x =O+ 4 _ ze} 
© (5) 3 
t > x 
2. 72+ 16y?=112 > +P =1 3 c= Ved 
= /16-7=3 > e=£ =3;F(+3,0); 
directrices are x =O+ 4 = a 
© (3) 3 
3, W+y=25 P4+5=1 > c= Va -b? 7 
=/2-1=1 e= f= FO, +1); ae 
2 
directrices are y =O +5 = e = 12 
(Fa) | x 
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4. Ww+y=4>E4X=1 3c ./a2 — b? ; 
= jue, Pe ee eee reree 
=/4-2=/2 = e=*=%;F(0,+ V2); j nae 


directrices arey =O +5 = () == 2/2 
2 

































































directrices are y =O+2 = = 5 
(a) 








6. 97 +10y?=90 = F440 =15 


c 
we _ Od pill : 
= 10-9 1 e€ a ym EF (+10); 



























































directrices are x = 0+ 5 = vie = +10 
(Fs) 
7. 6249y?=54 > £44 =1 > c= Ve—v | - 2 
ce ae et 
=V9-6=\3 = e=s=4;F(4 3,0); at 9 6 
directrices are x = 0+ $= a> a fase 
3 =3 3 | 
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8. 169x2 + 25y? = 4225 = +H =1 3 c= Va—b? y 
= /169—25=12 > e=£ = 2; F(0, +12); 
directrices are y =O +5 = 71) =e 1° 

13 





























9. Foci: (0, +3),e=05 > c=3anda=t£=2=6 > b =36-9=27 > F4+¥E=1 








1 











10. Foci: (+8,0),e=0.2 c=8anda=f=5=40 b? = 1600 — 64 = 1536 = a + oa = 








11. Vertices: (0, +70),e=0.1 a= 70 andc = ae = 7010.1) =7 = b? = 4900 — 49 = 4851 => Pee ae ='l 





12. Vertices: (+10,0),e =0.24 > a= 10andc = ae = 10(0.24) =2.4 => b? = 100 — 5.76 = 94.24 


x? yo 
=> jo + x = 1 

















13. Focus: (V5, 0) , Directrix: x c=ae V5and * a = I v5 9 e 


9 
V5 7 
= e= 8. tenPF= pp + y(x-v3) +6 or = |x- 5, (x- V3) +y?=8(x- 4)’ 


ae 7 5x4+S5+y?=$(x?- tex+%) => gxr+y=4>5 een 


























= 3 - e v3 Then 
PF= “pp => /@_—42 + OF = 4 |x 16] > (x4)? +y? = 3 (x— 18)? > P—8x4 164+? 


_ 3 (,2 32 256 1.2 2_ 16 2 a 


14. Focus: (4,0), Directrix: x 2 c = ae =4 and = 6 ae — 16 


ee ESS 
le 
yy 
o 
i) 
BIW 




















15. Focus: (—4, 0), Directrix: x = -16 > c=ae=4and2=16 > ¥=16 > $=16 > e& =} => e=35.Then 


PF=4PD => /(x+4)?+(y—0)? = 5 |x + 16] > (+4 +y?=F(x+ 16? > x? 4+ 8x4 164+’ 
= 1(x? +32x +256) > ixt+y?=48 > $4421 











16. Focus: (—V2,0) , Direotrix: x= -2)/2 > c=ae= V2and! 2/2 > 8=2/2 = Ba2f2 = =} 
2 
= e=4,. Then PF=4,PD > i (x+v2) +(y- 0% = +, fx +22] => (x+ V2 +y? 


2 
=} (x+2Vv2) => + 2/2x42+y? =} (x? +4/2x +8) = ivyya25 24¥%21 
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18. 


19. 


20. 


21. 


22. 
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6 = 25 — b? b? =9 b = 3; therefore 








The eccentricity e for Pluto is 0.25 = e = £ = 0.25 
=> takec =landa=4;c?=a?—b? => 1=16—b 
2 2 , 
b? = 15 b = v15; therefore, & + —& = lisa 


model of Pluto's orbit. 





1 
q 
2 








One axis is from A(1, 1) to B(1, 7) and is 6 units long; the 
other axis is from C(3, 4) to D(—1, 4) and is 4 units long. 
Therefore a = 3, b = 2 and the major axis is vertical. The 
center is the point C(1, 4) and the ellipse is given by 
oo 4 OM 1 2 aa paz? P=5 
Se= V5; therefore the foci are F (1.4 + V5) , the 
5 


eccentricity ise = : =>, and the directrices are 


a 3 9/5 
y=4+i=4 ae a 























Using PF = e - PD, we have \/(x — 4)? + y? = 2 |x -9| => «-4?%+y?=$«-9" > x -8x+16+y" 













y 
Pluto 
eS x 
Mo Grete eat 
q 9 

7 
a a 

“FL (D44¥5) 
4 -C(1,4) 
3; 

7 Fy ( 





144-v5) 


x 


= 4(2— 18x +81) > 3x2 +y?=20 = 5x24 9y? = 1800r 2 + Y= 1. 


The ellipse must pass through (0,0) = c = 0; the point (—1, 2) lies on the ellipse = —a-+2b = —8. The ellipse 
is tangent to the x-axis = its center is on the y-axis, soa = 0 and b = —4 = the equation is 4x” + y? — 4y = 0. 


Next, 4x? + y?-4y+4=4 = 4x°4+(y—24%=4 = x? + a7 = 1 > a=2andb = 1 (now using the 


ae: 





standard symbols) = c? = a? —b?=4-—1=3 c 





We first prove a result which we will use: let m,, and 
mz be two nonparallel, nonperpendicular lines. Let a be 


mm; — M9 
1+mjm, * 





the acute angle between the lines. Then tan a = 


To see this result, let 9, be the angle of inclination of the 
line with slope m,, and 02 be the angle of inclination of the 


line with slope my. Assume m, > mp. Then 0; > 0 and we 


have a = 6; — 09. Then tan a = tan (0; — 62) 


tan 6; — tan 69 
1+ tan 6; tan 02 


My = tan 69. 


my, — m2 
1+mjm2 


, since m; = tan 6; and and 





a 2° 
slope m, 


slope ms 
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Now we prove the reflective property of ellipses (see the 
accompanying figure): If x + x = |, then 

b?x? + ay” = ab? andy = 2 Va? -x? => y= : iar : 
Let P(Xo, yo) be any point on the ellipse 


y'(Xo) = - i = = Let Fi(c,0) and Fy(—c, 0) 











a2 — x? a’yo 








be the foci. Then mpp, = ar and mp, = er . Let a and 


G be the angles between the tangent line and PF, and PF2, 
respectively. Then 























_ b?xo _ _yo 
fis ayy X90 —b?x? + b?xpe—atyZ _b*xge — (b?x} +a? y?) b2xoc — a2b2 b? 
a= ( _ __bPxayo ) ~~ a#yoxXo —a”yoc —b*xoyo ~~ a” yo + (a2 —b?) Xoyo ~~ a yoo + C*XoYo Co * 
a2yq(xg —) 


Similarly, tan G = he . Since tan a = tan (@, and a and £ are both less than 90°, we have a = (3. 





23. 2%-y=1> c=Vaet+b=/1i4+1=/2 > e=? 
= ¥2 = \/2; asymptotes are y = +xF(+ 2,0); 


directrices arex =~O+ 2 = 


1 
a EV 























24. 9x? — loy? = 144 => © — 


6 =1>c=Vva’?+b? 
= V164+9=5 > e = £ = 3}; asymptotes are 
y = +3x;F(+£5,0); directrices are x = 0+ 2 


16 
5 


ol, 

















25. y-x=8 > es >c=Va+b? 
4 





e=5 Ki nf 22 asymptotes are 
y = +x; F(0, +4); directrices are y = 0+ 2 
Sg AE gy 
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2 


26. yY—-W=4 5 2-2-1 sca VP +P 
=/4+4+4 2/2 e=—5 a2 \/2; asymptotes 
are y = +x;F (0, +2V/2) ; directrices are y= 0+ 8 


=t5-4V2 





























27. 82-2? =16 = £-La1scHVe+b 
=/f/24+8=v10 e=¢ ri \/5 ; asymptotes 

are y = + 2x; F (+ v/10,0) ; directrices are x = 0+ 8 
y2 2 

V5 



































2 


28. y?-3e=3 > F-XV=1> c= Va? +b? 





a 


=Vf34+1=25> e = 5 = Yq asymptotes are 








y= +V3x:F (0, + 2) ; directrices are y = 0 + 3 




















ea 
+ ¥ + 3 
(fi) 
29. 82-27 =16 = Y-X=1 c= Ve +b? y 








=/f/2+8 V10 e=¢ op \/5 ; asymptotes 


arey = + 53 F (0. zy 10) ; directrices are y = O+ : 















i oe “ we a 























i X 
so ae et dee Tree sleek a 





30. 64x? — 36y? = 2304 = © —-H=1 c= Ve +h? 
= /36+64=10 > e=f="=5; 


y = +$x;F(+ 10,0); directrices arex =O + 2 
6 18 


@G) 5 





asymptotes are 



































31. Vertices (0, + 1) ande=3 > a=lande=£ =3 ¢=fa=3 b? =c?-aF =9-1=8 = y?-Z=1 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


636 Chapter 10 Conic Sections and Polar Coordinates 





32. Vertices (+ 2,0) ande=2 > a=2ande=2£=2 > c=2a=4 > WP =c?—-a? = 16-4=12 > © -H=1 














33. Foci (+ 3,0) ande = 3 C= 20ide=-=3 oS c= 30S a= 1 b? 2a =9-1=8 > P-¥ =] 




















34, Foci (0, +5) ande = 1.25 > c=Sande=£=125=) > c=}a > 5=}3a 3 a=4 5 BP =c?— 2? 








35. Focus (4,0) and Directrix x = 2 c=ae=4and?=2 a=2 > 4 2 ee =2 e s/2. Then 
PF=/2PD = /«—4" + (y—02 = V2 |x-2| > «— 4)? + y? = 2-2)? => x? -8x4+ 164? 


2 


; x” 
=2(x?-4x+4) > -+y’=-8 > ¥-F 1 


























36. Focus (10,0) and Directrix x 2 c = ae V10 and * 2 a 2 yi J/2 > @ J5 
= e= 4/5. ThenPF= 4/5PD > \(x- v0)’ +0 -07 = V5 |x - vl => (x- V0) +y° 


= /5(x- v2) => x22 10x+10+y? = 5 (x?-2 2x +2) > (1- V5) x? +y? =2y/5 — 10 


(1-5) x y #3 y 
> “375-10 + x75—70 = 1 273 0-275 ~! 























37. Focus (—2, 0) and Directrix x —} c = ae = 2 and = 5 a 5 3 : e=4 e = 2. Then 
PF=2PD => (+2)? +(y—0) =2|x+4] > +2)? +y?=4(x+4) 


=4(x?+x4+4) > -32+y?=-3 > Y=] 























38. Focus (—6, 0) and Directrix x = — 2 c= ae 6 and = 2 a= 2 §=2>e=3 e J3. Then 
PF = \/3PD => J+ 6? + (y — 0)? = V3 x+2| > (x+6)?+y? =3(x4+2)? => x?412x4+36+y’ 


= 2 2 Os x ns 
=3(x°-4x44) =] 2 +y=—24 > Eee al 








39. JK - 1? + (+3)? = 3 ly-2| > x -2x+14+y? + 6y+9 = 3 (y?-—4y +4) => 4x? - Sy? — 8x + 60y+4=0 
2 


=> 4(x?— 2x41) —5(y? — 12y + 36) = 444-180 > Go _ we yj 





40. 7? =a? +b? = b? =c?—-a?;e : c=ea c ea b? = ea” — a? = a? (e” — 1); thus, 








2 2 
a = 1S = — Fea = 1; the asymptotes of this hyperbola are y = + (e? — 1)x > ase increases, the 


ho 





absolute values of the slopes of the asymptotes increase and the hyperbola approaches a straight line. 


41. To prove the reflective property for hyperbolas: 


a a 2.2  p2,2 22 dy _ xb? 
2 pal => ay’ =bx* —a’b and g = jal: 


Let P(Xo, yo) be a point of tangency (see the accompanying 





figure). The slope from P to F(—c, 0) is a and from 


P to Fy(c, 0) it is —*_ . Let the tangent through P meet 


Xp —C* 





the x-axis in point A, and define the angles 7F,PA = a 
and ZF,PA = @. We will show that tan a = tan G. From 
the preliminary result in Exercise 22, 
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(5 _ _Yo 
yoa2 Xo te xb? + xgb2c—y? a” ab? + xgb?c b? aa 
tana = xe ce ee a oe ee ae In a similar manner, 

yoa- xg +e 

yo _ xb” 

XQ -€ ya? b? ‘ 
tan G = Vee ne" Since tan a = tan (, and a and @ are acute angles, we have a = /3. 
1+ (<5) (23) 


From the accompanying figure, a ray of light emanating from 
the focus A that met the parabola at P would be reflected 
from the hyperbola as if it came directly from B 

(Exercise 41). The same light ray would be reflected off the 
ellipse to pass through B. Thus BPC is a straight line. 

Let @ be the angle of incidence of the light ray on the 
hyperbola. Let a be the angle of incidence of the light ray 
on the ellipse. Note that a + @ is the angle between the 





tangent lines to the ellipse and hyperbola at P. Since BPC is 
a straight line, 2a + 20 = 180°. Thus a+ @ = 90°. 


10.3 QUADRATIC EQUATIONS AND ROTATIONS 


x? — 3xy + y? -x =0 => B? — 4AC = (-3)* — 4(1)(1) = 5 > 0 = Hyperbola 
3x? — 18xy + 27y? —5x+7y =—4 => B? — 4AC = (—18) — 4(3)(27) = 0 => Parabola 


3x2 — Txy + /17y2 =1 > B? —4AC = (-7)? — 4) \/17 © —0.477 < 0 = Ellipse 
ND 
2x? — \/15xy +2y2+x+y=0 > B?—4AC= (-v15) — 4(2)(2) = -1 <0 => Ellipse 


x? + Ixy +y?+2x—y+2=0 => B?—-4AC = 2? — 4(1)) =0 = Parabola 
2x? — y? + 4xy — 2x + 3y =6 => B?—-4AC = 4 — 4(2)(-1) = 24 > 0 = Hyperbola 


x2 + dxy + 4y? —3x =6 => B?—4AC = 4? — 4(1)(4) =0 = Parabola 





x? + y? 43x —2y = 10 > B?—4AC = 0? — 4(1)(1) = —4 < 0 = Ellipse (circle) 


xy +y?-—3x=5 => B?—-4AC= 1? —4(0)(1) = 1 > 0 => Hyperbola 


. 3x? + Oxy + 3y? — 4x +5y = 12 > B? —4AC = 6? — 4(3)(3) = 0 = Parabola 

. 3x? — 5xy + 2y? — 7x — 14y = -1 => B? —4AC = (—5)? — 4(3)(2) =1 >0 = Hyperbola 
. 2x? — 4.9xy + 3y? — 4x = 7 => B? —4AC = (4.9)? — 4(2)(3) = 0.01 > 0 = Hyperbola 

. x? — 3xy + 3y? + 6y =7 => B?—4AC = (-3)? — 4(1)(3) = -3 < 0 = Ellipse 

_ 25x? + 2ixy + 4y? — 350x = 0 = B® —4AC = 21? — 4(25)\(4) = 41 > 0 > Hyperbola 


. 6x2 + 3xy + 2y?+17y +2=0 => B? —4AC = 3? — 4(6)(2) = —39 <0 = Ellipse 
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16. 3x? + 12xy + 12y? + 435x — 9y +72 =0 = B? — 4AC = 12? — 4(3)(12) = 0 => Parabola 


















































17. cot 2a A-C 0 0 2a= 5 a 7; therefore x = x’ cos a — yy’ sina, 

y=x'sina+y' cosa > x=xV-y y= ga? fog 2 

> (2x vy’) (2x 4+¥2y') =2 => ix?_ly?=2 = x?-y*=4 = Hyperbola 
18. cot 2a At — 0 2a= 5 a = 4; therefore x = x’ cos a — y’ sina, 

y=x' sina +y! cosa > x=x' ¥2— y y= xf V2 py 32 

+ (xy) (Bea Gy) (Ge Gy) + (ety) 

> Lg —x'y’+ sy’ a4 x" — sy’ ee oe 7 + xly’ + ly? =l1> 3x? 4 Ly? =1 > 3x”+y”=2 = Ellipse 
19. cot 2a ace We WS 2a= 3 a a cos a — y’ sina, 

y =x'sina+y' cosa > x= ¥3x x —hy,y=3 ip AE yh 

2 

»3(# =) a2 a) (sy) (bey) aCe) 

+ 8/3 ($x' Wy’) =0 => 4x’? + 16y’=0 => Parabola 
20. cot 2a Aq =e F 2a ay a é 3 therefore x = x’ cos a — y’ sina, 


: 3 
y=x'sina+y' cosa > x= x’ 


2 2 
+ (Bet)! v5 (Bey) (by) (bey) ars eee 
=> x’? 45y =2 = Ellipse 











21. cot 2a Af Lt 0 2a = 5 a = 7; therefore x = x’ cos a — y’ sina, 
y=x'sina+y' cosa > x= Wy Vy ya = 2 xf 4 V2 y! 








> (2x By)" 2 (2 x’ vy’) (x +#y)+(2v4 By) =2 5 y?=1 


2 2 


= Parallel horizontal lines 














22. cot 2a At a F 2a = a = $; therefore x = x’ cos a — y’ sina, 
y=x'sina+y' cosa > x=ix- By ya x4 ly 
= 3(}x'- By) — 2/3 (bx — By’) (Mex tty) + (Bx tty) =1 = ay? =1 


= Parallel horizontal lines 





_ A-c_ 2-2 
23. cot 2a SS o72 0 2a 








y=x'sina+y' cosa > x= x 

2 
= V2 (x - By) +22 (4x - By) (Be 4 By) + V2(x + Hy) 
—8(2x-y)+8(2x4¥y)=05 2/2x" + 8\/2y! =0 = Parabola 














24. cot 2a At aad 0 2a = 5 a = 4; therefore x = x’ cos a — y’ sina, 
y=x'sina+y cosa > x= ¥2x/- By y= Vx 4 By 
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26. 


21; 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 
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= (fx = $y) (fa 4 iy) ~ (for thy) - (bey) 41209 aye 


=0 = Hyperbola 


























cot 2a AC 33 0 2a= 5 a = 7; therefore x = x’ cos a — y’ sina, 
y =x'sina+y' cosa > — ai 2» ae y’ 

v2 v2 v2 ve JED\ 2 2 
=3(2 xf = ay! “42 f2 y! +3(¥x4+¥y') =19 => 4x” 4 2y? =19 
= Ellipse 
cot 2a = AZo = “FD A 2a= 3 a = &; therefore x = x’ cos a — y’ sina 


y=x'sina+y' cosa > x= x —ty,y=5x4+¥y 
V3 yt 
2 


3 (Wx -Ly + 4/3 (¥ 


= Hyperbola 


Ges 
wm 





cot 2a = hee = 3 => cos 2a = 5 3 (if we choose 2a in Quadrant I); thus sin a = ,/ Laays 20 





mal 2) 2 -1 
and cos a = js = (3) or sin ~@ = and cos @ = = 
= 7 | Vi 73 








—4 


cot 2a AC sat -3 > cos 2a = —2 = (if we choose 2a in Quadrant II); thus sin a = ,/ 1a cos 20 








= 1= C9) = 4, and cos a = «/1+922 = ji) = (or sina = and cos a = =) 
V5 4 v5 “ 


tan2a = ~L =! 3 20226579 => a® 13.28° = sina x 0.23, cos a = 0.97; then A’ = 0.9, B’ & 0.0, 


1-3 2 
C' = 3.1, D’ + 0.7, FE’ © -1.2, and F = -3 = 0.9x? + 3.1y” + 0.7x' — 1.2y’ — 3 = 0, an ellipse 


tan 2a = 5— = 7 = ee => 2a 11.31° => a 5.65° => sina = 0.10, cos a = 1.00; then A’ = 2.1, B’ = 0.0, 
C’ = —3.1, D! = 3.0, EF’ © —0.3, and F = —7 = 2.1x? —3.1y” + 3.0x’ — 0.3y’ — 7 = 0, a hyperbola 
tan2a = ~4 = 4 => 2a ~53.13° > a 26.57° = sina © 0.45, cos a © 0.89; then A’ ~ 0.0, B’ ~ 0.0, 


= 
C’ = 5.0, D’ = 0, E’ = 0, and F = —5 => 5.0y' —5=Oory’ = +10, parallel lines 


tan 2a = = = 3 => 2a 36.87 > a 18.43° => sina & 0.32, cos a © 0.95; then A’ ~ 0.0, B’ ~ 0.0, 


18 4 
C’ = 20.1, D’ = 0, E’ = 0, and F” = —49 => 20.1 a — 49 = 0, parallel lines 


tan 2a = 75, =5 => 2a 78.69? > a © 39.35° = sina © 0.63, cos a © 0.77; then A’ ~ 5.0, B’ ~ 0.0, 
C’ ~ —0.05, D! ~ —5.0, E’ © —6.2, and F = —-1 = 5.0x’ — 0.05 y” — 5.0x' — 6.2y’ — 1 = 0, a hyperbola 


tan 2a = 545 =-1 > 20% —45.00° > aw —22.5° => sina & —0.38, cos a % 0.92; then A’ ~ 0.5, B’ ~ 0.0, 
C’ = 10.4, D’ = 18.4, FE’ = 7.6, and F’ = —86 => 0.5x’? + 10.4(y’)? + 18.4x' + 7.6y’ — 86 = 0, an ellipse 


a= 90° => x =x’ cos 90° — y’ sin 90° = —y’ and y = x’ sin 90° + y’ cos 90° = x’ 
@) S+45 (b) -o= () x? +y” 








(d) y=mx => y—-mx=0 => D=-mandE=1;a=90° D’ = landE’ =m=>my'+x’=05y'=- 
—b 





(ec) y=mx+b => y—-mx—b=0 = D=-mandE=1;a=90° D’ = 1,E’ = mandF = 
=> my’ +x/—-b=0 = y'=-4x'+2 
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36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


Chapter 10 Conic Sections and Polar Coordinates 


a= 180° => x =x’ cos 180° — y’ sin 180° = —x’ and y = x’ sin 180° + y’ cos 180° = —y’ 








f 2 p 2 

@ $+H=1 (b) - = (c) x? ty? =a 

(qd) y=mx > y—mx=0 > D=-—mandE = 1; a = 180° D'=mandE’=—-1 => —y’+mx’=0 => 
y’ = mx’ 


(ce) y=mx+b => y—-mx—b=0 => D=-mandE = 1; a = 180° D’ = m, E’ = —1 and F’ = —b 
=> -y’+mx’—b=0 => y’=mx’—b 




















(a) A’ = cos 45° sin 45° = (2) (2) = 4, B’ = 0, C’ = — cos 45° sin 45° = — 1, P= 1 
> Ly? ly? 4 > x? —y? =2 
(b) A’ = 4,C! = — 3 (see part (a) above), D' = E’ = B’ = 0, F’ = —a 1x? — Ly? =a => x”-y”=2a 


72 


xy=2 > x?-y?=45 x _ ¥ = | (see Exercise 37(b)) > a=2andb=2 > c= /444=2V2 
> & < 2 J2 


a 








Yes, the graph is a hyperbola: with AC < 0 we have —4AC > 0 and B? — 4AC > 0. 


The one curve that meets all three of the stated criteria is the ellipse x? + 4xy + 5y2 — 1=0. The reasoning: 

The symmetry about the origin means that (—x, —y) lies on the graph whenever (x, y) does. Adding 

Ax? + Bxy + Cy? + Dx + Ey + F = 0 and A(—x)? + B(—x)(—y) + C(—y)? + D(—x) + E(—y) + F = 0 and dividing 
the result by 2 produces the equivalent equation Ax? + Bxy + Cy? + F = 0. Substituting x = 1, y = 0 (because 

the point (1, 0) lies on the curve) shows further that A = —F. Then —Fx? + Bxy + Cy? + F = 0. By implicit 
differentiation, —2Fx + By + Bxy’ + 2Cyy’ = 0, so substituting x = —2, y = 1, and y’ = 0 (from Property 3) 

gives 4F+B=0 B = —4F the conic is —Fx? — 4Fxy + Cy? +F = 0. Now substituting x = —2 and y = 1 
again gives —4F + 8F+C+F=0 C = —5F the equation is now —Fx? — 4Fxy — 5Fy? + F= 0. Finally, 
dividing through by —F gives the equation x” + 4xy + Sy? —1=0. 














Let a be any angle. Then A’ = cos? a + sin? a = 1, B’ = 0, C’ = sin? a + cos? a = 1, D'! = EF’ = Oand F = —a? 
=> x? 4 y" =a? 


If A = C, then B’ = B cos 2a + (C — A) sin 2a = B cos 2a. Then a 7 2a 


xy-term is eliminated. 





wi 


B' = Bcos 5 = 0 so the 





(a) B? — 4AC = 4? — 4(1)(4) = 0, so the discriminant indicates this conic is a parabola 
(b) The left-hand side of x? + 4xy + 4y” + 6x + 12y + 9 = 0 factors as a perfect square: (x + 2y + 3)? =0 
=> x+2y+3=0 => 2y = —x — 3; thus the curve is a degenerate parabola (i.e., a straight line). 


(a) B? — 4AC = 6? — 4(9)(1) = 0, so the discriminant indicates this conic is a parabola 


(b) The left-hand side of 9x? + 6xy + y? — 12x — 4y + 4 = 0 factors as a perfect square: (3x + y — 2)? = 0 
=> 3x+y—2=0 => y =-—3x + 2; thus the curve is a degenerate parabola (i.e., a straight line). 
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45. (a) B? —4AC = 1 — 4(0)(0) = 1 > hyperbola 
(b) xy +2x-—y=0 => ywx-l=-2x > y= 


46. 


47. 


48. 


49. 


(c) y= 4% = 


Section 10.3 Quadratic Equations and Rotations 





y=—-2x+3 4 





—2x 
x-l 





dy 
dx 





dy 
dx 


el = oP and we want tz) = —2, 





_ — _ =? 
the slope of y= —2x > -—2= 5 





=> (x-1?=4> x=30rx=-lix=3 | settle Sears 





=> y=-3 => (3,3) isa point on the hyperbola 
where the line with slope m = —2 is normal 

= the line is y+ 3 = —2(x — 3) or y = —2x +3; 
x=-l y=-l (—1, —1) is a point on the 








hyperbola where the line with slope m = —2 is 
normal = the line is y+ 1 = —2(x+ 1) or 
y = —2x -3 


(a) False: let A=C=1,B=2 B? —4AC =0 = parabola 
(b) False: see part (a) above 
(c) True: AC <0 > —4AC>0 = B?—4AC>0 = hyperbola 








Assume the ellipse has been rotated to eliminate the xy-term => the new equation is A’x’” + C’y’” = 1 = the 


: 1 ale ‘ 1 1) Se ae : a 
semi-axes are \/ a7 and a> the area is 7 ( / +) ( / +) Tae Jane Since B 4AC 


= — =-— ecause B’ = 0) we find that the area is ——2— as claimed. 
B? —4A'C 4A'C’ (b B’ = 0) we find that th i JMC laimed 





(a) A’+C' = (Acos?a+Bcosasina+C sin? a) + (A sin? a — B cos a sin a + C sin? q) 
= A (cos? a + sin? a) + C (sin? a + cos? a) =A+C 

(b) D? +E”? =(Dcosa+Esina)? +(—D sin a + Ecos a)? = D? cos? a + 2DE cos a sina +E? sin? a 
+ D? sin? a — 2DE sin a cos a + E? cos? a = D? (cos? a + sin? a) + E? (sin? a + cos? av) = D? + E? 


Be =4A'C 


= (B cos 2a + (C — A) sin 2a)” — 4 (A cos? w+ B cos a sin a + C sin? a) (A sin? a — B cos a sin a + C cos? a) 


= B? cos? 2a + 2B(C — A) sin 2a cos 2a + (C — A)? sin? 2a — 4A? cos? a sin? a + 4AB cos? a sin a 
— 4AC cost a — 4AB cos a sin? a + 4B? cos? a sin? a — 4BC cos? a sin a — 4AC sin* a + 4BC cos a sin? a 
— 4C? cos? a sin? a 

= B’ cos” 2a + 2BC sin 2a cos 2a — 2AB sin 2a cos 2a + C? sin? 2a — 2AC sin? 2a + A? sin? 2a 
— 4A? cos? a sin? a + 4AB cos® a sin a — 4AC cost a — 4AB cos a sin? a + B? sin? 2a — 4BC cos? a sin a 
— 4AC sin* a + 4BC cos a sin? a — 4C? cos? a sin? a 

= B? + 2BC(2 sin a cos a) (cos? a — sin? a) — 2AB(2 sin a cos a) (cos? a — sin? a) + C? (4 sin? a cos? a) 
— 2AC (4 sin? a cos? a) + A? (4 sin? a cos? w) — 4A? cos? a sin? a + 4AB cos? a sin a — 4AC cos! a 
— 4AB cos a sin? a — 4BC cos® a sin a — 4AC sin* a + 4BC cos a sin? a — 4C? cos? a sin? a 

= B? — 8AC sin? a cos? a — 4AC cost a — 4AC sin* a 

= B? — 4AC (cos* a + 2 sin? a cos? a + sin* a) 

= B? — 4AC (cos? a + sin? a)” 

= B?—4AC 
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10.4 CONICS AND PARAMETRIC EQUATIONS; THE CYCLOID 


1. x=cost,y=sint,O<t<a7 2. x =sin(27(1 — t)), y =cos(27(1 —t),0<t<1 
=> cos*t+sin?t=1 > x*+y?=1 => sin? (2n(1 — t)) + cos? (2n(1 — t)) = 1 
=+¢e+yol 











y 
A 
xe+y2=1 
t=7 t=0 
0 I >x 
\ i 
\ 7 
XN 7 
Se at 
3. x=4cost,y=Ssint,0O<t<a7 4. x=4sint,y =Scost,0<t< 27 
16 cos? t 25 sin?t __ x? y? _ 16 sin? t 25 cos*t __ x? y? _ 
tg og 2 be ag hog = 1 =f ag og Sh ag hoe = 








_ 2 _ T T 
6. x=sec*t—l,y=tant,-><t<§ 
=> sec?t—l=tan?t > x=y? 











yak 
1 
t=0 f - 
> x 
0 1 
7. X= —sect,y=tant,-><t<§ 8. x=csct,y=cott,0<t<7 
=> sec?t—tan’?t=1 > x?-y=1 => lt+co?t=csc?t > 1lt+y=xX > X-y=l 
¥ 
A 
¢ 
¢ 
7 
vA 
4 
/ 
/ 
I 
4 >x 
0 NV 
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9. x=ty=V4-0?,0<t<2 10. x=t,y=VJtt+1,t>0 
>y=V/4-%” > y=V/x4+1,x>0 











11. x = —cosht, y = sinht, -co << 1<c 12. x =2 sinht, y = 2 cosht, —co < t < co 
=> cosh?t—sinh?t=1 > x?-y?=1 => 4cosh?t—4sinh*t=4 > y?-x?=4 








13. Arc PF = Arc AF since each is the distance rolled and 
ArcPF = ZFCP = Arc PF = b(ZFCP); “&4F = 6 
= Arc AF =a? = af =b(ZFCP) = ZFCP = ; 6; 
ZOCG = 5 — 8; ZOCG = ZOCP + ZPCE 
= ZOCP + (3 — a). Now ZOCP = x — ZFCP 
=7— 0. Thus ZOCG=7-f76+5-a=> 5-0 
=n7-#0+5-a > a=n7-204+0=7- (20). 








ing 





Then x = OG — BG = OG — PE = (a— b) cos 8 — b cos a = (a — b) cos  — bcos (7 — 4= 0) 
= (a—b) cos 0 + bcos (2-2 8). Also y = EG = CG — CE = (a— b) sin# — bsina 

= (a—b) sin# — bsin (x — a—? 9) = (a—b) sin 0 — b sin (2-2 6). Therefore 

x = (a — b) cos 8 + bcos (#52 4) and y = (a—b) sin 6 —b sin (2,2 6). 


B 
If b = 3, then x = (a— 4) cos 0+ 3 cos (52 6) 























a 28 cos 0 + 4 cos 30 = 38 cos 6 + 7 (cos @ cos 26 — sin 6 sin 20) 
= #2 cos 0 + 4 ((cos 0) (cos? 6 — sin? @) — (sin 0)(2 sin 0 cos @)) 
_ 3a a a : Dai 3% 
= #3 cos 0 + 4 cos* @ — 4 cos 6 sin? 6 — 3 sin” 4 cos 6 

3a 


= # cos 6 + 4 cos? 6 — #4 (cos 8) (1 — cos” 8) = a cos? 0; 





y = (a— 3) sing—- 3 sin (“7 6) = # sin 0 — 4 sin 30 = * sin 6 — 4 (sin 8 cos 20 + cos 0 sin 20) 
4a 


= # sin 0 — 4 ((sin 8) (cos? 0 — sin” @) + (cos 0)(2 sin 4 cos 6)) 
= ¥ sind — { sin cos? 6 + § sin’ 9 — 2 cos? 4 sin 8 
= 3a sin 0 — 3a sin 8 cos? 9 + ri sin? 0 

3a 3a 


= # sin 0 — 3 (sin 6) (1 — sin? 6) + ¢ sin? 6 = asin’ 0. 
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14. 


15. 


16. 


17. 


18. 


P traces a hypocycloid where the larger radius is 2a and the smaller isa = x = (2a—a) cos @+acos (22 0) 
= 2acos 0,0 < @ < 27, and y = (2a — a) sin # — asin (728 0) =asin@—asin@ =O. Therefore P traces the 


diameter of the circle back and forth as @ goes from 0 to 27. 


Draw line AM in the figure and note that ZAMO is a right 
angle since it is an inscribed angle which spans the diameter 
of acircle. Then AN? = MN? + AM?. Now, OA = a, 

aN = tan t, and AM = sint. Next MN = OP 

=> OP? = AN? — AM? = a? tan’t — a” sin’ t 

=> OP= Jae tan? t — a? sin? t 

= (asin t)\/sec?t—1 = asin’t . In triangle BPO, 


i ‘tiem: os 
x = OP sint = 4%+ = a sin’ t tant and 








y =OPcost=asin’?t > x =asin’ttantandy =asin’t. 


Let the x-axis be the line the wheel rolls along with the y-axis through a low point of the trochoid 
(see the accompanying figure). 


y 




















Let @ denote the angle through which the wheel turns. Then h = a@ and k = a. Next introduce x’y’-axes 

parallel to the xy-axes and having their origin at the center C of the wheel. Then x’ = b cos a and 

y’ = bsina, where a = a — 6. It follows that x’ = b cos (22 — 6) = —b sin @ and y' = b sin (32 — 6) 
=-—bcos? > x=h+x'=a0—bsin@ andy =k+y’ = a -— bcos @ are parametric equations of the trochoid. 





D = x-2? + (y- 3) => D?=(x- 2)? 4+ (y— 1)’ =@-2)7 + (P?- 1) = D=t-4t4 2 


=> lita = 4t? -4=0 => t=1. The second derivative is always positive fort 40 > t = 1 gives a local 


minimum for D? (and hence D) which is an absolute minimum since it is the only extremum => the closest 
point on the parabola is (1, 1). 





D= / (2.cos t— 3)? + (sin t — 07 => D= (2 cost — 3)? + sin?t > a") 


= 2 (2 cos t — 3) (—2 sin t) +2 sin t cos t = (—2 sin t) (3 cos t— 3) =0 > —2 sint = 0or3 cost—2=0 











2 2 2 2 
=> t=0,7rort=7, xr N cm) = —6 cos?t + 3 cos t + 6 sin’ t so that ¢(? (0) = —3 => relative 
‘ d? (D?) om : : @(D?) (r\ _ 9 . te isk 
maximum, —j2 (7) = —9 => relative maximum, 42 (4) =5> relative minimum, and 











2. 2. 
P=! 


3 = relative minimum. Therefore both t = 7 and t = “s give points on the ellipse closest to 
the point (3, 0) > (1, 43) and (1, — v3) are the desired points. 
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19. (a 
(a) ; 
x=4costy=2sint 
O<t<2x 
2 
x 
20. (a) 
y 
14 
xX=sect.y=tant 
-1.5sts1.5 
21. 


2 
Xw2te3,yat-1 
—2<ts2 












22. (a 
(a) 7 
x=t-sint 
y=1 -cost 
Osts2n 
23. (a) 


Ostson 


Xx =2cost+cos 2t 
y =2sint—sin 2t 











(b) 
y 
x 
X= 4cost,y=2sint 
O«<ter 
(b) 
y 
X=sect,y=tant 
0.5s51s05 
(b) 
y 
X=t-sint 
y=1-cost 
Osts4nx 





(b) 


y 
2.6 


Section 10.4 Conics and Parametric Equations; The Cycloid 645 









(c) 
y 
x= 4 cost, y=2sint 
x 
(c) 
y 
0. 
x«sect,y=tant 
O.1sts0.1 
x 
(c) 
y 
X=t-sint 
y=1-cost 
Rsts3n 
x 





X = -2 Cos t + cos(-2t) 
y = -2 sint- sin(-2t) 


Osts2n 
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24. (a) (b) X = -3. COS t+ cos(-3t) 
4 = -3 sin t- sin(-3t) 






xX = 3. cos t+ cos 3t Osts2n 
y=3sint-sin 3t 
Osts2n 
x x 
-4 
25. (a) (b) (c) 





Hypocycloid 





26. (a) (b) 





x =6cost+5 cos 3t, y=6sint—S sin 31, x¥ = 6 cos 2+5 cos 6t, y=6 sin 2t—5 sin 61, 
O<t<2n O<t<x 


(c) (d) 





x =6 cos t+5 cos 3t, y = 6 sin 2 —5 sin 31, 


O<t<2n x = 6 cos 2¢+5 cos 6t, y = 6 sin 41 — 5 sin 61, 


O<t<zx 
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10.5 POLAR COORDINATES 
l. awe; bh gs chy df 2. a,f; b,h; c,g; de 


3. (a) (2 at 2n7) and (—2, ot Gat 1)r) , nan integer 
(b) (2, 2n7) and (—2,(2n + 1)7), n an integer 
(c) (2, 3a + 2nr) and (-2, 3a + (Qn+ 1)r) , nan integer 
(d) (2,(2n + 1)z) and (—2, 2n7), n an integer 


we 


wm 





T 
35.7 


+ 2nr) and (-3, m + 2nr) , nan integer y 
—3,5+ 2nr) and (3, m + 2nr) , Nan integer 


(b) 
(c) 
(d) 


34 2nr) and (-3, aE + 2nr) , Nan integer 





( 
( 
( 
( 


—3,-F+ 2nr) and (3, a + 2nr) , Nan integer 





(-3,7/4)) (3,~1/4) 
e e 





5. (a) x=rcos?=3cos0=3,y=rsin#d =3sin0=0 => Cartesian coordinates are (3, 0) 











(b) x =rcos@ = —3 cos0 = —3, y = rsin# = —3 sinO0 =0 => Cartesian coordinates are (—3, 0) 


(c) x =rcos @=2cos 2m —l,y=rsin@ =2sin 2m = V3 = Cartesian coordinates are (-1, V3) 














(d) x =rcos 6 = 2cos a l,y =rsin@ =2 sin a = V3 = Cartesian coordinates are (1, V3) 





(ec) x=rcos?=—3 cosa = 3, y =rsiné = —3 sina = 0 => Cartesian coordinates are (3, 0) 


(f) x=rcos#@=2cos}=1,y=rsin@ =2 sin} = V3 = Cartesian coordinates are (1, V3) 

















(g) x =rcos@ = —3 cos 2a = —3, y=rsin# = —3 sin22 = 0 => Cartesian coordinates are (—3, 0) 


(h) x =rcos 8 = —2 cos ( z) l,y =rsin@ = —2 sin (- z) = V3 = Cartesian coordinates are (-1, V3) 











6. (a) x= Jf2 cos7=ly= 4/2 sin | = 1 => Cartesian coordinates are (1, 1) 
(b) x=l1cosO=1,y=1sin0=0 = Cartesian coordinates are (1, 0) 
(c) x =Ocos | =0,y =Osin | =0 => Cartesian coordinates are (0, 0) 
(d) x= 4/3 cos (4) =-ly= =4/% sin (4) = —1 => Cartesian coordinates are (—1, —1) 


= Sr _ 33 _ . 5a __ 
(ec) x=—3cos =, y=—3sn F = 





= Cartesian coordinates are 4 a 3) 


3 

2 
(f) x =5cos (tan~! +) =3,y =5sin (tan~! +) = 4 = Cartesian coordinates are (3, 4) 
(g) x =—lcos 77 =1, y = —1 sin7z =0 => Cartesian coordinates are (1, 0) 


(h) x = 2/3 cos = = a4) 4 y= 2/3 sin “e =3 = Cartesian coordinates are (-v3,3) 
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10. 11. 12. 


x 
6 























x 
16. 17. 18. 
y y y 
A 
r=1 
0=0s7 
x 
> x 
0 1 
19. 20. , 21. 
y y 
T 30 Tagat 
gnOs - ~7 89S) 
I] o<r=! -W4 50504 2pwlsrs2 
-isrst 1 
0 2" 
x -l 
-2 
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22. 


23. 


25, 


21: 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35% 


36. 


37. 


38. 


39. 


40. 


41. 
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OsOsn2 
1siqs2 








rcos9=2 => x = 2, vertical line through (2, 0) 24. rsin@é = —1 => y= ~-1, horizontal line through (0, —1) 
rsin0=0 => y =O, the x-axis 26. rcos@ =0 => x =O, the y-axis 
r=4csc# > r= =, => rsind=4 = y =4,a horizontal line through (0, 4) 


-3 
cos 0 


r=-—3sec?é > r= 





=> reosd=-—3 => x= —3,a vertical line through (—3, 0) 
rcos#é+rsindé=1 => x+y ~=1., line with slope m = —1 and intercept b = 1 

rsin@ =rcos@? = y =x, line with slope m = | and intercept b = 0 

r=1 => x?+y? =1, circle with center C = (0,0) and radius 1 


r=4rsind > xX+y?=4y = xX*4+y?-4y+4=4 = x?+(y—- 2) =4, circle with center C = (0, 2) and radius 2 


2 


LS sin 6—2 cos 0 


=> rsin@—2rcos8é=5 => y—2x =5, line with slope m = 2 and intercept b = 5 


r’ sin20=2 => 2r’ sind cos =2 => (rsin6)(rcos 0) =1 => xy = 1, hyperbola with focal axis y = x 








r= cot O csc @ = (84) (1) = rsin?@=cos@ > r sin?@=rcos@ = y? = x, parabola with vertex (0, 0) 


sin 0 sin 0 


which opens to the right 


2 2 


r=4tanésec# => r= 4 (38) => rcos?@=4sin9 > 1’ cos?0=4rsin@ > x? = 4y, parabola with 


cos? @ 





vertex = (0,0) which opens upward 
r=(csc dye"? => rsind =e? = y =e-*, graph of the natural exponential function 


rsin@ =Inr+Incos @ = In(rcos 0) = y =Inx, graph of the natural logarithm function 

















r’+2r’cos@sind=1 > xX +y?4+2xy=1 > xX*4+2xy+y=1 5 «Kt+yPr=1 x+y = +1, two parallel 
straight lines of slope —1 and y-intercepts b = + 1 
cos? 6 = sin?@ => r? cos?@ =r? sin? 6 Sy |x| = ly| + x = y, two perpendicular 





lines through the origin with slopes | and —1, respectively. 


r=—4rcoos@0 > YPt+y=-4x = 7+4x+y=0 = x°4+4x+44+y=4 = (x4+2)+y? =4,acircle with 
center C(—2, 0) and radius 2 
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42. °=-6rsind > xX +y?=—-by > xX+y?+6y=0 = xX t+y?+6y+9=9 = x? 4+ (y+ 3)? =9, acircle with 
center C(O, —3) and radius 3 


43. r=8sind > Pr =8rsind > X+y?=8y > xX +y?-8y=0 = x+y’ —8y+16=16 
=> x?+(y —4) = 16, a circle with center C(0, 4) and radius 4 


2 


44. r=3cosd > Pr =3reos0 > X4+y?=3x > X+y?-3x=0 > P-3x+}4y?=2 


2 ' ; ; 
=> (x — 3) + y’ = 3 , acircle with center C (3, 0) and radius 3 


45. r=2cos6+2sin0 > r?-=2rcos0+2rsind > x*+y?=2x+2y => x?-2x+y*?-2y=0 
=> (x — 1)? +(y — 1)? = 2, acircle with center C(1, 1) and radius \/2 


2 


46. r=2cos@—sing > r°=2rcosd—rsind > x*+y?=2x—y => x? -2x+y*+y=0 


=> (x-1?+ (y + 1)? = 3, a circle with center C (iL, _ 5) and radius si 


47. rsin (0 + 2) =2> r (sin 0 cos = + cos @ sin 2) =2 => V3 r sind +4rcosd =2 => Vay41x=2 
=> V3 y +x = 4, line with slope m = — ~; and intercept b = 7 


48. rsin (2 — ,=5 => r (sin cos 6 — cos sin #) = 5 => Yrcosd+irsind=5 => Byplyas5 


=> V3x+y = 10, line with slope m = —\/3 and intercept b = 10 
49. x=7 => rcosd=7 50. y=1 => rsn0=1 


Sl. x=y = reosd=rsind > 0=7 52. x -y=3 => rcos?—rsin@ =3 








53. *+y?=4 red r=2orr=-2 

54. x? -y?=1 = r’cos?0—r’ sin?6 =1 = 1 (cos?6—sin?@)=1 > r’cos20=1 

55. ~+¥=1 => 4x? + 9y? = 36 = 4r? cos? 6 + 9r? sin? 6 = 36 

56. xy =2 > (rcos O)\(rsin#) =2 > 1’ cos@sind =2 > 21’? cosdsind =4 => 1’ sin20=4 


2 


57. y2=4x > r’sin?@=4rcos@ => rsin?@=4cos 0 


58. VP txyty=1 5 XP+ytxy=1 Ss r+r’sindcos6=1 > r2(1+sin6 cos 6) =1 





59. 4+ (y—2)? =4 > x t+y?—-4y4+4=4 = 4 y%=4y => P=4rsind > r=4sind 
60. (x—5/ +y?=25 => x?-10x4+25+y?=25 => x? +y?=10x => r =10rcosd => r=10cos8 
61. «&-3" +G4+12=4 = x? -6x4- 94+ y?+2y4+1=4 = VP +y? =6x—-2y—-6 => r’ = 6rcos 9 — Irsin# — 6 


62. x+2P+(y-5% =16 = x7°4+4x4+4+y?-1l0y+25=16 => x+y=-4x+l0y-13 sr 
= —4rcos 6+ 10r sin 6 — 13 


63. (0,6) where 6 is any angle 
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64. (a) x =a > rcosd=a r= 9 


(bt) y=b > rsind=b T= 39 








10.6 GRAPHING IN POLAR COORDINATES 


1. 1+ cos(—#) = 1-+cos@=r => symmetric about the 
x-axis; | + cos(—0) 4 —r and 1 + cos ( — 6) 
= 1-—cos@?#r= not symmetric about the y-axis; 


therefore not symmetric about the origin 


2. 2—2cos(—0@) =2—2cos@=r => symmetric about the 
x-axis; 2 — 2 cos(—@) # —r and 2 — 2 cos (a — 6) 
=2+2cos0#Ar => not symmetric about the y-axis; 








therefore not symmetric about the origin 


3. 1—sin(—8)=1+sin@ #rand 1 — sin(z — @) 
= 1-sin@ #£ —r => not symmetric about the x-axis; 
1 —sin(a — 0@)=1-—sin0 =r => symmetric about 
the y-axis; therefore not symmetric about the origin 





4. 1+sin(—0) =1-—sin0 £rand1+sin(a — 6) 
=1+sin@ # —r => not symmetric about the x-axis; 


1+sin(a — @)=1+sin@ =r => symmetric about the 





y-axis; therefore not symmetric about the origin 


5. 2+sin(—0) =2—sin@O #£rand2 +4 sin(z — 0) 
=2+sin@ # —r => not symmetric about the x-axis; 


2+ sin(7 — @)=2+sin@ =r => symmetric about the 
y-axis; therefore not symmetric about the origin 
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r=1+sin@ jo 
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6. 1+2sin(—0)=1—2sin0 “rand 1 +2 sin(z — 6) 
=1+42sin0 # —r => not symmetric about the x-axis; 
142 sin(7 —- 6) =1+2sin@=r => symmetric about the 
y-axis; therefore not symmetric about the origin 





7. sin (- f)= — sin (5) = -—r = symmetric about the y-axis; 


sin (24 ont) = = sin (8), so the graph is symmetric about the 


x-axis, and hence the origin. 





8. cos (- $) = cos (2) =r => symmetric about the x-axis; 
cos (a a) = cos (5) , So the graph is symmetric about the 


y-axis, and hence the origin. 


9. cos(—@) =cos6 =r? => (r,—6) and (—r, —@) are on the 
graph when (r, @) is on the graph = symmetric about the 
X-axis and the y-axis; therefore symmetric about the origin 








10. sin(a — 6) = sin@ =r? (r, 7 — 9) and (—r, 7 — 9) are on 
the graph when (r, #) is on the graph = symmetric about 
the y-axis and the x-axis; therefore symmetric about the 
origin 
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11. 


12. 


13. 


14. 


15. 


16. 


—sin(r — 0) =—sind =r? => (t,7— 9) and (-1,7 — 0) 
are on the graph when (r, #) is on the graph = symmetric 
about the y-axis and the x-axis; therefore symmetric about 

the origin 


—cos(—9) = —cosd=r? 


=> (r, —0) and (—r, —0) are on 
the graph when (r, #) is on the graph = symmetric about 
the x-axis and the y-axis; therefore symmetric about the 


origin 





Since ( +r, —0) are on the graph when (r, @) is on the graph 
((+ 1)” = 4cos 2-0) > r? =4cos 20) , the graph is 
symmetric about the x-axis and the y-axis = the graph is 
symmetric about the origin 


Since (1, 8) on the graph = (—r,@) is on the graph 
((+1)? =4sin20 > r? =4 sin 26), the graph is 
symmetric about the origin. But 4 sin 2(—@) = —4 sin 20 
# 1 and 4 sin 2(7 — 0) = 4 sin (27 — 20) = 4 sin (—20) 
= —4sin 20 #r? = the graph is not symmetric about 
the x-axis; therefore the graph is not symmetric about 

the y-axis 


Since (1, 9) on the graph = (—r,@) is on the graph 

((1r)’ =—sin20 => r? = —sin 26), the graph is 
symmetric about the origin. But — sin 2(—@) = —(— sin 20) 
sin 20 # r? and — sin 2(m — 0) = — sin (2x — 20) 

= —sin(—20) = —(—sin 20) = sin20 41? => the graph 
is not symmetric about the x-axis; therefore the graph is 











not symmetric about the y-axis 





Since( + 1, —8) are on the graph when (r, #) is on the 
graph (( + 1)? = —cos 2(-9) > r? = —cos 20), the 
graph is symmetric about the x-axis and the y-axis = the 
graph is symmetric about the origin. 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


Section 10.6 Graphing in Polar Coordinates 


y 





r?=-sin 6 














7a 4 sin 20 


>x 


(72 6 cos 20 








 s-cos 26 
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17.0=% >r=-1 => (-1,$),and0=-% > r=-1 





12 2 
GN ool — Ot ‘ 7 __ sin 6+rcos 
> ( I, at ~ db sin #; Slope = Feos-rsin 6 


— sin? 6+r cos 0 
~~ — sin 6 cos 6—r sin 0 
— sin? (F)+(-1) cos § _ : mead 
—sin 5 cos 5—(—l) sin 5 1; Slope at (=i a 4) 18 
sin? ( 5)+¢ 1) cos ( 5) 
sin ( 5) cos ( 5) (—1) sin ( 5) 


=> Slope at (-1, z) is 




















18.0=0> r=-l (-1,0),and@=7 > r=-1 
=> (-l1,7);r = a = cos 0; 








0 
__ rsin@+rcos@ __ cos @sin 6+r cos 6 
Slope ~~ cos @—-rsin@ ~~ cos @ cos 6—r sin 6 





— cos @ sin 6+r cos 0 - cos 0 sin 0+(—1) cos 0 
“cos? @=r sin 8 => Slope at ( 1, 0) 1S nos 0—(—1) sin 0 


cos 7 sint@+(—l)cosm __ 1 
cos? 7—(—1l)sint 


= —1; Slope at (—1,7) is 








19. 0=% >r=1 5 (1,9);0=-% sr=-l 
1 











r= x = 2 cos 20; 

__ rsin@+rcos@ __ 2 cos 26 sin +r cos 0 
Slope ~~ rcosé—rsin@ ~ 2cos 26 cos 6—r sind 
2 cos (5) sin (7) +() cos (3) 
2 cos (5) cos (|) -@) sin (3) 





= Slope at (, +) is 




















Slope at (1, — 3) is 32° ape a) Ht tere 7 =1; 








Slope at ( 1, a) is 











Slope at (1, 32) is 








20.9=0 > r=1 > G,0);@=% = r=-1 = (-1,1); 














2 
Q=— 5 r=-—-l (-1,-$);0="7 >r=1 
=> (1,7); = 4 = —2 sin 26; 
_ rsiné+rcos@ __ —2 sin 26 sin 0+1 cos 0 (1.x) 
Slope “~~ cos é-rsin@ ~ —2 sin 20 cos 6—r sin 0 


+, —2 sin 0 sin 0+cos 0 ‘i ‘ H F 
=> Slope at (1,0) is = [rococo amo > Which is undefined; 


—2 sin 2 (5) sin (F)+(-1) cos (3) 


Slope at ( I, z) is —2 sin 2 (F) cos (F)—(-1) sin (F) 

















a\ 2 sin 2 ( 5) sin ( 5) +( 1) cos ( a _ 
Slope at ( 1, 5) 2 sin 2 ( z) cos ( 5) (—Dsin ( 5 = 0; 


Slope at (1, 7) is =28i22tsint+eost | Which is undefined 
, —2 sin 27 cos 7—sin 7 


ae ee 
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21. (a) 
y 
1 
y ; 
ey, 3 
2 
: 
22. (a) 
23. (a) 
24. (a) y 
25. 


r=-l 
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I 1 
2 


(b) 


(b) 





(b) 
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26. r=2sec9 > r=—~, => rcoss@=2 > x=2 


27. 


29. 


30. 


31. 


32. 





Chapter 10 Conic Sections and Polar Coordinates 


(2v2, 1/4) 


cos 6 






=2sec 6 


O0=rs2-2cosé 


t) is on the graph 








(2 3n) is the same point as (—2, — z) -r=2sin2 (- 
= (2, 32) is on the graph 





(5 32) is the same point as ( so a)ar= sin (42) = sin § = ;> (—4,%) ison the graph > (GG, 


272 


is on the graph 








1+ cos? = 1—cos 6 cos? =0 0 — fet a ery 

= r= 1; points of intersection are (1, z) and (i, 3x) ? 

The point of intersection (0, 0) is found by graphing. m 
2 2 












1+sind=1-—sin@ sind =0 6=0,7 r= y 
points of intersection are (1,0) and (1,7). The point of aaa 
intersection (0,0) is found by graphing. 


r=t-sind|2 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


|X 


33. 


34. 


35. 


36. 


37. 


2sin@é=2sin20 > sin? =sin20 => sin@ 
=2sin@cos@? => sin@—2sin@cosd=0 

=> (sin @)(1 —2cos0?)=0 => sin 6 = 0 or cos 6 = § 
= 0=0,7,3,0r—-7;9=0orn7 > r=0, 
@=2>r=/3,and0=—-* => r = —\/3; points of 


intersection are (0, 0), (v3, z), and (-v3, = 1) 


cos@é=1-—cosé => 2cosd=1 => cos 0 = + 


> 0=3,.-%5 >r= - ; points of intersection are 


(4 j z) and (3 = z) . The point (0, 0) is found by 
graphing. 








2 
(v2) =4sin0 5 sind > 0 £ , = ; points 
of intersection are (v2, z) and (v2, x) . The 
points (v2, — z) and (v2, = =) are found by 


graphing. 








i — 4 me Sms 
V2 sin 0 = \/2 cos 0 sin 0 = cos 8 GS arr 
0=% p= 1 r= +land@=% > P=-1 


= no solution for r; points of intersection are ( +1, 7) ‘ 














The points (0, 0) and ( 1, 3) are found by graphing. 


—_ . ‘ —_ 1 —_ «a Sa 13m 170 
1=2sin20 => sin20=5 > 20= 6.3.6 © 


> d= D : ms ; Be . oe ; points of intersection are 
1 5a 137 170 
(1, 7) > (1, 73). (1, 43). and (1, 43) . No other 


points are found by graphing. 





Section 10.6 Graphing in Polar Coordinates 


y 


z r=2sin® 


r=2sin20 


y 
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38. V2 cos 20 = V2 sin 20 = cos 20 = sin 20 





















— 2 Sn 9 Dr — 2 sm 9 Lr, 
— Sa Ti age a OKs. eg ig Bie aioe 
6=%,% > Palar=+10=%,% 
= r?=—1 = no solution for r; points of intersection are 


(, z) and (, 37) . The point of intersection (0, 0) is found 


by graphing. r?2.cos 28 


39. r? = sin 20 and r” = cos 28 are generated completely for y 
0<d< 3 . Then sin 26 = cos 20 20 i is the only 


‘ ‘ T 2, : T\) _ 
solution on that interval 0 go=2t sin 2 ( z) =< 








r2=sin20 














ee ee eee i : c sii. We ae 
> r=. vs) ; points of intersection are ( a Tp? z) : 





: : , ‘ ‘ ( 12= cos 20 
The point of intersection (0, 0) is found by graphing. 


- @ 7] -,@ 6 7] 3x It 

40. l1—sin3 =1+cos} > —sin} =cos>; > 5=7.7 
2 
=> 0=F,5;0=F > r=ltcos F=1-*; 


g=4 => r=1+4cos Z =1+4 2; points of 


intersection are ( — ces *z) and (1 + a 1s) . The 
three points of intersection (0, 0) and (1 = es ; x) are 


found by graphing and symmetry. 





41. 1=2sin20 > sin20=} > 290=2, 5, Br, im 


> d=, eu ; Bn ; un ; points of intersection are 
(1, 15) (1, 1) (1, a). and (1, ‘77') - The points 
of intersection (1,72), (1, 42), (1, 22) and 


(1, 2) are found by graphing and symmetry. 








42. r? = 2 sin 20 is completely generated on 0 < 6 < 5 80 








that 1 =2sin20 > sn20=}4>20=2,% > 0=4, 
me ; points of intersection are (1, Zz) and ‘ae 5m) . The 
points of intersection ( 1, z) and ( 1, r) are found 





by graphing. 





43. Note that (r, 0) and (—r, 8 + 7) describe the same point in the plane. Thenr = 1 — cos? = —1-—cos(8+7) 
= —1— (cos 6 cos 7 — sin 8 sin 7) = —1 + cos 0 = —(1 — cos 0) = —1; therefore (r, 9) is on the graph of 
r=1-—cos@ & (-1r,8+7) is on the graph of r= —1 —cos 6 = the answer is (a). 
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y y y 
CH =) t 
r=l1-cos6 =-1-cos 0 r=1+cos6 


44. Note that (r, 0) and (—r, 6 + 7) describe the same point in the plane. Thenr = cos 206 <= —sin (2(0 +7))+ z) 
= —sin (20 + a) = — sin (20) cos (2) — cos (26) sin (22) = —cos 20 = —r; therefore (r, #) is on the graph of 


r=-—sin (20 + z) => the answer is (a). 
y y 
y 
r=cos 26 r=-sin (20 +5) =- cos 5 
45. 46. 


r=1+2sing 





47. (a) (b) (d) 


(c) 
y y y 
1 
1 
r= cos 768 
r= cos 20 r=cos 36 
x x ss x 
1 1 1 
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48. (a) (b) 


(e) 
| er 
r= 8/0 


49. (a) r =—4cos? => cos 0 = —©;r=1-—cos@ => r=1-(-§) => 0=r-4r4+4 => (7-27 =0 























=> r= 2; therefore cos 0 = — 2 -1 §=7 => (2,7) is a point of intersection 
(bt) r=0 = 0? =4 cos 0 cos? =0 0 ao > (0,2) or (0, $=) is on the graph; r = 0 + 0 =1-—cos0 





cosd=1 => 06=0 (0, 0) is on the graph. Since (0,0) = (0 F z) for polar coordinates, the graphs 
intersect at the origin. 





50. (a) Let r = f(@) be symmetric about the x-axis and the y-axis. Then (r, 9) on the graph = (r, —@) is on the 
graph because of symmetry about the x-axis. Then (—r, —(—@)) = (—r, 9) is on the graph because of 
symmetry about the y-axis. Therefore r = f(@) is symmetric about the origin. 

Let r = f(@) be symmetric about the x-axis and the origin. Then (r,@) on the graph = (r, —6) is on the 
graph because of symmetry about the x-axis. Then (—r, —@) is on the graph because of symmetry about 
the origin. Therefore r = f(@) is symmetric about the y-axis. 


(b 


wm 


(c) Let r = f(@) be symmetric about the y-axis and the origin. Then (r, #) on the graph = (—r, —6) is on the 
graph because of symmetry about the y-axis. Then (—(—r), —@) = (1, —@) is on the graph because of 
symmetry about the origin. Therefore r = f(@) is symmetric about the x-axis. 


51. The maximum width of the petal of the rose which lies along the x-axis is twice the largest y value of the curve 
on the intervalO < 46 < i . So we wish to maximize 2y = 2r sin 8 = 2 cos 20 sin@ on0 <6 < i . Let 
f(9) = 2 cos 20 sin 6 = 2(1 — 2 sin? 6) (sin 0) = 2 sin 9 — 4 sin? @ = f'(@) = 2 cos 6 — 12 sin? @ cos 6. Then 
f'(0) =0 = 2cos@— 12sin? 6 cos # =0 => (cos 6)(1 —6sin?@) =0 > cos0=Oorl—6sin?6=0 > 0=F or 


+ yg +1 t ee ea gin Awd 
sin? = “Fe. Since we want 0 < 6 < 7, we choose @ = sin (+) => f(0) =2sin@—4 sin’ 6 














=2 ( 4.) 4-1 — 26 . We can see from the graph of r = cos 26 that a maximum does occur in the 


6/6 2 


intervalO <0 < a . Therefore the maximum width occurs at 9 = sin7! (+) , and the maximum width 


2/6 
S “9° 


52. We wish to maximize y = r sin 6 = 2(1 + cos #\(sin #) = 2 sin 8 + 2 sin @ cos 8. Then 
yy = 2 cos 6 + 2(sin 6)(— sin 0) + 2 cos 6 cos 6 = 2 cos 8 — 2 sin? 9 + 2 cos? 6 = 2 cos 6 + 4 cos? 6 — 2; thus 


oF =0 => 4cos?6+2cos9—-2=0 = 2cos?6+cosd—-1=0 => (2cos@— 1)(cos9+1)=0 > cosd= } 
orcos@=—1 > 0= 3 oe am. From the graph, we can see that the maximum occurs in the first quadrant so 


Then y = 2 sin 3 +2 sin 5 cos 3 = ave . The x-coordinate of this point is x = r cos 7 


=" 
= 2 (1 + cos s 3) (cos z) = 3. Thus the maximum height is h = ae occurring at x = 3. 
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10.7 AREA AND LENGTHS IN POLAR COORDINATES 


Qn Qn Qn 
1. A= fo 4442056)? d= [4 (16 + 16 cos 6 +4 cos? 4) dd = J" [8 +8 cos @ + 2 (L+282)] ao 
20 
=f (9 + 8 cos 6 + cos 26) dd = [90 +8 sin 6 + } sin 26] 5" = 187 


an 2r Qn 
2, A= J, 1 [a(l +cos #)P 40 = f 1a? (1 +2 cos 6 +cos? 4) do = 4a? [ (1 +2 cos 6 + ++9984) dg 


Qn 
=12 [ (3 +2 cos @ + cos 26) dd = 5a’ [2642sin6 +1 sin 26] 0" = 31a? 


n/4 n/4 7 T 
3. A=2 J” }cost29d9 = J" 1+20840 gg = 1 [g + snao] 7/4 _ 


a/A 


7/4 m/4 i 
1 sin 26 
4, A-—2 de 5 (2a” cos 20) dO = 2a? I. cos 20 d@ = 2a? [7] —aniA 


= 2a? 
7/25 . n/2 . /2 
5. A= [” 1(4sin26) dd = [.” 2 sin 26 dd = [—cos 26]5/” =2 


7/6 7/6 - 
6. A= (6)(2) J. 5 (2 sin 30) dO = 12 f sin 30 dO = 12 [— °°834] “ _4 


7. r=2cosdandr=2sin@d => 2cos@é=2sin0 
cos 6 = sin@ 0 7 > therefore 








A=2 ["'4@ sino? a9 = [4 sin29 a0 
=f" 4 (tass28) do = [2 -2.c0s 28) dé 


= [20 — sin 26|7/4 = 2-1 


8 r=landr=2sind > 2sin0d=1 => sin 6 = $ 


= 0= for ae ; therefore 


A=n(1)?? — i 5 [(2 sin 6)” — 17] do 

=n— fi" (2sin?9 — 3) dé 

=n— fi." (1—cos 20 ~ 3) dé 

=n "(3 cos 26) ao =n — [0 — spe] 5 








=n— (%—} sin ¥) + (fj -}sin§) = = 
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9. r=2andr = 2(1 —cos@) + 2=2(1 —cos 8) y 
cos6=0 > 0= +$; therefore a 








A=2 pn [211 — cos @)]? d@ + tarea of the circle 
o 2 2 


m/2 
= f 4(1 —2cos 6 + cos” 4) d@ + (7) (2) 





= "4 (1 = 2008 6 -+ 18828) 60+ 2m 





m/2 
=f (4 —8cos 6 +2+2 cos 26) dO + 27 
= [60 — 8 sin + sin 26] +. 2n = 50 —8 








10. r = 2(1 — cos 0) andr = 2(1 + cos 0) > 1-—cos@ 2 r = 2(1+cos 6) 
=1+ cos 0 cos? =0 0 = or 3 ; the graph also 


gives the point of intersection (0, 0); therefore 


n/2 - 
A=2f” 4 [20 —cos AP d0+2 J” [20 + cos py) do 





m/2 
= i? 4 (1 — 2 cos 6 + cos? 6) dé 
r = 2(1 — cos 0) 


+ J7,4(1 +2 cos 6 + cos? 6) dd 
m/2 i 

= Jp 4 (1-2 cos 9+ +9828) do + f" 4 (1+2cos + 5822) ap 
m/2 T 

=f (6 — 8 cos 8 +2.cos 2) d0+ J ,(6 +8 cos 6 +2 cos 26) dé 

= [69 — 8 sin @ + sin 26]5/° + [60 + 8 sin @ + sin 26]*,. = 67 — 16 


ll. r= V3 and 2 =6cos20 => 3=6cos 20 => cos 26 = 5 
= @= & (in the Ist quadrant); we use symmetry of the 


graph to find the area, so 
7/6 2 
A=4f (6 cos 2) 1 (V3) | do 
7/6 
=2 J." (cos 26 — 3) dé = 2[3 sin 20 — 365! 


=3/3-7 











12. r = 3acos @ andr = a(1 + cos 0) > 3acos # = a(1 + cos 8) Y 
=> 3cos?=1+cos@ cos 0 = } 0=for—%; 


the graph also gives the point of intersection (0, 0); therefore 


m/ 3 
A=2 i 5 [(3a cos 0)” — a?(1 + cos 0)? dé 






/3 

= f (9a? cos? 6 — a? — 2a? cos 6 — a? cos? A) dO 
r wa(1+ cos 6) 

= f (8a? cos? 6 — 2a” cos 6 — a”) dd -a 
n/3 . 

= f [4a7(1 + cos 20) — 2a? cos 6 — a”] dé 
n/3 

= f (3a? + 4a” cos 20 — 2a? cos 0) dd 


= [3a70 + 2a” sin 20 — 2a? sin 6] ia = ma’ + 2a? (4) — 2a? (4) =_ (n+ 1— V3) 
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sa eae y 
=> 6 = + in quadrant II; therefore r= —2c0s 6 
A=2 mie 2cos 6 — 7 d0= J. (4 cos? @ — 1) a8 
X 
= J/,120 +c0s 26) — 1140 = J” (1 +2 cos 26) do 


: T T 3 
= [6 + sin 26]5,/3 = z4M3 


2n/3 1 5 2n/3 9 2r/3 
14. (a) A=2 fb Qcos6+1)d0= [” (4cos?6+4cosO+1)dd= f” [2(1 + cos 26) + 4 cos + 1] dd 
Vi 4y3 ae ve) 





2n/3 
= JG +2cos 26 + 4 cos 6) dé = [30 +sin 26 +4 sin 6]3°"* = 20 
(b) A= (2m + sy) (= 2y3) =T+ 3/3 (from 14(a) above and Example 2 in the text) 





15. r=6andr=3csc@ > 6sin0d=3 => sin 0 = 4 


5r/ : P 
=> 6 = £ or %; therefore A = J 5 (6? — 9 csc? 0) dO 


= “(18 — 3 esc?) do = [180 + 3 cot 0] 770° 





16. 1? = 6 cos 20 andr = 3 secO => 2 sec?@ = 6cos 20 = 3 =cos’4 cos 20 = 3 = (cos? 6) (2 cos? 6 — 1) 


=> 3 =2cos'@ — cos” @ => 2 cos! — cos? 6 — 3 = 0 = 16 cos' 6 — 8 cos? 6 —3 = 0 








= (4 cos? 6 + 1)(4 cos? 6 — 3) = 0 = cos? = 3 or cos? 6 = — } cos 0 = + V3 (the second equation has no real 





7/6 . 
roots) = 0 = € (in the first quadrant); thus A = 2 pea (6 cos 26 — 3 sec? 0) dd = fe (6 cos 26 — ; sec? 0) dé 


= [3 sin 20 — 2 tang]7/° = 3 (2) 3, = 38 a. 








17. (a) r=tan@ andr = (2) csc? => tané = (2) csc 6 
=> sin? O= (2) cos@ => 1—cos?@= (2) cos 0 


> cos + (2) cosé-1=0 => cos 6 = —\/2 or 





se (use the quadratic formula) = 6 = { (the solution 


in the first quadrant); therefore the area of R; is 


n/4 7/4 
Ai = fi ‘tan? d= [ (sec? 9 — 1) d9 = 3 {tand—6]7/* = 2 (tans —2)=1-8; 
2 
AO = (#2) ese $= ¥ and OB = (42) ese F=1 > AB=\/1?- (2) = ¥ 


=> the area of Rog is Ap = ; (2) (2) a 5 ; therefore the area of the region shaded in the text is 





2 2 


2 (3 — et i) = 3 — |. Note: The area must be found this way since no common interval generates the region. For 


example, the interval 0 < @ < | generates the arc OB of r = tan @ but does not generate the segment AB of the line 











r= ws csc 9. Instead the interval generates the half-line from B to +o on the line r = ae esc 6. 
(b) tim tan 0 = co and the line x = | is r = sec @ in polar coordinates; then P as - a 0 — sec 0) 
7 St 
=, tim, (ah — ata) =, tim, (8251) =, lim, (285) =0 = r= tan # approaches 
r=secOas? > > = r=sec@ (orx = 1) isa vertical asymptote of r = tan 9. Similarly, r = — sec 0 
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(or x = —1) is a vertical asymptote of r = tan 6. 


18. It is not because the circle is generated twice from 6 = 0 to 27. The area of the cardioid is 
A=2f 1 (cos 6+ 1)? d0 = f° (cos? +2cos +1) d0= (+#9082 +2 cos 0+ 1) dé 


‘i : : . 2 ; 
= [# + sin 26 + 2 sin 0 i = 3a . The area of the circle is A = 7 (4) = 7 = the area requested is actually 
Sn 
4 


© V5 Js 
19. r= 0,0 <0< /5 => % = 26; therefore Length = [ \/(62)? + (20)? 40 = [* 68+ 46? ao 
v5 i 
= | \o] Ve +4 dd = (since 0 > 0) [” 0Ve +40; [u= 02 +4 > Ldu=6d0;0=0 > u=4, 
919 
6=V/3 = u=9] > fb fadu=} 30] = 2 


ie 2 2 T 
a: se" de? = ef et = a 
20. = aan => {5 = “Sys therefore Length = J (+) + (+) do = fi /2($) dé 


= fe? d0 = [e"]* =e" -1 








Qn 
21. r=1+cosé => wt = — sin 0; therefore Length = HA Va + cos 6)? + (— sin 0)? dé 


=2 f° V2+2e0s 8 a0 = 2" [MESA ay = 4 f° [st a9 = 4 J” cos (2) d0 = 4 [2 sin $]7 = 8 


‘ 2 : 2 
2? r=asin®2,0<0<n ,a>dos * —asin % cos $ ; therefore Length = f \/ (asin? 2) + (asin £ cos 4) dé 








=f v/a? sint § + a? sin? 2 cos? $0 = f i “asin 2| sin? $ + cos? £ dO = (since 0 < 0 < 7) af sin (4 ) do 


= [—2a cos A : =2a 











2 
= T dr __ 6 sin 6 2 6 sin 0 
23. r= Eary 0 is 0 = 2 => dé ~ (1+cos 6)? > therefore Length = iM i (850) a (a + cos i) dé 


n/2 : 
= 36 36 sin? 0 = sin? 0 
~— Ji Tam + (1+ cos 6)" dé = 6 ia laa | I+ (1+ cos 6)? dé 
n/2 - 
— fe 1 wT 1 1+2 cos 6+ cos? 6+ sin? 6 
= (since 1+cos 6 >Oo0<¢@< ? 6 J (second) J (1 + cos 6)? dé 
m/2 
2+2cos 0 =o dé 
=6 f"( aaa) \V A +cos 6? do = 6/2 J, (1 + cos 6572 =6/2 [” Boot” =3f" |sec? $| do 


n/2 m4 a 
= 3 sec? £ dd = 6f. sec? u du = (use tables) 6 (24% ee + 4 fa sec u ~*~ 


=6(45+ [} In |sec u + tan ul] 9/*) =3 [V2 +n (1+ v2)| 























é 2 
= ps 1 dr _ —_—2 sin@ _ 2 2 —2 sin 0 
24. r= T= cto Q@<17 > do = Ga cos OF? ; therefore Length = fy G0) + (2) dé 


sin? 0 f 2 / (1 —cos 0)? + sin? 0 
_ =i ai —ion ( (1 + (1 —cos 6)” —cos 0) | dé = tl sa (1 —cos 6)? dé 


= (since 1 — cos > O0on 2 <6 <7) ere 1 ) da 
= a SS wk 1—cos 0 (1 —cos 6)? 


= e 1 [2=2 cos 0 = . dé _ {* 34 
=2 Ja) (1 —cos 6)? dé = 2/2 2 oe ~~ 2V/2J", (2 sin? aye ~~ J ese 5 | dé 


= is, esc3 (4) dé = (since csc cf > O0on a <A< TT) 2 Lf. csc? u du = (use tables) 
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2([ eee ae ese u du) =2(4,-[} In lese u + cot ul] */:) =2[4,+41n(V2+1)| 
= V2+In(1+ v2) 











25. r=cos? t > o = =—sin 3 cos” 3 8 ; therefore Length = ft “V1 ( coe 3) + (- = 3 al sy 7 
; pe for ® G ree @ aul ® ae = t (cos? a (cos? (%) + sin? (5) dé = ft cos? (3) dé 
= [PP 52 ao = 3 [0+ 3 sin A] = 5 +9 





26. r=/1+sin20,0<0<7/2 5 # = 4(1 + sin 20)~'/2(2 cos 20) = (cos 20)(1 + sin 20)~1/?; therefore 


x2 nV/2 
Length = J," /(1 + sin 26) + * aan do = ’ iM ae ae 
nV/2 3 ay/2 
— /2+2 sin 20 = _ = 
sin? 20 


‘ nrV/2 
27. r= V~1+cos20 > x = 5 (1 + cos 26)-!/2(—2 sin 26); therefore Length = sf i + cos 26) + it do 
nV/2 
1+2 cos 26 + cos? 26 + sin? 20 242 cos 26 
=f, V . Theos 28 : ao =f V ee ore a= fr */2.d0 = [v6] = 20 


Qn Qn : 
28. (a) r=a > & — 0; Length = |. Je+ordg= |a| dO = [a6]5" = 27a 


(b) r=acos@ > x = —asin 6; Length = ['V@ cos 0)? + (—a sin 0)? dé = [i ve@ (cos? 6 + sin? 6) dé 


= J |a| 40 = [a6]5 = 


(c) r=asind => s — acos 6; Length = |” /(acos 0 + (asin 0? do = |" \/a? (cos? + sin? 8) dé 


= J" lal do = [a6]7 = 












































29. r= cos 20,0<0<F > £ = 5 (cos 26) 1/2(_ sin 26)(2) = ok therefore Surface Area 
7/4 - n/4 
= f (27r cos 0) i (cos 26) ars er, dé = ,* (2nV/eos 20 ")« (cos 6)4/ cos 26 + sin! $e dé 
= =|" ‘(2 cos 2 V’cos 28) (cos 6),/ —, dd = f 2m cos 6 dd = [2m sin 6]7/* = 1/2 


30. r= /2e4?, O<?<t > x = J2 (4) ef? — a e’/?: therefore Surface Area 


= LP" (2 2e!/") (sin 6) ,/2 3 e dé = i (2m 2et!?) (sin 0) (2 e”) dé = 2n/5 ie e’ sin 6 dé 


= = 2/5 Sle (sin 8 — cos ayn? o = mr/5 (e"/? + 1) where we integrated by parts 








31. r?=cos20 > r= + cos 26; user = \/cos 20 on [0, 7] => a =3 1 (cos 20)~!/2(— sin 20)(2) = a : 
n/4 7/4 
therefore Surface Area = 2 f (2rv cos 26) (sin 8) ,/cos 20 + sin. 38 dé = 47 f / cos 26 (sin 0) ty dé 
aoe T 
=4n {sin 6 d0 = 4x [—cos 65!" = 4m [- Me -(-1) 207, (2- v2) 
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32. r=2acos@ => “ = —2a sin @; therefore Surface Area = "Om(2a cos 6)(cos 8)\/ (2a cos 6)? + (—2a sin 6)? dé 
6 0 





= dan J (cos? 0) \/4a2 (cos? @ + sin? 0) dO = 8ar J (cos? 0) |a| d@ = 8a? J cos? 6 dé 
= 8am f° (1499828) dg = dar "(1 + cos 20) dO = 4am [6 + 3 sin 26] = 4a2n? 
33. Letr = f(0). Then x = f(9) cos 0 => % = f'(0) cos 6 — f() sind > (%)? = = [f’(0) cos 6 — £(9) sin 6]? 
= [f(y] cos? 6 — 2f'(0) £(9) sin 6 cos 6 + [f()]? sin? 0; y = f(9) sind > . = f'(0) sin 0 + (9) cos 0 
2 ¢ 
=> (3) = [f/(0) sin 6 + £(0) cos 6)” = [f’()|° sin? 6 + 2f'(0)£(9) sin 6 cos 6 + [£(6)]? cos? 6. Therefore 


(*)" + (3) = [f"(0)? (cos? 6 + sin? 6) + [£(6)I? (cos? 6 + sin? 6) = [f/(6)|? + [@)? = x2 + (4)’. 
Thus,L =f. 4/ (%)? + (a) do = fy + (4)? a0. 


1 Qn i . on 
34. (a) te = 5 J a(1 — cos #) dd = > [@ — sin 6] 5" =a 


Qn 
(b) w= yf adé = [a6] ." =a 
1/2 
_ 1 = m/2  __ 2a 
(Cc) Ty = ener f nt OS 6 dO = + [asin 6] = 


—7/2 T 





35. r= 2f0),a<0< 6 > © =20'0) > P+ (*)’ = [2O)P + [2f'@]” > Length = f ‘/4l f(A)? +4 [f'()]? d 


B 
=2 i [f(@) |? + [f"(@)|° dé which is twice the length of the curve r = f(0) fora < 6 < £. 





36. Againr = 2f(0) > r?+ (4 Eye = (26) + [2¢' (ay|" => Surface Area = { 2n[2() sin 0] 41 f(0)]? +4 [fay]? d 


=A4 { 2n[f(O) sin 6] \/ [f(0)]? + [f’ (0)? dé which is four times the area of the surface generated by revolving 
r = f(@) about the x-axis fora <@ < @. 


yg yd 
ah r cos 0 do 2 [" [a(1 + cos 6)? (cos 6) dé = 3 ab J (1+3 cos 6 +3 cos? 6 +.cos*0) (cos 0) dé 


37. x= - i 
f/ P40 es [a(1 + cos @))2 dé af (142 cos 0 +cos? 6) 40 





20 
24 cos 9 +3 (1420824) 4 3 (1 — sin? A) (cos 0) + (L#89828 *) a0 : . 
=- Jn | a s? a Y = (After considerable algebra using 
J, [1 +2 cos 6 + (1+9°824)] aa 











iene) af (+8 cos 0+ ¢ cos 20 — 2 cos @ sin? 0+ 7 cos 40) do 
3 J G +2005 6+ } cos 28) a 





the identity cos? A = 





a[o { § sin 0 { 3 sin 20 2 sin’ 0+ ae sin 46] ¢” _ a(¥n) 























= = = 39: 
[30+2sin 9+ 4 sin 26] (7 3m 6” 
2 ("36 2 3 (6: 
_ & r’ sin 6 dé = [a(1 + cos @)]°(sin 8) dé e 
yale _ ih ae ; [u=a(l+cos 9) > —1du=sin6dd;0=0 > u=2a,; 
r2 dé 
0 
2 [13 du 0 ag id 5 
6=27 => u=2al atu = — =0. Therefore the centroid is (%, y) = (2.a,0 
37 30 , 6” 
T 7 2 2 33 23,6 7 
249 2 297 i P Jp P cos da RJ atcos6d — 2a°[sind]T 9, 
38. i 1 dé = jf a dé = [a°@|,, = a°m; x Tew On =a = = 9; 
0 
= 2 [8 sin 6 dé an a® sin 6 d0 2 48 [— cos at (3) ae da oa da 
y= 3**, = . a = \3;— = =. Therefore the centroid is (x,y) = (0, ). 
J dé ar arr atm 3r 37 
0 
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10.8 CONIC SECTIONS IN POLAR COORDINATES 


1. rcos(@— 7) =5 => r (cos @ cos 2 + sin @ sin 2 \=5 => YB rcosf +irsind =5 => Wxplyas => J/3xt+y 
=10 = y=-V3x+10 


oe rcos (@ — 37) =2 = r(cos 0 cos *# + sin 6 sin 3 sr) 2 = —2rcosd + Vrsing =2 
=> ~2x4V2yi25 —-J2x+V2y=4 = y=x42V2 


3. rcos (6 — #2) =3 => r (cos 6 cos + sin @ sin “) =3 => —!reosd— Ve rsind =3 
5 Vy = 3 x+/3y=-6 > y=-¥x-23 





4. r cos (9 — (— $)) =4> r cos (0 + 7) =4 > r (cos @ cos 4 — sin @ sin 7) =4 


=> Vr cos — V2 rsing =4 > v2 V2ya4 => J2x-V/2y=8 => y=x-4/2 


2 








5. rcos (9 — 7) = /2 => r(cos 4 cos * + sin @ sin ©) y 
=/2> Wt cos 6 + Se rsind = /2 arr ny . 
x = 
ee as 
x 
2 


6. rcos (0+ 3) =1 => r (cos @ cos #2 — sin @ sin ot) 


2 
=> v2 ros 0 V2rsind=1 > x+y=-V2 


> y=-x- 2 





7. r cos ( — 2) =3 = r(cos cos + sin 6 sin 2 2) = 3 


=> —1reos6 + Ve rsind =3 => ae ee 


=> -x+/3y =6 => y= 2x42/3 
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8. rcos (0 + 4) =2> r (cos @ cos ¥ — sin @ sin 3) =2 
2 


1 V3 1 V3 


=> zrcosd—rsind=2 > 5x-S y= 


> x—/3y=4 > y= x48 





9. J2x+/2y =6 => V/2rcos + /2rsin# =6 => (2 cos 0+ sin 8) =3 => r (cos $ cos 6 + sin sin 0) 
=3> rcos (9 — 7) =3 


10. J/3x-y=1 => V/3rcos6—rsin@ =1 => r (23 cos 6 — } sin 6) =} => r (cos £ cos 6 — sin = sin 0) 


=} => rcos (+2) = 4 


ll. y=-5 > rsn@=-5 => -rsinOd=5 => rsin(-#)=5 => r cos (3 — (—8)) =5 > rcos (0 + 3) =5 


12. x=—-4 > rcos@=—4 > -rcosd=4 => rcos(@—7)=4 


13. r = 2(4) cos 0 = 8 cos 8 14. r = —2(1) sin 0d = —2 sin 0 
15. r=2.\/2 siné 16. r= —2 ($) cos 0 = —cos 0 
17. 18. 

y y 





Radius = 2 





r26sin0 


19. 20. 





Radius = 4 





Radius = 1 
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21. (x- 6)? +y? = 36 > C=(6,0),a=6 
=> r= 12cos @ is the polar equation 


y 
(x-6)7+y7=36 


f=12cos6 





23, e+ y—5P? =25 > C=(0,5),a=5 
= r= 10 sin @ is the polar equation 


y 


r=10sin6 





x74 (y—5)" = 25 


25. x*°+2x+y?=0 = (x+1)?+y?=1 
=> C=(-1,0),a=1 > r=-—2cos 6 is 
the polar equation 


y 






(x41)? 4y 204 


f=«-2 cos0 


27. P+y+y=0> e+ (y+4)?=} 
= c=(0,-1),a=} => r= -—sin 0 is the 


polar equation 


x74 (y+(12)) =14 


r=—sind 





Section 10.8 Conic Sections in Polar Coordinates 


22. (x+2P+y?=4 => C=(-2,0),a=2 
=> r= —4cos 6@ is the polar equation 


y 






r=—4cos 8 


(x42)? +y 74 


24. xP +(y+7) =49 = C=(0,-7),a=7 
=> r= —14sin 6 is the polar equation 


y 


x74 (y+7)* = 49 


r=-14sin9 





26. x? -16x+y?=0 > (x—8)?+y? = 64 
=> C=(8,0),a=8 => r= 16cos @ is the 
polar equation 


y 


2 
(x-8) +y"=64 
r=16cos8 


24 


9 
=> C= (0 2 a= => r= 4 sin 0 is the 





polar equation 


2 
x74(y-(29)) =49 








t = (4/3) sin® 
x 
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2d) _ 2 
29. e I,x 2>k 2 it +(1)cos@ ~ 1+cos 6 











= 




























































































30.e=l,y=2 > k=2> 1 ESUETU = hand 

31.e=5,y=—-6 k=6 r Sas = Suna 

32.e=2,x=4 > k=4 r we = = an 

B.e=hx=lok=lor= (88 =, 

4. e=}x=2Ska2 ora He - 2, 

35. e=3,x=—10 k= 10 r ee stm 

36. e=hy=6 + k=6 r= HO = 

37. r= 77k > e=Lk=15 x=1 to 
ee 

1+cos 0 
38. 1 = sos = eae is z+k 6 i 


2 
a(1—e”?) =ke > a[1—(3)"] =3=> 2a =3 
a=4 ea = 2 






































_ 2s ___() _  @) i 

39. §= 9=semg > = Tash eae — 1G) oe ak ea 
— J cos 
e=},k=5 > x=-—5;a(1—e?) =ke 
-5 (5, 0) 
_ 1)? 5 3 5 10 5 5 as 

= a1 (3) go t= gar aa =e G7) 

_ 4 _ 2 
40. r= 2-2 cos0 > r= T=cos 0 e€ 1,k 2 xX —2 
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_ __400 2. Via) c= ’ 
oL t= eae 9 = jae | eae 
e= $,k=50 y = 50; a(1 — e”) =ke p= — 400 
16+8 sind 
= a[1-(3)"] =25 > 3a=25 > a= 1 ; 
>ea= 0 


= 12 = 4 = 
eel =a = ag P= ty 
=4> y=4 






12 
‘= 343sn0 








44. r=54, 







f= ———____ 
2-sin6é [— 











3 8 4 
ga=2 a=3 ca=3 (4/3,1/2) 
x 
45. 46. 
y y 
O=rs2cosé 
-3cos@<r<0 
x 
-3 
47. 48. 





r = 3 sec(9 — 2/3) 
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49. 50. 


x 





r =—2 cos 0 





51. 52. 
y 
2 
x 
-2 2 
r = 8/(44 cos 9) 

r = 8/(4+ sin 6) 

53. 54. 
y y 
1 
TT * 72 * 
r=1/(1—sin 0) -1} r=1/(1+ cos 6) 

55. 56. 





r=1/(1+2 sin 6) 





r=1/(1+2 cos @) 


57. (a) Perihelion = a — ae = a(1 — e), Aphelion = ea+a=a(1 +e) 






































(b) Planet Perihelion Aphelion 
Mercury 0.3075 AU 0.4667 AU 
Venus 0.7184 AU 0.7282 AU 
Earth 0.9833 AU 1.0167 AU 
Mars 1.3817 AU 1.6663 AU 
Jupiter 4.9512 AU 5.4548 AU 
Saturn 9.0210 AU 10.0570 AU 
Uranus 18.2977 AU | 20.0623 AU 
Neptune 29.8135 AU | 30.3065 AU 
Pluto 29.6549 AU | 49.2251 AU 
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58. Mercury: r= ae = = THOSE coe 
Venus: r = Oe oes = peered 
Earth: r= at = TFo0el7 oad 
Mars: r= “Posse = TROMNeD 
Jupiter: r= OP agrees = THURSO 
Saturn: r = ee 39) - ions cos 6 
Uranus: r= rarer = TEOMGOaF 
Neptune: r = 0.05) (1 0.008") = TFOoORS cos 0 
59. (a) r=4sind > r =4rsind > x?+y? =4y; (b) y 
r=/3sec@ = r=“, > reosd = V3 rr 






(2N3, 7/3) 


=x=V3;x=V3 > (V3) +y? =4y 
> y?-4y+3=0 = (y¥-3)\y-l =0 = y=3 


or y = 1. Therefore in Cartesian coordinates, the points 


of intersection are (v3, 3) and (v3, 1). In polar 


coordinates, 4 sin @ = V3 secO => 4sin@cos@ = J3 


=> 2 sin 6 cos 9 = 2 => sin 29 = V3 => 26 = 5 or 


2 
2a aoe T.pf—tTt = — 
7 > 0=Forz;,0=F% > r=2,and0= 3 


>r= 2/3 => (2, z) and (23, ) are the points 


of intersection in polar coordinates. 





60. (a) r=8cos@ > r?=8rcos@ > x?+y? = 8x (b) 
=> x-8x+y=0 5 («-4/+y?=16; 
r=2sec? > r=, => reosd=2 


KX=2;x=2 2? — 8(2) + y? =0 


y’>=12 y = £2,/3. Therefore (2, + 2/3) 


are the points of intersection in Cartesian coordinates. 




















In polar coordinates, 8 cos 9 = 2 sec 0 = 8 cos?6 = 2 


2 1 1 nan Qn 4r 
=> cos’ ri cos 0 5 0 qe weg s OF 


5a. _ 5a _ _ 20 dn 
3 30= 3 and> > r=4,and@= + and > 


=>r=-4> (4, z) and (4, xr) are the points of 














intersection in polar coordinates. The points ( 4, om ) and ( 4, a ) are the same points. 








61. rcosé=4 x=4 k=4: parabola > e=1 => r=;9 








62. rcos(@— 2) =2 = r(cos@cos  +sin@ sin) =2 > rsin@ 2=>y=2 k=2: parabola > e=1 
—_2 
1+siné 
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63. (a) Let the ellipse be the orbit, with the Sun at one focus. y 
Then tmax = at+candtpin =aA—Cc > Tmax — Tmin 


Tmax + Tmin 





— (at+c)—(a-c) _ 2c _c _ e 
“ (ate)+(a—c)” 2a” a 


(b) Let F,, Fy be the foci. Then PF; + PF, = 10 where V; 
P is any point on the ellipse. If P is a vertex, then 
PF; =a+cand PFy =a-—c 
=> (a+c)+(a—c) = 10 Caan eee ae eee 
2a = 10 a=5. Since e = £ we have 0.2 = § 














= c= 1.0 = the pins should be 2 inches apart. 


64. e = 0.97, Major axis = 36.18 AU > a= 18.09, Minor axis = 9.12 AU => b= 4.56 (1 AU © 1.49 x 10° km) 
(a) r= —_¥ a(l-e2) _ (18.09) [1-977] __ __1.07 U 


1+e cos 0 = Trecosd 1+0.97 cos 6 1+0.97 cos 6 
(b) 0=0 > r= Ao © 0.5431 AU © 8.09 x 107 km 


(c) @=T7 r= ih © 35.7 AU © 5.32 x 10° km 














65. x? +y? — 2ay = 0 = (rcos 6)? + (rsin 6)? — 2ar sin 8 = 0 y 
=> 1 cos?6+r? sin? 6 —2ar sind =0 = r? = 2ar sind 
=> r=2asing 





r= 2asin @ 


66. y? = 4ax + 4a? => (rsin 6)? = 4arcos 64+ 4a? => 1? sin? 6 
= 4ar cos 6 + 4a” = 1? (1 — cos? 6) = 4ar cos 6 + 4a? 
=> 1 —r’ cos? @ = 4arcos6+4a? => r 
=r’ cos? 6 + 4ar cos 9+ 4a? => 1? = (rcos 6 + 2a)? 
=> r= +(rcosé+2a) > r—rcos 6 = 2aor 











= — _ 2a —_ _-2a_. 
r+rcos@ = —2a => r= j= OTT = Gea? 
the equations have the same graph, which is a parabola 
opening to the right 


67. xcosat+ysina=p => rcosécosa+rsin@sina=p 







=> r(cosécosa+sin@sina)=p > rcos(@—a)=p 
rcos (@-a) =p 


68. (x? + y?)? + 2ax (x? + y?) — a®y? =0 
(r? * 4 Qa(r cos 6) (r?) — a2(r sin 0)? = 0 
r* + 2ar? cos 6 — ar? sin? 9 = 0 
r? [r? + 2ar cos 6 — a? (1 — cos” @)] = 0 (assume r # 0) 


= 
=> 
=> 
=> 1° + 2arcos @ — a? + a? cos? 6 = 0 
= 
=> 
=> 





(r? + 2ar cos 8 + a” cos? @) — a2 = 0 
(r-+acos 0)? =a? > rtacosd= +a 
r = a(1 — cos 9) orr = —a(1 + cos 8); 








r=a(+1 -cos 6) 
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the equations have the same graph, which is a cardioid 


69 - 70. Example CAS commands: 
Maple: 
with( plots );#69 
f := (1,k,e) -> k*e/(1+e*cos(theta)); 
elist := [3/4,1,5/4]; # (a) 
P1 := seq( plot( f(r,-2,e), theta=-Pi..Pi, coords=polar ), e=elist ): 
display( [P1], insequence=true, view=[-20..20,-20..20], title="#69(a) (Section 10.8)\nk=-2" ); 
P2 := seq( plot( f(r,2,e), theta=-Pi..Pi, coords=polar ), e=elist ): 
display( [P2], insequence=true, view=[-20..20,-20..20], title="#69(a) (Section 10.8)\nk=2" ); 
elist2 := [7/6,5/4,4/3,3/2,2,3,5,10,20]; # (b) 
P3 := seq( plot( f(r,-1,e), theta=-Pi..Pi, coords=polar ), e=elist2 ): 
display( [P3], insequence=true, view=[-20..20,-20..20], title="#69(b) (Section 10.8)\nk=-1, e>1" ); 
elist3 := [1/2,1/3,1/4,1/10,1/20]; 
P4 := seq( plot( f(r,-1,e), theta=-Pi..Pi, coords=polar ), e=elist3 ): 
display( [P4], insequence=true, title="#69(b) (Section 10.8)\nk=-1, e<1" ); 
klist := -5..-1; # (c) 
PS := seq( plot( f(r,k, 1/2), theta=-Pi..Pi, coords=polar ), k=klist ): 
display( [P5], insequence=true, title="#69(c) (Section 10.8)\ne=1/2, k<O" ); 
P6 := seq( plot( f(r,k,1), theta=-Pi..Pi, coords=polar ), k=klist ): 
display( [P6], insequence=true, view=[-4..50,-50..50], title="#69(c) (Section 10.8)\ne=1, k<0" ); 
P7 := seq( plot( f(r,k,2), theta=-Pi..Pi, coords=polar ), k=klist ): 
display( [P5], insequence=true, title="#69(c) (Section 10.8)\ne=2, k<0" ); 
Mathematica: (assigned function and values for parameters and bounds may vary): 
To do polar plots in Mathematica, it is necessary to first load a graphics package 
In the PolarPlot command, it is assumed that the variable r is given as a function of the variable 0. 
<<Graphics Graphics” 
f[0_, k_,ec_]:= (k ec) / (1 + ec Cos[6]) 
PolarPlot[{ f[6, —2, 3/4], f[@, —2, 1], f[6, —2, 5/4]}, {0, 0, 27}, PlotRange — {—20, 20}, 
PlotStyle — {RGBColor[1, 0, 0], RGBColor[0, 1, 0], RGBColor[0, 0, 1]}]; 
PolarPlot[{ f[@, —1, 1], 10, —2, 1], f[6, —3, 1], £16, —4, 1], £16, —5, 1]}, {@, 0, 27}, PlotRange — {—20, 20}, 
PlotStyle — 
{RGBColor[1, 0, 0], RGBColor[0, 1,0], RGBColor[0, 0, 1,, RGBColor[.5, .5, 0], RGBColor[0, .5, .5]}]; 
The limitation on the range is primarily needed when plotting hyperbolas. 
Problem 70 can be done in a similar fashion. 


CHAPTER 10 PRACTICE EXERCISES 


1. x? = —4y y —= > 4p =4 p=1; 2. x? =2y Cay 4p =2 p 


therefore Focus is (0, —1), Directrix is y = 1 therefore Focus is (0, $)3 Directrix is y = — 














? 


Nle 


1 
2 


>< 
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4, y? 
therefore Focus is (- 7 0) , Directrix is xX = 


3 p 


676 
4p 


x 
3, 0) , Directrix is x = — 3 








2 
3x i 
( 


3. y? 
therefore Focus is 




















€ x2 2 

5. 1624+ 7y?=112 + ¥+¥=1 
: c 3 
16—7 9 Cc 3;e a 4 








ec =445 





1 | 
Ss No) 











4 8 S5y?-4x7=20 > F-¥=1 
> c=3,e=65 3 ; the asymptotes arey= 4 








7. 3x-y?=3 = P-¥=1 5 2 =143 
c=2;e 2 — 2; the asymptotes are 


y=+V3x 





















































> x 

9. x? =—12y — = y 4p=12 => p=3 focus is (0, —3), directrix is y = 3, vertex is (0, 0); therefore new 
vertex is (2,3), new focus is (2, 0), new directrix is y = 6, and the new equation is (x — 27 = — 12(y — 3) 

10. y? = 10x + x 4p = 10 p 3 focus is (3 ,0) , directrix is kx = — 3 , vertex is (0, 0); therefore new 
vertex is (- 5 ; —1) , hew focus is (2, —1), new directrix is x = —3, and the new equation is (y + 1)? = 10 (x + 5) 
1 > a=Sandb=3 > c= V25—-9=4 & foci are (0, +4), vertices are (0, +5), center is 
1) and (—3, —9), new vertices are (—3, —10) and 
t 5,0), vertices are (+ 13,0), center 





a 
(0, 0); therefore the new center is (—3, —5), new foci are (—3, 
+3P 4 (y+5P _ 
Pa ae 


x? 
ll. F+R= 
(—3, 0), and the new equation is 
x2 2 . 
ohana) => az=13andb=12 > c= /169- 144=5 = fociare (4 


is (0, 0); therefore the new center is (5, 12), new foci are (10, 12) and (0, 12), new vertices are (18, 12) and 


12. 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


25. 
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2 2 
(—8, 12), and the new equation is er + yy =I 





a > a = 2\/2andb = \/2 > c= /8+2=V/10 = foci are (0. + V/10) , vertices are 


8 
(0. ae 2/2) , center is (0,0), and the asymptotes are y = + 2x; therefore the new center is @ 2/2) , hew foci are 








2, oe tv 10) , hew vertices are (2, 4/2) and (2,0), the new asymptotes are y = 2x — 4+ 2/2 and 





2 
—2/2 
y=-—2x+4+ 20/2 the new equation is ( @ ey =] 





ae eel => a=6andb=8 = c= 1/36+64= 10 = foci are (+ 10,0), vertices are (+ 6,0), the center 


is (0,0) and the asymptotes are % = ae é ory= + : x; therefore the new center is (—10, —3), the new foci are 


(—20, —3) and (0, —3), the new vertices are (—16, —3) and (—4, —3), the new asymptotes are y = 4x4 31 and 
ymp Y=3 3 


—~_4,_ 49. Son jg EI” _ +3" 
y = —3X— 7; the new equation is —; sO | 

















x — 4x —4y2=0 > x? —4x44-4y2 =4 & (x-2) -4y2?=4 5 Gy —y? = 1, a hyperbola; a = 2 and 
b=1>5>c=V14+4= J5; the center is (2, 0), the vertices are (0, 0) and (4, 0); the foci are (2 ae V5,0) and 





x —2 
2, 





the asymptotes are y = + 


4x? —y? + 4y=8 = 4x°-y?+4y-4=4 = 4° -(y-2P =4 5 ~ 0 = 1, a hyperbola; a = 1 and 
b=2 5 c=vV14+4= J5; the center is (0, 2), the vertices are (1,2) and (—1, 2), the foci are ( =f J5, 2) and 





the asymptotes are y = +2x+2 


y? — 2y + 16x = —49 => y?—2y+1=—16x —48 = (y — 1)? = —16(x + 3), a parabola; the vertex is (—3, 1); 
4p = 16 p=4 the focus is (—7, 1) and the directrix is x = 1 








x? —2x+8y =-17 => x? -2x+1=-—8y—16 > (x— 1)? = —8(y + 2), a parabola; the vertex is (1, —2); 
4p =8 => p=2 & the focus is (1, —4) and the directrix is y = 0 


9x? + loy” + 54x — 64y = -1 > 9(x? 4 6x) + 16(y? — 4y) = -1 > 9(x? 4 6x4 9) + 16(y? — 4y + 4) = 144 
=> 9x +3)? + 16(y —2)? = 144 > SE 1 G—2 _ |. an ellipse; the center is (—3, 2); a = 4 and b = 3 


=>c=vV16-9= J/7; the foci are (-3 = Nae 2) ; the vertices are (1,2) and (—7, 2) 


25x? + Sy? — 100x + 54y = 44 = 25 (x? — 4x) + 9 (y? + 6y) = 44 = 25 (x? — 4x +4) 4+ 9(y? + 6y + 9) = 225 


(x—29 (y+3yP _ : ‘ ‘ 2). 4 — = _ _O—aA: H 
=> 3+ +4 = 1 anellipse; the center is (2, —3);a = 5 andb=3 > c= 25 —9 = 4; the foci are 


(2, 1) and (2, —7); the vertices are (2, 2) and (2, —8) 


x? + y? —2x-2y=0 > x?-2x+1+y?-2y4+1=2 > («K—-1)?4+(y— 1) =2, acircle with center (1, 1) and 


radius = »/2 


wty+4x+2y=1 > x°44x+4+y?4+2y+1=6 > (««42)?4+ (y+ 1) =6, acircle with center (—2, —1) 
and radius = /6 


B? — 4AC = 1 — 4(1)(1) = —3 <0 = ellipse 24. B? — 4AC = 4? — 4(1)(4) = 0 = parabola 


B? — 4AC = 3? — 4(1)(2) = 1 > 0 = hyperbola 26. B? — 4AC = 2? — 4(1)(—2) = 12 > 0 = hyperbola 
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27. x? —2xy ty? =0 => (x-y)?=0 => x-y=Oory =x, astraight line 


28. B? — 4AC = (-3)? — 4(1)(4) = -7 <0 = ellipse 





























29. B? — 4AC = 1? — 4(2)(2) = —15 < 0 = ellipse; cot 2a = 4=£ =0 > 20=% => a=F;x=¥x y’ and 
2 2 
= eine x — By’) + (2x By) (2 4 v2 y') + 2(2x'+ By) 15=0 
=> 5x” +3y" = 30 
30. B? — 4AC = 2? — 4(3)(3) = -32 < 0 = ellipse; cot 2a = 45© =0 > 2a0=4% 3 a=4;x= 2x'— Wy’ and 








y= as hy = 3( fay) (bey) (Bare By) o3(die fy) = 
=> 4x 4 2y? = 19 








2 
31. B?—4AC = (2/3) — 4(1)(-1) = 16 = hyperbola; cot 2a = A9g& = 4, > 2a= 3 = a=Fjx=Yx'-hy 
3 


2 2 
andy =1x/+¥y = (22x - Ly’) + 2y/3 (¥Ex'— ty’) (3x4 By) - (dx + By) =4 
=> 2x” dy? =-4 = y?-x? =2 








32. B? — 4AC = (-3)? — 4(1)(1) = 5 > 0 = hyperbola; cot 2a = 4s© =0 > 2a 


ie x + %2y! = (2x By)" 3 (2x wy) (2 t 429 V+ (8x4+8y) =5 


5 1 = 2 
> 3 y” =a ? = 5 or 5y” —x” = 10 























33. x =} tantandy =} sect => x? = } tan’t 34. x= —2costandy =2sint > x? = 4 cos’ t and 
and y* = } sec?t = 4x? = tan’ t and yotsmt > e+y=—4 
4y? = sec?t > 4x?+1=4y? > 4y?—4x?=1 
y y 
B dy2 4x2 =1 
Se 
iyt=0 
3 x 
1» x 
0 1 
Pa TN 
7 x 
ye Ng 
35. x = —costand y =cos*t > y = (—x)? = x? 35. x =4costandy =9sint > x? = 16cos?t and 














Os 42 ey 
y =8lsn’t > Ft+_g=!l 
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37. 38. 


0<r<6cosé 





—-4sin@srs0 
x 
> 
4 
39. d 40. e 41. 1 42. f 
43. k 44. h 45. i 46. j 
47. r=sindandr=1+sind > snd=1+siné > 0=1 Y 


so no solutions exist. There are no points of intersection 
found by solving the system. The point of intersection 
(0, 0) is found by graphing. 






























48. r=cos@andr=1-—cos@ > cos6=1-—cos@ y 
1 T Ts T Ls T =l]-— 
cos = 5 G= 45-78 = 3 f=5;0=—4 r=1-cos6 
>r= 5. The points of intersection are (3 ; z) and ~ 
(5,-%). The point of intersection (0, 0) is found 
Xx 
by graphing. 
~ 
r=cos @ 
49. r=1+cos@andr=1—cos@?@ > 1+cos?=1-—cos@ y 
=> 2cosd=0 m=O S 025,42 8=2 ort r= 1—cos 8 





= r=1. The points of intersection are (, z) and (1, 3z) : 


The point of intersection (0, 0) is found by graphing. 
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50. r=1+sin@éandr=1-—sind > 1+4+sind=1-~sin0@ 
=> 2sin?=0 sind =0 6=0,7;0=O0orz7 
= r=1. The points of intersection are (1,0) and (1, 7). 
The point of intersection (0, 0) is found by graphing. 








51. r= 1+sin @ andr = —1 + sin @ intersect at all points of 
r = 1+ sin @ because the graphs coincide. This can be 
seen by graphing them. 

52. r= 1+ cos @ andr = —1 + cos @ intersect at all points of 
r = 1+ cos 6 because the graphs coincide. This can be 
seen by graphing them. 

53. r=secOandr=2sin0 => secO =2sin0 


=> 1=2sinécos? => 1=sin20 20 





7 
5 0 
=> r=2sin {= V2 => the point of intersection is 


(v2, z) . No other points of intersection exist. 





a 
4 


54. r= —2 csc @ andr = —4cos@ => —2csc@ = —4cos @ 


=> 1=2sinécosé > 1=sin20 > 20=1,% 


2° 2 
_ nm Sn, _ = Me oe! ‘ 
=> 0=7,7;0= 5 => r=—4cos * = -2,/2; 


6= om => r= —4 cos 2 =2,/2. The point of 


intersection is (2 2i, r) and the point (22, 7) is the 
same point. 


Chapter 10 Conic Sections and Polar Coordinates 


r=1+sin@ 





r=i+sind, r=—l+sin0 


r=l1+cos@é, r=—l+cos@ 
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DD: rcos (0 + 4) = 2/3 > r (cos @ cos 4 — sin @ sin z) 
= 2/3 > Lr cos 6 — Varsin = 2/3 


2 


=> rcos 0 — \/3rsin@ = 4/3 => x— V3y =4/3 
V3 x4 


> ) ie ae oa 


x-V3 y=4¥3_ 





56. rcos (9 - 31) v2 > r (cos 6 cos = + sin @ sin 3r) 


y 
4) — 9 4 4 
= 2 = —~WProosd+MVrsing= 2 > -x+y=1 pores 
=>y=x+4+l 1 
x 
4 
1. false =] tS > res = 2 Se KS y 
xa2 
2 x 


58. r=—V/2sec9 => roosd=—-V/2 > x=-vV2 id 





59. r=—2cscd > rsind=—-2 > y=-3 y 
x 
~3/2 
y=-3/2 
60. r=3/3csc0 > rsind=3/3 > y=3V3 ; 


y= 33 
x 
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61. r=—4sind > r° =—4rsind => x?+y?+4y=0 
=> x24 (y+ 2)? = 4; circle with center (0, —2) and 
radius 2. 


62. r= 3/3 sind > r° =3\/3rsind 
2 ava \" _. 27, 
= X+y'-3/3y=0> x + (y- 43) =F) 


circle with center (0. 33) and radius ae 


63. r= 2/2 cos 9 > r =2,/2rcos 8 
2 
=> r+y?-2/2x=05 (x- v2) +y? =2; 


circle with center (v2, 0) and radius 2 


64. r=—6cosd => r?=—6rcos@ => x*+y?+6x =0 
=> (x +3)?+ y? = 9; circle with center (—3, 0) and 
radius 3 


65. x+y? 4 5y=0 > 4 (V4 9) =% > C= (0-9) 


anda = 3;r°+5rsind=0 > r=—5sin0 


66. xX? +y?-2y=0 = x? 4+(y—1? =1 => C=(0,1) and 
a=1;r-—2rsind=0 > r=2sin0 








; 2 2 
ta-4sind x +(y+2) 94 


x 
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67. 


x +y?—3x=0 > (x—3)’+y?=2 = C= (3,0) 
and a = 2; 1 — 3rcos@ =0 => r=3cos0 


68. x*+y?+4x=0 > («x+2)?+y?=4 > C=(-2,0) 


anda = 2;1?+4rcos§ =0 => r=—4cos@ 


69. r= int = B= 1 = parabola with vertex at (1,0) 


8 _ 4 eee i 
70. l=s;005 = i= Tent >e=5 > ellipse; 














ke =4 1k=45k=8:k=2-eas8=A-1a 
2) e (3) 2 
1g ea (5) (8) = § ; therefore the center is 


(8, ™) ; vertices are (8, 77) and (8, 0) 








l.r= {59 > €=2 = hyperbola;ke =6 > 2k=6 ‘4 
=> k=3 = vertices are (2,7) and (6, 7) , P 
(2, 2) "120080 
= >x 
6, 7) 
-3 
= 4 ww Tsien oe y 
t= 0 = t= ieCimne >e= 33ke=4 








neta ke tzatl-eias = of10)} 
3 7 ea (3) (3) = 3 ; therefore the 
32) ; vertices are (3, 5) and (6, 37) 











(2)(2) 


_ _ Lad ; aon wd Ce f _ 
e=2andrcos@=2 => x = 2is directrix = k = 2; the conic is a hyperbola; r = Trecse = = ocd 


— a 
a ee 1+2cos@ 
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= = = an di : —A- ace eae ke — 4d 
74. e=1andrcosé?= —4 => x = —4is directrix = k = 4; the conic is a parabola; r = Toews @ T= Tred 
> T= 1—cos@ 
4 se a ee F Ay er ns —  @(%) 
75. € = 5 andrsin? =2 = y =2is directrix = k = 2; the conic is an ellipse; r = pag > T= Te) ste 
ee 
> = syed 
1 
76. e= andrsin#@ = —6 => y = —6is directrix = k = 6; the conic is an ellipse; r = eT Sr © (3) 
—esin@ 1— (;) sind 
_ _ 6 
> T= 3 -snd 


77. A=2f" 12240 = J'(2—cos oy? 40 = J (4 — 4.cos 6 + cos? 9) dd = J"(4—4 cos 0 + +9922) ag 
= J. (2-4 cos 6 + 822) do = [$6 —4sin 6 + #22]" = Bq 


78. A= i $ (sin? 30) d= fo (= 5%) do do =1 [6-2 sinog]"? = 4 





79. r=1+cos20andr=1 => 1=1+cos20 > 0=cos 26 20= 5 6 = 7; therefore 
m4 
A= 4 fo 1[(1 + cos 26)? — 12] 49 =2 [” (1 +2 cos 20 + cos? 26 — 1) 46 


=2f"" (2cos 20+ 1+ 2548) do = 2 [sin 26 +304 8082] 9 (14240) =243 





80. The circle lies interior to the cardioid (see the graphs in Exercises 61 and 63). Thus, 


=2 ee ii 5 [2(1 + sin 6)]? dé — x (the integral is the area of the cardioid minus the area of the circle) 


P m2 
- «pee +2sin 6+ sin?) d0—7 = J” (6 +8 sin 8 — 2 cos 28) d0 — 7 = [60 — 8 cos 9 — sin 26]"”?,, — 
= [30 — (—37)]| —7 =5a 





Qn Qn 
81. r=—l+cosé? => a — —sin 8; Length = [ JCI £ cos 02 + (— sin Oy do = f \/2 —2 cos 6 dé 


Qn Qn ie 
= f ,/ Se 8 ) d= a 2 sin 4 d@ = [-4 cos aye = (-4\(-1) — (-4)(1) = 8 


82. r=2sin0+2cos#,0<d0<5 => a — 2 cos 6 — 2 sin 0; r? + (*)” = (2 sin 6 + 2 cos 6)? + (2 cos 6 — 2 sin 6)” 


= 8 (sin? @ + cos?) =8 > L= i V8 d0 = _— = 7/2 








83. ee Eee => = (2) cos (2) sr? + (35)° = [8 sin? ($)]” + [8 sin? (2) cos ($)]” 
= 64sin' (4) > L= "64 sint ( a= f" 8 sin? (4) do = fs ps) do 
2 rl a caaliyha i= Me seas 4(£) —6sin (4) -0=4-3 


84. r= V/1+cos20 > * =1(1 + cos 20)-/(—2 sin 26) = zt = (a)? = ,sin'2 














+ cos 20 dé 1+cos 26 
2 dr)? _ sin229 __ (1+ cos 26)? +sin?20 _ SL peut et 20 
=r (% ) = 1+ cos 20+ 1+cos20 1+ cos 26 = 1+cos 20 


= 7 =2>L= i {V2d9 = = v2 [§-(-§)| = v2e 
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7/4 
85. r= Vcos20 > H= ae Surface Area = f 27n(r sin 0) [2 + ()° 40 


86. 


87. 


88. 


89. 


90. 


91. 


92. 





m/4 : m/4 n/4 
= J" 2nv/cos 20 (sin 8) y/cos 20 + #24 a9 = J” 2mV/cos 20 (sin 0) \/—, do = [” 2m sin 6 dd 
= [27(— cos gy|7/4 = an (1 - 2) = (2-V2)n 





n/2 
r = sin 20 2r x =2cos20 > r x = cos 26; Surface Area = a. 27(r cos A) 4/142 + (#)’ dé 


n/2 n/2 m/2 
=2]" 2n(cos 6) rt + (r #)? dd =2 f” 2m(cos 8) (sin 20 + (cos 207 dd = 2 [” 2m cos 6 dd 


= 2 [2m sin 0]7/? = 4x 





(a) Around the x-axis: 9x? + 4y? = 36 = y?=9-— 3x? > y= +,/9- 2x ? and we use the positive root: 


v=2for(/9-3e) dx =2 fon(9- 3x? pasa ay 


(b) Around the y-axis: 9x? + 4y? = 36 => x? =4— zy 7 = +,/4- 5 4 y2 and we use the positive root: 


v=2 fir (/4—dy), dy = 2 (4—4y?) dy = 20 [4y — Sy] 9 = 160 


2 4 
Ox? — dy? = 36,x=4 > y?= BE = ya3 fe—4;ve fio (3 Ve =4) dx = % f(x? -4) ax 














i 7 us us ITT 
= [54x], = FG -16) - G-8)] = FF - 8) = FO = 24 


Each portion of the wave front reflects to the other focus, and since the wave front travels at a constant speed 
as it expands, the different portions of the wave arrive at the second focus simultaneously, from all directions, 
causing a spurt at the second focus. 


The velocity of the signals is v = 980 ft/ms. Let t; be the : 
time it takes for the signal to go from A to S. Then 

d 
d; = 980tyand dy = 980(t; + 1400) : : 


=> dy — d, = 980(1400) = 1.372 x 10° ft or 259.8 miles. 
The ship is 259.8 miles closer to A than to B. 
The difference of the distances is always constant (259.8 
miles) so the ship is traveling along a branch of a hyperbola 
with foci at the two towers. The branch is the one having 
tower A as its focus. 


The time for the bullet to hit the target remains constant, say t = to. Let the time it takes for sound to 

travel from the target to the listener be tz. Since the listener hears the sounds simultaneously, t; = tp + tg 
where t, is the time for the sound to travel from the rifle to the listener. If v is the velocity of sound, then 

vt; = Vtg + vty or vt; — vtz = vto. Now vty, is the distance from the rifle to the listener and vtz is the distance 
from the target to the listener. Therefore the difference of the distances is constant since vtg is constant so 
the listener is on a branch of a hyperbola with foci at the rifle and the target. The branch is the one with the 
target as focus. 


Let (r,, 01) be a point on the graph where r, = a0. Let (12, 02) be on the graph where rz = a and 


0 = 0, + 27. Then r, and rp lie on the same ray on consecutive turns of the spiral and the distance between 
the two points is rp — r; = af) — a8; = a(O — 6,) = 27a, which is constant. 
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93. (a) r=,~45 =>rtercsd=k => /x?+y?+tex=k > /x+y2=k—ex = x?+y’ 
= k? — 2kex + e?x? = x? — e?x? +y? + 2kex —k? =0 = (1 —e?)x?+y? + 2kex —k? =0 
(bt) e=0 5 X4+y?-k’=0 5 xX’? 4+y’=k’ = circle; 
0<e<loae’<1 > e-1<0 = B?—-4AC=0? —-4(1 —e?) (1) =4(e? — 1) <0 = ellipse; 
e=—1 = B?—4AC = 0? —4(0)) =0 = parabola; 
e>1> e>1 > B?—-4AC=0? —4(1 —e?) (1) = 4e? -4>0 = hyperbola 


94. (a) The length of the major axis is 300 miles + 8000 miles + 1000 miles = 2a = a= 4650 miles. If the 
center of the earth is one focus and the distance from the center of the earth to the satellite's low point is 
4300 miles (half the diameter plus the distance above the North Pole), then the distance from the center 


of the ellipse to the focus (center of the earth) is 4650 miles — 4300 miles = 350 miles = c. Therefore 
c — 350miles _ 7 











© = 4 = 4650 miles — 93° 
7\2 
_ a(l—e?) __ 4650 [1- (4)'| 430,000 . 
(b) r= 1l+ecos@ r= (1+ & cos 6) ~~ 93+7 cos 0 mile 


CHAPTER 10 ADDITIONAL AND ADVANCED EXERCISES 





1. Directrix x = 3 and focus (4,0) = vertex is (G 0) r 
1 : . 7 y? i 
=> p= 5 => the equationisx—5=% se 
Putt it Lt 11» y 
0 F(4, 0) 











2. x?-6x—12y+9=0 > x?-6x4+9= 12y oe y vertex is (3,0) and p = 3 = focus is (3, 3) and the 
directrix is y = —3 


3. x? =4y = vertex is (0,0) and p = 1 = focus is (0, 1); thus the distance from P(x, y) to the vertex is \/x? + y? 


and the distance from P to the focus is \/x? + (y — 1)? = ./x? + y? = 2,/x? + (y— 1 
=> x+y? =4[x?+(y—-—1)?] > x+y? = 4x? + 4y? —8y +4 = 3x? + 3y? — 8y +4 =D, which is a circle 





4. Let the segment a + b intersect the y-axis in point A and 
intersect the x-axis in point B so that PB = b and PA=a 
(see figure). Draw the horizontal line through P and let it 
intersect the y-axis in point C. Let ZPBO = 6 

= ZAPC = @. Then sin 6 = ; and cos 6 = > 


a 


2 2 as 
=> £4+% =cos?6+sin?6=1. 














5. Vertices are (0, + 2) a=2;e=£ 0.5 = § c=1 foci are (0, + 1) 























6. Let the center of the ellipse be (x, 0); directrix x = 2, focus (4, 0), ande = 4 => i-c=2 > F=24+0 
=> a= 3(2+¢). Also c = ae fa >a $(2+3a) > a=ft+ a za ; a 23x-2=3 
=> x-2=(%) (3) & x & the center is (2,0);x-4=c > c= 2-4 = 8 so thatc? =a? —b? 
_12)2__ 8)2 _ 80. ss, (x-¥)’ a 25(x-%)" | sy _ 
= (2) — (8) = &; therefore the equation is Cz) + (%) = lor te = 1 
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11. 
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Let the center of the hyperbola be (0, y). 
(a) Directrix y = —1, focus (0, -—7) ande =2 => c— 2 6 -=c—6 a= 2c— 12. Alsoc = ae = 2a 
=> a=2(2a)-12 > a=4 5 c=8 y-(-l) : 4 2 y=1 the center is (0, 1);c”? = a? +b? 


=> b? =c? — a’ = 64 — 16 = 48; therefore the equation is 9 — x =1 












































(bt) e=5 > c—f=6 2 =c—6 a= 5c — 30. Also, c = ae = 5a > a = 5(5Sa) — 30 > 24a = 30 a 3 
>c=¥%;y-(-lD=8 G) i >y=-—2 = thecenteris (0,-2);? =a +b? > bh =c?-a? 
2 3)2 
= % — & = & ; therefore the equation is Cat — dy = lor edtee |) —*®=1 


The center is (0,0) andec =2 > 4=a?+b? > b? =4- a’. The equation is ¥ — *; = 1 => $-eH=1 


=> 3- ao) =1 => 49(4—a?) — 144a? = a? (4—a*) > 196 — 49a? — 1440? = 4a? — at => at — 1970? + 196 


=0 => (a? — 196) (a? -1)=0 > a= 140ra=1;a=14 = b* =4 — (14)? < 0 which is impossible; a = 1 














=> b? =4- 1 =3; therefore the equation is y? — = =] 





(a) b?x? + a?y? = a?b? > wy = as ; at (x1, y) the tangent line is y — y; = ( va) (x — x1) 


x a’y} 


=> a’yy, + b?’xx; = b’x? + a?y? = ab? > b?xx; + a’yy; — a*b? = 0 





(b) b?x? — a’y? = a?b? > wy = 23 ; at (X,, yi) the tangent line is y — y; = (22) (x — X}) 


=> b’xx, — a’yy, = b?x? — a®y? = a*b? = b?xx, — a*yy; — a°b? = 0 


dy _ —2Ax—By—D 


dx — BxtoCy+E > at (X1, Yi) the tangent line is 


Ax? + Bxy + Cy? + Dx + Ey + F = 0 has the derivative 








y-yi= (oe) (x —X1) => Byx; + 2Cyy; + Ey — By1x; 2Cy? Ey, 


= —2Axx, — Bxy, — Dx + 2Ax? + Bxyy; + Dx; => 2Axx, + B(yx; + xy;) + 2Cyy; + Dx — Dx, + Ey — Ey, 
= 2Ax? + 2Bx,y; + 2Cy?. Now add 2Dx, + 2Ey, to both sides of this last equation, divide the result by 





2, and represent the constant value on the right by —F to get: 
Axx; + B (2™) + Cyy, + D (*5") + E(44") = -F 





12. 


a 
ray ey Hae * 
x“ +4y*-4=0 aes 
y 5 0 








14. 
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15. 


16. 


17. 


18. 


19. 


Chapter 10 Conic Sections and Polar Coordinates 


(9x2 + 4y? — 36) (4x2 + 9y? — 16) <0 
=> 9x? + 4y? — 36 < 0 and 4x? + 9y? —- 16 >0 
or 9x? + 4y? — 36 > 0 and 4x? + 9y? — 16 < 0 


(9x? + 4y” — 36) (4x? + 9y? — 16) > 0, which is the 
complement of the set in Exercise 15 


x! — (y? —9)? =0 => x?—(y?-9)=0or 
x2+(y2?-9)=0 = y?-x? =9orx’?+y?=9 


x txyt+y? <3 => tan2a= faa which is undefined 
2a = 90° a = 45° A’ 

= cos? 45° + cos 45° sin 45° + sin? 45° = 

C’ = sin? 45° — sin 45° cos 45° + cos? 45° 


=> 3x’ a Ly? < 3 which is the interior of a 








B’ =0, 
1 
2 


3 
2. + 
rotated ellipse 


Arc PF = Arc AF since each is the distance rolled; 

ZPCF = APE = Arc PF = b(ZPCF); 0 = A&AF 

=> Arc AF=ad? => a? =b(ZPCF) => ZPCF= (2) 0; 
ZOCB = 5 — 0 and ZOCB = ZPCF — ZPCE 

= ZPCF — (5 — a) = (§)0- (F-0) > F- 
(eG) = 7-8 G)e= 5 He 

=> a=7-0-(4)0 > a=n- (*)0. 


Now x = OB + BD = OB + EP = (a+ b) cos 0 + bcos a = (a+ b) cos 6 + b cos (7 — ( 
= (a+ b) cos + bcos cos ((2**) 6) +b sin 7 sin ((2£2) 0) = (a +b) cos 6 — b cos (( 


b 


y = PD = CB —CE = (a+b) sin 0 — b sina = (a +b) sin 0 — b sin (442) 0) 





A 
9x2 + 4y2-36=0 | 
3 


Se 














= (a+b) sin 9 — b sin 7 cos ((2+2) 0) + bcos 7 sin (£2) 0) = (a+b) sin 0 — b sin (( 





b 








therefore x = (a + b) cos 0 — bcos ((2¢2) 0) and y = (a+b) sin @ — b sin (2) 0) 


“5°) 9) 





0 
+2) 0) and 








“5°) 8) 5 
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20. (a) x =a(t—sint) > ® = a(1 — cos t) and let 6 1 dm = dA = y dx y (Sf) dt 





Qn 
= a(1 — cos t)a(1 — cos t) dt = a?(1 — cos t)? dt; then A = f a?(1 — cos t)? dt 
Qn Qn . oa 
=a [ (1 —2cos t+ cos*t) dt = a? (1-2cost+ 4+ ! cos 2t) dt =a? [2t—2sint + 24]? 
= 3na?; X =x =a(t—sint) andy =4y =4a(1—cost) + M= f ¥dm= [¥ saa 
an Qn 
=f" 5 a(1 — cos t)a? (1 — cos t)? dt = Las f (cos pat = § f (1 — 3 cos t +3 cos? t — cos? t) dt 


: ; 3 : 53 . and t] 27 
=2 ["| [1 —3 cost + 3 4+ 294! — (1 — sin*t) (cos t)] dt = © [$t—3sint+ 22 — sine + sive] 





37a? 


sna} 
= in! Therefore y = Me = \#) _ 5a Also, My = [Xam= [x 6aa 
Qn 
=f, a(t — sin t)a? (1 — cost)? dt = a? f (t — 2t cos t+ t cos? t — sin t + 2 sin t cos t — sin t cos? t) dt 


20 
= ai [$ —2cost — 2tsint + 4? + £ cos 2t+ § sin 2t + cos t+ sin? t + cost] = 3r’a?. Thus 
0 











we My 3r?a3 5 ‘ 
X= ar a> (x a,% a) is the center of mass. 


(b) x= 20/7? => Sa? andy =20/? => Pars let6=1 > dm=dA=ydx=y (*) dt 








= (20/2) (tY/) dt = 2tdt;¥ =x = 28? andy = =? > M, = [¥ am= [8 @tay 
= free dt = [3 5/2] V9 = & W/3. Also, My = [x dm = [x dA = fez 8? dt) 

- v3 
=f> $8? a= [S07] ¥° = 8 Y27. 





. . At os 
21. (a) x =e" costandy =e" sint > x?+y? =e* cos*t + e* sin?t = e*. Also = 5 S"* = tant 


2 


= t= tan (*) => x? +y? = et#"'0/» is the Cartesian equation. Since r? = x? + y? and 


2 


9 = tan~! (~) , the polar equation is r? = e or r = e” forr > 0 


ds? = r? dé? +. dr?;r =e”? = dr = 2e77 dO 

= ds? =r? do? + (2e” 40)” = (e”*)” do? + 4e” ag? 
an 

= Se” de? > ds= /5e% dd >L= f /Se” ad 

= [4e]" = V5 (en 1) 


(b 


wm 





2 Jo 





ao 


22. r=2 sin? (4) => dr=2 sin? (4) cos (4 ) dd = ds? =r? dé? + dr? = [2 sin’ (4 yy de? + 
= 4 sin® (8) dé? + 4 sin* (g ) cos? (g yale? = [4 sin* (4)] [sin? (£) + cos? (£)] dé? = 4 sin 


=> ds =2 sin? (4) d0. ThenL = [2 sin? (2) do = f-” [1 — cos (28)] a = [0 — 3 sin (22) 


23. r= 1+cos 6 and S = f 27p ds, where p = y =r sin 0; ds = \/r? dO? + dr? 
= V/(1 + cos 0)? dé? + sin? 6 dé? V/1+2cos 6 + cos? 6 + sin? 6 dd = /2+2cos 0 dé = ,/4 cos? (4) dé 





=2cos (8 ) dé sinceO <0 <4. ThenS = [ome sin 0) - 2 cos (4) dé = franc + cos 0) - sin 8 cos (4) dé 
T, Tr, 5 m/2 
= f Pe [2 cos? ($)] [2 sin (8) cos (5) cos (4 )| dé = [168 cos* (3) sin (4 ) dé = [2] 


_ (32m) (2) 32m) _ 32n—4mv/2 
= 5 ( 5 ) — 5 


0 
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24. The region in question is the figure eight in the middle. r= 2asin? (0/2) Y r=2a cos” (8/2) 
The arc of r = 2a sin? (2) in the first quadrant gives : 
n/2 
5 of that region. Therefore the area is A = 4 f. sr dé 
n/2 fr 
=4f 5 [2a sin? (8 yy dO = 8a? Vise sin* (2) dé 


= 8a? a sin? “ Ae cos” (£)] do 








—2cos 6 — ae. (3 —4 cos 6 + cos 26) dO = a? [30 — 4 sin 6 + 4 sin 26] 7”? 


25. e=2andrcos?é=2 => x = 2is the directrix = k = 2; the conic is a hyperbola with r = 


QQ) _ 4 
14+2cos@ ~ 1+4+2cos6 


ke 
1l+ecos 6 
> r= 





26. e=1andrcos? =—4 => x = —4is the directrix = k = 4; the conic is a parabola with r = 











1—ecosé 
AG) _ 4 
eS 1—cos 6 1—cos 6 
el : _ _»: . 7 5. Fe ‘ : _ ke 
27. e= 5 andrsin@? =2 = y = 2is the directrix = k = 2; the conic is an ellipse with r = -— jag 
jp Gs 
ee 1+($) sino 2+sind 
28. e= ; andr sin #@ = —6 => y = —6is the directrix = k = 6; the conic is an ellipse with r = Ss 


—_ 6G) _ 6 
i a ed 1- (3) sin@  3-—sin@ 





29. The length of the rope is L = 2x + 2c + y > 8c. 
(a) The angle A (ZBED) occurs when the distance 
CF = ¢ is maximized. Now ¢ = \/x?-c? +y 
=> (= V/x*-c?+L—2x—2c 


= 1? (2) M709) — 








Thus = 0 ies X= 2x? -C? 

















=> x? = 4x? — 4c? 3x? = 4c? Zz 3 
> l= V3 Since £ = sin 4 we have sin 4 = ne 
4 = 60° > A= 120° 
(b) If the ring is fixed at E (.e., y is held constant) and E is moved to the right, for example, the rope will slip 


around the pegs so that BE lengthens and DE becomes shorter = BE + ED is always 2x = L — y — 2c, 
which is constant = the point E lies on an ellipse with the pegs as foci. 

(c) Minimal potential energy occurs when the weight is at its lowest point = E is at the intersection of the 
ellipse and its minor axis. 
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30, H+ 22% > di +d =30,;84+4= % 


31. 


32. 


33. 


34. 


35. 


36. 
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c c 


=> ds +d, = 30. Therefore P and Q lie on an ellipse with 
F, and Fy as foci. Now 2a = d; + dg = 30 => a= 15 and 
the focal distance is 10 = b? = 15? — 10? = 125 


yo 
is = 1. Next 





. . e x? 
=> an equation of the ellipse is 52 + 


Xg =X; + Vot = Xi + Vo (2) = x,+ 10. 














If the plane is flying level, then P and Q must be symmetric to the y-axis Xy = —Xg > Xo = —X24+ 10 
>%=5> = =F a 1 y? ie yo sa since yz must be positive. Therefore the position of 





the plane is (5, tye) where the origin (0, 0) is located midway between the two stations. 


If the vertex is (0,0), then the focus is (p,0). Let P(x, y) be the present position of the comet. Then 

(x — p)? + y? =4 x 10”. Since y? = 4px we have \/(x — p)? + 4px = 4 x 107 > (x—p)*? + 4px = 16 x 10". 
Also, x — p = 4 x 107 cos 60° = 2 x 107 + x =p+2x 107. Therefore (2 x 107)” + 4p (p +2 x 107) = 16 x 1014 
=> 4x 104+ 4p? + 8p x 107 = 16 x 104 = 4p?+ 8p x 107-12 x 104=0 = p*?+2px 10’ -—3 x 104%=0 
=> (p+3x 10’) (p— 10’) =0 > p=-3 x 10’ orp = 10". Since p is positive we obtain p = 10’ miles. 








L=tian y= => y= * s let D = V0 + (2-3)? = th —3e49= Vie- eto 

= ; \/ x* — 8x? + 144 be the distance from any point on the parabola to (0,3). We want to minimize D. Then 
-1/2 2) x3 — 2x 

a — b (xt — 8x? + 144) 17? (4x3 — 16x) = [EE 

x= +2. Nowx=0 => y=Oandx= +2 => y=1. The distance from (0, 0) to (0,3) is D = 3. The distance 


a. 


=0 5x°-2x=0 > x?-4x=0 =>x=0or 

















from ( + 2,1) to (0,3) is D = v( + 2)? + (1 — 3)? = 21/2 which is less than 3. Therefore the points closest to 
(0,3) are (+ 2,1). 








cot 2a 


B 





A-C _9 a = 45° is the angle of rotation = A’ = cos? 45° + cos 45° sin 45° + sin? 45° = ; ,B’ =0, 


and C’ = sin’ 45° — sin 45° cos 45° + cos” 45° = } => 3x? 4 ly? ay > b= /Zanda= 2 = ¢ =a =b? 








2 
2- g ; c = +.. Therefore the eccentricity is e = = ) a V3 = 0.82. 





v3" 
The angle of rotation isa = 7 => A’ = sin § cos § = 5,B’ =0,andC’ = sin [ cos 7 = 5 > - val 
>a= V2 and b = ve => c?=a?+b?=4 = c=2. Therefore the eccentricity ise = ,= Fi = V2. 
VEta/y=t > x4+2,fyty=1 > 2,fAy=1-(«+4+y) => 4xy=1-2x«+y)+ («4+ yy 


=> 4xy =x?4 Ixy+y?—2x—-2y+1 => x?—-2xyt+y?—2x—-—2y+1=0 = B*-4AC = (2)? — 4(1)() = 0 
=> the curve is part of a parabola 


@=5 >A =2sn 7 cos 5 =1,BP =0,C =—-2sm7 cast = 1,D' =—/2sin 2 = -1,F =-/2cos? 
-1F=2=5> gay" x oy 42H => (x? -x') - y?+y) =-2 => (x? =x +4)-(? +y'44) 
1a _ eee 
2 2 
7 5 cos 7 = 0 or the center is (x, y) = (22.0) . Nex 

(Wy) = (4, V2 - 4) and (4, -V2 - 3) = x=}c0s 3 — (V2— 4) sin} = 4 - Land 


y =}sin $+ (2-4) cos $= 1 or (x,y) = (2 — 1,1) is one vertex, and x = } cos 3 (-v2 3) sin 3 








: 1 _1 1 1) ¢ 
= |. The center is (x’, y’) = (5,-4) => X= 5 C087 — (- 3) sin 4 = X= and 
t 


a= +2 = the vertices are 
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37. 


38. 


39. 


40. 





= 2+ Landy = }sin 5 + ( /2 3) sin | = —lor(x,y)= (2 41,-1) is the other vertex. Also 




















c=242=4 c=2 peed as nd 3) and ($,-3) > x= jcos4 3 sin = v2 and 
y=}sin $+ }c0s = V2or(x,y) = (- 2, \/2) is one focus, andx = cos + 5sin 7 = 3? and 

y= isin = —S cos? =—/20rG,y)= (8) is the other focus. The asymptotes are 

y’ +45 = +(x’ — 5) in the rotated system. Since x = 75x’ — “py! andy = 75x’ + Spy’ >xt+y y= ye 

=> 2x4 V2yay andx—y= ai = v2 x 4 V2 y — y/: the asymptotes are 

-Wx+Vy+i= x (2x+y-4) > the asymptotes are —\/2x + 1 =O orx = Jp and V/2y = Oor 


y = 0. Finally, the x’-axis is the line through (2,0) with a slope of | (recall that a = 5) > y=x- va ‘ 


The y’-axis is the line through (2,0) with a slope of -1 > y=-—x+ va ; 


(a) The equation of a parabola with focus (0, 0) and vertex (a, 0) is r = 
2a 

1+ cos (0 _ z) 

(b) Foci at (0,0) and (2,0) = the center is (1,0) = a=3andc = 1 since one vertex is at (4,0). Thene = ; 


a(1—e?) 
1—ecosé 


2 ‘ : 
Tres and rotating this parabola 


through a = 45° gives r = 


= . For ellipses with one focus at the origin and major axis along the x-axis we have r = 


(1-3) 


_ _ 8 
1- (4) cos 3—cos6@* 
(c) Center at (2, z) and focus at (0,0) = c = 2; center at (2, z) and vertex at (1, ay 








) >ae=l. Then e = ¢ 





e 3)Q2 
= : = 2. Alsok = ae— $= (1)2)- 5 = . Therefore r = cae - 2 = oats 


Let (d;, 0;) and (d2, 82) be the polar coordinates of P; and P2, respectively. Then 6. = 6; + 7, and we have 
2+ cos 4; +4 2+.cos (0; +7) 
3 3 





- 3 = 1 1 
di = saws nti and dy = Therefore got 4 = 


3 
2+cos (0; +7) * 
_ 4+ cos 6; + cos 6; cos 7 — sin 6; sin 7 4 
= z- 





Arc PT = Arc TO since each is the same distance rolled. Now Arc PT = a(ZTAP) and Are TO = a(ZTBO) 

=> ZTAP = ZTBO. Since AP = a= BO we have that AADP is congruent to ABCO = CO=DP => OPis 
parallel to AB = ZTBO = ZTAP = 8. Then OPDC is a square = r = CD = AB — AD — CB = AB — 2CB 
=> r= 2a— 2acos 0 = 2a(1 — cos 9), which is the polar equation of a cardioid. 


Note first that the point P traces out a circular arc as the door 
closes until the second door panel PQ is tangent to the circle. 


This happens when P is located at (+ SE +) , Since ZOPQ is 


90° at that one Thus the curve is the circle x? + y? = 1 for 
O<x< ae When x > Ta? the second door panel is 


tangent to the curve at P. Now let t represent ZPOQ so that 





as t runs from 5 to 0, the door closes. The coordinates of P 
are given by (cos t, sin t), and the coordinates of Q by 


(2 cos t, 0) (since triangle POQ is isosceles). Therefore at a fixed instant of time t, the slope of the line 


Ay _ _sint=0__ _tant = the tangent line PQ is 


Ax cos t—2 cost 


y —0=(—tant)(x —2 cost) > y =(—tant)x+2 sint. Now, to find an equation of the curve for 


formed by the second panel PQ is m = 





a < x < 1, we want to find, for fixed x, the largest value of y as t ranges over the interval O <t < t . We 
solve 2 =0 = (—sec?t)x+2cost=0 = (—sec?t)x = —2cost = x =2cos*t. (Note that 


2. 
oF = (—2 sec? t tant) x —2sint<Oon0<t< 5 » 80 a maximum occurs for y.) Now x = 2cos*t +> the 
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corresponding y value is y = (— tan t) (2 cos*t) + 2 sint = —2 sint cos?t + 2 sin t = (2 sin t) (— cos? t + 1) 
= 2 sin? t. Therefore parametric equations for the path of the curve are given by x = 2 cos*t and y = 2 sin*t 
for 0 <t< %. In Cartesian coordinates, we have the curve x?/* + y?/3 = (2 cos? t)’/3 + (2 sin? t)?* 
= 2?/3 (cost + sin? t) = 27/3 = the curve traced out by the door is given by 
2 2 _ a7 
x*+y=1 for OSX SB 


x8 4 2/8 = 92/9 for 1 <x <1 


a 





41. B=e.— Wy => tan 6 = tan(y2—- 1) = ie a : 
the curves will be orthogonal when tan @ is undefined, or 

-1 T -1 
tan wy 2/(0) [ r 


= P=-£'(0)2'(0) 











when tan 




















= @ 
42, r=sint (2) + $ =sin? ($) cos(#) > tanp= Gmllp = 
43. r=2asin3é0 => x = 6acos 39 > tanyw = ® = asin 36 = ; tan 30; when 0 = Z, tan = ; tan 5 
do 
> p=5 

44. (a) i (b) ro=1 r=67! o=-9? tan | ,_, 

=!) =-6 => lim tan =—oo 
9 — co 
re = 1 =  — 3 from the right as the spiral winds in 
around the origin. 
v 








— V3cosd _ : 1 _ 7, — sind __ : oe 
45. tan qh = ag =~ cot is — J at @ = Fs tan hy = Shp = tan O is v/3 at 6 = F ; since the product of 


these slopes is —1, the tangents are perpendicular 











46. a(1+cos@)=3acos? > 1=2cos@é => cos @ = } or y r = 3a cos 0 

8 __ a(1+cos@) ; _ m7, 
6 = 25 tan py = 428 jg 1/3 at O =F; 

_ B3acosé ; 1 _ 
tan W2 = =34ng IS 3 atO = 3. Then 

ut 1 

A) ere - x 

tan 6 = — => B= 


\ 


r = a(1+cos 6) ~ te 
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eS iat a =— qa = EET > oa = eet ; ont a ant 
=> 1+cosd=3-—3cosé => 4cosd=2 > cos0 5 g@=+ & ty =f) = 2 => the curves intersect at the 
3 T (qs) l—cos@ ; 1 TT. (35a) l+cos 6 ; 
points (2, a E 5); tan a= [sane] = sin 0 1S J/3 at 0 = 32 tan Y2 _ [ 3 sind —~ “sin 19 
C1 —cos 6)2 (+ cos 6)2 


V3 at 0 = 7; therefore tan ( is undefined at 6 = 7 since | + tan yy, tan 2 = 1+ (- 4,) (v3) =0 > B=; 





tan 1| p43 = ae = a and tan {| g__4/3 = = He = —\/3 = tan is also undefined 
ad=—F => BP=F 
48. (a) Weneed y+ 6 = 7, so that tan ~ = tan (7 — 0) y 


a(1 + cos 6) 





= — tan 0. Now tan yy = () = 
do 


—a sin 6 a 
= —tan@ = — 08 => cos @+ cos? @ = sin? 8 
=> cos 4+ cos? 6 = 1 — cos? 4 


























x 
= 2cos?6+cosd—-1=0 
= cos 6 = § orcos 6 = —1; cos 6 = $ @= +3 
=> r= #5 cos —1 d= r=0. 
: : r= a(l +cos @) 
Therefore the points where the tangent line 
is horizontal are (38, a6 z) and (0, 77). 
(b) We need +0 = 5 so that tan = tan (4 — 6) = cot @. Thus tan a = ® = alt cos = cot 6 
= cost => sin@+sin@cos@ = —sin@cos? > cos@= — } or sin 8 = 0; cos 0 = —4 d= ae 
>r= A ;sn@=0 => @=0 (not7, see part (a)) => r= 2a. Therefore the points where the tangent line 





is vertical are (3 2m) and (2a, 0). 


7 








_ a dry __ asin 0 b dry __ b sin 6 
eS A 1+cos@ = dé ~ (1+cos 0)? and rz = 1—cos 6 = do (1 — cos 6)? ; then 





b 

= (i a) — ltcosé (cz 7) — l-cos@ 

tan yy = PERE = 18009 and tan yp = ESSE = Esme? > 1+ tan qh tam gy 
ae | aes | 


= 1+ (4284) (Hoos?) =] 1—cos"@ —() = is undefined = the parabolas are orthogonal at each 


sin 6 —sin 6 sin? 6 





point of intersection 











— _r_ _ a(l~cos 4) = — 2 
50. tan = Tay = “aang 18 Lat = 5 => WV=5 
Sl. r=3sec? > r= 7:33, ie => 3=4cos6+4cos?9 > (2cos 6+ 3)(2cos6—1)=0 
=> cos?= 5 or cos 0 = -3 => 6=Tor% 3, (the second equation has no solutions); tan y = At feos 
a Li cos j is V3 at? and tan wy, = ere = cot 0 is Fat § Then tan @ is undefined since 


1 + tan yy tan yw. = 1+ (+) (-v3) =0 > B=}. Also, tan W| 5.73 = V3 and tan y11,,/5 =— a 


= 1 + tan dy tan Wy = 1+ (- +5) V3) =0 = tan (is also undefined > 6 = § 
































52. tanw=; anita) lato=% o = =;m,, = tan(@ + #) = tan 3% = -1 
. 2 sec? (3) 2 4? ‘tan 4 
1 

1 = 1 — ‘ . Ts = (a0) — l—=cosé. 

53. Jeg = oan > 1-cos?=1-sind cos 9 = sind 6= Ff; tanyy, = a = sa? 
(1 —cos 4)2 
_ (7a) — l-sind ok 1 —cos ($) at 
tan 2 = 7h ¥ =: Thusat@ = 7, tany) = See) = 1- v2and 
(1 — sin 6) 
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695 
1—sin (3) (V2-1) - (1- v2) 22-2 T 
tan yy. = ——* = 2-1. Then tan G = 1 i 
we cos (3) V2 B 1+ (V2-1) (1- v2) 22-2 B 4 
2 7 ee 2 
54. (a) (b) r° = 2csc 20 = S55 = ram dcosd 
=> r’sin@cos@=1 => xy = 1,ahyperbola 
T dy 1 
Me > $= 7 > p=b-O=F-F=F 
x 
55. (a) tana ( a a ae Inr a +C (by integration) > r = Be’) for some constant B; 
dé 
A= 4 is B2e2’/ (tana) qg = [= age] = tana [B2e22/ (tana) = B2e2%/ (ano)] 
a Oy 
= 1 (13 — 17) since r? = Be!) and r? = B?e”/\""°); constant of proportionality K = "4% 
r dr r d\2_ 2 dr\2 __ 2 rr __ 2 f tarta+1 
(b) tan a () dé tan a (a ~~ tan? a = Eas (a =P + ta = ( tan? a ) 
2 [ sec2a & sec @ 
= _ (s52) > Length ~ J, ee 





) . 05 
) do = J) Bel/™mo) . $222 d9 = [B (sec a) ef/ |? 


1 
= (sec a) [Be’/“"°) — Be® “*"-)] = K (tr. — r1) where K = sec a is the constant of proportionality 





56. 1 sin20=2a? > rsinOcos@=a? => xy =a’ and y 
y 
dy = — 4. If P(%1,y1) is a point on the curve, the tangent 
line is y — yy = — - (x — X;), so the tangent line crosses 
1 
the x-axis when y = 0 = —y, = — Z (x — Xj) 
2 2 

=> 2P=x-xy > x= 22 4e,=u+m1 = 2K 
since “¥! 


az 


= 1. Let Q be (2x,,0). Then 
PQ = (2x1 — x1)? + O— yi)? = \/x? + y? and 











0 Q 
OP =r= V(x — 0)? + (yi — 0)? = \/x? +y? = OP = PQ and the triangle is isosceles. 
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NOTES: 
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CHAPTER 11 INFINITE SEQUENCES AND SERIES 


11.1 SEQUENCES 


1. 


10. 


11. 


12. 


13. 


15. 


17. 


19. 


21. 


23. 





1-1 1-2 1 1-3 2 1-4 3 
ay rE 0, ag oy — 4093 = 32 = 90 44 = p- = 46 
1 1 l 1 1 1 1 
ay=_poLa=_y=pB=7HGU=g= 74 
(-1" (-1)3 2 (-)4 1 (-1 1 
ay = yoy ee 3°43 = 6-7 = 544 = Bry 7 
a Sy Si eS PSH 3 a SL ee i 8 
oy Q > 42 3 2° 43 4 9°44 25 5 
24 1 ?-1 3 ye 7 t-1 15 
a a7 = 39°42 oy 4 43 Oe g> 4 or Té 
1_ 3 8 ies Us a a5 yo 1. = 15 — 18 4 31 _ 63 
a=la=lty=59,a = gt = 4,4 = gt = ga = | + a= Ie 46 = 32> 
ees 255 no) BM ee, 1 
7 —~ 64 > £8 128 ° “9 —~ 256 > “10 51 
1 ‘| 1 
1 () _ 41 (3) 1 (sa) 1 a eee 4 
a = 1, a2 = 5,43 3 6 > a4 4 24 > 45 5 120 > 26 = 799 > 87 = 5040 > 88 = 79320 > 
ees ee ee 
49 = 362,880 > 210 = 3,628,800 
= _ 122) _ _— vid _ (D4 (=3) 1 CI (=) 1 
a, = 2, a2 = — > = 1a = 4 SH - 5 = 5 = — 445 5} g? 
at 1 = a 
4 = 76°97 = — 39> A8 = — Gy 99 = Jog > 210 = 356 
= _ 1-2) _ A=) _ 2, _ 39) ahea) = 1 
ay = —2,a. = —j> = —1,a3 = FQ SH - 5, = SH 5 SH SH GS GF, 
1 1 
a7 = — 7,48 = — 7,99 =— 59540 = 5 
ay 1, a2 1, a3 14+1 Dy a4 2+1 3. a5 342 5, aG 8, a7 13, ag 21, ag 34, aio = 55 
(- 4) 1 () 1 1 
a, = 2, a) = —1,a3 = —5, a4 =f 5» a5 ay —1, a 2, a7 = 2, ag = —1,a9 = — 5,410 = 5 
ag = (1) ns = 1, 2, 1d, ao = t= 159, He 19, 
fa —yyt1 
an = (—1)"*!n?,n = 1,2,... 16. Ap St 
an =n? —1,n=1,2,... 18. a, =n—4,n=1,2,... 
a, = 4n—3,n=1,2,... 20. a, = 4n—2,n=1,2,... 
_ 14(—p*! = _ n—24(-1)" 3) = - 
ay = CU n= 1,2,... 22, ay = MAC G) = ja) n= 1,2... 
































































































































, im. 2+ (0.1)" =2 => converges (Theorem 5, #4) 
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24. lim tC} =~ jim 14C* =1 5 converges 
n— oo n n— oo n 
25. lim +222 = lim Gl=2 lim = =-1 = converges 
“noo 14+2n “noo (4)4+2° noo 2 7 § 
1 
ayn + (va) 


* 2n+1 — jf 
76. BM, T=3ym — n BM ~T—3) 





=-—oo => diverges 











27. , im, “dead =, in i+@) = —5 => converges 
F n+3 = i n+3 ar As = 
28. lim, wenee ~ nM, @eanarD ~ nim, aya =9 = converges 





. m—2n+1 _ 4; @=-D@-)_ |}; -_ pa : 
29. , um, 1 = lim, at =, lin. (n—1)=co => diverges 





30 lim 2=" = lim 


nao T= 4 ~ nl (WY 4 = 00 = diverges 
nr 


. n * . . n 1 . . 
31. , im, (1 + (—1)*) does not exist = diverges 32. , um, (—1) (1 _ 1) does not exist = diverges 





33. lim, (24+) 1-2) = lim, ($+) (1—+) =4 => converges 








34. lim (2 — x) (3 + x) =6 => converges 35. lim S"=-05 converges 
n— oo an an n—oco 2n-1 
36. , im, (- 5)" = «any, —s =0 => converges 














: Zn F 2n- __ 
37. , lim, 1 = Valim,. n+1 


< 1 _ % 10\2 __ " 
38. lim oo =, im, (2) =oo => diverges 


39. lim sin (5 + 1) = sin (lim (Z + 1)) = sin 5 = 1 => converges 


n— © n 


40. , im, nz cos (n7) = lie (n7)(—1)" does not exist = diverges 





41. lim “2 — 0 because — 1 < S®2 <! = converges by the Sandwich Theorem for sequences 
n~ © n n n n 


42. lim sina = 0 because 0 < sin“ < a = converges by the Sandwich Theorem for sequences 
nh— oo 

















7 Mh = 1 —_ H TAL: ' 
43. , im, z= , im, ina = 9 = converges (using I'Hopital's rule) 

‘ BP on ae 32In3 _ ys 3"n 3)? sys 3%(In 3)? : : hod 
44. , im, a= , im, a= , um, = , im, — 7 = co = diverges (using l'Hopital's rule) 

1 2 
45. tim HOt) = jim Seet) = jim 2V8 = tim (i) =0 = converges 
nso vn n— 00 (25) noo n+1 ~~ n> 00 1+ (2) 
n 
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59. 


60. 


61. 


62. 


63. 


64. 


65. 


Inn 








Section 11.1 Sequences 





, um, nn , um, (4) = 1 = converges 
; , im, 8/" — 1 => converges (Theorem 5, #3) 
lim, (0.03)'/" = 1 > converges (Theorem 5, #3) 
, im, (1 + 7)" =e’ => converges (Theorem 5, #5) 
: im. (1 — 1)" a , um, [! + = e-! > converges (Theorem 5, #5) 
- , lim, ¥/10n = lim, 10/2. n!/™? —1-1=1 = converges (Theorem 5, #3 and #2) 

















, im, /n2 = , im, (W/n)° =1?=1 = converges (Theorem 5, #2) 

, im, (3) Pe 7 S — t =1 => converges (Theorem 5, #3 and #2) 

, im, (n+ 4)!/(@+4) — , im, yx =] => converges; (let x = n+ 4, then use Theorem 5, #2) 

, im, na 7 = = f=0co => diverges (Theorem 5, #2) 

, lim, (Inn —In(n+ 1)] = im, In (44) =In (lim, =) =In1=0 => converges 

, im, V/4"n = , im, 4 w/n =4-1=4 = converges (Theorem 5, #2) 

, im, 4/3204 = , im, 32+ (1/n) — , im, 32 .3!/7 9.1 =9 = converges (Theorem 5, #3) 
, im, 7 , um, = < , um, (2) = 0 and ue >0=> , um, ue =0 => converges 
, im, ae =0 => converges (Theorem 5, #6) 

, im, sks = im, (a?) = co => diverges (Theorem 5, #6) 

, im, a = , um, =0oo => diverges (Theorem 5, #6) 

, im, (2) TO um, exp (+ In ()) = um, exp (eine) =e! = converges 

im. In (1 + iy" =In (lim, (1 + 1)") =Ine=1 = converges (Theorem 5, #5) 








wu ne 2) 
— 


n 


alim,, exp (n In (34) = , lim, exp ( 
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ao 
3n—1 


3 
: 3+] . 6n? 6 2/3 
lim, exp ( c 3) = lim, exp (=o HAS 5) = exp (3) =e7/? = converges 











n 


66. , im, (4)" = , lim, exp (nin (—5)) = , lim, exp (eaet2) = , lim, exp (3) 


=els converges 


= ji en a 
= , lim, exp ( on) 











67. , um, Cae = pum, x(g44)'" = x lim. €Xp é Int geeq)) a x lim. exp (=natn) 


a ‘ =2.) _ y,0 _ 
=x lim. exp (==2;) = xe’ = x,x > 0 => converges 


68. lim, (1 — 4)" =, lim, exp (nIn(1 — 4)) = lim, exp (“Ge | = lim, exp [ee 




















= lim. exp (=) =e? =1 = converges 
69. lim oe = lim aa =0 => converges (Theorem 5, #6) 
no 4 "nl n-oc 1! 
70. lim =) lim Ci)" Gi)" lim (ep =0 = converges 
“noo (75)"+()) 200. (F4)" Ga)" + (az) (Ga) oo (ig) +1 
(Theorem 5, #4) 
71. , im, tanh n = , im, a = , um, St = , im, 20" = , im, 1=1 => converges 
: ‘ s elan _ g-inn F n— (4) f 
72. lim sinhdnn)= lim) —>=+— = _ lim 7 = 0cO => diverges 
n~ © n—~ © n—7—o© 
1 1 
: n’sin(?) —y. sin(i) og, — (cos (z)) (3) : —cos(+) _ 
13: , im, mot = , im, (2-5) =, im, (-3+3) = , im, “24 (2) = 2 => converges 
= sin (4 4 
74. lim n(1 — cos 1) = lim @ — a) = lim sin (a)] (#) = lim sin (+) =0 = converges 
n— oo n n— oo (4) n—0o (+) 
75. lim. tant n= 5 => converges 76. lim. —+tan-'n=0- 5 =0 = converges 
n— c& n7- co n 





77. lim. (4)" + a lim ((4)" + (+) ) = 0 => converges (Theorem 5, #4) 





. n/ 9 _ 4 In (n? +n) 
78. yum. vn +H =) fo exp | 7 


im. exp (4341 +") =e =1 = converges 











c 200 : 199 ~ a 198 n 
79. lim © = jim M@n” = jim BOP don)” =... = lim 2 =0 = converges 
n— oo - n-— © n n— oc n n-co 28 
(2*) ‘ 5 
P Inn) ! ‘i e : . 
80. lim “2 = lim - = lim SO” = jim SeX =... = lim 38 =0 = converges 
n>o yn n—0o (25) n>c vn n—>o yn no Jn 
2/n 











Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


Section 11.1 Sequences 

















i ‘i sis ees s * 
lim {n—vV/n?—n)= _ lim ([n n?—n) (*=¥Y*—") = lim — 2 = lim r 
n— oo n— oo n+Vr—n noo n¢Vn?=-n noo 14/7 1 


> = converges 






































: 1 _ 4 1 Vr—1+V/nr+n\_ 4: Jr —1+ nr? +n 

, im, n—1—/n?+n = , lim, (sss) (vga | lim, -l-n 
: 1-34+yVl+i 

=, im. (tan = —2 => converges 

lim ! a dx= lim ™= lm 1=0=> converges (Theorem 5, #1) 

n-c n 1 Xx n—-oc 1 n—-o n 

, im, : + dx = um, [4s Z| = , um, = (4 1) = = ifp > 1 => converges 

1, 1, 2, 4, 8, 16, 32,... = 1, 2°, 24, 27, 23, 24, 2°,... = x; =1andx, = 2"* forn >2 

(a) 1? —2(1)? = —1, 3? — 2(2)? = 1; let f(a, b) = (a + 2b)? — 2(a + b)? = a? + 4ab + 4b? — 2a? — 4ab — 2b? 
= 2b? — a7; a? — 2b? = —1 = f(a,b) = 2b? — a? = 1; a? — 2b? = 1 = f(a,b) = 2b? — a? = -1 
2 _ (at2b)? _ a?+ dab + 4b? — 2a? — dab — 2b? __ —(a?—2b?) _ 41 ie 

(b) 4, 2= (F5) 2= (a+b ~~ (a+b ys = ae & 


(a) 
(b) 
(c) 


(a) 
(b) 
(c) 
(d) 


(a) 


(b) 


(a) 


(b) 





In the first and second fractions, y, > n. Let 4 represent the (n — 1)th fraction where 4 >landb>n-1 


for n a positive integer > 3. Now the nth fraction is ate anda+b>2b>2n—2>n => y, >n. Thus, 
, im, i= /2. 





f(x) = x? — 2; the sequence converges to 1.414213562 = «/2 
f(x) = tan (x) — 1; the sequence converges to 0.7853981635 = 7 
f(x) = e*; the sequence 1, 0, —1, —2, —3, —4, —5,... diverges 

















, im, 7 (3) - ac me = eat oe =~ £(0), where Ax = 7 
lim, ntan? (2) =f) = 2p = 1, f@) = tan x 
, lim, n(e/" — 1) = f'(0) = e® = 1, f(x) =e —-1 








2 2 2 
, lim, nIn (1+ 2) f'(0) = Tam = 2, f(*) = In(1 + 2x) 





Ifa = 2n+ 1, then b = [©] = [4° #4041) = [2n? + 2n + 1) = 2n? + 2n, ¢ = [£] = [2n? + 2n+ 2] 
= 2n? + 2n + | and a? + b? = (2n + 1)? + (2n? 4+ 2n)” = 4n? + 4n + 1 + 4n4 + 8n3 + 4n? 
= 4n! + 8n3 + 8n? + 4n + 1 = (2n? + 2n + 1)? =c?, 

al 


. _ . 2n? + 2n 
, lim, el = , lim, 2n? +2n+1 





=lor lim = lim snéd= lim sind=1 
a— cw a— co 0 


ea sn 


Qn 
, im, (2nr)!/ (20) — lim, exp (227) = lim, exp () = , lim, exp Zj=ce=h 


n! & (2) vy 2n7 , Stirlings approximation > vn! (2) (2nr)!/ 29) py = for large values of n 


























n / 1! a 
40 15.76852702 14.71517765 
50 19.48325423 18.39397206 
60 23.19189561 22.07276647 
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1 
91. (a) lim, 32 = lim, La) = lim +=0 


(b) For all € > 0, there exists an N = e~!"9/* such that n > e~("9/* > Inn> — ne => Inn* >In (2) 
1 


ne 


=>n>toai<e> 





no 7 


-0|<e=> lim 4=0 
n— oo 
92. Let {a,} and {b,} be sequences both converging to L. Define {c,} by cy, = b, and c2,_,; = a,, where 
n= 1,2,3,... . Forall « > 0 there exists N; such that when n > N; then |a, — L| < € and there exists No 
such that when n > Ng then |b, — L| < ¢. Ifn > 1 + 2max{N,, No}, then |c, — L|] < €, so {c,} converges to L. 
93. lim, nfo — , lim, exp (4 Inn) = , lim, epic) =e 1 


94, lim x!/ lim exp (4 In x) = e” = 1, because x remains fixed while n gets large 
n— oo n> oo n 


95. Assume the hypotheses of the theorem and let € be a positive number. For all € there exists a N; such that 
when n > N; then ja, —L| <€ = -€<a,—L<e => L—e < a, and there exists a N such that when 
n > Ng then |cg —L]| <€ > -E€e<cy-L<e > q <L+e. Ifn > max{N,, No}, then 
L—-e<a<b<aq<Lt+e => |b,-L) <e => lim, by = L. 


96. Let « > 0. We have f continuous at L => there exists 6 so that |x — L] < 6 = |f(x) — f(L)| < €. Also, a, — L => there 
exists N so that forn > N |a, — L] < 6. Thus forn > N, |f(a,) — f(L)| <« = flay) — f(L). 





3 1)+1 
97. angi > ay => GEV > tt > fobt > ett = 3n? + 3n+4n+4>3n?+6n+n+2 





=> 4 > 2; the steps are reversible so the sequence is nondecreasing; ott <3 => 3n+1<3n+3 


= 1 < 3; the steps are reversible so the sequence is bounded above by 3 








(2(n+.1)+3)! — (2n+3)! (Qn+5)! — (2n+3)! Qn+5)! — (n+2)! 
98. anyi > an > (n+H+D! > +! = (n+ 2)! > (n+ 1)! > (2n+ 3)! ea (n+)! 











=> (2n+5)2n+ 4) > n-+ 2; the steps are reversible so the sequence is nondecreasing; the sequence is not 


a = (2n + 3)(2n + 2)---(n + 2) can become as large as we please 





bounded since 





gn+l antl < gngn gn+ign+l < (n+ 1)! 


99. an4) Sa > @ibD! = oul qa3n Sy 





=> 2-3 <n+1 whichis true forn > 5; the steps are 





reversible so the sequence is decreasing after a5, but it is not nondecreasing for all its terms; a; = 6, ag = 18, 








a3 = 36, a4 = 54, a5 34 64.8 the sequence is bounded from above by 64.8 


2 2 1 1 2 
n n+l 2 geri a n(n + 1) = 
2 





100. an41 >a > 2-2 -yy >2-2- = 


il og 
ti om aa 5 the steps are 


reversible so the sequence is nondecreasing; 2 — = — x <2 = the sequence is bounded from above 


1 


101. a, =1-— ‘ converges because | — 0 by Example 1; also it is a nondecreasing sequence bounded above by 1 


102. a, =n— 


Bile 


diverges because n — oo and t — 0 by Example 1, so the sequence is unbounded 


103. a, = 4! =1- + and 0 < aa < t ; since i — 0 (by Example 1) => a — 0, the sequence converges; also it is 


a nondecreasing sequence bounded above by 1 





14, a, = 4 = (3)" = +i ; the sequence converges to 0 by Theorem 5, #4 
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106. 


107. 


108. 


109. 


110. 


111. 


112. 


113. 


114. 


115. 


116. 


117. 
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an = ((-1I" + 1) (at) diverges because a, = 0 for n odd, while for n even a, = 2 (1 + 1) converges to 2; it 


diverges by definition of divergence 


Xn = max {cos 1, cos 2, cos 3,... ,cos n} and x,4; = max {cos 1, cos 2, cos 3,... ,cos(n+ 1)} > xX, with x, < 1 
so the sequence is nondecreasing and bounded above by 1 = the sequence converges. 


If {a,} is nonincreasing with lower bound M, then {—a,} is a nondecreasing sequence with upper bound —M. 
By Theorem 1, {—a,} converges and hence {a,} converges. If {a,} has no lower bound, then {—a,} has no 
upper bound and therefore diverges. Hence, {a,} also diverges. 


a > ant & ati > otis # 4+2n4+1>n2?4+2n © 1 > 0 and ++ > 1; thus the sequence is 


nonincreasing and bounded below by 1 = it converges 




















a > anti < Ltn > awe > J/n+1+/2n2+2n > /nt J/2n? + 2n co Yn+1>/n 


and os > v 2; thus the sequence is nonincreasing and bounded below by V2 = it converges 


iy ani & * > i Ss gn+l _ gnt+l gn > gn gnqnt+l Ss gn+l — 9A > gut gn _ nant 
& 2-1>2-47-4™! © 1> 492-4) © 1 > (-2)- 4; thus the sequence is nonincreasing. However, 
1. 4 


a= a R= a — 2" which is not bounded below so the sequence diverges 








BEE = 44 (7) 80a > ag 4+ (Z)" 244 (7) & (7)" > (G) @ 12 Gand 


4+ (3)" > 4; thus the sequence is nonincreasing and bounded below by 4 = it converges 





a, = 1, ag = 2 — 3, ag = 2(2 — 3) —3 = 2? — (2 — 1) -3, ag = 2 (2? — (2? — 1) -3) —3 = 23 — (23 — 1)3, 
as = 2 (2? — (2? — 1) 3] -3 = 24 — (2* - 1) 3,... an = 271 — (271 —1)3 = 27 1-3-2" 143 

= 27-1(1 —3)+3=—-294 33a, > an & —274+3>-24'43 o -B >t Oo 1<2 

so the sequence is nonincreasing but not bounded below and therefore diverges 

M 


M 
7-m: Thenn>N n> im 


=n>M+nM >n>Mn+l) > GA >M. 





Let 0 < M < 1 and let N be an integer greater than =>n-nM>M 





Since M; is a least upper bound and Mb is an upper bound, M; < Mg. Since Mg is a least upper bound and M, 
is an upper bound, Mz < M;. Weconclude that M; = Mp so the least upper bound is unique. 


(<" is the sequence } a . This sequence is bounded above by 3 ; 


(-1" 13 1 3 
2 Qe Q9 29 Qe 
but it clearly does not converge, by definition of convergence. 


The sequence a, = 1 + 


Let L be the limit of the convergent sequence {a;}. Then by definition of convergence, for 5 there 
corresponds an N such that for all mandn,m >N => |am—L| < § andn>N = |a, —L| < §. Now 
[am — an| = [am —L +L —a,| < lam —L| +|L —ay| < § + § = € whenever m > N andn > N. 


Given an € > 0, by definition of convergence there corresponds an N such that for all n > N, 

[Ly — an| < € and |L2 — a,| < €. Now |L2 — Li| = |Le — an + an — Li] < |L2 — an| + Jan — Li] < € + € = 2e. 
|L, — Ly| < 2e says that the difference between two fixed values is smaller than any positive number 2e. 

The only nonnegative number smaller than every positive number is 0, so |L; — L2| = 0 or Li = Ly. 
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118. Let k(n) and i(n) be two order-preserving functions whose domains are the set of positive integers and whose 
ranges are a subset of the positive integers. Consider the two subsequences ay(n) and ajin), where axin) — Li, 
ain) — Ly and L, # Ly. Thus | ax(n) _ ain) | — |L1 — L2| > 0. So there does not exist N such that for all m,n > N 


=> |am — ay| < €. So by Exercise 116, the sequence {a,} is not convergent and hence diverges. 


119. ax — L & given ane > 0 there corresponds an N; such that [2k > Ny = |ax —L| < €]. Similarly, 
ap > L & [2k+1>No => |faxy: —L| < e]. Let N = max{N;,No}. Thenn >N => |a, —L| < € whether 
n is even or odd, and hence a, — L. 


120. Assume a, — 0. This implies that given an € > 0 there corresponds an N such thatn > N => |a, — 0| < € 
=> |a| <e€ => |lan|| <¢ => |lan| —O| <¢€ = |an| — O. On the other hand, assume |a,| — 0. This implies that 
given an € > 0 there corresponds an N such that for n > N, ||an| — 0| <€ => |lan|| <¢€ => |an| <€ 
=> |a,-—0)<e >a, — 0. 


n 











n n n 1 
121. [V0.5 = 1] < 10-9 > = ay < (4) = 1 < ads > (RR) <3 < (HH) = n> BEL = n> 0028 
1000 
= N= 692; a, =(4)'"and lim a, =1 
n~ wo 
122. |y/n—-1)< 103 > —7 <nl®-1< 2 > (Be) <a< (RAY = > 9123 > N=9123; 





ay = /n=n'/"and | lim. an = 1 





123. 0.9)" < 10-% + nIn(0.9) < —31n 10 > n> 3Rqg) © 65.54 > N= 65; a) = (75) and, lim, a1 =0 


124. a < 1077 = n! > 2"10" and by calculator experimentation,n > 14 > N= 14;a, = x and e lim, a, = 0 


2 2 2 2 a 
a SD xia — 2xt=(x2-a) — +a _ (Xn +3) 
125. (a) f(x) =x? —a => f(x) = 2x > xn = Xn — BSS Ky = nD = tL 


(b) xy = 2, Xo = 1.75, x3 = 1.732142857, x4 = 1.73205081, x5 = 1.732050808; we are finding the positive 


number where x? — 3 = 0; that is, where x? = 3, x > 0, or where x = \/3. 














126. x; = 1.5, x2 = 1.416666667, x3 = 1.414215686, x4 = 1.414213562, x5 = 1.414213562; we are finding the 


positive number x2 — 2 = 0; that is, where x2 = 2, x > 0, or where x = \/2. 


127. x; = 1, x2 = 1+ cos(1) = 1.540302306, x3 = 1.540302306 + cos (1 + cos (1)) = 1.570791601, 
X4 = 1.570791601 + cos (1.570791601) = 1.570796327 = 5 to 9 decimal places. After a few steps, the 


arc (X,_,) and line segment cos (x,_,) are nearly the same as the quarter circle. 


128. (a) S; = 6.815, So = 6.4061, S3 = 6.021734, S4 = 5.66042996, S; = 5.320804162, Sg = 5.001555913, 
S7 = 4.701462558, Sg = 4.419374804, Sg = 4.154212316, Sig = 3.904959577, Si; = 3.670662003, 
Si2 = 3.450422282 so it will take Ford about 12 years to catch up 
(b) x © 11.8 


129-140. Example CAS Commands: 
Maple: 
with( Student[Calculus1] ); 
f :=x -> sin(x); 
a:=0; 
b := Pi; 
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plot( f(x), x=a..b, title="#23(a) (Section 5.1)" ); 
N :=[ 100, 200, 1000 ]; # (b) 
for nin N do 

Xlist := [ a+1.*(b-a)/n*i $ i=0..n ]; 

Ylist := map( f, Xlist ); 


end do: 

for nin N do # (c) 
Avg[n] := evalf(add(y,y=Ylist)/nops(Ylist)); 

end do; 


avg := FunctionAverage( f(x), x=a..b, output=value ); 
evalf( avg ); 
FunctionAverage(f(x),x=a..b,output=plot); # (d) 
fsolve( f(x)=avg, x=0.5 ); 
fsolve( f(x)=avg, x=2.5 ); 
fsolve( f(x)=Avg[1000], x=0.5 ); 
fsolve( f(x)=Avg[1000], x=2.5 ); 
Mathematica: (sequence functions may vary): 
Clear[a, n] 
a[n_];=n!/" 
first25= Table[N[a[n]],{n, 1,25}] 
Limit[a[n], n — 8] 
The last command (Limit) will not always work in Mathematica. You could also explore the limit by enlarging your table 
to more than the first 25 values. 
If you know the limit (1 in the above example), to determine how far to go to have all further terms within 0.01 of the 
limit, do the following. 
Clear[minN, lim] 
lim= 1 
Do[{diff=Abs[a[n] — lim], If[diff < .01, {minN= n, Abort[]}]}, {n, 2, 1000}] 
minN 
For sequences that are given recursively, the following code is suggested. The portion of the command a[n_]:=a[n] stores 
the elements of the sequence and helps to streamline computation. 
Clear[a, n] 
a{1]= 1; 
a{n_]; = a[n]= a[n — 1] + (1/5)®-) 
first25= Table[N[a[n]], {n, 1, 25}] 
The limit command does not work in this case, but the limit can be observed as 1.25. 
Clear[minN, lim] 
lim= 1.25 
Do[{diff=Abs[a[n] — lim], If[diff < .01, {minN= n, Abort[]}]}, {n, 2, 1000}] 
minN 


141. Example CAS Commands: 
Maple: 

with( Student[Calculus1] ); 
A :=n->(1+r/m)*A(n-1) + b; 
A(O) := AO; 
A(O) := 1000; r := 0.02015; m := 12; b := 50; # (a) 
ptsl := [seq( [n,A(n)], n=0..99 )]: 
plot( pts1, style=point, title="#141(a) (Section 11.1)"); 
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A(60); 

The sequence { A[n] } is not unbounded; 

limit( A[n], n=infinity ) = infinity. 

A(O) := 5000; r := 0.0589; m := 12; b := -50; # (b) 
ptsl := [seq( [n,A(n)], n=0..99 )]: 

plot( pts1, style=point, title="#141(b) (Section 11.1)"); 

A(60); 

ptsl := [seq( [n,A(n)], n=0..199 )]: 

plot( pts1, style=point, title="#141(b) (Section 11.1)"); 

# This sequence is not bounded, and diverges to -infinity: 

limit( A[n], n=infinity ) = -infinity. 

A(O) := 5000; r := 0.045; m := 4; b := 0; # (c) 
for n from 1 while A(n)<20000 do end do; n; 


It takes 31 years (124 quarters) for the investment to grow to $20,000 when the interest rate is 4.5%, compounded 


quarterly. 
r := 0.0625; 
for n from 1 while A(n)<20000 do end do; n; 


When the interest rate increases to 6.25% (compounded quarterly), it takes only 22.5 years for the balance to reach 


$20,000. 
B :=k -> (1+r/m)*k * (A(O)+m*b/r) - m*b/r; # (d) 
A(O) := 1000.; r := 0.02015; m := 12; b := 50; 
for k from 0 to 49 do 
printf("%5d %9.2f %9.2f %9.2f\n",k, A(k), Bk), B(k)-A(k) ); 
end do; 


A(0) :='A(0)' r= 'r'; m :='m'; b :='b n= 'n'; 
eval( AA(n+1) - ((1+1/m)*AA(n) + b), AA=B ); 
simplify( % ); 


142. Example CAS Commands: 
Maple: 
r:= 3/4,; # (a) 
for k in $1..9 do 
A:=k/10.; 
L:= [0,A]; 
for n from | to 99 do 
A:=r*A*(1-A); 
L:=L, [n,A]; 
end do; 
pt[r,k/10] := (L]; 
end do: 
plot( [seq( pt[r,a], a=[($1..9)/10] )], style=point, title="#142(a) (Section 11.1)" ); 
RI :=[1.1, 1.2, 1.5, 2.5, 2.8, 2.9]; # (b) 
for rin R1 do 
for k in $1..9 do 
A :=k/10.; 
L:= [0,A]; 
for n from | to 99 do 
A :=r*A*(1-A); 
L:=L, [n,A]; 
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end do; 
pt[r,k/10] := [L]; 
end do: 
t := sprintf("#142(b) (Section 11.1)\nr = %f", r); 
P[r] := plot( [seq( pt[r,a], a=[($1..9)/10] )], style=point, title=t ); 
end do: 
display( [seq(P[r], r=R1)], insequence=true ); 
R2 := [3.05, 3.1, 3.2, 3.3, 3.35, 3.4]; # (c) 
for rin R2 do 
for k in $1..9 do 
A :=k/10.; 
L := [0,A]; 
for n from 1 to 99 do 
A :=r*A*(1-A); 


L:=L, [n,A]; 
end do; 
pt[r,k/10] := [L]; 

end do: 


t := sprintf("#142(c) (Section 11.1)\nr = %f", r); 
P[r] := plot( [seq( pt[r,a], a=[($1..9)/10] )], style=point, title=t ); 
end do: 
display( [seq(P[r], r=R2)], insequence=true ); 
R3 := [3.46, 3.47, 3.48, 3.49, 3.5, 3.51, 3.52, 3.53, 3.542, 3.544, 3.546, 3.548]; 
for rin R3 do 
for k in $1..9 do 
A :=k/10.; 
L := [0,A]; 
for n from | to 199 do 
A :=r*A*(1-A); 


L:=L, [n,A]; 
end do; 
pt[r,k/10] := [L]; 

end do: 


t := sprintf("#142(d) (Section 11.1)\nr = %f", r); 
P[r] := plot( [seq( pt[r,a], a=[($1..9)/10] )], style=point, title=t ); 
end do: 
display( [seq(P[r], r=R3)], insequence=true ); 
R4 := [3.5695]; # (e) 
for rin R4 do 
for k in $1..9 do 
A :=k/10.; 
L := [0,A]; 
for n from 1 to 299 do 
A :=r*A*(1-A); 


L:=L, [n,A]; 
end do; 
pt[r,k/10] := [L]; 

end do: 


t := sprintf("#142(e) (Section 11.1)\nr = %f", 1); 
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# (d) 
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P[r] := plot( [seq( pt[r,a], a=[($1..9)/10] )], style=point, title=t ); 
end do: 
display( [seq(P[r], r=R4)], insequence=true ); 
R5 := [3.65]; # (f) 
for rin R5 do 
for k in $1..9 do 
A :=k/10.; 
L := [0,A]; 
for n from 1 to 299 do 
A :=r*A*(1-A); 


L:=L, [n,A]; 
end do; 
pt[r,k/10] := [L]; 

end do: 


t := sprintf("#142(f) (Section 11.1)\nr = %f", r); 
P[r] := plot( [seq( pt[r,a], a=[($1..9)/10] )], style=point, title=t ); 
end do: 
display( [seq(P[r], r=R5)], insequence=true ); 
R6 := [3.65, 3.75]; # (g) 
for rin R6 do 
for a in [0.300, 0.301, 0.600, 0.601 ] do 
A:=a; 
L := [0,a]; 
for n from | to 299 do 
A :=r*A*(1-A); 
L:=L, [n,A]; 
end do; 
pt[r,a] := [L]; 
end do: 
t := sprintf("#142(g) (Section 11.1)\nr = %f", r); 
P[r] := plot( [seq( pt[r,a], a=[0.300, 0.301, 0.600, 0.601] )], style=point, title=t ); 
end do: 
display( [seq(P[r], r=R6)], insequence=true ); 


11.2 INFINITE SERIES 








_ a(l-r) _ 2(1-()") —— 
Le = "Gog eg gw 2 





























a(1—1) _ (iy) (= (ita)") a oes 
oR ey Se eg a 
a(I—r") _ 1-(-3)" : = 1. 2 
3. Sp C=) 16) => ,lim = Ty =3 
4. Sa = il ae eometric series where |r| > 1 = divergence 
T~C2y 748 8 
1 _ ol 1 — fii 11 1 Dt N39 ali 1 : 1 
J BEE BET ae > = (9-3) +G-4) +: 3 ere a) > aea > ,lim ss = 5 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


Section 11.2 Infinite Series 





ery a aed =e Og) Ga) gaa) eee Ga a) Fe ee 


=> lim s,=5 
n7~ © 























1 1 1 : : ar 1 ee ee: 
1— 4+ %i6— @& +---> the sum of this geometric series is ;— Ch ise 5 
t4i4 1+... , the sum of this geometric series is (i) = 1 
16 | 64 7 256 g i—() = 1 
La ep Te of the sum of this geometric series is @) 7 
47 767 6 bet § iC). 3 

5 5 5 : : sac 5 _ 
5—i+i¢—- @t.---» the sum of this geometric series is — (oh = 4 








ad+i+ (4 — <) + (4 + x) + (4 — i) + is the sum of two geometric series; the sum is 
- 5 _ 17 
-Otr@ *ts=6 
2+ +24 104 2(1+ + 35 + jos + ..) ; the sum of this geometric series is 2 ( a) = 0 





4 os tt 1 = 1 11 
Gr-dG@ntl) ~ m3 HI >s=(1-3)+(§-5 
=> lim s,= lim 7 

n—- © n- 








Gas acu) = ae 
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6 _ oA B _ AQn+1)+BQn—1 _ 
Go NGseh = mot) mt epee ~~ Ae 1) Ba -)=6 
OS ee: 2A =6 > A=3andB = —3. Hence, 

Ve ft Toh Poet 1 1 1 
3 Ona bane) 5=30 (gtr - wa) =3(1 3 +3 5 5 Zt 2(k D+i + 1 a) 
~3(1 — 54) > the sumis | lim 3(1— 44) =3 





40n _ _A B Cc D 
On-iPOn+1f — Ga-h + Gt? +t Gash + Get 


— AQ@n=1)2n+ 1° + Bn + 1)? + Cn 4+ 1)2n — 1)? + Dn — 1)? 
(Qn — 1)2(2n + 1 


=> A(2n—1)2n+ 1)? + B2n 4+ 1)? + CQ2n + 1)2n— 1)? + D2Qn — 1)? = 40n 
= A(8n? + 4n? — 2n — 1) +B (4n? + 4n+ 1) + C (8n? — 4n? — 2n4+ 1) = D(4n? — 4n + 1) = 40n 
=> (8A + 8C)n? + (4A + 4B — 4C + 4D)n? + (—2A + 4B — 2C — 4D)n + (-A+B+C+D) = 40n 

















8A+8C= 0 8A+8C= 0 
4A+4B—4C+4D= 0 _, A+ B-C+ D= 0 B+ D= 0 i= 5 " 
—2A + 4B —2C — 4D = 40 —A+2B—C—2D=20 2B — 2D = 20 
-A+ B+ C+ D= 0 | -A+ B+C+ D= 0 
A+C=0 


k 
= = 40n 
=> C=OandA=0. Hence, a | 
n= 


= oh = (hee ace 
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1 _ 1 1 1 1 1 1 1 1 
[aay - or] =5(} 9+ 5 a5 + 35 a Ok-)+1" + G1? aH) 


k 
=o 


1 


=5(1- a) = the sum is | lim. 5(1- OK+ ach) =) 


: 

















nN+1 _1 1 _ 1 1 1 1 1 1 1 1 1 
18. mn+l?~ wv (n + 1)? >= (1-3) +(-§) 4-4) +. +[atp 4/4 [2 | 
































19. a= 4) + (4 4) + (4 Jz) +--+ (SQ +) +(G =t4) =1 ai 








20. Sp = a) + (at 











nin 1 1 1 1 1 1 1 1 1 1 
21. Sn = (a Te ae na) Gas 7 ee + (at i) + (ats nos) 





1 1 : 
ha * ina eD n— oo 


22. s, = [tan~! (1) — tan! (2)] + [tan~! (2) — tan-! (3)] +... + [tan7' m — 1) — tan“! (M)] 
+ [tan~? (n) — tan“ (n+ D] = tan? (1) — tan (n+ 1) > lim) s,=tan(1I)-F=F-F=-F 





23. convergent geometric series with sum —+—. = = ae 2+ J S 
me) 





24. divergent geometric series with |r| = “f2 >1 25. convergent geometric series with sum ; ( i) 
. _ n+l . . —_ . _ n . 
26. , im. (—1)"t'n 40 = diverges 27. (am cos (n7) = pum, (—1)" 40 => diverges 
1 5 


28. cos(n7) = (—1)" = convergent geometric series with sum (4) =% 
~(>5 





29. convergent geometric series with sum ; ( = 29 


30. lim, In i = -—oo £0 = diverges 





31. convergent geometric series with sum ; (%) = 3 if = 5 
~ (40 


32. convergent geometric series with sum 





33. difference of two geometric series with sum : @) ; 6) 
-G —(3 


34. | lim (i- 1)" =, lim, (1+ =1)" =e!#40 = diverges 
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35. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


33; 


39: 


Section 11.2 Infinite Series 


lim = oo #0 = diverges 36. lim "== lim 22> lim n=oo = diverges 
n—-oo n—-oo f4"n1 n— co 





n— oo T0008 


y In(—";) => [ln(n) —In(n + D] = 8, = [In(1) — In(2)] $ [In2) — n@)] + [In() — In] + 
n=1 n=1 


+ [In(n — 1) — In(n)] + [In@) — In(n+ 1D] = Indl) —n@+ 1) =-In@+1) > , iim. S, = —00, => diverges 





, um, an = , lim, In (544) = In (3) #O => diverges 


convergent geometric series with sum =e =z > 
T 








divergent geometric series with |r| = = 5 >1 

Co co 

Dd (-D*® = D7 (—x)"; a = 1,1 = —x; converges to y= = 74, for |x| < 1 
n=0 n=0 

co co n 

x (-1)?x* = > (—x?)"; a = 1, r = —x?; converges to ;1z for |x| < 1 

n= n= 


a=3,r=* 











-—1 3 _ 6 x-1 
; Te 1<* <lor-l<x<3 


co ie.) il! 

=) no i oe ae ee 1 () 
» * 2 (374m) = = aca) »A=5,T= Soa ee -1 ) 
n=0 n= 


3+ sinx 








3+sinx _ 3+sinx for all x (since 


1 1 
= 34 +sinx)  8+2sinx < i a Dp) for all x) 


1 
4 3+sinx — 


a = 1,r = 2x; converges to ~+,- for |2x| < 1 or |x| < } 

















— _ 1. L = 

a |x| > 1. 

a= 1, r= —(x + 1)"; converges to 7-45 y = a.¢ tore |< lor ae <0 

a = 1,r = 35 ; converges to : = 2— for |25*| <lorl <x <5 
=ooee 


a=1,r =sin x; converges to ;—z,; for x 4 (2k + 1) 5, k an integer 





a= 1, r= In x; converges to ; for |Inx| < lore t<x<e 


=e 








aR YO Baye io) _ 23 GET 234 (_1.\8 (iis) 234 
0.23=>> Biz) = Tiy = 52. 0.234 — (+)'= = 
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14 
414 (1 \" _ (ston) 414 1413 
56. LATE = 145° ies (re) a Ea ee 999 
1000 
(i 123,999 _ 41,333 
_ 124 123 (1 _ 124 10° _ 124 123 123, __ 123,999 __ 41, 
57. 1.24123 = 100 ~~ 10° (so) " = joo + Te (As) = jo + ie -1e = 190 - 99,900 99,900 — 33,300 
10° 





co 
TAIQS7T — 142,857 f 1 \* _ ( 106 ) = 142,857 __ 3,142,854 __ 116,402 
58. 3.142857 = 3 + 10° (sa) =r =r 10°—1 ~~ 999,999 ~~ 37,037 


1 
n=0 1-(Z5) 




















- 1 — 1 - 1 
59. @) Do wEnaFs 0) DY arRaTD © 2. w30=5 
- 5 . 5 . 5 
60. (a) 2 @aD@+3) (b) »D @-Da—-) (c) 2s (n= 19)(m— 18) 
slyeliuigl (2) 
61. (a) oneexampleis;+ 4+ 3+ i¢t-.- = -() =1 
: 3. FS (- 2) 
(b) one example is -—5—47—-— g-7g7--- = i-(4) =-3 
pie (*) . rs 
(c) one example is 1 5 5 7 ie the series; + 7+ 3+ a -( = k where k is any positive or 


negative number. 


() 


co 
: n+l . F : : 
62. The series 5 k(5) is a geometric series whose sum is ; () 
n=0 ND 





= k where k can be any positive or negative number. 











63. Let ay = by = (1)". Then > a = 3° by = 9° (4)" = 1, while > (=) —J* (1) diverges. 
n=1 n=1 n=1 n=1 n=1 

64. Let an = by = (4)". Then ao he (3)" = 1, while 3> (anb,) = 97 (4)" =4 A AB. 
n=1 n=1 n=1 n=1 n=1 














65. Let a, = (4)" and by = (4). Then A=)> a =4,B=)> by=1andy> (#) => (S)"=14 8. 


cas. 
Pir 


66. Yes: >> (2) diverges. The reasoning: }~ a, converges > a, ~— 0 > = — 00 > DD 1) diverges by the 


nth-Term Test. 


67. Since the sum of a finite number of terms is finite, adding or subtracting a finite number of terms from a series 
that diverges does not change the divergence of the series. 


68. Let A, = a; +a. +... + a, and , im, A, = A. Assume 5> (a, + ba) converges to S. Let 


Sn = (a; +b) + (ag + be) +... + (a, + by) > Sn = (a) tag +... + an) + (bj + bg +... + bn) 
=> bh +bo+... +b, =S,-An > lim, (b; + by +... +b,) =S—A => S*b, converges. This 


contradicts the assumption that }~ b, diverges; therefore, )~ (a, + by) diverges. 
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69. 


70. 


71. 


72. 


73. 


74. 


ey 


76. 


Ld: 


Section 11.3 The Integral Test 



































@) 2.=5 > 2=1-1r > r= 2;242(2) 42(3)' +... 

13 

az 2 3 
gah S Bai Spe Bay ees ., 
1+eP+e%+...=75=9 > GF=1-e = & =? = b=mn(8) 


Sn = 14+ 2r4+r242r? +144 2r9 +... +724 27+! n =0,1,... 
> s =(1t+rP4+rt+... 49%) 4 (r+ 2P4+2P4+...4+2) > lim sg =pet+ 
n— oo r l-r 


= 427 if |r| < lor|r| <1 








= a a(1—1") =. at 
L Sn = [Ty l-r ~ 1-r 











i+ 


‘Iv 


distance = 4+ 2 4) (2) +4( 











time = Vf + 2H) @) +28) @ +27) D+. = fH +278 [V2 VO +. 


; 
_ vi | _ va) _ (t-2v3)+4V3 aay 
7a - (J) a a (Js) (; : ) ~ V49(2-V3) ee v3) RITZ OR a 















































(a) Ly =3,L2 =3 (4), Ls =3 (4), ... Ln =3(4)” > , lim, L, =, lim, 3(4)"' = 00 


(b) Using the fact that the area of an equilateral triangle of side length s is ue s*, we see that Ay = v3 
g q & g a 


mer t3(A\Qy= 6+ 8 mano (L) (a) = 24 B48, 





>A 


Ay = Ag +3(4) (2 (3) Asm ac 309° (BY) 
n= G48 sat (AQ t= $48 svat gh =F rsvi(E 8), 
hm, fe ys (2 43v3(5 s)) = f+ 3V3( iy) = 2 43/3(4) = 


78. Each term of the series ae =z represents the area of one of the squares shown in the figure, and all of the 





squares lie inside the rectangle of width | and length > (3)° = = 2. Since the squares do not fill the 


+ 
n=0 2 


8 


rectangle completely, and the area of the rectangle is 2, we have )~ 4s <2. 


n=1 


11.3 THE INTEGRAL TEST 


1. 


converges; a geometric series with r = a <1 2. converges; a geometric series with r = t <1 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


Chapter 11 Infinite Sequences and Series 
diverges; by the nth-Term Test for Divergence, , im, at = 140 
diverges by the Integral Test; ie cai dk =SiIn+1)-S5In2 => 2 xa1 dx — oo 








Co co 
. . 3 _ 1 . . . . _ 1 
diverges; >> a 35° fa? which is a divergent p-series (p = 5) 
n=1 n=1 
co co 
converges; 2>° =H , which is a convergent p-series (p = 3) 
n=1 n=1 


converges; a geometric series with r = ; <1 


diverges; > —§ = —8 > + and since ve ! diverges, —8 De diverges 
n=1 n=1 


diverges by the Integral Test: (a dx = 5 (In?n—In2) > ie ns dx 66 


t=Inx 


diverges by the Integral Test: f “ a dx; | dt= ch = f : te'/? dt — , im. [2te'/? _ 4e'/?| ae 


dx = e' dt 
= lim [2e/?(b — 2) — 2e"2)/2(In 2 — 2)] = 00 
b— oo 


converges; a geometric series with r = 5 <1 








: ey S®in5 _ 3 In5) (5)" _ 
diverges; lim, yz =, lm, mana = , tim, (ia) (7) = 40 
co co 
diverges; > — =-25> ai , which diverges by the Integral Test 
n=0 n=0 
di : = 5 In(2n-1) — ooasn — oo 
, . ‘ oh tas : 2°? In2 _ 
diverges; lim. a= lim) 44 =, lim, “+ =~ 40 


u=/x+1 


diverges by the Integral Test: 1 eG irel Tas) > du — £ 
~ vx 





—> coasn ~ © 





diverges; , um vn _ = lim 
oo Inn ~ n= 60 ( 


diverges; lim an = , lim, (1+ Lye =e#0 
diverges; a geometric series with r = ie 144>1 


converges; a geometric series with r = mE 0.91 <1 
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= fe Sin (a+ 1) —1n2 


21. 


22: 


23. 


24. 


25. 


26. 


21: 


28. 


29. 


30. 


31. 


Section 11.3 The Integral Test 





oc () u=Inx 
converges by the Integral Test: ———_ + dx; + foas 


3. (Inx) /(nx)?-1 du = t dx n3 uu? — 1 
=, lm [sec™! |u|]; , = » lim 3 Beer b — sec! (In 3)] = » iim [cos~! (¢) — see (In 3)] 
7 CO 
= cos = (0) — sec7! (in a Z — sec! (In 3) & 1.1439 
5a co (1 =Inx ~ y 
converges by the Integral Test: cm Tas) zi x= f ti) Trinw? ax; re _ 1 ey f Te du 


. an b . = 
= lim. [tan Pu) =, lim. (tan~* b — tan”! 0) = $ -0= § 


1 ; 
diverges by the nth-Term Test for divergence; , um, n sin (4) = , um ut a lim, s*=1A40 





diverges by the nth-Term Test for divergence; | lim. n tan (+) =, lum 


_ i 2 (1) — car2) — 
= , lim,, sec (+) =sec?0=140 





ey cee ; u=e = 4. YS 1.7 
converges by the Integral Test: f Trex dx; | du =e ax| => f = lim, [tan~ ul], 


= lim (tan7'b—tan'e) = § — tan"'e © 0.35 
b — co 


Xx 

















u=e 
converges by the Integral Test: ee Tra dx; | du=e*dx| — f- ea du =f (2 — =.) du 
dx = i du 
= ‘ u b : b = —_ e me 
= lim [ a]? =, tim, 2 In (525) —2 tn (585) = 201 2 In (=25) = —2 In (-2) © 0.63 
3 * 8 tan=! x u = tan”! x _ 2) 7/2 T w\ _ 37r? 
converges by the Integral Test: J “["ha* dx; du = + a, =F fo. er du = [4u? lia=4 (¢ — z) = 7 





' OP 5 =x?+1 of da : b 
diverges by the Integral Test: J a4 dx; bE aaah > 4 f de = » iim [5 In uj 


_ i} 1 = 
= lim | 3 Un b — In 2) = 


oo b 
: = : —1 px) 
converges by the Integral Test: f sech x dx = 2 , im | ae ao dx = 2 , im 1 [tan~! e*], 


=2 lim (tan! eb — tan-'e) = 7-2 tan te © 0.71 
— 0O 


oo b 
converges by the Integral Test: f sech? x dx = lim f sech?x dx = lim [tanh x, = lim (tanh b — tanh 1) 
1 boo 41 b — 00 b — co 


= | —tanh 1 = 0.76 











ve) u b : b+ 2/8 ic 
SP ha — ha) dx = im fan x +2 — In fx +41] = fim n S47" — In (Z); 


ooa>l 
l,a=l1 


a> 1. Ifa < 1, the terms of the series eventually become negative and the Integral Test does not apply. From 


lim iv =a fim (b+ 2)? 1 = { 
—> 00 


that point on, however, the series behaves like a negative multiple of the harmonic series, and so it diverges. 
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32. [P(A - 24) dx = im [in 


33. 


34. 


35. 


36. 


37. 














b 
x-1 = ¢ bot fe. i b-1 
a+) |, = , im | In Gen — In (gr) ; , lim +1 


1 az 1 
_ . 1 = ° 2 . 4 = . = 1 . . 
= , im eT DT = sie 1 => the series converges to In (5) = In2 if a= 5 and diverges to 00 if 
ifa< S . Ifa> 5 , the terms of the series eventually become negative and the Integral Test does not apply. 


From that point on, however, the series behaves like a negative multiple of the harmonic series, and so it 
diverges. 





n+1 4 1 1 
J xox<t+ aaa 


(b) There are (13)(365)(24)(60)(60) (10°) seconds in 13 billion years; by part (a) s, < 1 + Inn where 
n = (13)(365)(24)(60)(60) (10°) = s, < 1 + In ((13)(365)(24)(60)(60) (10°)) 
= 1+1n(13) + In (G65) + In (24) + 2 In (60) + 9 In(10) & 41.55 


co co foe} 
1_il 1 la 
No, because Lx = x » a and 5 a diverges 
n= n= n=: 


foe} co co 
Yes. If )> an is a divergent series of positive numbers, then ($) > an = > (#) also diverges and ® < ay. 


n=1 n=1 n= 


Cc 
There is no “smallest" divergent series of positive numbers: for any divergent series )* a, of positive 


n=1 


numbers )> (#) has smaller terms and still diverges. 


n=1 


oo co Co 
No, if 5* a, is a convergent series of positive numbers, then 2 S> a, = >> 2a, also converges, and 2a, > an. 


n=1 n=1 n=1 


There is no “largest" convergent series of positive numbers. 


n n 
Let Ay = >> a, and By = >> 2Kava) , where {a, } is a nonincreasing sequence of positive terms converging to 
k=1 k=1 


0. Note that {A,} and {B,} are nondecreasing sequences of positive terms. Now, 
Ba = 2a + 4a, + 8ag +...4+ 2".a(20) = 2a + (2a4 + 2a4) + (2ag + 2ag + 2ag + 2ag) +... 
+ (2aign) + 2agny +... + 2acany) < 2ay + 2ay + (2a3 + 2ay) + (2a5 + 2ag + 2a7 + 2ag) +... 
a, pene 


2"! terms 
+ (2a(gnt) + Zany 1) +... + 2acqny) = 2A) < 2 D> ay. Therefore if }> a, converges, 
k=1 


then {By} is bounded above = > 2*ax) converges. Conversely, 


An = a1 + (a2 + a3) + (aq + a5 + ag + a7) +... + an < ay + 2ay + 4aq t+... + 2a—n =a, + Ba<at+>) 2a). 
k=1 
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Therefore, if 5° 2k aK) converges, then {A,} is bounded above and hence converges. 
k=1 


co co co 
1 1 1 1 1 . . 
38. (a) an) = aon Boy) = Fay > yi 2? aan) = > Qn Fa = ng > - , which diverges 
n= n= 





co 
1 . 
=> > sa diverges. 


n= 


(b) age) = gp > D> 2am) = D0 29+ oe = DO ae = >> (s4)",a geometric series that 
n=1 n=1 n=1 


converges if set < lorp > 1, but diverges if p < 1. 





co ax . u=Inx ae _ . yet b _ : 1 —pt+1 —pt+l 
cena J, ae ke | ae Jas rt [sort], = pm, Ce P eee 
_ 4 in2)?,p>1 


= the improper integral converges if p > 1 and diverges 
oon,p<l 
ifp <1. Forp=1: - = » lim (In (In x); = » lim. {In (In b) — In (In 2)] = oo, so the improper 
— ©€ — CO 


dx 
2 xinx 
integral diverges if p = 1. 


(b 


Ye 


co 
Since the series and the integral converge or diverge together, )~ converges if and only if p > 1. 
2 


n= 


os 
n(In n)P 


40. (a) p=1 = the series diverges 
(b) p= 1.01 = the series converges 


co co 
(c) aay > nw ;p=1 = the series diverges 
n=2 n=2 


(d) p=3 = the series converges 


n+1 
41. (a) From Fig. 11.8 in the text with f(x) = 2 and a, = 1 we have [ Ldx< 1+5+ +... ++ 


<1t f'tdx > nt y<ithgig..¢i <i¢mn > 0<in@4+)-Inn 
< (1+44+ 4+... + 1) —Inn<l. Therefore the sequence {(1+5+}+... + 1) —Inn} is bounded above 
by 1 and below by 0. 








n+1 
(b) From the graph in Fig. 11.8(a) with f(x) = ee <f” 1 dx =In(n+ 1)—Inn 
=> 0> 4 - [n+ 1)—Inn] = (1+ $4+34+...+4,-int+))-(14+34+5 4+... +4 -Inn). 


If we define ay = 1+4—=4-+4-—Inn, thenO > any; —an = any] < an => {an} is a decreasing sequence of 
2 3 n PP aa g& seq 


nonnegative terms. 


—x? -x wy —- —xjb_ —b -l) — pe 1 oo 
42. e*% <e for x > 1,and [ e dx = lim | [-e*] = lim | (-e +e =e =f e™ dx converges by 


b 


the Comparison Test for improper integrals = 5~* em =14 > or converges by the Integral Test. 


n=0 n=1 


11.4 COMPARISON TESTS 


1 : ee 
Tara divergent p-series: 


1. diverges by the Limit Comparison Test (part 1) when compared with )~> 


n=1 
1 
: (ah) = 3 Jn _ 3 1 a | 
, lim, (,) — , im, 2f/nt%/n , im, (ane) = 2 
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2. diverges by the Direct Comparison Test sincen+n-+n>n-+ Jn +0 => = Wi > 4 , which is the nth 


term of the divergent series }~ 1 or use Limit Comparison Test with b, = i 


n=1 


3. converges by the Direct Comparison Test; — <S # , which is the nth term of a convergent geometric series 





‘ ‘ . L+cosn 2 ; 1 
4. converges by the Direct Comparison Test; —S°*" < = and the p-series }) <> converges 





5. diverges since , um, mt = 3770 


6. converges by the Limit Comparison Test (part 1) with 5 , the nth term of a convergent p-series: 








7. converges by the Direct Comparison Test; ( a )" <= (2)° = (4)", the nth term of a convergent geometric 


3n+1 3n 
series 
8. converges by the Limit Comparison Test (part 1) with <5 , the nth term of a convergent p-series: 
lim Age) _ lim «/"#2= lim ,/1+3=1 
n— oo 1 n oo n n— oo n 
( Jaa) ~ 


co 


9. diverges by the Direct Comparison Test;n > Inn > Inn>InInn > ‘ < iw < aaa and » 
a= 


Bie 


diverges 


10. diverges by the Limit Comparison Test (part 3) when compared with 5> 1 , a divergent p-series: 


1 


—_1 = 
= qe (In n)? , im, adn n) (+) 


at lim n=o 
4n—-o 


11. converges by the Limit Comparison Test (part 2) when compared with }~> + , a convergent p-series: 





n=1 
[sse* | 2 2¢In n) (1) 
lim }*/4 = lim © = lim —A”%=2 lim ™=0 
n— oo (3) n—oo o.1 n— oo 1 n—oo on 
Dr 


12. converges by the Limit Comparison Test (part 2) when compared with }> + , a convergent p-series: 
n=1 


3(In n)? (4) 2(In n) () 





came es a ef 
lim = lm © = iim =3 lim © —3 lim =6 lim ™ 
n— co (3) noc on n— oo 1 nc oo. n— oo 1 n—oo o 
=6-0=0 


13. diverges by the Limit Comparison Test (part 3) with t , the nth term of the divergent harmonic series: 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22 


23. 


24. 


25. 


Section 11.4 Comparison Tests 


converges ie the Limit Comparison Test (part 2) with <n , the nth term of a convergent p-series: 











lim. 
n— ©o (23) n— oo 














diverges by the Limit Comparison Test (part 3) with 1 , the nth term of the divergent harmonic series: 


(Geary) n 
th) = lim, ia =, lim, () 








lim 
n— ©& 


diverges by the Limit Comparison Test (part 3) with t , the nth term of the divergent harmonic series: 


(arian) 
(1 +Inn)? 


lim 7 = lim lim lim 


n _ = n = : a 7 
n—o (4) n—oo (l+InnY ~ yn 00 [eee] noo 21+Inn) = lim, ( ) = lm 
n 





diverges by the Integral Test: fom nar 2 dx = fou du = » iim [5 u?] > = lim 


2 2 = 
es (b? — In? 3) = 00 


L 
2 


diverges by the Limit Comparison Test (part 3) with 1 , the nth term of the divergent harmonic series: 


lim (as) _ lim — —= lim >z ex =_lim = lim + = lim 
ys (Jo 





n— oo (4) “noo 1+ln?n n— oo (22 


converges by the Direct Comparison Test with = an , the nth term of a convergent p-series: n? — 1 > n for 





n>2 => nr (n?-1)>n° = nVn?-1> 3 => oh > Tat or use Limit Comparison Test with 4 a 
: ny n— 


converges by the Direct Comparison Test with =H , the nth term of a convergent p-series: n? + 1 > n? 








=> n+1> /nn?? > a >? > ee ; < az or use Limit Comparison Test with =>. 


co 


converges because a 12=> Zt ae 5+ which is the sum of two convergent series: 


n=1 n=1 





co co 
iol =1% : 
> s converges by the Direct Comparison Test since =; < 5;,and )) 5 is a convergent geometric 


n=1 n=1 


series 


co 


foe} 
converges by the Direct Comparison Test: 1 =») (4 + =) and SS + + < x + 
n= bs 


the nth terms of a convergent geometric series and a convergent p-series 


the sum of 








a 


converges by the Direct Comparison Test: < <r , which is the nth term of a convergent geometric 


_ 1 
gat 
series 





diverges: lim, (*5e) = lim, ($+ %) = 440 


n— oo 


diverges by the Limit Comparison Test (part 1) with i , the nth term of the divergent harmonic series: 


tim 2) = jim sx = 4 
noo (3) ~ x0 * 
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26. diverges by the Limit Comparison Test (part 1) with i , the nth term of the divergent harmonic series: 














tim a) — tim (<4) (Sina) — jim (LL) (80%) =1-1=1 


n= co (5) OO a (3) x0 SCOS* ss 


27. converges by the Limit Comparison Test (part 1) with 4s , the nth term of a convergent p-series: 





10n+1 
: (aati) a 10nr?+n _ 7; 20n+1 _ 7: 20 __ 
, lim, G = Gangs 4 mee yy 
2 


28. converges by the Limit Comparison Test (part 1) with + , the nth term of a convergent p-series: 


5n3 — 3n 
n2(n —2) n2 +5 














lim lim So = 30 lim 2 =3. = lim 3 =5 
n— co (+) ~~ noo m—2n?+5n-10 7 oo «3n?—4n4+5 n—oco 6n-4 
ne 
2 a ana a ve a 2° 1: 
29. converges by the Direct Comparison Test: a < strand >) st = 520 ai is the product of a 
n=1 n=1 


convergent p-series and a nonzero constant 









































= us co r ie) . 
30. converges by the Direct Comparison Test: sec7!n < 7 => sec Re @) and )> G) =f ‘3 aa is the 
n=1 n=1 
roduct of a convergent p-series and a nonzero constant 
p gent p 
- oi. uw (8), ar 
31. converges by the Limit Comparison Test (part 1) with 5: lim = lim cothn= lim &** 
nm * noo (3) n— oo n—oo e-e 
= i 1+e __ 
_ ,lim, l—e-2 1 
(3) 
ee “ apy. A n _ 4. _ 4 e8— en 
32. converges by the Limit Comparison Test (part 1) with = : um, (s) = um, tanh n = , um, aie 
— 1-e™™ 
qs ee 
33. diverges by the Limit Comparison Test (part 1) with 4: lim (at) = lim +=1 
. peepy P P n’n-oo (4) “~n-00 Yn 
34 by the Limit C ison Test (part 1) with 4: _ li (F)_ wn=1 
. converges by the Limit Comparison Test (pa with 55: | lim. G) = 1/1 = 
1 _ 1 _ 2 . . . . . 1. 
35. Teoe3e.0ee ~ (AD) = awry: The series converges by the Limit Comparison Test (part 1) with 3: 
2 
B (a5) _ 4 Qn? no _ . _ 
nM, a. nM, ate met ~ 2 
1 _ 1 _ 6 6 : : 
36. 7oeaF pI = EDO = aT HEAD < ys => the series converges by the Direct 


Comparison Test 


37. (a) If , im, ae = 0, then there exists an integer N such that for alln > N, 





=> ay < by. Thus, if }> b, converges, then 5> a, converges by the Direct Comparison Test. 
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an an 
#-0/<1 > -1<p#<1 


38. 


39. 


40. 


41. 


Section 11.4 Comparison Tests 


(b) If lim. 7 = oo, then there exists an integer N such that for alln > N, = > 1 => a, >b,. Thus, if 


\~ by diverges, then )* a, diverges by the Direct Comparison Test. 


co 
an : : an 
Yes, » ‘* converges by the Direct Comparison Test because * < an 
a= 
, im, ia = oo => there exists an integer N such that for alln > N, = > 1 = a, > by. If }> a, converges, 


then }> b, converges by the Direct Comparison Test 


> a, converges => , um, a, = 0 = there exists an integer N such that for alln >N,O<a,<1 => a2 <a 
= >> a? converges by the Direct Comparison Test 


Example CAS commands: 


Maple: 
a:=n-> 1./n43/sin(n)%2; 
s :=k->sum( a(n), n=1..k ); # (a)] 
limit( s(k), k=infinity ); 
pts := [seq( [k,s(k)], k=1..100 )]: # (b) 
plot( pts, style=point, title="#41(b) (Section 11.4)" ); 
pts := [seq( [k,s(k)], k=1..200 )]: # (c) 
plot( pts, style=point, title="#41(c) (Section 11.4)" ); 
pts := [seq( [k,s(k)], k=1..400 )]: # (d) 
plot( pts, style=point, title="#41(d) (Section 11.4)" ); 
evalf( 355/113 ); 

Mathematica: 


Clear[a, n, s, k, p] 

a{n_]:= 1/(n? Sin[n] ) 

s[k_]= Sum[ a[n], {n, 1, k}] 

points[p_]:= Table[{k, N[s[k]]}, {k, 1, p}] 

points[100] 

ListPlot[points[100]] 

points[200] 

ListPlot[points[200] 

points[400] 

ListPlot[points[400], PlotRange — All] 
To investigate what is happening around k = 355, you could do the following. 

N[355/113] 

N[a — 355/113] 

Sin[355]//N 

a[355]//N 

N{s[354]] 

N{s[355]] 

N[{s[356]] 
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11.5 THE RATIO AND ROOT TESTS 









































[ee 
gn+1 v2 a 
dim ae _ @+pv? 2 
1. converges by the Ratio Test: , im, ae im. Re] =, im, gat we 
“30 
_ 7 v2 fi 1 
ih eG) G)=7=1 
(o2*) P 5 
‘ aan antl __ ent =. 5 @+Do ef _ | l Ij_l 
2. converges by the Ratio Test: , um, = ie () = , im, wat? =, lim, (1 + 1) (4) = <1 
e 
(oe) 
. . . a . n+T . ! n . 
3. diverges by the Ratio Test: lim) @!= lim S74 = lim GH? .2 = lim 2+t!=co 
n—0o 4 noo (3) noo e noo e 
(222) 
. . . a . n+ T ° ! yn . 
4. diverges by the Ratio Test: Jim ™!= lim “4 = Jim Gt) 1° jim 2 =o 
noo 4 n—0o (jar) n—oo 10 n! n— oo 10 
(Seer) n+)” 10 
‘ 4 antl ye oT} note 1" L i 
5. converges by the Ratio Test: , im, = , im, (3) = , um, Tor yl = , im, (1 + 1) (+) 
_1 
=<! 
: . : _ . n- ni . —2\ _ _-2 
6. diverges; lim. ay = | lim (2) = , lim, (1+ =) =e°-#0 





7. converges by the Direct Comparison Test: aS a (4)" [2+(-1)"] < (3) "(3) which is the n term of a convergent 


geometric series 
8 . . . . —_ 2 
. converges; a geometric series with |r| = |— 4] < 1 


: . . = : 3\o . —3\h Bs 

9. diverges; lim, a, = | lim, (1—3)"= , im, (1+ 3)" =e% = 0.05 40 
—— a 

10. diverges; lim a, = |, lim, (Q—4)"= lim [1++~] =e%3 0.7240 


11. converges by the Direct Comparison Test: “7 < 4 = a: for n > 2, the n™ term of a convergent p-series. 


2 ne i/an = af (nny 4: (don) Inn 
12. converges by the nth-Root Test: , im, Wan = im. a= , im, (ony = , im. - 
(:) 


= lim “4 =0<1 
n— oo 








13. diverges by the Direct Comparison Test: i = j= S $ (+) for n > 2 or by the Limit Comparison Test (part 1) 


with 4. 
n 


I 
| 
JH 
ar 
3 
| 
5 
— 
— 
Ble 
‘to 
SS 
5 
at 
= 
— 
i=] 


a : i = : n 1 
14. converges by the nth-Root Test: , im, wan = , im, (4 5 
= lim (!-4)=0<1 


n— co ? 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


Section 11.5 The Ratio and Root Tests 


‘ : . . Inn 1 
diverges by the Direct Comparison Test: =" > 5; forn > 3 



























































: . : antl __ : (n+) Inn+1) ye | 
converges by the Ratio Test: , im, a = , um, oa Panic ee oes 1 

‘ ‘ : ay ye (n+2)m+3) | n! _ 
converges by the Ratio Test: , im, 7 = , um, G@rD! a@tivet> — 0<1 

A 5 ii 3 +1 n 
converges by the Ratio Test: , im, a = , um, meD “a= i <1 

; nF ant (n+4)! 3in}3" n+4 _o1 
converges by the Ratio Test: , um, a =, i, Terps w+ — , im, i@ep = 3 = 1 

: Lon an : (n+ 1)2°*!(n +2)! 3°n! 
converges by the Ratio Test: | lim, aH = , lim, 2 mG +p us Pach 
= : n+l 2. n+2\ _ 2 
=i a NG) Ge) 3 SA 

: » ast yy (n+)! | @n+)!_ n+1 = 
converges by the Ratio Test: , im, = , um, On +3)! a = , im, Ont aGnTD = 0<l 

: . ‘ ant __ . (Qt)! om _ F n\n __ 3 1 
converges by the Ratio Test: , im, = , um, nest a 7S (4) = _ ant Gy 
a | 1 _il 

, lim, (aie <i 
converges by the Root Test: lim. ./a,=_ lim) »f/7—*; = lim v8 lm +=0<1 
g y. * n'00 Nn n> 00 (nn® ~ noo Inn” n-o Inn 
. 1 n = 7 n n =, 4 Yn _ lim, Ya — 
converges by the Root Test: , im, an = , im, tan? = , im. (an = en Joa 0<i1 
(lim, v/a=1) 
. : . niinn _ Inn n _ 1 1 

converges by the Direct Comparison Test: 4 = me hes ~iaepety — aapary ow 


which is the nth-term of a convergent p-series 


‘ : : ‘ ay1 ys gut m2? ys n° 3). 3 
diverges by the Ratio Test: , um, = , im, Gp or = lim, aay (3) = 5>1 
. ; A . (1+sinn) a, 
converges by the Ratio Test! lim 24+ = lim.) +"2——“=0< 1 
n—c 4) n— co an 





. . : . ot ° 
converges by the Ratio Test: , im, “ut =, lim ey lim iipn = 0 since the numerator 
approaches 1 + 5 while the denominator tends to co 
diverges by the Ratio Test: lim. = jim Get) — jj 3m 3 Sy 
g y “n+00 &% #£n—->oo ap “noo 2n4+1” 2 


_i 


diverges; ayer = ga > ames = (523) (85! daca) > anes = (525) (85!) (REF ana) 


> aii = (44) (2-1) (2=2) vee (5) ay An+t 4 anti a , which is a constant times the 





























general term of the diverging harmonic series 





converges by the Ratio Test: lim) *+ = lim J"= lm 2=0<1 
n— oo an in — © 
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32. converges by the Ratio Test: lim) + = lim - 
n— © an n— © an n—- © n 
; (4482) 
33. converges by the Ratio Test: lim) @! = lim +" ~4-= lim H#™2= lim !=0<1 
n—-c 4 n— oo an n— oo n n—-oo n 


34. att > 0 and a = $ => a,>0;Inn>10forn>e! => n+Inn>n+10 5 ata >] 


> asri= i: nn a, > an; thus api) > an > $ => , im, an 4 0, so the series diverges by the nth-Term Test 


35. diverges by the nth-Term Test: a, = 4, a2 = i, ag = 4/ Vt = Jt, a4 = ly ft = /3,... ; 


a=v 7 => _lim_ a, = | because {¥ at is a subsequence of { o/s} whose limit is 1 by Table 8.1 
n— oo 





36 2 s : 1 — f1y\2 a2 1\2\3 _ 16 _ 1\6\4 7424 
. converges by the Direct Comparison Test: a; = 5, a2 = (5) » a3 = ((3) ) = (5) » ag = ((3) ) = (3) ok 


! 
> a= (4) < (3)° which is the nth-term of a convergent geometric series 


: np anyl 24a+)!@+)! 2m! _ 1; 2m + In + 1) 
37. converges by the Ratio Test: , im, = , um, Ont Dy! saint = im. Gn + DOn +1) 





= 7 mse. 
=), im. 2n+1 =, 1 











: : 3 : andl (3n + 3)! _ aint Dim +2)! 
38. diverges by the Ratio Test: , um, = , im, EMCEE EENT Gn)! 

— fim Gat3G+2IGn+) _ 7; 3n+2) (3nt+1) _ = 

= lim, “arparaars ~ nlm, 3 (See) Gs) =3-3-3=27>1 

















; - ij n = jj nf (ly _ nl _ 
39. diverges by the Root Test: , im, v/a, = _ lim = lm 4=o>l 


n— oo (n)? “noo P 








40. converges by the Root Test: im. ‘/ ay = , um, y on = , im, a — im, (4) (2) (2) oo (2—+) (2) 


< lm !=0<1 
n-o n 


. a _ . n no ae . he. . ee 
41. converges by the Root Test: , im, w/a, = , um, At ok = lm. a= lim. waz =O<1 





























: a : Py = : af D® _ . n _ 
42. diverges by the Root Test: , im, a, = , im, ant = , im, p=HO>l 
: “ : Ans1 __ : 1-3-----(2n — 1)(2n 4+ 1) 4222 n! 
43. converges by the Ratio Test: , im, igo , um, Pgs ht TaD 
— : 2n+1 1 
= lint. Goa 2 
: eg Be Qn 1) __ 1-2-3-4---n- Dn) _ (2n)! 
44. converges by the Ratio Test: a, = GAR T) = Oa IaH 1) = Gaal gee) 
: (2n + 2)! _ (nt)? (32+1) _ 4 (2n + 1)(2n + 2) (3" + 1) 
= mu [271m + 1)!]° (38+! + 1) (2n)! = , im, 2m + 1)? (3941 + 1) 
| 4n?+6n+2) (+3) _ 1_il 
=, Jim ( tent?) eq Sieg =a sl 
45. Ratio: , im, a = , um, ee : ™ = , im, (4)? = 1? =1 = noconclusion 
1 il, 


Gp = 1 = no conclusion 





. oi _— fl _ 4 
Root: lim Wan = lim \/ os = , im. (wap 
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1 Pp Pp 
on : Any1 __ 1 _ dnnyP a : (3) _ im 2+! 
46. Ratio: , im, an ae (In (n+ 1))P 1 = |, lim, aan a tim, (aa)} aa n 


= (1)P = 1 = noconclusion 


= 1 n = 1 
Root: , im, Yan = um, 





n I _ 1 . = 1 dating 
— (tim, (In n)i/a)! eo) ee im, then In f(n) = ae 











. = . Indnn) __ : (aim) _ 1 I/n 
=>, in hig)= iim -, =i, or =, i, = =0 = lim, (nn) 
= lim. ef) = 9 = |; therefore lim. 3 an = 1 rP=qy=l no conclusion 
n— 00 n— oo ( lim. (In n)'/") a 
n—oo 
n : on o . A M+) ,27_ 1 
47. a, < 5 for every n and the series » an converges by the Ratio Test since , im, mt yp =a <1 
1 


= > a, converges by the Direct Comparison Test 


n=1 


11.6 ALTERNATING SERIES, ABSOLUTE AND CONDITIONAL CONVERGENCE 


co lee) 
1. converges absolutely = converges by the Absolute Convergence Test since )* |a,| = >> + which is a 
n=1 n=1 


convergent p-series 


Co co 
2. converges absolutely = converges by the Absolute Convergence Test since }> |an| = >> ats which is a 


n=1 n=1 


convergent p-series 





3. diverges by the nth-Term Test since forn > 10 > 75 >1 => im, (3)" 0 > (-1)8"! (7 a diverges 


n - jn. 10 : : 
4. diverges by the nth-Term Test since , um, is = , im, a = oo (after 10 applications of L'H6pital's 


rule) 


5. converges by the Alternating Series Test because f(x) = In x is an increasing function of x => i 


inx 1S decreasing 


=> Un > Up+) forn > 1; also un 2 0 forn > | and | lim m=0 


nn 








6. converges by the Alternating Series Test since f(x) ma f'(x) iam Inx < Qwhenx >e = f(x) is 


1 
decreasing => u, > u,,;; alsou, > Oforn>1and lim u,=_ lim inn — lim Gs) =0 
n— oo n-o 1 n—- oo 1 








H z : Inn _ Inn _ : | 
7. diverges by the nth-Term Test since , im, r= , um, vinn = , im, 5=57#0 


8. converges by the Alternating Series Test since f(x) = In(1+x') > f(x) = <Oforx >0 => f(x) is 


rea 1) 


725 


decreasing = Uy, > Un+1; alsou, > Oforn > 1 and | lim. u, = um, In(1 + 1) =In (,1im, (1 + 1)) =In1l=0 








9. converges by the Alternating Series Test since f(x) = ee f'(x) = 5 ae 2¥ <0 = f(x) is decreasing 
=> u, >u,,,;alsou, > Oforn> land lim u,=_ lim yatl _g 
Bee OS noo n+l 





3 [1 ai 
10. diverges by the nth-Term Test since lim 3vetl — lim oe 340 
noo n+l n> 0o 14 1+(+) a) 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


Chapter 11 Infinite Sequences and Series 


foe) co 
: n : . 
converges absolutely since > |an| = >> (5) a convergent geometric series 


n=1 n=1 





(=b™10.1)" 1 
| = = Tom < (4)° which is the nth 





converges absolutely by the Direct Comparison Test since 


term of a convergent geometric series 




















co co 
we . 1 1 . 1 1 
converges conditionally since —- > ——— > Oand lim. ~- =0 = convergence; but )> ax] => => 
Jn ntl n> vn rai a1 
is a divergent p-series 
oe . 1 1 . 1 
onverges conditionally since aay am and lim = convergence; but 
. g y fa Tar n— oo 1+ /n Sad ernee: 
~ ee 1 1 ~< a 
\> lan] = )> —- isa divergent series since > and )> -;5 is a divergent p-series 
oar a 1+ 4/n 14+J/n = 2,/n =e 
co co 1 
: _ a ii oe : . 
converges absolutely since » \an| = » ayy and 35 < gr which is the nth-term of a converging p-series 
n= n= 
. . : ! 
diverges by the nth-Term Test since lim 4% = co 
n—oo 2 
1 1 1 . 
converges conditionally since —3 > Gppyz3 > 0 and , im, aig =0 = convergence; but > |an| 
n= 
a 1 1 = 
— » aa = ag and 2 ~ is a divergent series 
n= a= 


co : 
converges absolutely because the series 5° | a 
n=1 








| converges by the Direct Comparison Test since |, sing | <4 





diverges by the nth-Term Test since | lim, at =10 





converges conditionally since f(x) = In x is an increasing function of x => 3 c 


= 1 : . 
i nen decreasing 





co [oe 
1 1 _ ; = 1 
> nm > ae > Oforn > 2and lim. 3,3 =9 = convergence; byes lan] = a ne) 
n= n= 
co 
= ET: zy diverges because > > + and ae | diverges 
= 
converges conditionally since f(x) = + + t > f'(x%)=- (3 + *) <0 = f(x) is decreasing and hence 
co co 
uz, > Ua. > Oforn > 1 and | lim | (4 + 1) = 0 => convergence; ae \a,| = > in 
n= n= 


co co 
=> a+ +h 1 is the sum of a convergent and divergent series, and hence diverges 














n+1 nl: . . 
converges absolutely by the Direct Comparison Test since a = 2 ae <2 (2)" which is the nth term 
of a convergent geometric series 
; (nt? 3)" ] 5 
: Un+1 ) __ 3 a 
converges absolutely by the Ratio Test: | lim. ( 7" ) = , im, | 7 (2)" =3<1 


diverges by the nth-Term Test since lim a, = lim. 10!/"=140 
n— oo n— oo 
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25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


Section 11.6 Alternating Series, Absolute and Conditional Convergence 


co = 27b 
converges absolutely by the Integral Test since f (tan~! x) (2) dx = lim [es] 


b = co 
= olin, [(tan*by? ~ ant 2] = 4 [(8)? - (8)"] = 38 


b= 00 








converges conditionally since f(x) lt f(x) =—- ee <0 = f(x) is decreasing 


= 0 = convergence; but by the Integral Test, 








=> u, >u,,, > 0forn > 2 and , um 


lim sina = 
f dx_ — jim : (3) 


xInx b— co J2 Inx 








dx = lim {Indn x} = lim [In(nb) — Indn 2)] = 
b— co b — co 





=> YS lal = » —— diverges 
n=1 n=1 
diverges by the nth-Term Test since , im, —_=10 


n+1 


Inx = f(x) _ (4) @-In x —dnx (1-4) 














converges conditionally since f(x) = 75 eS 
1 (8) ons 
_— — _1-Inx ‘ Inn 
= Ey = Goh <O > up > Uny1 > 0 when n > e and | lim. oid 


(3) 





= lim >t = 22» | so that 














, um, ~@a-° = convergence; butn—Inn<n > = i acing 
n 
co co 
>> |an| = >> —22. diverges by the Direct Comparison Test 
n=1 n=1 
converges absolutely by the Ratio Test: lim. (%!) = lim G00". a! _ jim 10 Qc] 
g y by “n> 00 Un “noo (+1)! (100)"? ~~ n— 60 n+l 
co co n 
converges absolutely since 5> |a,| = >~ (2) is a convergent geometric series 
n=1 n=1 


co co 
converges absolutely by the Direct Comparison Test since }* |a,| = 5° Paarl and 

















n=1 n=1 
1 1 . . . 
Zone < z@ Which is the nth-term of a convergent p-series 
. = ee 1 n = I n ia 1 n. 

converges absolutely since )> Jan| = > (25)" = >> (324)" =D (4)" is a convergent 

n=1 n=1 n=1 n=1 
geometric series 

co co ( 1 oT co 
converges absolutely since 5* |an| = >> Ta => az isa convergent p-series 

n=1 n=1 oe n=1 

St (ep 
converges conditionally since . cosnt = >) ~~ is the convergent alternating harmonic series, but 
n=1 n=1 


2 lan| = 3 1 diverges 


n=1 





1/n 
a F a = Ae (n+ 1)" = fF n+1_1 
converges absolutely by the Root Test: | lim. x/\a,| = , lim, ( nyt ) = lim. =, <1 


2 
= fi (ED, Cot ty (n+1) =l<l 


Ant AMT AD) _ hy 
E noo (2n+2)!) (ly? noo (2n+2)2n+1) 








converges absolutely by the Ratio Test: 7 lim. 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


iat 


728 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


47. 


49. 


Chapter 11 Infinite Sequences and Series 


(2n)! 


















































diverges by the nth-Term Test since lim |an| = , im a = Jim, Sees) 
n— oo —= oo 2mn!n ~ noo 2'n 
— jj (nt+ DM +2)---+(n—1)) 2 n+1 = 
~~ im, pak > im, ( 2 i = # 0 
: : Q . n+1 

converges absolutely by the Ratio Test: lim |] = , lim. ar feet erg ae 

_ @+1yP3 0 _ 3 

=, im, (2n+2)(2n+3) ~~ <1 

sas : Yn+ -Vyn. Vn Jn _ 1 1 : 

converges conditionally since a ji ele and eed isa 
2. n 

decreasing sequence of positive terms which converges to 0 ey converges; but 

& seq Pp g Jnt+ 1+ Jn g 

n=1 


> Jan} = dO Tsien diverges by the Limit Comparison Test (part 1) with Te ; a divergent p-series: 
n=1 n=1 ™ 


























diverges by the nth-Term Test since | lim . (v n+n— n) = , lim, (v n? +n— n) : (yo) 

_ ‘ n = 15 1 = 1 

az , im, m+n+n , im, 14441 ~ 2 és ° 

diverges by the nth-Term Test since | lim W /n + Jn - vn) = , lim, ( /n+./n— vn) [eo 
= lim ——Y“—_ = lim ——1-— =1 40 


n— oo Int Jat fn n— oo res 


converges conditionally since {ase} is a decreasing sequence of positive terms converging to 0 


1 
=> = Fa Jari Converges; but , lim, ae) — Jim, aaa = lim, Tres 5 





so that = ea To diverges by the Limit Comparison Test with sl ae which is a divergent p-series 
n=1 


converges absolutely by the Direct Comparison Test since sech (n) = = ro = a a a = 5% which is the 





nth term of a convergent geometric series 


2 


em—e2 





converges absolutely by the Limit Comparison Test (part 1): > |an| = >° 
n=1 


n= 


Apply the Limit Comparison Test with 4, the n-th term of a convergent geometric series: 





2 
- a4 ‘ n : 
lim =e = lim ~“.= lim -—*~,.=2 
noo a noo e—e n—o l-e 








|error| < |(—1)° (2)| =0.2 46. |error| < |(—1)° (4s) | = 0.00001 
jerror| < ne aol =2x 10H 48. |error| < |(-1)'t4] =t! <1 
a < ier > Qn)! > f= 200,000 + n>5 > 1- f+ 4-H + H 0.54030 
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<i > Mea on>9 3 1-144-443-141-141 ~ 0367881944 


BIR 


1 nd 
(a) an = any fails since 3 < 5 


(b) Since 3 lan| = peale: ‘i + (4)"] = > ()" + > (3)" is the sum of two absolutely convergent 
n=1 > n=1 n=1 


n= 


series, we can rearrange the terms of the original series to find its sum: 


(G4 b tht) — G4 tb t) = By - = g-1=-4 





sy =1—4$4+4—fH4+... + 7p — GH © 0.6687714032 = 599 + 5 - oy © 0.692580927 


The unused terms are 3 (—1*!a, = (—1)"*" (anya — Ange) + (1)? (Anis — Anga) +... 


j=n+1 
= (—1)"" [(anui — ani) + (ani3 — Anca) +...]. Each grouped term is positive, so the remainder 


has the same sign as (—1)"*', which is the sign of the first unused term. 





S=pitataate- + eee EST => WED = = (apes) 
re ee ee eee eee which are the first 2n terms 


of the first series, hence the two series are the same. Yes, for 
se = 2 (geet) = (1-3) +3) + G — 4) 1G 5) + + Ge a) + Gc) = I 


=> , um, Ss = , um, (1 — aaa) = 1 = both series converge to 1. The sum of the first 2n + 1 terms of the first 











1 =1. Their sumis lim. s,= lim, (1——)) =1. 


series is (1 — 05) +349 n— co n— co 


foe} fo} co Cc 
Theorem 16 states that 5> |a,| converges => )° a, converges. But this is equivalent to }> a, diverges > S> |an| 
n=1 n=1 n=1 n=1 


diverges. 


co co 
Jay + ag +... + aq] < Jar] + lag] +... + [aa] for all n; then >> |a,| converges = )°> a, converges and these 


n=1 n=1 


imply that 








(a) >> |an + by| converges by the Direct Comparison Test since |an + bn| < |an| + |b,| and hence 
n=1 
>> (an + bn) converges absolutely 


(b) >> |b,| converges > > —bn converges absolutely; since - a, converges absolutely and 


n=1 n=1 n=1 
S>—b, converges absolutely, we have x [an + (—b,)] = >> (an — by) converges absolutely by part (a) 
n=1 n=1 n=1 


(c) >> |an| converges = |k| 5>|an| = >¢|kay| converges = )~ka, converges absolutely 


n=1 n=1 n=1 n=1 
If a, = by = (—1)" +, then = (-1)" converges, but > anbs = >> ‘ diverges 
vn? i n=1 n=1 
S1 ~ $ »82 = — $ + 1 = $ > 
4 1 1 1 41 1 1 1 1 1 1 
Ss = —g+1-4-§-3- io 7 i2 ~ 4 ~ 16 — 18 ~ 20 — 2g ™ — 0.5099 
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s4 = 83 + } © —0.1766, 





2 


1 1 1 1 1 1 1 1 1 1 1 
85 = S4 — 94 — 96 — 28 ~ 307 32 34 36 +38 +40 «42 44 0.512, 


86 = 85 + $ © —0.312, 


_ 1 1 1 1 1 1 1 1 1 1 1 
87 = 86 — 46 — 48 — 507 52 «54 «56 O58 COHCOD—«CC SC 0.51106 


2 








N,-1 


60. (a) Since >> |an| converges, say to M, for € > 0 there is an integer N, such that | 5° |an| — M <5 
n=1 











N,-1 N,-1 lore) oe) co 
= |>d) lal-— | do lal+ >) lal |}<3 @ |-DD lali<§ & DO laa] <§. Also, > ao 
n=1 n=1 n=N; n=N; n=N; 
converges toL < fore > 0 there is an integer Nz (which we can choose greater than or equal to N;) such 
co 
that |sn, —L] < 5. Therefore, }) |a,| < § and |sy, —L| < §. 
n=N; 
oo k 
(b) The series 5° |an| converges absolutely, say to M. Thus, there exists N; such that |S> |an;| — M| < € 
n=1 n=1 
whenever k > N;. Now all of the terms in the sequence {|b,|} appear in {|a,|}. Sum together all of the 


Ni 
n=1? 


terms in {|b,|}, in order, until you include all of the terms {]an| } 


N2 
2, [bal — M 


and let No be the largest index in the 


N2 
sum )> |b,| so obtained. Then 
n=1 








co 
< eas well = )°|b,| converges to M. 
n=1 


co Co Co co co P 
61. (a) If >> |an| converges, then >> a, converges and $ > ay +4 >> lan] =o ia + lanl 
n=1 


n=1 n=1 n=1 n=1 


an, if a, > 0 
converges where b, = *+!l = { Sm 0 Sno 
2 0, if a, < 0 
lee) co 1 co 1 Cc co 4 la | 
— a ha) 
(b) If >> |an| converges, then ° a, converges and 5S) a, — 5 >> lanl => 5 
n=1 n=1 n=1 n=1 n=1 
social J 05 if ty >0 
converges where c, = |" = ; : 
an, if a, <0 


62. The terms in this conditionally convergent series were not added in the order given. 


63. Here is an example figure when N = 5. Notice that u3 > ug > u, and ug > us > uy, but u, > Uys, for 
n>5. 
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So 0 S4 S¢ Sg L Sy s3 Sy S5 


11.7 POWER SERIES 


Un+1 xutl 


Un 


1. lim 
n— © 





<1 => |x}<1 => -1 <x < 1; whenx = —1 wehave )> (—1)", a divergent 


n=1 














<1s= _lim 
n— co 


a 
co 

series; when x = | we have )~ 1, a divergent series 
n=1 

(a) the radius is 1; the interval of convergence is —1 < x < 1 

(b) the interval of absolute convergence is —1 < x < 1 

(c) there are no values for which the series converges conditionally 

















io 7 n+1 
2. lim) |e) <1 > lim, ae <1 => |x+5|<1 > -6<x < —4; when x = —6 we have 
co co 
> (—1*, a divergent series; when x = —4 we have 5° 1, a divergent series 
n=1 n=1 


(a) the radius is 1; the interval of convergence is —6 < x < —4 
(b) the interval of absolute convergence is —6 < x < —4 
(c) there are no values for which the series converges conditionally 


Un+1 
Un 


‘ (4x +1! 
ie «am. (4x + 1)? 











3. lim, <1 = |4x41)<1 > -1<4x+1<1 >-—}<x <0; whenx =—}we 


have >> (—1)"(—1)" = D> (- 1)" = 59> 1", a divergent series; when x = 0 we have 5> (—1)"(1)" 
n=1 n=1 n=1 n=1 


= 5+ (—1)", a divergent series 


n=1 
(a) the radius is 4; the interval of convergence is — 5 <x<0 
(b) the interval of absolute convergence is — $ <x<0 


(c) there are no values for which the series converges conditionally 


Gx—2)1 | n 


Un+1 
n+l (3x — 2)" 


4. lim 
n— oc Un 








5a ee 1) <1 = |3x—2| lim (4) <1 => |3x-2| <1 
n— oo n—oo \n+l 


oS n 
=> -1<3x-2<15 ; <x < 1; when x = 4 we have )> cae which is the alternating harmonic series and is 
n=1 


co 
conditionally convergent; when x = 1 we have 5> i , the divergent harmonic series 


n=1 
(a) the radius is 4; the interval of convergence is ; <x<l 


(b) the interval of absolute convergence is <x<l 


(c) the series converges conditionally at x = 7 
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4 _ 9)n4+1 = 
<1> lm |@2-J%.|<1 = #2 <1 = k-2|<10 = -10<x-2<10 
n— oo (x — 2) 10 


Un+1 
Un 


5. _ lim 


nh— oo 











=> —8 <x < 12; when x = —8 we have 3 (—1)", a divergent series; when x = 12 we have Sr a divergent 


n=1 n=1 
series 
(a) the radius is 10; the interval of convergence is —8 < x < 12 
(b) the interval of absolute convergence is —8 < x < 12 
(c) there are no values for which the series converges conditionally 


(2x? 


6. _ lim a Oro 


n— © 





Un+1 
u, 





ei es: Figs | 
n—- © 





<1 => jlim, [2x] <1 > |2x]<1 => —4<x< 4; whenx = — 3 we have 


co ie.2} 
>> (—1)", a divergent series; when x = $ we have )> 1, a divergent series 


n=1 n=1 
(a) the radius is 5; the interval of aan is — 5 t< x <3 5 
(b) the interval of absolute convergence is — $ <x< $ 


(c) there are no values for which the series converges conditionally 














: = : (a+ Dx™tt ee) (n+1D@m+2) 
7. lim, <1 => lim, |"as5 ae | <1 => |x| im, “Gao@ <1 = [al <1 
=> —1<x< 1; whenx = —1 we have > (-1)" are , a divergent series by the nth-term Test; when x = 1 we 


n=1 


co 
have » ata 4 divergent series 

= 
(a) the radius is 1; the interval of convergence is —-1 <x < 1 
(b) the interval of absolute convergence is -1 <x < 1 


(c) there are no values for which the series converges conditionally 

















‘ Unt ‘ Co) aaa 
8. lim) SE} <1 => jim, |S ae <1 > [x +2, lim 1 (at) <1 > [k+2) <1 
=> -1<x+2<1 = —3<x< —1; whenx = —3 we have a , a divergent series; when x = —1 we have 
co 
S> ©" a convergent seri 
i gent series 
n=1 


(a) the radius is 1; the interval of convergence is —3 < x < —1 
(b) the interval of absolute convergence is —3 < x < —1 














(c) the series converges conditionally at x = —1 
. Und xntl z ay |x| n . n 
9. Ae Un Sle i onhe (n+ 1)/n+13%+1 note 3 a n+l Pe n+1 cl 








=> al (Id) <1 => |x| <3 => -3 <x < 3; when x = —3 we have 3 cy, an absolutely convergent series; 











n=1 
when x = 3 we have - PEE a convergent p-series 
n=1 
(a) the radius is 3; the interval of convergence is —3 < x <3 
(b) the interval of absolute convergence is —3 < x <3 
(c) there are no values for which the series converges conditionally 
Unt esi! . Vn = _ 
10. lim, |e) <1 > lim, Aa et Se 1|,/, lim, azy <1 > [x-1[<1 








CO n 
=> -1<x-1<1 5 0<x <2; whenx = 0 we have 5* cy, a conditionally convergent series; when x = 2 


n=1 
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14. 


15. 


16. 


17. 


Section 11.7 Power Series 


co 
we have )> . a divergent series 


n=1 
(a) the radius is 1; the interval of convergence is 0 < x < 2 
(b) the interval of absolute convergence is 0 < x < 2 
(c) the series converges conditionally at x = 0 


xatl n! 
@+bD!° 


lim “ei 
n~ © 








<1s= _lim 
n— © 








<1 => |x| lim, (4) < 1 for all x 


(a) the ae is co; the series converges for all x 
(b) the series converges absolutely for all x 
(c) there are no values for which the series converges conditionally 


* n+1 yn+1 
“) <1 => lim a 


nim, Sy | @EDE ros 








<1 = 3|x| lim, (44) <1 for all x 


(a) the radius is oo; the series converges for all x 
(b) the series converges absolutely for all x 
(c) there are no values for which the series converges conditionally 


x2n4+3 
(n+ 1)! ae 





<1= _lim 
n— co 








s Un+1 2 . 1 
, im, Un <l =x , im, (Gs 


) < 1 forall x 








(a) the radius is oo; the series converges for all x 
(b) the series converges absolutely for all x 
(c) there are no values for which the series converges conditionally 


























: Un+1 : (2x+3)73 2 1 
lim, |") <1 > Jlim, [Sr ate | <1 > @x 43) lim, (Gy) < | forall x 
(a) the radius is oo; the series converges for all x 
(b) the series converges absolutely for all x 
(c) there are no values for which the series converges conditionally 
: Un+1 s xt Jv : = n? +3 
nim, (SB) <1 > lim, Jas <1 => [xl \/, lim, oitea <1 > [x] <1 
oo n 
=> —1 <x < 1; whenx = —1 we have )> iy , aconditionally convergent series; when x = | we have 
fa VE +3 
= 1 . . 
> Jana? divergent series 


(a) the radius is 1; the interval of convergence is —1 < x < 1 
(b) the interval of absolute convergence is —1 < x < 1 

















(c) the series converges conditionally at x = —1 
. Matt . xatl 7 n2 — n +3 
, im, <1 => , lim, Teas v <1 => [xl flim, aiosa <1 > [x] <1 
oo n 
—1 <x < 1; when x = —1 we have a divergent series; when x = 1 we have = 
Se 2 ae ee aa Vas? 


n=l 
a conditionally convergent series 

(a) the radius is 1; the interval of convergence is —-1 <x < 1 
(b) the interval of absolute convergence is —1 < x < 1 

(c) the series converges conditionally at x = 1 


: . (n+ D(x+3)*! 5 
n lim, <= Lis , iim, gurl n(x + 3)8 

















Un+1 
Up 





aes Ne ee wim, (#4) <1 
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=> |x+3)<5 > -5<x43<5 > -8<x<2; whenk= =e wel S me 5” = SS (—1)"n, a divergent 
=I 


n=1 
co a co 
series; when x = 2 we have » ae = 3 n, a divergent series 
n= n= 
(a) the radius is 5; the interval of convergence is —8 < x < 2 
(b) the interval of absolute convergence is —8 < x < 2 
(c) there are no values for which the series converges conditionally 

















: Uns : (a+ Dx! | 48? +1) Ix} 4: (n+1)(n? + 
18. , im, a <l= , um, FT (n? + In +2) ane <ls= a , im. poo <l=s |x| <4 
90 n 
=> —4<x < 4; when x = —4 we have > a , aconditionally convergent series; when x = 4 we have 
n=1 





co 
>) wey divergent series 


(a) the radius is 4; the interval of convergence is —4 < x < 4 
(b) the interval of absolute convergence is —-4 < x < 4 





(c) the series converges conditionally at x = —4 
n+1 n . 
19. lim, |@#}<1 > lim VO et ee 2h lim GH) <1s Hei s jx <3 
n— 0o n— 0o 3 Jnx' 3 n— oo 3 











=> —3 <x < 3; when x = —3 we have )> (-1)?/n, a divergent series; when x = 3 we have 
n=1 


co 
>> \/n, a divergent series 


n=1 

(a) the radius is 3; the interval of convergence is —3 < x < 3 

(b) the interval of absolute convergence is —3 < x < 3 

(c) there are no values for which the series converges conditionally 




















: Un ; m/n + 1 (2x+5)2*! ‘ n+1 
20. lim, [et] <1 > jlim, [PERO <1 = fox +5) tim, (“R) <1 
=> |2x+5| (25) <1 = |2x+5|<1 => -1<2x+5<1 => -—3<x< —2; whenx = —3 we have 
iG») \/n, a divergent series since , im, /n = 1; when x = —2 we have )> x/n, a divergent series 


n=1 n=1 


(a) the radius is 5; the interval of convergence is —3 < x < —2 
(b) the interval of absolute convergence is —3 < x < —2 
(c) there are no values for which the series converges conditionally 


Un+1 
Un 


on n+1 ‘i . way 
<1 = lim, aererd a <1 => |x| (2 0%) 


(1+) xe 


=> —1 <x < 1; whenx = —1 we have > (—1)" (1 + 1)" a divergent series by the nth-Term Test since 


n=1 


J<ts mi) <i > pic 





21. lim 
n— 0o 








, im, (1 + 1)" =e #0; when x = | we nave 2 (1 + 1)" a divergent series 


(a) the radius is 1; the interval of convergence is —1 < x < 1 
(b) the interval of absolute convergence is —1 < x < 1 
(c) there are no values for which the series converges conditionally 


> 
| 
ay 


In(n + 1)x"*! 
x" Inn 


= 





<1 => |x| lim, (4) <1 => [xl <1 





22. lim 
n— 0o 











<1= lim <1 => |x| lim 
n— oo n— co 


—P 
BIH 
ee) 
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=> —1 <x < 1; whenx = —1 we have 55 (—1)" Inn, a divergent series by the nth-Term Test since 


n=1 
co 
, im, In n 4 0; when x = | we have > Inn, a divergent series 
n=1 
(a) the radius is 1; the interval of convergence is —1 < x < 1 
(b) the interval of absolute convergence is —1 < x < 1 
(c) there are no values for which the series converges conditionally 


(n Bs pyptixetl 
n?x” 


Un+1 
Un 














<1 = |x| (lim, (i+ 1)") (lim, (n+ 1)) bey 


= e|x| lim. (n+ 1) <1 = only x = 0 satisfies this inequality 


lim <1l= _lim 
n—- co n— © 


(a) the radius is 0; the series converges only for x = 0 
(b) the series converges absolutely only for x = 0 
(c) there are no values for which the series converges conditionally 








— 4yot+l as . J. . 
lim |™1] <1 => lim [SEDI OY) <1 > |x—4] lim. (+1) <1 = onlyx =4 satisfies this 
n—oo | Un n— oo n! (x—4) n— oo 
inequality 


(a) the radius is 0; the series converges only for x = 4 
(b) the series converges absolutely only for x = 4 
(c) there are no values for which the series converges conditionally 


|x +2] 
2 


Un+1 
Un 











<1> lm |S - = 
n 


2 : |x+2| n 
AM | IT TOR pai 


Sl 2 pum, (a 








lim <1 = |x+2| <2 
n— oo 


co 
=> —2<x+2<2 => —4< x < 0; when x = —4 we have 2 , a divergent series; when x = 0 we have 
n=1 





(1st! , : : ; ws 
+ : i , the alternating harmonic series which converges conditionally 
n=1 


(a) the radius is 2; the interval of convergence is -4 < x <0 
(b) the interval of absolute convergence is —4 < x < 0 
(c) the series converges conditionally at x = 0 


2+ 2) = 1)" 
2a + D&D 











)<1 > 2|x-1|<1 





lim |} <1 => lim <1 = 2|x-1| lim (243 
n— co u, n— oo n—c 


n+1 





1 


Co 
5 we have S>(n+ 1), a divergent series; when x = 3 


n=1 


=> |x-I]<$ > -}<x-1<} > 4 <x< 3; whenx= 


we have >> (—1)"(n + 1), a divergent series 
n=1 


(a) the radius is 53 the interval of convergence is 5 <x< 3 
(b) the interval of absolute convergence is 5 <x< 3 


(c) there are no values for which the series converges conditionally 


got _ ain ny? 
(n+ 1) (Inn +1)” xn 


Un+1 
Un 


<1l1= _lim 
n— c 


lim 
n— ©€ 








2 
. n i Inn 
ea => |x| (, lim, =) (lim, mn) <1 














1) \? 2 
=> |x|(1) [lim @) <1 => |x|( lim 2) <1 5 |x| <1 > -1 <x <1; whenx = —1 we have 
noo (37) noo on 


CO n foe} 
2 wine which converges absolutely; when x = 1 we have 2 ana? which converges 
= 


ne 
(a) the radius is 1; the interval of convergence is —-1 <x < 1 

(b) the interval of absolute convergence is —1 <x < 1 

(c) there are no values for which the series converges conditionally 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


736 Chapter 11 Infinite Sequences and Series 


“nil 


28. , im, 














xotl nIn(n) : n _Ih@) | 
<i = im, @@+Din@t+h x <i= Ix! (, ns n+ Vo ie In+1) 5) <! 


=> |x|()C) <1 = |x| <1 => -1 <x < 1; whenx = —1 we have a a convergent alternating series; 


Onn 2 


when x = | we have St ; which diverges by Exercise 38, Section 11.3 


n=2 
(a) the radius is 1; the interval of convergence is —1 < x < 1 
(b) the interval of absolute convergence is —1 < x < 1 





(c) the series converges conditionally at x = —1 
‘ uel : (4x — 5)?9+3 n3/2 2 3/2 2 
29. lim, || <1 > lim, [Sars ate] <1 > Gx- 5? (lim, Sy) <1 > @x-5)P <1 








2n+1 8 
=> |4x-5| <1 > -1<4x-5<1= 1 <x < 3;whenx = 1 we have > oO = ar which is 
n=1 n=1 


absolutely convergent; when x = 5 3 we have ew oT , aconvergent p-series 


n=1 


(a) the radius is € the interval of convergence is 1 < x < 


bo] 


(b) the interval of absolute convergence is 1 <x < 3 


(c) there are no values for which the series converges conditionally 























; n ; Gx+b"? | 2n+2 : 2n+2 
30. lim, |@#) <1 > lim, [SHA eee | <1 > [3x41] lim, te G8) <1 => |[3x+1|<1 
=> -1<3x+I1<Il1=> —-; f< x < 0; when x = — § 2 we have zs — , aconditionally convergent series; 
n+1 
when x = 0 we have a a = i > Sari» 2 divergent series 
n= n=1 
(a) the radius is ;; the interval of eee is — <= i < x <0 


(b) the interval of absolute convergence is — 5 <x<0 








(c) the series converges conditionally at x = — 5 
j out ; @+met vn n 
31. | lim She MM ee eae =e |x + 7| lim, at 











ree lim. (“4 1 na 
n—oo \n+l 


co 


co 
when x = —1 — a wehave }> ~~ =>" a , aconditionally convergent series; when x = | — 7 we have 


n=1 n=1 








a divergent p-series 


(a) the radius is 1; the interval of convergence is (—1 — 7) <x < (1—7) 
(b) the interval of absolute convergence is -l-a7<x<1l-—7 

















(c) the series converges conditionally atx = —1—7 
2n43 2 
x-V/2 a x-V2 
32. lim |™|<1 > _ lim aa) : op ee) _ lim |1| <1 
n—-o Un n—oo (x- v2) n—o 
(v3) 
aS <1 (x- v2) <2 = |x-2|< V2 = -V2<x-V2< V2 = 0<x<2V2; when 
2n+1 
xX = Owe have > G a) =-»> nee =-\ \/2 which diverges since lim, an # 0; when x = 2/3 
n=1 n=1 n=1 
2n+1 

co 2 oo Poer oo 
we have >> 2) => 2 de =)> \/2,a divergent series 

n=1 n=1 n=1 
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(a) the radius is 2; the interval of convergence is 0 < x < Of 


(b) the interval of absolute convergence is 0 < x < 2/2 
(c) there are no values for which the series converges conditionally 


(x _ 12+? 4a 











































































































. . _ 2 . 
nlim, |t#| <1 > ,lim, [SGA - Sel <1 > SS lm, lll<1 > «-1? <4 = k-1/ <2 
220 Co a co 
=> —2<x-1<2 5 -1<x<3;atx= ant = + = )~ 1, which diverges; at x = 3 
n=0 n=0 n=0 
we have > = = > = s 1, a divergent series; the interval of convergence is —1 < x < 3; the series 
n=0 n=0 n=0 
—4)2 ‘s 
by ao = Bs 1)*) is a convergent geometric series when —1 < x < 3 and the sum is 
n=0 n=0 
1 _ a 4 
1 (3) _ [= re ) = Fe tx 1” 34+2x—x? 
s . 2n+2 n 2 . 
wim, |} <1 > lim, |Seh—- ae] <1 > SS lim lil<1 > «+? <9 > K+ 1 <3 
co 
=> -3<x4+1<3 => -4<x< 2; whenx= = )> 1 which diverges; at x = 2 we have 
n=0 n=0 
oo 32n oe : . . . : 
>! or = >» 1 which also diverges; the interval of convergence is —4 < x < 2; the series 
n=0 n=0 
«tp 1\2\". . . ; 
i ee (4) ) is a convergent geometric series when —4 < x < 2 and the sum is 
n=0 n=0 
a 1 _ 9 = 9 
“ [9-@+D2] ~ 9-x?—-2x—-1 ~~ 8—2x-x? 
“ey 
F : _2 n+l i 
zlim, |S} <1 > lim, Set Toy <1 => |fx-2| <2 > -2< fx-2<2 5 0</< 
co 
=> 0 <x < 16; when x = 0 we have > (—1)", a divergent series; when x = 16 we have ~ (1)", a divergent 
n=0 n=0 
co n 
series; the interval of convergence is 0 < x < 16; the series — is a convergent geometric series when 
the interval of 2 0 16; th eae gent geomet h 
n=0 
: : 1 = 1 __2 
0 <x < 16 and its sum is (42) = =) == 
2 2 
n+1 
nlm, [S| <1 => | lim, oe <1 |[nx|<1 > -1<Inx<1 5 e! <x <e; whenx =e! ore we 
co co 
obtain the series }> 1" and 5> (—1)" which both diverge; the interval of convergence is e~! < x < e; 
n=0 n=0 
co 
do (in x)" = hee 
n=0 
+1 a 
* Un4y1 : x41\" 3 n (x-+1) 4: 41 2 
nlm, |S} <1 > lim, ( 3 ) ‘a7) |Sl > = im lal Ss = eS e <2 














=> |x| < 2 > =4/2 <x< VY2;atx= 4 2 we have )~ (1)" which diverges; the interval of convergence is 


n=0 


oo 7 n _ 
-V2<x< VJ2; the series )~ (+) is a convergent geometric series when =f 2<x< 2 and its sum is 
n=0 
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38. 
n 


39. 


40. 


41. 


42. 


43. 


(x2 a it 


eH tpl <I = (t= i1|)<2 > ~/3 <x < 3; whenx = + \/3 we 


seit 








lim <1l=s , lim. 
— 00 n— co 








co n 
have . 1", a divergent series; the interval of convergence is —/3 <x< V3 ; the series 5> (+) isa 


n=0 n=0 


convergent geometric series when —/3 Ke V3 and its sum is ; € : 


= 1 wets 2D 
Se ie 





(x = 3ynt1 : qn 
n— oo geri (x — 3)8 








<1 => |x-3|<2 => 1<x <5; whenx = 1 we have 3 (1)" which diverges; 


n=1 





when x = 5 we have 5>(—1)" which also diverges; the interval of convergence is 1 < x < 5; the sum of this 
n=1 


convergent geometric series is =) = 4 ffx) =1-$(«-3)+ 5-3 4+... +(- 5)" (x — 3)? + 


2 





(x) =—- $ +5 5 (x-—3)+. + (- 1" n(x — ee ... 18 convergent when | < x < 5, and diverges 
Fie x = lor5. The sum for f’(x) i is ; ead , the derivative of =; 
If (x) = 1-5-3) +4 (x—-3)? +... + (— 4)" — 3) +... = 4 then Oe 


(x= us 








+ ey +...4(- sy" G3" 40... Atx = 1 the series en 2" diverges; at x = 5 


== n+l 





00. n 
the series }> Cire converges. Therefore the interval of convergence is | < x < 5 and the sum is 


2 In |x — 1] +( —1n 4), since [ 2; ; dx = 2 In |x — 1| + C, where C = 3 — In 4 when x = 3. 


. . . . 2 4 6 8 10 
(a) Differentiate the series for sin x to get cos x = 1 — 3&4 oe Bey ox ae +... 




















3! 7 
2 4 6 8 10 . . 
=1-3+h-atga7iot--:- The series converges for all values of x since 
: xem? (2n)!} _ 2 1 = 
, im. arm ee | == , um, GntlOn+y } = 0 < 1 forall x. 
: as 23x3 2°x® 27x" 2°x® gil = 8x? 32x° 128x* 512x? 2048x!! 
(b) sin 2x = 2x-S- +55 a Ot oI rote = 2K - 3 + ab or | 


(c) 2sinxcosx =2[(0-1)+(0-041-1x+(0-3-+1-04+0-1)x?+(0-0-1-5+0-0-1-3,)x? 
+ (0-7+1-0-0-5-0-440-1)xt+(0-041-4$4+0-04+4-3%+40-041-3)x° 

1 

6! 

















+ (0- Se ie i —...] 

= 2x — BF + Oe - Oe 4 Be 
(a) d(er)=14 R24 Rep =14+x+R+"8 4% 4... = e*; thus the derivative of e* is e* itself 
(b) J e dx =e*+C=x+ x + x + x + x +... +, which is the general antiderivative of e* 
() eF=1—-x48-F 48 —F 4... 5e%-8=1-14(1-1-1-Ix4 (1-3 -1-144-1) 2 

+ (1-3 leg ta 











gre ae ea Deg gp on gr hae ae 
24+2-1-4-1)6+...=1404+0+04+04+0+... 








(a) sae re a + 4 + BEL...) dx 














17x8 31x!° : 17x8 31x!° 
ttt s+ ie + in + -+C;x=0 C=0 In |sec x| = e4+5+5+ Bot fist. 
converges when — 5 <x < fF 











2, — d(tanx) _ d 2x’ 17x" 62x? as 2 2x4 17x° 62x8 
(b) sec*x = ~] ai (c+? Ma Bage.)ar4x +3-+ 4+ 375 +... , converges 


T 
when —-5 <x< 5 
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44, 


45. 


46. 


47. 


48. 


Section 11.8 Taylor and Maclaurin Series 








(c) sec? x = (sec xyseex) = (1454+ 84904...) (1454+ 4 94...) 
_ 1, 1)y2 5 1, 5) 4 61 5 5 61.) ,6 
Slee 5) ely ra ee Gp et oe to) 

































































_ 2 2x4 17x° 62x8 T T 
Se gg ge ee SS 
(a) Se adaamcae eacluels (ae ep Oe .) dx 
=x+% oe op SU Het. +C;x=0 C=0 In |sec x + tan x| 
=e E424 Hy oe . , converges when — 5 <x < § 
— d(sec x) __ 5x 61x® 5x 61x 271x" 
(b) sec x tan x = —> =2(1+5 +3494...) ax + 4 Ue 4 UR 4. converges 
TT 
when —-5 <x< 5 
2 4 6 3 5 id 
(c) (see xy(tan x) = (1454+ + +...) ( a BM We +...) 
— 1 1) y3 2 1 S.\5 17 1 5 61) \7 5x? 1 61x° 277x" 
=xt(gta)et+lstetaet+Gstetatm) ete. = 6 120 + Toos +s > 
= 5 ee 


(a) If f(x) = s anx", then f(x) = > n(n — 1)(n — 2)---(n — (k — 1)) anx®-* and f) (0) = k!ax 
n=0 


n= 


£©O) |: ae es 7 6) ee Oe 
=> a = =~; likewise if f(x) = S> bax", then bk = > SO= «Ak = by for every nonnegative integer k 


n=0 


(b) If f(x) = 5> a,x” = 0 for all x, then f ()(x) = 0 for allx = from part (a) that a, = 0 for every 


nonnegative integer k 





pe = ltxe Wt Katt... => x| : |= X(1+2x+3x°+4x° +...) > qin 








=x + 2x? + 3x3+4xt+... 5 x| 143,| = x(1+4x + 9x24 16x34...) > 228 





1 
=x + 4x? + 9x34 16x*+... = Grates +2 a4 184... . =>) 2 =6 


The series )> x converges conditionally at the left-hand endpoint of its interval of convergence [—1, 1); the 








n=1 
series xe wl] 
Answers will vary. For instance: 
(@) (3) (b) D+ I" ) SE) 
n=1 n=1 n=1 


11.8 TAYLOR AND MACLAURIN SERIES 


1. 


2. 


f(x) = Inx, f) = 1, f%~) =- 4,8") = 3; 
Py(x) = (K — 1), Pa(x) = (&— 1) — A(x — 1)?, Py) = &— 1) — 2 @— 1? + 2K? 


f(x) = In(1 +x), f@) = = +x), £"@ = - +x), P"(%) = 20 +. x); £0) = In 1 = 0, 


£10) =} =1,f"@ = -—)? = -1, £0) = 20)? =2 = P(x) = 0, Py(x) = x, Pas) = x — ©, Pax) 





eo? x? 
=k-97 3 
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2-£0) =1n1 =0,f'(1) =1,f"(1) = 1, f"(1) =2 > P(x) = 0, 


739 


740 


3. 


10. 


11. 


12. 


13. 


Chapter 11 Infinite Sequences and Series 
(6. eee oa U6.) et mae 6.9 a ole = -6x-4; £2) = 4, (2) = — 1, 02) = LP") = - 3 
=> Po(x) = 5, Pils) = 5 — 5% — 2), Pox) = 5 — §(K—-2) + FR - 29, 
P(x) = § — ¢(K—2)4+ §(K-2P — ZF (K-2)8 
f(x) = (K+ 2), f(x) = —(& + 2), £7(K) = 2K + 2)°%, F"(K) = —6(K + £0) = (2)? = 5, £0) = -Q) 





+, £0) = 2(2)-3 = 4, £") = -6(2)"*§ = — 3 = Pox) =}, Pix) = 4-4, Pox) = 45-4844, 
3 


2 
mo=}-34+8-8 

















f(x) = sin x, f’(x) = cos x, f”(x) = — sin x, f’”(x) = —cos x;f(7) = in 5 = v2 #" (2) = cost = v, 
"(4) =—sin J = — 42, £"(4) =—cos J =— 4? = Po G.n=¥4+8e-9), 
Pax) = 3 + (x- 9) — 92 (x- 9)’, Pa = + B(x F)- 2 K-97) - BKR-D 
f(x) = cos x, f’(x) = — sin x, f’(x) = —cos x, f’”(x) = sin x; f (4) = cost = mE ; 

















f (§) =-sin = — 4, ,1"(§) = os f= - 4, 0"(§) ssn = 5, > POD= S, 
P10) = 35-9). PO=-Be-D-aye-D 














us 


P(x) = 4p — 4 (x- 9) — yg (x - 97) +g x- 9)" 








f(x) = Jx= — x!/2, f!(x) = G )x -1/2 ,f"(x) = (- i) —3/2 f(x) = ie ) x75/2, f(4) = J4 ao. 
(4) = (§)4-7 =3, "4 =(-)) 47% =-S "OH (3) 4 452 — 3. Po(x) = 2, Pi(x) = 2+ § (x —4), 
Po(x) = 2+ $(x-4)— G(x— 4”, Pax) = 24-4 (K-4-—AK-4° 4+ HOK- 4 











f(x) = (x + 4)¥/?, £'@) = (4) «+471, "@— = (— 1) «+479, £1") = (3) & + 4979; £0) = (4)? = 2, 
£0) = (4) 47? = §,1"0) = (-7) ©" =- 5." O= (OV =H => Pow =2, 
Py (x) = 2+ ¢X, Po(x) =24+5x— Gx’, Ps(x) =24+4x%-Gr+ ax 























x Sox -x ~ (=x)? x xt 

o> Ps mo ss i X+ 5 31 + 4 
n=0 n=0 
oo x\n 

x xm x/2 G) = x x? x xt 

2 al ar =1l+3t+gat aay t aa t 
n= n= 


f(x)=( +x)! = f(x) =-(. +x)~?, f(x) = 204+. x)73, f"@ = 310 +. x)-4 = ... FOR) 
= (—1)kk1(1 + x)-*-1; £(0) = 1, £0) = —1, £0) = 2, £""(0) = —3!,... ,f®(0) = (—)*k! 


=> 1 =-1-x+*’ = 3 (—x)) = 8 (-" 


1+x 
n=0 





f(x)=(—-x)! = f= — x), f"@ = 20 —x)-3, ") = 311 — x) & ... F®() 
= k!(1 — x)"; £(0) = 1, £'(0) = 1, £”(0) = 2, f””"(0) = 3!,... ,f®(0) =k! 











co 
a 2 3 a n 
oe SL Ee ee =e 
n= 
co co co 
. _ (=1)8x?9+1 7 _ (—1)2xy2t! = (—1)2328+12atl 7 3333 35x85 
sin X = > Garp «= Sin 3x = » Ontlt » Gay! Sk og 
n= p= n=! 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


Section 11.8 Taylor and Maclaurin Series 741 








2n+1 co 
C (ean! 2n+1 (- 1)" GG): (=1)8x2a+! _ x x3 xo 
sin x = > “Garp => Sin § => ss = 2 IeOnp DI — 3 Balt sy 
1 2 4 6 . . o . 
7 cos(—x) = 7cosx =7 > f ak =7-%-44-—4 +... since the cosine is an even function 


yPx? 


CO foe} 
—1 n —1y 2n ie | 
cosx=)° $ nyt => 5cosax=5)>° oe =5— WX 4 eK Se 
n=0 


























sinhx = “52° = 3] (14x+ 845484...) -(1-x4¢ 8-54 8-...)] x4 5+ ee 8s... 


f(x) = x — 2x3 —5x+4 => f'(x) = 4x3 — 6x2 — 5, f"(x) = 12x? — 12x, f’"(x) = 24x — 12, f(x) = 24 
f(x) = Oifn > 5; f(0) = 4, Oy = —5, f”(0) = 0, f’”"(0) = —12, £0) = 24, F™ (0) = Oifn > 5 
=> xt—2x?-5x+4=4-5x axd + 4x4 = xt — 2x? — 5x + 4 itself 





f(x) = («+1 => f(%) = 24-1); Ff") =2 > FM) = Oifn > 3; £0) = 1, f/(0) = 2, f"(0) = 2, FO) = Of 
n>3 > (k+1P=14+2x+ Fx =142x4x? 


f(x) = x® —2x +4 => f'(x) = 3x? — 2, f(x) = 6, f(x) =6 => f(x) = Oifn > 4; f2) = 8, f/(2) = 10 
f"(2) = 12, (2) = 6, (2) =Oifn>4 => x9—2x4+4=8+4 10(x—2)+ BK-2)?+ $(x—-2)3 
= 8+ 10(x — 2) + 6(x — 2)? + — 2) 





f(x) = 2x3 + x2 +3x—8 = f"(x) = 6x? + 2x + 3, f"(x) = 12x +2, f(x) = 12 = f(x) = Oifn> 4; f(1) = -2, 
f’(1) = 11, f"(1) = 14, mm) = 12, . \1)=0ifn>4 > 2x3+x2+4+3x—8 
=-24 11-1) + ¥@-1)? + 2@-— 1) =-24 1-1) 47-1) +26 - 13 





f(x) =xt+x241 > f(x) = 4x3 + 2x, f(x) = 12x? +2, f(x) = 24x, £4 (x) = 24, f(x) = Oifn > 5; 
f(—2) = 21, f/(—2) = —36, f"(—2) = 50, f”"(—2) = —48, ¢4(—2) = 24, f(-2) =Oifn>5 > xt+x?4+1 
= 21 — 36 +2) + 2 «+27 — 8a +2)? +4 @ +2)! = 21 — 36 + D+ 25 +2) — Ba + 2)? + +2)! 


f(x) = 3x® — xt + 2x? + x? —-2 = f"(x) = 15x* — 4x? + 6x? 4 2x, f(x) = 60x? — 12x? + 12x + 2, 
f(x) = 180x? — 24x + 12, f(x) = 360x — 24, f(x) = 360, f(x) = 0 ifn > 6; f(—1) = —7, 
f'(—1) = 23, f"(-1) = —82, f"(-1) = 216, £(-1) = —384, f©(-1) = 360, f™(-1) = Oifn > 6 

=> 3x9 — xt 42x84 x? -2=-7423(x+ D—- B(x4+ 1? + FOAt D8 - B+ Yt + Vt YP 
= —74+ 23(x + 1) — 41(x + 1)? + 36(x + 1)? — 16K + 244+ a + 1) 











f(x) =x? => f(x) = —2x73, f"(x) = 31x74, f"(~~) = 41x > F(x) = (- (04-7? 


f(1) = 1, f/) = -2, £"1) = 31, £") = -41, f) = (-1"@t D! => 


"de || 


= 1—%x— 1) 43-1)? 4 — D3 4... = CD84 D&D 
n=0 
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26. f@) = =. = f@)=0-97, "@ =20 -—»3, "@ =3!10 —x)* = £@ =n -»y™,; 








f(0) = 0, (0) = 1, £70) = 2,2") = 3! > = x4 P4e4...=) ot! 
n=0 


c= 


27. fx) =e = f(*) =e, f"(K) =e S I(x) =e £2) = e?, f/(2) =e’, ... FQ) =e 





> & =e? +e% (x —2)4 Sx — 274+ 8 -23+... = F-2)9 
n=0 


28. f(x) =2* => f(x) = 2* In2, f’(x) = 2%(In 2)”, f(x) = 2X(In 2)3 => F(x) = 2*(In 2)"; F(1) = 2, f(1) = 2 In2, 
f"(1) = 2(n 2), f”(1) = 2(In 2), ... ,f£™ (1) = 20n 2)" 





x 2(In 2)? 2(In 2)3 SA 2(n 2)%(x— 1)" 
=> 2 =2+(2In2«%—-1+ “(K-12 + SK -DF +... = oe 


29. Ife* = >> Bu) (x — a)" and f(x) = e*, we have f(a) = e* f or alln = 0, 1, 2, 3,... 


n= 





a)0 way ey? _a\2 
=> X=e [Sa + B® + 52 +...| =e? [i+ —ay + Ss +... atx =a 


30. fx) =e = fo) =e foralln > f™(1) =e forall n=0, 1, 2,... 
=> &=ete(x—1)+S(x—-1%+2@-1) +... =e[l+@ gp hrs, 








3 


31. f(x) = fla) + fax — a) + F@ x — ar + F@ aati... > hw 
= f(a) + "(a(x — a) + 2 3K — a)? +... = GK) = F(a) + P(x — a) + HO 4- 3K — a +... 
=> F(x) = F(a) + FM (ayx — a) + VO ay? +... 
=> f(a) = f(a) + 0, f(a) = f(a) +0,... , fa) = F(a) +0 














32. E(x) = f(x) — by — by (x — a) — bo(x — a)? — ba (x — a)? —... — by(x — a)? 
=> 0 = E(a) = f(a) — bo => bo = f(a); from condition (b), 
f(x) — f(a) — b1(x — a) — bo(x — a)? — b3(x — a)® —... — ba(x — a)” =0 
(x—a)? 
f(x) — by — 2by(x — a) — 3b3(x — a)? —... — nba(x — a)®"! _0 
n(x — a)! _ 


og : f"(x) — 2by — 3! b3(x — a) —... —n(n—1)ba(x—a)®? 
7 tet) nin Day? = 











lim 
xXx—-a 











=> lim 
xXx—-a 











—_ les . f!"(x) — 3! bs—... —n(n — 1)(n— 2)ba(x — a3 
= bo = 5 f'(@) => lim, nm — In — 2x —ay3 = 


‘ (n)(x) — 
=bs = 4 fa) > Jim, Pwo =0 => b, = +f (a); therefore, 





g(x) = f(a) + f"(a)(x — a) + ae Ca) hes + “ (x — a)" = P, (x) 


33. f(x) = In(cos x) => f’(x) = — tan x and f(x) = — sec” x; f(0) = 0, f’(0) = 0, f”(0) = —1 
=> L(x) = 0 and Q(x) = — © 





34. f(x) = esin* f’(x) = (cos x)e“"* and f”(x) = (— sin x)e"* + (cos x)e%*; £(0) = 1, f/(0) = 1, 
f"O=1> L@~=1 +xand Q(x) =1+x+% 





35. f&) = (1-2)? = £1) =x (1 — x2)” and f"(x) = (1 — x2) 9? + 3x? (1 — x2)”: £0) = 1, 
f(0) = 0, f”(0) = 1 > L@&) = 1andQ@) =14+ 


36. f(x) =coshx => f’(x) = sinh x and f”(x) = cosh x; f(0) = 1, f/(0) = 0, f”(0) = 1 => L(x) = 1 and Q(x) = 1+ x 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


Section 11.9 Convergence of Taylor Series; Error Estimates 








37. f(x) = sin x f'(x) = cos x and f"(x) = — sin x; (0) = 0, f’(0) = 1,f”(0) =0 = L(x) = x and Q(x) = x 














38. f(x) = tanx f’(x) = sec? x and f(x) = 2 sec? x tan x; f(0) = 0, f/(0) = 1, f” = 0 L(x) = x and Q(x) = x 


11.9 CONVERGENCE OF TAYLOR SERIES; ERROR ESTIMATES 








ll 
Me 
ate 


1, ®&H1+x4+2 +... 


n! 


Seba 14 (5x) + GP +. = 1-5 ¢ ey oe 
n=0 


5 
ll 
o 























2 So x) 2 3 
Rs x = x -x/2 _ oa a (3) ee ee ae ee 
2. € Setar = 2 e > eW=14(S)+ 5h 4+... =1-54+5,-Ht-- 
n= 
co 
_ (=)?x" 
=) 2"n! 
n=0 
‘. 3 5 CO yay 2041 . _y)3 _ yi 
3, sinx=x-$+5-.. =>) Ges 5 sin (—x) = 5 {( gore 
n=0 
= 3 5(—1ynt tat 
ar CLES) 
. 5 OO _y)ny2nt1 , mx)3 mx) ax)\7 
4. snx=x-S+¥8-... = oo > sn = 2% @ +@ @ te gcs 
! ! = ! 1 1 i 
(- 1)"7 2n+1 x2n+l 
=> “Saree 
co n 1/2 
—1)8x20 oes 1)"| (x+1) (=1)(x+1)" 1 41)? +1? 
5. cosx =) Say => cos Vx +1 ee => el oe ae a ac 

















co CO 
n n n+ 
7 c= 3 $s xetax(S §)-¥! x+x*+y+y+qt+ 
n= n= n= 





co 
‘ -_ (—1)8x20t1 2 _ (H1)ax2t) 1)"x: 2n+1 (- 1)x 2n+3 23 x5 x? x? 
8. sinx = ae Qntpr — * sin x = x 3 “@nti! => Gee ee ge ay eee 
i= 








[oe] co 
—1)"x2" 2 2 = 2 8 
9. cos x = J) ont oe =e Na La a ae a oe ee 
nh 








—® x x = (=1)?x" 
=a a + a in => On)! 


1)®x 2n+1 


(= 1px2et) 4 (- 1)"x 2n+1 3 
10. sinx = “aor sinx-—x+% = & Gari! ) X+ 5, 





5 1 yagtorl 


a ae aa! xe i ee x 4 a! it = 6 
= 3! 5! 7 9! 11! ae 3! 5! 7 9! 11! aoe = (2n+1)! 




















ie] (-1)9x2" 2 (—<D\(ax)" iS (= 1222 x3 xd nox? 
ll. cosx= » mi = X COS TX = X » oni = » Gl = = +75 ae 
n= n= n= 
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_ SS Ep 2 _ 2S (px? 9 x8 | xl x 
12. 2 ni =X" cos (x 2 > cue => Opp ee or ay er ee 
a | cos 2x __ (-Dt'@x)" Dx)? (2x)? (2x)! (2x)° (2x)8 

13. cos*x= 5+ S54 = oe Or = ata aL at ay ot Br aoe 

== (2x)? (2x)4 (2x) (2x) = (—brxyr (18 2207! x20 

Soy par cee Oar =1+5 2-Qny! =1+5 — Qn! 

- 2, — (1l-cos2x\ _ 1 1 1 1 (2x) (2x)! (2x)? _ (2x (2x)! (2x)? 
14, sin’ x = ( 2 ) = 3-7 008 2x = 5 i( mo a a ee) = gar gar? ae 

n 9 2n— ij x2n 


co co 
= (=1*1(2x)" (-)) 
_ Z 2-(2n)! — » (2n)! 
n= 








5. =e (7 


—2x 


) =x? Dx = Dy 2x? = x? + 2x? + 2x4 + 28 +, 
n=0 


n=0 








co _yyn-1 n oS —_yyn-lonyn4+1 5 
16. nd4oj=%5° "2 = 5" 1) = 292 Bad 4 Dix! 24 5g. 


n=1 


17, Pe Le ae to. Se eG) = ee Se ee te Se 


= 3 (n+ 1)x® 





18, —2 = 5( =e (ay) = 2 (142x+43x? +...) =24+ 6x4 12x? +... => nf@— 1x?” 


—x)? 1— 
O=s) - n=2 


=5 G4 2G4De 
n=0 


Ixf? 


19. By the Alternating Series Estimation Theorem, the error is less than = => |x|” < (5!) (5 x 1074) 
=> |x/> < 600 x 10-4 = |x| < \/6 x 10-2 = 0.56968 


(5) 


20. Ifcosx =1—4 “ and |x| < 0.5, then the error is less than ee |= = 0.0026, by Alternating Series Estimation Theorem; 
since the next term in the series is positive, the approximation | — - is too small, by the Alternating Series Estimation 
Theorem 


21. If sin x = x and |x| < 10~°, then the error is less than a - y = 1.67 x 107!°, by Alternating Series Estimation Theorem; 





The Alternating Series Estimation Theorem says R(x) has the same sign as — a Moreover, x < sin x 


=> 0<sinx —x=Rx) > x <0 5 -10° <x<0. 






22, ~l+x=1+35- = + = —.... By the Alternating Series Estimation Theorem the |error| < = 
= 1.2510" 
23. ee cB < 1.87 x 107+, where c is between 0 and x 




















24. |Ro(x)| = oY = 1.67 x 10-4, where c is between 0 and x 
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28. 


29. 


30. 


31. 


32. 


33. 


34. 


Section 11.9 Convergence of Taylor Series; Error Estimates 





a 5 5 
[Ra(x)| < | Sesh x8 < Sts . OS" — (1,13) ©” ~ 0.000294 











ech? 
2 











< e-lb-h < (yon) h 


If we approximate e" with 1 + hand 0 < h < 0.01, then |error| < : 


= 0.00505h < 0.006h = (0.6%)h, where c is between 0 and h. 
































Ril = |aty @) <2 = [A |x| < 01 |x| = (1%) |x| > [8] <.01 > 0< |x| <.02 
tn tx=x-E 42-84... > totem 1=1-141-14... ; |error| < 54, < 01 
=> 2n+1> 100 > n>49 

(a) sinx =x — x + x — x +..5> ns =] x + x x +...,8, = lands =1— < ; if L is the sum of the 
series representing sn x, then by the Alternating Series Estimation Theorem, L — s; = sinx —1<Oand 
L—s,= wa (1 <) > 0. Therefore 1 — x < won <1 

(b) The graph of y = sinx , x # 0, is bounded below by the 
graph of y = 1 — xe and above by the graph of y = | as 
derived in part (a). 

(a) csx=1-5+5-F 4... => l-cosx=5—-"¥ 42-44... => 1a osx — } x +8 ae 
if L is the sum of the series representing + —7 ~ , then by the Alternating Series Estimation Theorem 
L — 5, = 1-984. — } < O and 1=ges - (1-2) > 0. Therefore } — | < loose < h. 

(b) The graph of y = 1 —7* is bounded below by y 
the graph of y = 5 — sl and above by the graph of 
y= $ as indicated in part (a). 

sin x when x = 0.1; the sum is sin (0.1) © 0.099833417 


cos x when x = “4; the sum is cos (4) = +. » 0.707106781 


4 5 
tan~! x when x = . : the sum is tan~/ (3) = 0.808448 


In (1 + x) when x = 7; the sum is In(1 + 7) & 1.421080 
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35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


45. 


46. 
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sinx=O4xtxtts (+a) tx (+h) +e (h- HATA HMR H ATA) 


= 2,1 ,3 1,5 1 \6 
=x+x + 3X 30 X 90 X a 





ecosx=14+x4tx(-Z4+y)48(-—HtH te (G-HF+tH +e (H-HGtS)+- 


=]4+x—1!,x3_1,4 Xt... 











+24 — (l—cos2x\ _ 1 1 a, 1 1 (2xy (2x)4 (2x)° _— 2x 28x? Px! 
sin’ x = (=$8%*) = 3 — 5 cos 2x = 5 ae a a ob) = or — ar + Gr 








d 2 d [ 2x? 2x4 25 x6 2x) (2x) 2 . 
=> as (sin* Xx) = £ (3 ome sda) =2x- 4 Gry +... => 2sin x cos x 
3 5 \g 
= 2x Gx) + Gy oe +... = sin 2x, which checks 











ori 2 4 6 8 2 344 56 vee 
cos? x = cos 2x + sin? x = (1 oY + @ + @ +...) + (3 a + 7% = +...) 








= Ox? 23x4 2°x8 = {+2 1,4 2 56 1 8 
ay a a bere S LOX + GX — EX + FRX 


A special case of Taylor's Theorem is f(b) = f(a) + f’(c)(b — a), where c is between a and b > 
f(b) — f(a) = f’(c)(b — a), the Mean Value Theorem. 


If f(x) is twice differentiable and at x = a there is a point of inflection, then f(a) = 0. Therefore, 


L(x) = Q(x) = f(a) + f"(a)(x — a). 


(a) f” <0, f'(a) = 0 and x = a interior to the interval I > f(x) — f(a) = ach (x — a)” < 0 throughout I 
= f(x) < f(a) throughout I = f has a local maximum at x = a 





(b) similar reasoning gives f(x) — f(a) = on (x — a)? > O throughout => f(x) > f(a) throughout I => fhasa 


local minimum at x = a 


f(x)=(-x)! = fl =(-»? = f(x) =21 —/) = £O~@ =60 - x4 


= £4 (x) = 24(1 — x)”; therefore ele xt Pt xX8 [xl <Olo P< b<Pes re 





< (3) 


< (0.1)! (42)° = 0.00016935 < 0.00017, since Is "G9 





(i-x)? 


5 
ax (2) => the error e3 < 





max £4 (x) x4 
4! 


> |air 














(a) f®)=(1+x* > ff =k +x)! => f(x) = k(k— I +x); £0) = L, f/) =k, and f”(0) = k(k — 1) 
=> Q(x) =1+kx+ “4 
(6) [Ro@)| = [42 8] <a > l< qm > 0<x< 





mu or0 <x < .21544 





(a) LetP=x+7 |x| = |P — | < .5 x 10 since P approximates 7 accurate to n decimals. Then, 
P+ sin P = (7 +x)+sin(a + x) = (47 +x)—sinx =7+4+(x—sinx) => |(P+sinP)—7| 








3 
= |sinx — x| < kl < O28 x 1077" < .5 x 1073" = P+ sin P gives an approximation to 7 correct to 3n 


decimals. 


If f(x) = 3 anX", then f{* (x) = 3 n(n — 1)(n — 2):--(n — k + Lax" and £0) =k! ay 


n=0 n=k 
a) 





>aA= for k a nonnegative integer. Therefore, the coefficients of f(x) are identical with the 


ee coefficients in the Maclaurin series of f(x) and the statement follows. 


Note: feven > f(—x) = f(x) => —f'(—x) =f'(x) = f’(—x) = -f'(x) = f' odd; 
f odd f(—x) = —f(x) —f'(—x) = -f'(x) => f'(—x) =f'(x) => f’ even; 
also, fodd = f(—0) = f(0) => 2f(0) =0 f(0) = 0 
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(a) If f(x) is even, then any odd-order derivative is odd and equal to 0 at x = 0. Therefore, 








ay = a3 = a5 =... = 0; that is, the Maclaurin series for f contains only even powers. 
(b) If f(x) is odd, then any even-order derivative is odd and equal to 0 at x = 0. Therefore, 





ag = ag = ay =... = 0; that is, the Maclaurin series for f contains only odd powers. 





(a) Suppose f(x) is a continuous periodic function with period p. Let xo be an arbitrary real number. Then f 
assumes a minimum mj, and a maximum mg in the interval [Xo, Xo + p]; i.e., my < f(x) < mp for all x in 
[Xo, Xo +p]. Since fis periodic it has exactly the same values on all other intervals [xo + p, Xo + 2p], 
[Xo + 2p, Xo + 3p], ... , and [xo — p, Xo], [Xo — 2p, Xo — p], ... , and so forth. That is, for all real numbers 








—oo < xX < co we have m, < f(x) < mp. 
—M < —|m,| < m, < f(x) < my < |my| <M => |f(x)| < M forall x. 


(b) The dominate term in the nth order Taylor polynomial generated by cos x about x = a is sin() (x — a)" or 





oe (x — a)". In both cases, as |x| increases the absolute value of these dominate terms tends to oo, 
causing the graph of P,(x) to move away from cos x. 
3 5 = 
(b) tan7!'x =x — = Sas Ss SS sin x 
1 


= 37 x +... 3 from the Alternating Series 








* a =! = 
Estimation Theorem, —“}— — ; <0 
x—tan7! x 1 x2 1 x—tan7!x 
=> 3 (3 S)>O0 > $< ues 
1 x? x —tan7! x 1 
gS es herefore, the lim 3 = 3 





(a) e'™ = cos(—m) +isin(—7) = —1 +i(0) = — 
(b) ei"/* = cos (#) +isin(#) = 5, +4,=(J 1 5) +i) 
(c) e ~it/2 = cos (— £) +isin (— t) =0+i(- 1)=-i 























e? —cos@+isind > ee? =e—® = cos(—0) +i sin(—0) = cos 6 — isin @; 
j A ry . oe id —i0 
e9 + ei? — cos A +isind +cos 6 —isind =2cosd > cosé= a 
elf _ if 
2i 


e? — e-” — cos 8+ isin 6 — (cos @ —isin 0) = 2isind > sind = 


ee =1+xt+h +E +84... : = el —1419 4+ 4 GO, OO and 























‘ +9)3 4 
on = 1 594 GE 4 Gi y Git yy ig 4 GO am? 5 
2 3 4 . 2 3 sod 
“ket (1+io+ 4 Ps) (1-9 + Ge -  a 
2. 2 
aa us = cos 6; 
= a 4 eh ? 
; ; (1+i 64 ca? 1 Go? Gay ) (1 i + Gor _ Ga, Gort ) 
ef ei u a ee i i, ral 3,0 al vet 
a 2i 
= ae, oe 
=0-7,+35-74+--. =sind 








e? —cos6+isind > e = ei(-*) = cos(—6) +i sin(—6) = cos 6 —isin@ 
-i0 


(a) e +e-” = (cos 6 +i sin 0) + (cos 0 —isin#) =2cos6 > cosd= fte* = cosh id 
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ei? _ 9 i 





(b) e —e-® = (cos 6 +isin 8) — (cos 0 —isin 6) = 2isind > isind= = sinh id 
53. esinx=(1+x+54+54+5+...) (x-§4+5-H4+..) 
= (Ix + (Dx? + (—£+ 9) 84 (-24+4)'4+ (W-Dt HOH. Hxt Wt RP -—Hwet..; 


T 
e* - el — ell tix — 6X (cos x + i sin x) = e* cos x + i(e* sinx) = e* sin x is the series of the imaginary part 





: ; ed “yn +y)2 7y)3 ‘x4 
of e('+9* which we calculate next; e!+)* = ys SM = 1 +4 (x + ix) + aH + ae + Swe , 
2 ol 





=14+x+ix+ 4 (2ix”) + 3 (2ix? — 2x*) + 7 (—4x*) + 3, (—4x° — 4ix®) + J (—8ix®) +... => the imaginary part 


(1+i)x ; 2 2 2:23 45 8 \6 _ 2,1,3_1/,5_ 1,6 - i 
of e ISX + 3) X° + 3X 5) X eX bees =XFX'+3X 39 X 90 X te in agreement with our 








product calculation. The series for e*sin x converges for all values of x. 


54. a (e+) = £ [e**(cos bx + i sin bx)] = ae**(cos bx + i sin bx) + e**(—b sin bx + bi cos bx) 


= ae**(cos bx + i sin bx) + bie®*(cos bx + i sin bx) = ae@+i)x + jbel@tib)x — (a + ib)e(@tib)x 


55. (a) ele! = (cos 6, +i sin 0,)(cos 6) +i sin 62) = (cos 6,cos 6) — sin 0;sin 6) + i(sin 0,;cos 82 + sin Acos 61) 
= cos(9; + 65) +i sin(O, + O5) = ell +) 


(b) e~'® = cos(—O) + i sin(—0) = cos 6 — i sin 6 = (cos 6 — isin 6) pee) = aa = + 








56. oat e(@tbix + CO, +1Cy = (2-3) e**(cos bx + i sin bx) + Cy + iC» 


= a (a cos bx + ia sin bx — ib cos bx + b sin bx) + C, + iC 
= ‘> [(a cos bx + b sin bx) + (a sin bx — b cos bx)i] + Cy + iCy 


= 72 














ax ( 


__ e*(a cos bx + b sin bx) ie**(a sin bx — b cos bx) : 3 
= oe ee 


elatbi)x — eax gibx — @4%(cog bx + i sin bx) = e® cos bx + ie sin bx, so that given 


f elatbi)x qx = a e(@+bi)x + Cy) + iC) we conclude that J e® cos bx dx = 2200s bx+) sin bx) cost ia a, 


a AX (9 sj = 
and f e®* sin bx dx — © @sin bx—b cos bx) we iP ca ge 


57-62. Example CAS commands: 
Maple: 

f := x -> I/sqrt(1+x); 
x0 := -3/4; 
xl := 3/4; 
# Step 1: 
plot( f(x), x=x0..x1, title="Step 1: #57 (Section 11.9)" ); 
# Step 2: 
P1 := unapply( TaylorApproximation(f(x), x = 0, order=1), x ); 
P2 := unapply( TaylorApproximation(f(x), x = 0, order=2), x ); 
P3 := unapply( TaylorApproximation(f(x), x = 0, order=3), x ); 
# Step 3: 
D2f := D(D(f)); 
D3f := DD(D(f))); 
D4f := DD(DM()))); 
plot( [D2f(x),D3f(x),D4f(x)], x=x0..x1, thickness=[0,2,4], color=[red,blue, green], title="Step 3: #57 (Section 11.9)" ); 


cl := x0; 
M1 := abs( D2f(c1) ); 
c2 := x0; 


M2 := abs( D3f(c2) ); 
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c3 := x0; 

M3 := abs( D4f(c3) ); 

# Step 4: 

RI := unapply( abs(M1/2!*(x-0)42), x ); 

R2 := unapply( abs(M2/3!*(x-0)43), x ); 

R3 := unapply( abs(M3/4!*(x-0)4), x ); 

plot( [R1(x),R2(x),R3(x)], x=x0..x1, thickness=[0,2,4], color=[red,blue, green], title="Step 4: #57 (Section 11.9)" ); 

# Step 5: 

E1 := unapply( abs(f(x)-P1(x)), x ); 

E2 := unapply( abs(f(x)-P2(x)), x ); 

E3 := unapply( abs(f(x)-P3(x)), x ); 

plot( [E1(x),E2(x),E3(x),R1(x),R2(x),R3(x)], x=x0..x1, thickness=[0,2,4], color=[red,blue,green], 
linestyle=[1,1,1,3,3,3], title="Step 5: #57 (Section 11.9)" ); 


# Step 6: 
TaylorApproximation( f(x), view=[x0..x1, DEFAULT], x=0, output=animation, order=1..3 ); 
LI := fsolve( abs(f(x)-P1(x))=0.01, x=x0/2 ); # (a) 


R1 := fsolve( abs(f(x)-P1(x))=0.01, x=x1/2 ); 

L2 := fsolve( abs(f(x)-P2(x))=0.01, x=x0/2 ); 

R2 := fsolve( abs(f(x)-P2(x))=0.01, x=x1/2 ); 

L3 := fsolve( abs(f(x)-P3(x))=0.01, x=x0/2 ); 

R3 := fsolve( abs(f(x)-P3(x))=0.01, x=x1/2 ); 

plot( [E1(x),E2(x),E3(x),0.01], x=min(L1,L2,L3)..max(R1,R2,R3), thickness=[0,2,4,0], linestyle=[0,0,0,2], 

color=[red,blue,green, black], view=[DEFAULT,0..0.01], title="#57(a) (Section 11.9)" ); 

abs(f(x)--P*[1](x) ) <= evalf( E1(x0) ); # (b) 

abs(f(x)--P*[2](x) ) <= evalf( E2(x0) ); 

abs(f(x)--P*[3](x) ) <= evalf( E3(x0) ); 
Mathematica: (assigned function and values for a, b, c, and n may vary) 

Clear[x, f, c] 

flx_]J= (1+ x)? 

{a, b}= {—1/2, 2}; 

pf=Plot[ f[x], {x, a, b}]; 

poly1[x_]=Series[f[x], {x,0,1}]//Normal 

poly2[x_]=Series[f[x], {x,0,2}]//Normal 

poly3[x_]=Series[f[x], {x,0,3}]//Normal 

Plot[{f[x], poly1[x], poly2[x], poly3[x]}, {x, a,b}, 

PlotStyle — {RGBColor[1,0,0], RGBColor[0,1,0], RGBColor[0,0,1], RGBColor[0,.5,.5]}]; 

The above defines the approximations. The following analyzes the derivatives to determine their maximum values. 

f"[c] 

Plot[f"[x], {x, a, b}]; 

f'"[c] 

Plot[f" [x], {x, a, b}]; 

f""[c] 

Plot[f'" [x], {x, a, b}]; 
Noting the upper bound for each of the above derivatives occurs at x = a, the upper bounds m1, m2, and m3 can be defined 
and bounds for remainders viewed as functions of x. 

ml=f"[a] 

m2=-f"[a] 

m3=f""[a] 

rl[x_]=m1 x? /2! 
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Plot[r1[x], {x,a,b}]; 

r2[x_]=m2 x? /3! 

Plot[r2[x], {x, a, b}]; 

13[x_]=m3 x4 /4! 

Plot[r3[x], {x,a,b}]; 
A three dimensional look at the error functions, allowing both c and x to vary can also be viewed. Recall that c must be a 
value between 0 and x, so some points on the surfaces where c is not in that interval are meaningless. 

Plot3D[f"[c] x2 /2!, {x,a,b}, {c,a, b}, PlotRange — All] 

Plot3D[f'"[c] x? /3!, {x,a, b}, {c, a, b}, PlotRange — All] 

Plot3D[f""[c] x* /4!, {x, a,b}, {c,a, b}, PlotRange — All] 


11.10 APPLICATIONS OF POWER SERIES 















































1 (+x? =14+4hx4+ GC + (2) Ca) 3) $+...=14hx-gxX4+Ex-... 

2 (+s) =1+4«+ GEES + is) a) (eg) tere 1 fig 14 338. 

3, (=x? =1-3( oe Seer, Cllr eMey & =14+5xter4+ 3x4... 
4, (1—2x)¥2 =141( ax) + Meer , DENCH r =1—-x—1x?—1,3 

5. (14+ §)? =1-2(8) + PGOO , eae’ 5 rng geist 

6. -(bs*) S03 (3) a ag 2X —* a ais =14+x+3 Pt 5+... 

1, 40) Siaiee (=5) (2) (sy 4 &3) Cats) (x) fo S128 4 3x8 — S94 

8 (14x ap tye CH EDOY CVENCDOY yaya yey 
Geigy eMENS pWEICNO, . aig ate, 

10. (1-2) a142(-2)4 MEVEH , WCDEDCH Ly 2_ 4 











ieee eee Gy! x Bon! if Caran = (tigi ge ea ays 











2 3 
12. (1+ x2)? =143x2 + BO) ) i. BAN 2) = 14 3x2 + 3x! + x6 





13. (1 — 2x)? = 1+ 3(—2x) + S@Car , Oana" — 1 — 6x + 12x? — 8x3 





4)3)(—*)? (4 @)2)(—%)*> | Ba) (—*)* 
14. (1—*)*=144( a) 4 ON x) rae GEC x) oe x) = 


3y2 143, 1 yA 
D 2x + 5X" — 9X” + gx 


15. Assume the solution has the form y = ag + a;xX + ax? +... + appx"! + agx® +... 


=> . =a, + 2agx+... +nayx™! +... 
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> dy + y = (a, + ag) + (Zaz + a1)x + (Bag + ay)x? +... + (mag + ap_1)x™ +... =0 
ree ee ee een ey ee ee ee Since y = | when x = 0 we have 
ay = 1. Therefore aj = —1, ap = 54 = $,a3 = = — oye ag = St = 
> y=1—-x+ixv—3x84...4¢ wy. ay CO Le 
n=0 


Assume the solution has the form y = ap + a,X + ajx? +... + ap_yXP7) +ayx™ +... 
y 


> w =a, + 2agx+... +mayx™! +... 























> dy — 2y = (a, — 2ag) + (2ay — 2a,)x + (Baz — 2ag)x? +... + (man — 2a,_1)x™! +... =0 
=> a, — 2a) = 0, 2ag — 2a, = 0, 3a3 — 2a2 = 0 and in general aac 1 = 0. Since y = 1 when x = 0 we have 
a = 1. Therefore a; = 2ay = 2(1) = 2, ag = 3a, = 2(2) = 3, a3 = 2 2=3(% ase, 
n—-1 n 

ay = (2) ap_1 = (2) (25) a2 = % => y=1+2x+2%? +233 ae +2 uss 

2 2 2x) Sax) 
=14 xt GF4 Org 4 Pe... =e Gx =e 
Assume the solution has the form y = ap + a,X + a x?+... + ap—yx"! + agx® +... 
> Y — ay + 2axt.. .+nayx®! +... 
> & _ y = (ay — ag) + (2ay — ay)x + (3a3 — ag)x? +... + (nay — a_1)x™ 1+... =1 


=> a, — ag = 1, 2a. — ay = 0, 3a3 — ag = 0 and in general na, — a,_; = 0. Since y = 0 when x = 0 we have 











= ay 1 ag 1 —_ a _ il Apia os, 
ay = 0. Therefore aj = 1, ag = > 7,4 =F 33°44 = GHG an SH SRD 
=> y=0F xt 3K theta t... tawst.. 

=(ltlxt+$eVP t+ hee port... thxt -)-1=D $-lae-1 


Assume the solution has the form y = ap + a,X + ajx? +... + apy XP) +ayx™ +... 
y 


> ay =a, + 2agx+... +mayx™! +... 
































> ® + y = (ay + ap) + (Zag + a1)x + (Bag + ag)x? +... + (nay + ay_y)x™ 1+... =1 

=> ay tag = 1, 2a. + ay = 0, 3a3 + ag = 0 and in general na, + a,_; = 0. Since y = 2 when x = 0 we have 

ao = 2. Therefore aj = 1 — aj = —1, a2 = Ff $53 =. —. vee Ag = St = CDP 

> y=2-x4+5xr-Axv 4... + OU te, =1+(1- x+5X—-Bxt.. + oxy...) 
io) —1)9x2 af 

= 14h GF sites 

Assume the solution has the form y = ap + a,X + a x? +... + ap—yx"! + agx® +... 

> Y — ay + 2axt.. .+nayx®! +... 

=> © —y = (a; — ap) + (Zag — a1)x + (Bag — ag)x? +... + (Man — an_a)x™ 1 +... =x 

=> a, — ag = 0, 2a. — ay = 1, 3a3 — ag = 0 and in general na, — a,_; = 0. Since y = 0 when x = 0 we have 

aj = 0. Therefore a; = 0, ag tt $53 S aS Spe ee SS 


=> y=040x+$rV4+ Beet poxtt t... tat... 





=(14+lx+$X?4+hx84+ G5xtt+... +4x74+...)-1-x= _j—-x=e*%—x-1 


Assume the solution has the form y = ap + a,x + ax? +... + appx"! + agx® +... 


> ay =a; + 2agx+... +nayx™! 4+... 
> dy +y = (a; + a9) + (Zaz + ay)x + (3a3 + ag)x? +... + (mag + ag_y)x™ 14+... = 2x 
=> a, + ag = 0, 2a. + ay = 2, 3a3 + ag = 0 and in general na, + a,_; = 0. Since y = —1 when x = 0 we have 
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ap = —1. Therefore a; = 1, ap 








—a: 1 = 
i a Cha i al er 





=> y=-lt+lxt+§rP-Axt+..t 





= (1-ik+4x?7- Bx +... + Sams...) —24+2x= >> CO _242x=0e%*4+2x-2 


n=0 



































21. y’ — xy = a, + (2a9 — an)x + (3a3 — ay)x +... + (nay — ay_2)x® 1+... =0 => a; =0, 2a, — ap = O, 3a3 — a, = 0, 
4a, — a2 = 0 and in general na, — a,_2 = 0. Since y = 1 when x = 0, we have ap = 1. Therefore ay = = 5, 
a a: 1 — a _ 3 1 = 
a3 = 3 = 0, a4 = P= 59-45 = F =O,.-. , Aon = gery ANd Am = 0 
12, 1 \4, 1 v6 1 2 SxS (=) 2/9 
= 1 J n _ : ae 4 
Saige Fog ir oag POOF cage eS 2 oe = 
n=0 n=0 
2 = 
22. y! — xy = a; + 2aox + (3a3 — ag)x? + (4aq — ay)x? +... + (man — ap_3)x™ 1! +... =0 a, = 0, a2 = 0, 
3a3 — ay = 0, 4a, — a; = 0 and in general na, — a,_3 = 0. Since y = 1 when x = 0, we have ap = 1. Therefore 
a 1 a a a. 1 1 
ag=F=7,4=7=0,a =F=0,a =F Feoce+ > Wn = TEQan > An+1 = O and asny2 = 0 
UW To Ft 1 3 S a BG) 3/3 
— n — x — =. ot 
> YH lt ge taggk taggk +. + zgocg e te = 4 3m ~ 24 al =e 
n= n= 


23. (1 —x)y’ — y = (a; — ap) + (Zaz — ay — ay)x + (3a3 — 2ay — ay)x? + (4ay — 3a3 — ag)x? 4+... 
+ (na, — (n — Lap_) — ap_)x™ 1 +... =O = ay — aq =O, Zag — 2a, = 0, 3a3 — 3a9 = O andin 
general (na, — na,_;) = 0. Since y = 2 when x = 0, we have ag = 2. Therefore 





ay = 2, a =2,...,a=2 > y=242x42074..=3)0 xt = 2 
n=0 


1-x 


24. (1 +x?) y! + 2xy = ay + (Zap + 2ap)x + (3a3 + 2a; + ay)x? + (4aq + 2ay + 2ag)x? +... + (May + nag_2)x™ 14+... 
=0 => a, = 0, 2a2 + 2a) = 0, 3a3 + 3a, = 0, 4a, + 4a. = O and in general na, + na,_2 = 0. Since y = 3 when 











x = 0, we have ay = 3. Therefore ag = —3, a3 = 0, ag = 3,... , Anny) = O, Aan = (—1)"3 
=> y=3—3x? + 3x4 -... = )) 3(-1)*x™ = 0 3 (-x’)" = a 
n=0 n=0 


25. y= ag tax + agx? +... tagx™ +... > y” = 2a9 +3-2agx+... tn(n— 1)a,x"? +... > y’-y 
= (2a) — ag) + (3 - 2a3 — ay )x + (4- 3a4 — ag)x? +... + (n(n — 1)ay — ap_2)X" 7 +... =O S 2a, — ay = 0, 
3 - 2a3 — a, = 0, 4 - 3ay — ay = O and in general n(n — 1)ay — an_2 = 0. Since y’ = | and y = 0 when x = 0, 





= _ = ae 11 _ | 2 
we have aj = 0 and a, = 1. Therefore az = 0, a3 = F744 = 0, a5 = sa3g 0° Atl = Gari and 
_9 _ 1\3 4, 1y5 es a 
a =O > yHxtayxe tye t+... =>) aap = Sinhx 
n=0 


26. y= ay tax + agx? +... tagx™ +... > y” = 2a9 +3- 2agx+... +n(n— 1)ax™? 4+... > y’+y 
= (2a + a9) + (3 - 2a3 + a;)x + (4- 3aq + ag)x? +... + (n(n — Lan + ap_2)x" 7 ++... =O S 2a + a9 = 0, 
3 - 2a3 +a, = 0, 4- 3a, + ag = 0 and in general n(n — 1)ay, + an_2 = 0. Since y’ = 0 and y = | when x = 0, 





_4)0 
we have ap = | and a, = 0. Therefore ap = — }, a3 = 0, a4 = ghy,a5 = 0,... , amg =O and ay = GY 
co 
_ 1,2, 1,4 = (=18x 
=> y=1—5x°+ Gx —... =) Gor = 00sx 
n=0 


27. y= ap tax + ax? +... tayxt+... > y” =2a94+3-2agx4+... tn(m— lax*?4... > y’+y 
= (2a + ag) + (3 - 2a3 + a1)x + (4- 3aq + ag)x? +... + (n(n — Lan + ap_2)X" 7 +... =X => Zap + an = 0, 
3 -2a3 +a, = 1,4 - 3a, + a2 = O and in general n(n — 1)ay + a,_2 = 0. Since y’ = 1 and y = 2 when x = 0, 


—yyn+l 
we have ap = 2 and a, = 1. Therefore ag = —1, a3 = 0, ag = i545 =0,... , 4, = —2- Co and 
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29. 


30. 


31. 


32. 


33. 


34. 
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1yptty2n 


Om =X + cos 2x 





aongt =O > y= 2+x—-x724+2-H4...=24x-2y> © 
n=1 


Y = ap + ayx + agx? +... bagx™ +... > y” = 2a. +3-2agx+... +n(n— 1)a,x" 2+... > y’-y 








= (2a) — ag) + (3 - 2a3 — a;)x + (4 - 3aq — ag)x? +... + (n(n — 1)aqn — ap_2)x" 7 +... =x => Zap — an = 0, 
3 - 2a3 — ay = 1, 4- 3a4 — ap = O and in general n(n — 1)a, — an_2 = 0. Since y’ = 2 and y = —1 when x = 0, 
we have ay = —1 and a; = 2. Therefore ay = = a3 = 5a = say a5 = sty = ayo 5 ay = oa 

oO on 28 2n+1 
and amit = Gari => y=—-14+2x-$x?4 3x3 —... =-142x SS Gar oo Gal 

n=1 n=1 


¥ Sag ak = 2) g(x = 2)" 4.5 Ha (a — 2)" Hs 





=> y" = 2a) +3-2a3(x —2) +... +n(n— Da,(x —2)"7 4+... > y’-y 

= (2a) — ag) + (3 - 2a3 — a; (x — 2) + (4- 3ay — ag)(x — 2)? +... + (n(n — L)ay — an_2)(K — 2)? +... = —x 

= —(x — 2) -—2 = 2a. — ap = —2,3- 2a3 — ay = —1, and n(n — 1)a, — a,_2 = 0 for n > 3. Since y = 0 when x = 2, 
we have ag = 0, and since y’ = —2 when x = 2, we have a, = —2. Therefore ay = —1, a3 = —}, a4 = 73(-1) = GH. 
a5 = ai 1) = a 22.5 On = cae and agy41) = garnet Since a; = —2, we have a;(x — 2) = (—2)(x — 2) and 


(—2)(x — 2) = (—3 + 1)(x — 2) = (—3)(x — 2) + (1)(x — 2) =x —2-3(x—2). 
S403 — 2) = 2 AR 2) = 2G oy = i 2) 

















2! 31 4 5) 
=> y=x-2—2(x—2)7 — 2(x-2)* -—...-3(x —2)x— 3(x—- 2)? —- 3(x-2/° 
CO (x28 (x 2yentl 
=>y=x 22, oa 3, Soa, 
y’ — x’y = 2ag + 6agx + (4- 3aq — ag)x? +... + (n(n — 1)ay — ap_g)x" 7 +... =0 2a = 0, 6a3 = 0, 





4 - 3a, — ag = 0,5 - 4as — a; = 0, and in general n(n — 1)ay — an_4 = 0. Since y’ = b and y = a when x = 0, 





a b a b 
we have ap = a, a1 = b, a2 = 0, ag = O, ag = 5G, a5 = G5, a6 = 0, a7 = O, ag = 5G 7y> A = TEED 


> ysatbxt xt gx + sage t+ agg t.. 




















y" + x?y = 2ao + 6agx + (4- 3ay + ag)x? +... + (n(n — 1)ay + a,_4)x" 7 +... =x 2a. = 0, 6a3 = 1, 
4 -3a4 + ag = 0,5 -4a5 + a, = 0, and in general n(n — 1)a, + a,_4 = 0. Since y’ = b and y = a when x = 0, 
we have aj = aand a, = b. Therefore ap = 0, a3 = sau =— 378 = — 2a =0,a7 = seks 





=> y=a+tbx+ re x? 34 xt x” a xt + ote + “Bs Fee. 

y” — 2y' +y = (2ag — 2a; + ag) + (2 - 3a3 — day + ay)x + (3 - 4ay — 2 - 3a3 + ag)x? +... 

+ ((n — 1)nay — 2(n — 1)ap_) + an_2)xX™ 2 +... =O => 2a — 2a; + a9 = 0, 2- 3a3 — 4an +a, = 0, 

3 - 4a, — 2 - 3a3 + ay = 0 and in general (n — 1)na, — 2(n — 1)ap_) + an_2 = 0. Since y’ = 1 and y = 0 when 











when x = 0, we have ag = 0 and a, = 1. Therefore ap = 1, a3 +, a4 és a5 ag and = Gy 
2,13, 1,44 1 5 xt A xntl x? x 
> ySHxXtxe+5xt ext gx Fae = 2 ao 2a a =e ger 
n= n= n= 


2 


02 0.2 : rr P a 0.2 37 0.2 
f sin x? dx = f° (P-F45-...)dx=[S-a4...] Ee =~ 0.00267 with error 
|E| < &% ~ 0.0000003 


Ooh <2 02 0.2 , 
J, Stas fp i (-x4+ 5-848 -.. -1)ax= fp (143-848 -...) 


x? x ve : (0.2)4 
=([-x+$-§ +...) © 0.19044 with error [E| < G2" ~ 0.00002 
0 
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35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


0.1 1 0.1 x4 3x8 x8 0.1 01 : 
f og dx = ff (1-$4+%-...)dx=[x-54...] = [x]9” © 0.1 with error 
IE| < ©" — 9.000001 


0.25 4 5 0.25 ex! A. ss 0.25 3] 5 ; 
fi 1+x dx= fi (44+ 9-$4...)ac= [e+ 9-H +...] ~ [xt 5] & 0.25174 with error 


|E| < ©25"  0.0000217 

















ie 2) q a. 1 2 x! x x® dx = x x? x! ae x3 x 
» exp(—x") dx = J, Se a ge ee) SS a a a es Pe = ar ag 


~ 0.0996676643, |E| < GP = 4.6 x 10°” 





3! 
1) (a1) (= 3) (23 
G ( at 3) ( 3) (1)-7/2 (x4)* Bes =1+*% * +2 BY 


a xt)? = ayy + Gaye ee 4 DED (1-972 (eH? 4 WED ED ys 4? 
4@ 

0.1 4 x8 x2 x16 “ 0.1 
=> f. (1+5 3 + 16 +. ) dx [xt 5] AY 











< OY 139 x 10-1 






































Le eee 1 2 4 6 8 3 5 7 o ]1 
J, (=38) dx = f°(3 Bit i ...) dx [$- en + a — At st], 
= 0.4863853764, |E| < 745 ~ 1.9 x 107!° 
1 2 P ra 8 1 
freosPa= fi(i-44+8-9+4.. ) dt = [t= {+ sn — bart] = lemor < dg ~ 00011 
1 1 2 3 2 3 5 1 
feos viat= J (1 a+ 4% te sue) St a? al cat aa wal 
= |error| < <4, ¥ 0.000004960 
F(x) =f pe jf Oa... d= B tv i tH {15 6 A? ep BE oe oe 
x) = TT 7 = |3 — 731 Test — 157 0. 3) Tat IPS 
=> |error| < 74, © 0.000013 
- ss 2 4 rig é 10 ti? _ be e t ra rt 8 = 
Fo = f(t Uta-at a it )at= 5 + 7a — og + ital — iss T+ P 


3 5 7 


XxX xX x x? xl 
Se He bo oat Tap oS lenor| < asi © 0.00064 





* 3 5 7 2 4 6 ss 2 4 0.5 
(a) Fa)y= fo (t-$ 45-54...) a= [$-f4+5-..] © 5-H = error < GH ~ 00052 


x2 x4 x6 x8 x32 
(b) error] < x43 © .00089 when F(x) = © — 44+ 4-444... +(-DP Sp 





e 


2 3 * x Xx’ x x) 
@ Fay= fP(1-$4+5-$+..)a=[t-S+8-8+8-..] ox-b4+9-F4h 
=> |error| < os) 2” = 00043 
(b) |error| < Ay © .00097 when F(x) &x-— + 5-H +... (D2 3G 
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47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


D9. 


56. 


57. 


58. 















































Section 11.10 Applications of Power Series 
$(*-C4w0)=h((1tx4+ 5454...) -1-x)=h4 5454... > jim Sots 
= lim, ($+34+9+..)=3 
betes) =2[(1+x+ +5454...) (1 cet es = )) =i (e+ 4+ +...) 
2 4 6 “§ Xo Ack if 2 4 6 
H24 BeBe > tim SS = lim, (243+ B+ H+...) =2 
2 2 4 6 2 4 : 1—cos t— = 
+ (cere eae es) ee ee, ain SE 
* 2 4 
= lim (-h+h-84+-.)=-4 
1 Ch : 1 3 3 e 1 2 64 : sin—0+ (©) 
i (0+ € +sin) =} (-0+ $40 att si )=4-G45- = lim, os 
a ae 1 e ot Peel 
gm, (— f+ —--) = th 
il -1 _ 3 3 5 1 2 A : —t =1 = Fe 1 2 A 
x (y — tan y=sly (y F+% )])=4-54+5- > lim, SHA* = tim, (G-F+ 5 -...) 
1 
~ 3 
3 5 3 5 3 5 2 
sce (» Bye ss) (s ee =e (-= 23y -...) (-4+3F-...) 
y>cosy y® cos y _ y® cos y a cos y 
1, 23y? 
: tansty—siny _ q; (-4+ 5! -...) = 1 
> o, y® cos y ~~ pul cos y ~~ 6 
x (-1+e7") aoe (al hace ees) Se eee Se (ew 1) 
_ 1 1 _ 
= lm (loa gee) Sl 
‘ 1\_ 1 1 1 1 1 
(x + 1) sin (5) = G1) (4 3s + se +P s) =1- yep + sea 
































sf 1) 7 1 1 _ 
= lim, «+ D sin (<q) = x lim, (1 Sixtiy + Sar i) =i 
xi , x6 1 x | xt 1 mje 
x= = => lim = lim =2!=2 
1 —cos x 1-(1-5+%-...) (43+) x30 1 —cosx x0 (- rt) 
x4 (x = 2)(x +2) = x+2 : x? 
= - = > lm -—, 
In(x — 1) [ox 2) ey es ‘| [1-352 + S52 -...] x32 ma«-D) 
= lim x12 | =4 
x 2 [! 2 p &= 2)" | 
In (+22) = Ind +x)-In('=x)=(x-S 44-84 ) (-x ee ae )=2(x+ 5454 ) 
T—x a er a gg gS gg hes 
2 3 4 —7ye-lyn _4yn-1lyn 
In Psp ew = Sb =F ass + WE, => |error| = jor = =a when x = 0.1; 


1 
nl0° 


=o 
108 





< 


=> nl0" > 108 whenn > 8 = 7 terms 
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59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 








Chapter 11 Infinite Sequences and Series 
a, en x3 x? x? x? (—1)971 20-1 — feprbent] 4 age 
fan RS RSF a He ae ee ee lerror| = | mot | = rz When x = 1; 








4 < Td =>n> 1001 = 500.5 = the first term not used is the 501“ = we must use 500 terms 


x2ntl 2n-1 


( 1 yp 1,2n— 1 
2n+1  x@n-T 


x! x? = i 2 : 2n—1 
as ee +... and, lim. li 


n—oo /2n+1 





I=” 








=X 











=> tan! x converges for |x| < 1; when x = —1 we have 5) ey ” which i is a convergent series; when x = 1 


n=1 


1x diverges for |x| > 1 








3 5 7 9 n—1y2n-1 . : = 
tan-'x =x ee ee ce she iF 7 +... and when the series representing 48 tan . (+) has an 
error less than ; - 10~°, then the series representing the sum 


48 tan“! (+) + 32 tan~ (+) — 20 tan“! (535) also has an error of magnitude less than 10~°; thus 


ae 2n-1 
|error| = 4g) < sig => n>4 using acalculator = 4 terms 


2 4 6 


In(sec x) = frtantdt= fo (t+ $+ +...) die S++ 


Bp 
+ 


(a) G27" xi-= 4 3h 4 5 > sin x ex + © 4+ 3 +X; Using the Ratio Test: 


lim 1-3-5---(2n— 1)(2n+ 1)x*"*3 2-4-6. --(2n)(2n + 1) (2n+1)@2n+1) 
n— oo | 2-4-6---(Qn)(2n+2)(2n+3) = 1-3-5---(Qn—1)x2"t1 (2n + 2)(2n + 3) 


2 





<1l=> x im. Fecstess |<! 





=> |x| <1 = the radius of convergence is 1. See Exercise 69. 


5x" 





d 1 ae _ 2)-1/2 Sle Tete S&S a x 3x5 5x’ \ oa x 3x9 
(b) = (cos~* x) = —(1 —x’*) => cos x= 5 —sin xe 5 ee ee a) He 





@) (+2)7? & a? + (—2) a9? (2) + GP DOre?  CHCD EDO EY 








= e 3tt 3-519 a 3x’ 5x" 
=1l- j+3y -ay => sinh” xe f(l-$4+8-#) dx 84 - 


(b) sinh7! () ~ 5 - ti + 056 = 0.24746908; the error is less than the absolute value of the first unused 





1 
evaluated at t = ; since the series is alternating = |error| < 5 (4) = 2.725 x 10° 


5x7 
term. 7 


> 112° 








-1 1 d -1 1 d 
ee = Tie = Tt x - 4-2. > EG) = = £(-1+x-x+x3-...) 


= 1] —2x+3x?-— 4x9 +... 





pow = 14 KP 4x44 4... > acer het = A(t x? txt xt...) = 2x 4+ 4x3 + OP +... 


2-4-4.6-6-8---(2n — 2)-(2n) 
3-3-5-5-7-7---(an — 1)-(2n — 1) 





Wallis' formula gives the approximation 7 = 4 to produce the table 





n ~T 
10 3.221088998 
20 3.181104886 
30 3.167880758 
80 3.151425420 
90 3.150331383 
93 3.150049112 
94 3.149959030 
95 3.149870848 
100 3.149456425 
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Section 11.11 Fourier Series 757 


At n = 1929 we obtain the first approximation accurate to 3 decimals: 3.141999845. At n = 30,000 we still do 
not obtain accuracy to 4 decimals: 3.141617732, so the convergence to 7 is very slow. Here is a Maple CAS 
procedure to produce these approximations: 


pie := 
proc(n) 
local i,j; 
a(2) := evalf(8/9); 
for i from 3 tondo a(i) := evalf(2*(2*1—2)*i/(2*i—1)42*a(Gi—1)) od; 
[li.4*a@)] $ G = 0-5 .. n)] 
end 





1 
68. Inl =0;In2 =I1n 








1\3 1)? 1\" 
~2(44 Q) + Q) + Q) ~ 0.69314; In3 =In2+1n(3) =In2+In — 








Q) @, a 
eIn2+2( 54+ > + +9 + | © 1.09861; In 4 = 2 In 2 ~ 1.38628; In5 =In4 + In(j) =In4 + In — 





+ 
~ 1.60943; In 6 = In2 + In3 © 1.79175; In7 = 1n6 + In(7) = In6+ In ts ; ~ 1.94591; In 8 = 3In2 
~ (13 


r 2.07944; In 9 = 2 In3 & 2.19722; In 10 = In2 + In5 & 2.30258 











= — 1) (— 3) (4)-3/2 (_ x2)? 
69. (1— x?) 1/2 (Lax 2))1 _ = (1)71/2 a (- 5) (1)-3/2 ( x2) ie ell 2) (=x*) 
—1) (—3) (— 3) ay-72(-x2 2 n—1)x2" 
a es a a ea ae ae 
1/2 4 * 1-3-5-+-(2n — 1)x2" 1-3-5---(2n — 1)x2™41 
=> sin'x= fra t= fi (1 +> —— onal ) dt = 34--(OnOn+ 1)? 


where |x| < 1 








70. [tan-! t]°° = = — tan"? x = [= i. 




















= De Me Mt i 1 1 1 Be, als al, od tls 
ad & (2 ate et )dt= lim | t + 38 56 + ar | ~~ % ae + 5 Txt 
xX 

-lyem7_1ly di i 1 . -1q)*) =tan-! i dt 
= tan k= 8 2 ae oe > Tt [tae * tt xt+f=f[ 7% 
_ 4 1 1 1 1 a 1 1 1 te 1 
=, jim | [ tt 38 56 1 FF |S= zt og xe + 7 => fan X= 2 x 3x3 5 + ? 
x<-l 





4 =| tan (tan7!(n+1))—tan(tan“!'(n—1)) _ (n+1)—(n-1) _ 2 
71. (a) tan (tan (n+ 1) — tan” (n 1)) ~~ 1+ tan (tan~! (n+ 1)) tan (tan~! (n — 1)) 1+@+Dmn—-1)” 





(b) tan“! (3) = y [tan~! (n + 1) — tan! (n — 1)] = (tan! 2 — tan“! 0) + (tan7! 3 — tan7! 1) 
1 


+ (tan7! 4 — tan- » +... +(tan7!(N + 1) — tan“! (N — 1)) = tan7! (N+ 1) + tan"! N — 





(c) 3% tan7! (3) = lim, [tan (N+ 1)+tan-!N z = a 4 a z = on 


11.11 FOURIER SERIES 


Qn Qn 
1. ag= a ldx=la= if cos kx dx = are = 0, bk = a: sin kx dx = 
Thus, the Fourier series for f(x) is 1. 


a|- 
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T Qn T an . Tv . Qn 
2. = b[ffrax+ f 1ax | = 0,0, = 1] fPoos kx dx ~ f cos kx dk | 2] aaa aaa | =0, 
wT Qn T 20 
b= +f sin kx dx — [ sin kx 1 — sp + opt] | = £[(—cos km + 1) + (cos 27k — cos mk) | 


4 
= 4(2-—2coskm) = ky k odd . 
, 0, k even 


Thus, the Fourier series for f(x) is +[ sin x + 3% + S584... ]. 




















T Qn 
a; t= | flxaxt f (x= 2m) de | = | $7? + $(40? — 1) — 277] =0. Note, 
[x = 2m)c0s kx dx = — fu cos ku du (Letu = 27 — x) Soa, = + [x cos kx dx + f(x — 2m) cos kx dx =0 
7 i 0 . _ . ko 5 0 7 oe 


a Qn 
Joxsinkx dx +f (x — 2) sin x a | 


0 


an T 
Note, x — 2r)sinkx dx = | usin ku du (Letu = 2a — x). Sobk = 1 
0 T 


2 [x sin kx dx = 2[ —%cos kx + asin kx |} = —2 cos km = 2(—1)**", 


ae T 


Thus, the Fourier series for f(x) is )>(—1)**" 2s kx 
k=1 





Qn a 
eT, a=2f f(x) cos kx dx = 4 fx? cos kx dx 
" = 3cos km = (-1)'(3) b =I ("6 inkxd =1f"2 a 
=2 = Zz) bk=7J, (x) sin k= oJ, xX sin x= 
fii k k T k 
J,=4[(&- £)Cv*- a] = 4[(Cot-1)2] - Cp 


4. a = 2 f"t%) dx = "2 dx = 
ol eg) 0 2m Jo 


Qn 
[(¢ _ 3.) sin kx + ax cos 





2 € * 
5 — cos kx + ax sin 
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_f-ss+i kodd 
7 _ k even" 


> 
7 
k? 








Thus, the Fourier series for f(x) is ET —2cosx+ (<=) sin X + COS 2x — 5 sin 2x — Ecos 3x + (3 =) sin3x+... 











Qn : 
ao =a, J, e dx = -(e"—1), a= i e* cos kx dx = 4[ -42(cos kx +k sin kx) ]>" = Se 
Qn “ - ua 
bh = af e* sin kx dx = +( Foe (sin kx —kcos] "= KO. 





Thus, the Fourier series for f(x) is + (e7 —1)+¢ “= ! 3 (33 kein). 





Nis 





Qn T Qn T 
ag = if ix) dk = oe ed = St a= 2 f f(x) cos kx dx = 3 fe cos kx dx = ![ -&a(cos kx +k sin kx) ]” 














= —_ ; Qn : ee . 
= are le"( 1)* i={ ee aba f(x) sinkx dx = 4 fe sin kx dx 





~~ eye 








*) 
(sin kx — k cos kx) ]f =a s[e7( ir 1)= | 


Thus, the Fourier series for f(x) is 


em™-1  (1+e*) a a 1-e") ; te 
SOT a 0s x + sin X 5, ~ sin 2x 10% 





—~ 


*) a +e) 








cos 3x + sin 3x +. 











sin(k — 1)x sin(k + 1)x I. 
Qn + : k 1 
— ‘a cos x cos kx dx = ‘| 2(k—1) 2(k+ 1) # 
T JO j = 
2[ 5x + 7sin 2x], k=1 
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{ 0, kAl 
~) 1 = 
g k= 
1 | cos(k—1)x cos(k-+1)x ]™ 

12" 1] 2(k— 1) a7 2(k+ 1) Ih k#1 0, kodd 

bk = a cos x sin kx dx = 7 = 2k even 
— 7qC08 2x] k=1 m(ke—1)? 

Thus, the Fourier series for f(x) is cos x + 22 aepsin kx. 


y 





o 


Qn wT Qn 
8. ag =e A fix) dx = | fax ff xd =1-37, q = 


a 2x 7 : 
1] f/2coskxax+ f x 605 kx dx = 1] cose 4 xsinks | 


Qn 
f f(x) cos kx dx 
0 


als 





esl 1k —+4,,  kodd 
ie 0, keven’ 


i 
T 


Qn 1 Qn 
b= if fx)sin kx dx = 2] 2 sink ax +f x sin kx dx | = 


_ (443), kodd 


T 
—_ 2 xcoskx __ sinkx 
;COS al + (Sees 2 ) 


Qn 


# cos 3x + $ i(4 + 3)sin 3x + Shae 





i F 
x Keven 








ie 4s an . 
9, : cos px dx = tsin px] =OifpF0. 
Qn . 1 Qn 1 i 
10. i sin px dx = ~Leos px] ==[1-1]=0i p40. 


Qa Qn 
11. J "cos px cos gx dx =f 5[.cos (p + q)x + cos (p — q)x Jdx = $[ =+,sin (p + q)x + 5+; sin (p — q)x ad =OifpFq. 
ar 
=. 


Qn Qn Qn 
If p = q then f cos px cos qx dx = f cos”*px dx = i 5(1 + cos 2px) dx = i(x+2 3p sin 2px) 








Qa Qa 

12. f sin px sin gx dx = f 3[ cos (p — q)x — cos (p+ q)x Jdx = 3[ 5", sin (p — q)x =rqsin (p + q)x i =OifpA¢q. 
If p = q then f sin x sin xdx = f sin? xdx= fo $(1 — cos 2px) dx = (x — sin 2px " 
p=q , sinpx sin gx dx = J sin?px dx = J. px) dx = apSin 2px)] | 





=T. 
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Qn 2n : . 2a 
13. a sin px cos qx dx = f° 5[ sin (p + q)x + sin (p — q)x Jdx = —5[ 57,008 (p + q)x + 5+, 008 (p — q)x J 





1 1 1 an Qn ar 
==—2((L-lag + ~- Deeg | Se: If p =qthen [ sin px cos qx dx = sin px cos px dx = f° 5sin 2px dx 
2a 
= — z.e0s 2px] =- (1-1) =0. 


14. Yes. Note that if f is continuous at c, then the expression ee) = f(c) since f(c+) = lim f(x) = f(c) and 


x—ct 


f(c~) = lim f(x) = f(c). Now since the sum of two piecewise continuous functions on [0, 27] is also continuous on [0, 27], 
x—C™ 


the function f + g satisfies the hypothesis of Theorem 24, and so its Fourier series converges to (ra)er) +f eye") 
for 0 < c < 27. Let s¢(x) denote the Fourier series for f(x). Then for any c in the interval (0, 277) 


See(c) = (e)(er) + Cr aye) =} lim (f + g)(x) + lim (f + 8)(x) =1 lim f(x) + lim g(x) + lim f(x) + lim g(x) 











= 3[(f(ct) + g(ct)) + (f(c~) + g(c~))] = sr(c) + 8g(c), since f and g satisfy the hypothesis of Theorem 24. 


15. (a) f(x) is piecewise continuous on [0, 27] and f’(x) = 1 for all x 4 7 => f’(x) is piecewise continuous on [0, 27]. Then 
by Theorem 24, the Fourier series for f(x) converges to f(x) for all x 4 7 and converges to $(f(1*) + f(7)) 


= 5(—7 + 7) =Oatx=n7. 


A) : 
(b) The Fourier series for f(x) is Ss (—1)**! 2sinkx Tf we differentiate this series term by term we get the series 
k=1 


S+(—1)**'2 cos kx, which diverges by the n™ term test for divergence for any x since lim (—1)**!2 cos kx £0. 
k=1 “55 


. ; ee ia . ; : . + - 
16. Since the Fourier series in discontinuous at x = 7, by Theorem 24, the Fourier series will converge to Ker tiie) Thus, 


f(at)+f(7) 1 
SS = 


2. “ Fi 2 A 
at x = 7 we have zm” — 2 cos x + (<=*)sin x + }oos 2x — 5 sin 2x — §cos 3x + (% #) sin 3x4... 









































21 
=> ee = in —2cosm+ (“=*)sin T+ 5COS 27 — 7 sin 27 — 5 COs 37a + (2554) sin 3a+... 
08 Igo 4d yey. oie tigi.) le@ +i tation 

2 6 27TO T+: ~6 4Tg Tess} ~6 or 2 6 ae 
2 2 se) 2 = 2 _ 
en tat ot daa a) tae ee ee 
n=1 n=1 n=1 
CHAPTER 11 PRACTICE EXERCISES 
1. converges tol, since lim a, =_ lim (1 + cn) =1 
n— © n- © n 
2. converges to 0, since 0 < a, < 2 ,.liim_ 0=0, lim 2_=0 using the Sandwich Theorem for Sequences 
n’n—oo noo Vn 
‘ P ¥ 1—22 . 1 

3. converges to —1, since | lim a = , im, ( an ) = , um, (z — 1) =-l 


4. converges to 1, since lim. a, = , lim, [1 + (0.9)")] =1+0=1 
5. diverges, since {sin ah = yy 10 daa} 


6. converges to 0, since {sin nt} = {0,0,0,... } 





2 

a ‘ % 2 7 n 

7. converges to 0, since lim a, = lim nn 2 lim s+ —() 
n— oo n—- oo n 1 
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2 
: : ; In(2n-+1 : (3 r) 
8. converges to 0, since lim a, =. lim n@nt+) _ lim att =0 
n— oo n— oc n n—c 1 
: i ‘ n+Inn : 1+(5) 
9. converges tol, since lim a, =_ lim (2+@) = lim =1 
n— oo n—o n n 1 
In (2n3 + 1 ( oo ) 
10. converges to 0, since lim a, = _ lim In@n’+)) jig, Lett jj 2 lm 2=0 
n— oo n— oo n n— oo 1 n— oo 6n noo n 


. . . coy n 
11. converges toe, since lim a, = _ lim (2 >) = 
n—- © n—- 








12. converges to t , since im, a, = , lim. (1 + 1" = , um, way — t by Theorem 5 


, A : ny 1/n - 
13. converges to 3, since lim a, =. lim (=) / = lim 3 
n— co n—- n 


, im, a = ; = 3 by Theorem 5 


. . a n " 1/n 
14. converges to 1, since lim a, =. lim (3) tim 3 = | = | by Theorem 5 
n— oo no \n n—-oo n/n 1 


15. converges to In 2, since _ lim 
n— oo 








= 2°-In2=In2 


lim 


n— oo 


2/9 In 2 


2 
‘ : a. n _ 4 In(2n + 1) ; 2nt+T | — 20 — 
16. converges to 1, since | lim, a, = um, VY2n+1= , im, exp ( - ) = lim exp ( i ) =e=1 


17. diverges, since lim a, = _ lim eu = lm (n+1)=00 
n— oo n—- © n: n— oc 

















18. converges to 0, since ™ lim an =, lim — = 0 by Theorem 5 
1) Gh 1) _ )_G 2G 
19. (Qn aren mee) £2) => Sa = () U) + U) () Pee $ (2) (2) 
1 
+ jlim, = tim, [4-42] =3 
20. = 24+ 























n+1 

21. ga=na@ney = ot ~ mez > So = (5-3) + (3-8) + (8-7) ++ + (aa - a) 
~~ 3 — a = , um, Sn = , lim, (Ga 2) = 

22. —8 —2 2 














aes} 2 : _— jj 24 2. 
=—-stan > ,lm, s =, lim (—3+ 


foe} Co 
—n 1 . . . a Hl _— . 1 e 
23. > . e"=) a a convergent geometric series with r = = anda=1 = the sumis 
n=! n= 





rag) 
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24. 


25: 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 
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co 
So -bsz=>5 (- 3) (=)" a convergent geometric series with r = — ; anda = = = the sum is 





diverges, a p-series with p = 5 








foe} co 

> = =-5)> t, diverges since it is a nonzero multiple of the divergent harmonic series 

n=1 n=1 

Since f(x) ne f(x) =—- xr <0 => f(x) is decreasing => a4; < ap, and 4 lim. a, = , um, a = 0, the 


co n co 
series > aca converges by the Alternating Series Test. Since }~ hi diverges, the given series converges 
n=1 


n=1 


conditionally. 


converges absolutely by the Direct Comparison Test since + < = for n > 1, which is the nth term of a 


convergent p-series 


The given series does not converge absolutely by the Direct Comparison Test since oa > ai , which is 


the nth term of a divergent series. Since f(x) = >fx= <0O => f(x) is 


1 
~ Un +DPE+D 
= 0, the given series converges conditionally by the 


a 
In(x+1) 


. . _ + 1 
decreasing = ai, < a), and im. a= , im, ane 


Alternating Series Test. 


oo b 
1 _ : 1 = : AIF d_ ‘ 1 1 rl . 
i tae ds ang Oe ge ln ing ina) = aa OSes 


S 
o 


converges absolutely by the Integral Test 


converges absolutely by the Direct Comparison Test since nn <= + , the nth term of a convergent p-series 


diverges by the Direct Comparison Test fore™ >n => In (er) >Inn => n° >Inn => Inn" > Indnn) 


=> ninn >Indnn) > i > ‘ , the nth term of the divergent harmonic series 


in (In n) 
lim ae = lim 


nh 
1 n—oo n+l 
n2 








2 


= J1 = 1 = converges absolutely by the Limit Comparison Test 


3x (2—x°) 
(x3 +1) 


series converges by the Alternating Series Test. The series does not converge absolutely: By the Limit 





Since f(x) = #85 => f'(x) 











- 2 
<Owhenx >2 => ans < ay forn > 2 and | lim. ay = 0, the 




















° . . 3 . «ae 
Comparison Test, é lim. a= im. a = 3. Therefore the convergence is conditional. 
n 
‘ : ‘ n+2  _ _n! = + Ce 
converges absolutely by the Ratio Test since , im, E aa se “| = , im, a@tiy = 0<l 
. ° . 3 —1)2 (n2 : 
diverges since , um, a = , um, cuore does not exist 








converges absolutely by the Ratio Test since a lim. a 4 


(a+! 38 
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38. 


39. 


40. 


41. 


42. 


43. 


44, 





. . at =. . n/ 203n a, * 6 _ 
converges absolutely by the Root Test since «um. y/ a, = , im, Vor = lim. 7; =0<1 








(an) 





converges absolutely by the Limit Comparison Test since | lim, ; = /, lim, se sat 2] 
er ‘ : . (=) : n? (n? — 1) 
converges absolutely by the Limit Comparison Test since | lim. ( , ) =i lim. a = 1 


ats : (x+41 3? Be : Ix+4| 


, im, 5 





n+ 











ny{n 80. 
= |x4-4|< 3° =3< 34453 > —-) ee =] atx = —7 we have > | eee =ys 
n=1 
a co 
alternating harmonic series, which converges conditionally; at x = —1 we have)~ a aa t 
n=1 n=1 


harmonic series 
(a) the radius is 3; the interval of convergence is —7 < x < —1 
(b) the interval of absolute convergence is —7 < x < —1 








1 





a , the 
n 


, the divergent 


(c) the series converges conditionally at x = —7 
; Un+1 (x-1)" | (@n-1)! ‘ 
, im, el es 1s , im, Ont)!” @-pe?| < 1 => («x-1) , im, ao = = 0 < 1, which holds for 








all x 

(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 


F — yyatl a 
tot <1s lim, (3x — 1) n° 


nM bo |r D * Gea F 








<1 = [3x-1| 1 lim. ap 


321 > Bx=i[<i 








Bean Sa (=p =p" _ Fa 
= —-1<3e-1<1 > 0<3x<2 5 0<x<7Z;atx=0 wehave) | = >> 


n=1 


co 
=-»> Ss , anonzero constant multiple of a convergent p-series, which is absolutely convergent; at x = 


a 


n= 





oS _1yyn-1 n —1 
have )> cy = yoy U , which converges absolutely 


n=1 n=1 


(a) the radius is 4 ; the interval of convergence is0 <x < 5 
(b) the interval of absolute convergence is0 <x < 3 


(c) there are no values for which the series converges conditionally 


Mast n+2 . (2x+1™!  on41 28 [2x + 1| 








lim <1l1= _lim <l= lim 
n— oo 








=> Bey <4 => [2x+1)<2 > -2<2x+1<2 = -3<2x<1 > -i<x< 





Cc 
n+l . (2) 
4 2nyd 2 





ce n 1 % . . . 
= é > @+D) which diverges by the nth-Term Test for Divergence since 
— n+1 








Co co 

: +1) _1 : 2.1 +1 2 +1 : : 

, im, (ari) = 5 #0; atx = 5 we have eres ‘= /3n+ I , which diverges by the nth- 
n= i= 

Term Test 

(a) the radius is 1; the interval of convergence is — 3 i $ 

(b) the interval of absolute convergence is — 3 <x< $ 


(c) there are no values for which the series converges conditionally 
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yen! 
n2 


2 
3 





Ob? gad <1 
n— oo |2n+3 gat n+1 (2x+1) 2 noo !2n4+3 n+l 


+; atx = — 3 we have 


5 we 


45. 


46. 


47. 


48. 


49. 


50. 
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n+l 


Un+1 x _ in 
(af1et x 


Un 


<1l1= _lim 
n— co 











lim 
n— ©€ 














<1 => |x| lim. |(35)" (a 


n+1 )J<1 > 2 tim, (4) <1 


e n+l 
= 0 <1, which holds for all x 

(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 


xatl 


<1l= , im, eat’ 
1 


> “ which converges by the Alternating Series Test; when x = | we have are divergent 
n=1 


n=1 


p-series 





= 1 














im, 
— 





nim, \/agi <1 => |x| < 1; when x = —1 we have 


co 


(a) the radius is 1; the interval of convergence is —1 < x < 1 
(b) the interval of absolute convergence is —1 < x < 1 








(c) the series converges conditionally at x = —1 
F Un ‘ (n+2)x7*1 3 2 4: +2 ‘ 
lim, |S} <1 > lim, mi appeet| <1 > § lim, (244) <15s ~J3<x< V3; 























the series = ri and 3 ie obtained with x = + V3 , both diverge 


(a) the radius is V3; the interval of convergence is =4af3 <x< V3 


(b) the interval of absolute convergence is ~/3 <x< V3 
(c) there are no values for which the series converges conditionally 





2n+3 


“ost &« = 1)x ¥ 2n+ 1 
2n+3 (x — 18+! 


im. <1l= , im, 




















<1 => («x-1) lim, (2H) <1 > «-170)<1 





=> (x-1?<1 5 |x-1|<1 5 -l<x-1<153 0<x<2; atx = 0 we have 3) IRS 


n=1 


(- pypett 


= mt = ou & a which converges conditionally by the Alternating Series Test and the fact 








n= 








: OO yyneyy2n+1 BOE es i 
that = os i diverges; at x = 2 we have » CY = », Cl) which also converges 
n= n= n 


2n+1 eee 


conditionally 

(a) the radius is 1; the interval of convergence is 0 < x < 2 
(b) the interval of absolute convergence is 0 < x < 2 

(c) the series converges conditionally at x = 0 and x = 2 

















2 
: Meet : esch(n + 1)x™+! : (oa 2) 
atin, [2] <1 > tim, [2S] <1 > bl ylim, | ESESY | <1 
: =1_ Q-2n- pie ‘ ; 
=> |x| lim, |S] <1 => Fel <1 = -—e <x <e; the series }*( +e)" csch n, obtained with x = +e, 











n=1 
both diverge since 5 Ha (+e)" cschn 40 

(a) the radius is e; the interval of convergence is -e << x < e 

(b) the interval of absolute convergence is -e << x <e 

(c) there are no values for which the series converges conditionally 














: Uny1 : x"+1 coth (n + 1) : L4er2m-2 | en? 
, im, aie <ls= , um, eae) > |x| |, lim, T-e 2" [Tpem <l= |x| <1 
co 
=> —1 <x <1; the series }*( + 1)" cothn, obtained with x = + 1, both diverge since quite (= 1)" cothn 4 0 


n=1 
(a) the radius is 1; the interval of convergence is —1 < x < 1 
(b) the interval of absolute convergence is —1 < x < 1 
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51. 


52. 


53. 


54. 


DD: 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


(c) there are no values for which the series converges conditionally 

















The given series has the form 1 — x + x? —x°+... + (—x)P4+... = or , where x = ; ; the sum is 70) 

The given series has the form x x + x .. #€(—-1D! +... =In(1 +x), where x = 3 ; the sum is 
5\ x 

In (3) = 0.510825624 

The given series has the form x x + x .+(-1)" oT +... = sin x, where x = 7; the sum is 

sin zt = 0 

The given series has the form 1 . + 4 ... €(-1)" aoe +... =cos x, where x = 7; the sum is cos 7 

The given series has the form 1 + x + = + . sini x +... =e*, where x = In 2; the sum is e™@ = 2 

The given series has the form x * + : ... $(—1)? a +... =tan7!x, where x = Ae ; the sum is 


Consider —- as the sum of a convergent geometric series witha = 1 andr = 2x > ;1 











1-2x 
= 1 + (2x) + (2x)? + (2x)? +... = 35 (2x)" = D> 2"x" where |2x| <1 => |x| < 4 
n=0 n=0 
Consider ai as the sum of a convergent geometric series with a = | andr x i = iz = 
= 1+ (—x3) + (—x3)? + (=x3)? +... = 3 (= 1)"x3" where |=x3] < 1 > [x3] <1 => |x| <1 


n=0 


(= pent 2n+1 io aq 20+] 2a] 


co co 
= * —_ (=D®axyrtt (=I 
sin X = > “Gnepr = SINTX= yy Qa+li = Xu n+ 1! 
n=! n— 


n (2x 2n4+1 

(pment on  & Cr (¥) 7 be 

sin X = = => sin fF = > Qn+1) => 310On +)! 
= 


1)2278+1x: 2n+1 





“Gat DI 








= oO (—1)"x28 5/2 = co (-18 (x9/2)”" -_ co (—1)8x3" 
cos x = )/ Omir = COS (x ) =) Qn)! ~ 24 “ean! 
= = = 








(2n)! (2n)! (2n)! 


n=0 n=0 


= fe : jp / ie non,n 
cosx = }> & x" => cos \/5x = cos (Gx )-= 3 Cur (G0'7)" = oes 
n=0 




















n! 20n! 
n=0 n=0 n=0 
a5 BP oev ss Sey ao 
n=0 # n=0 ” n=0 os 
f(x) = /3 +2 = (34+x2) => fa) =x(34x2) 7”? = EM =? (3422) 797? 4342)” 
=> M(x) = 3x9 (3 +?) 9? — 3x (3 +x?) 7-1) = 2, f(D =}, MD =-} +) =}, 
xX xX 2 xX 3 
f'(-1l)=— +322 = /34x2=2- G40 4 SY, oe 1, 
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fs) =~. =(0-x)! 5 f@)=d-»? = M@=2d-—w? = "@W = 60 — 2x); £2) = -1L. FQ) =1, 














£"(2) = -2, £2) =6 >  =-14+(x-2)-(x-2 +(x - 23 - 

f(x) = ch =(x+ ae = f(x) = + IN? => £"_) =A +1) > H"~@ = 6x + 1-4; £3) =}, 
(3=-g¢,M/O=4,.M/Q=R > d=7p-#xe-Dt+ge-3"-ge-F + 

i= =_- f'(x) = —x? f"(x) = 2x3 => f(x) = —6x"4; f(a) = +, f(a) =—-4, f"(@ = 





f(ay= sp > t=1-5(x-a)+4-ayP—-4(x—-ay + 


Assume the solution has the form y = ag + ayX + ajx? +... + ag_yx™ ! + a,x" +... 

















> W =a; +2axt.. ~+nax®! +005 Wty 
= (a, + aq) + (Zag + a1)x + (3a3 + ag)x? +... + (aq + ag_1)x™ 1+... =0 > a, + a9 =0, Zap + a; = 0, 
3a3 + ag = 0 and in general na, + a,_; = 0. Since y = —1 when x = 0 we have ay = —1. Therefore a; = 1, 
_ -a _ _ =a _ 1 _ ag 1 _ agp — -1 (D2 _ (-™! 
a= ay Sg = PS a DS ee ee SS eo 
_17yn4+1 nyn 
=> y=-l+x-iP+4x-...4+ x 2 a =-e% 


Assume the solution has the form y = ag + ayx + agx? +... + ag_yx™ ! +a,x™ +... 














> © =a; +2axt.. ~+nayx®™! 40.5 x 

= (a, — ag) + (Zag — a,)x + (3a3 — ag)x? +... + (aq — ag_1)x™ 1 +... =0 > a, — ag =O, Zag — a, = 0, 
3a3 — ag = 0 and in general na, — a,_1; = 0. Since y = —3 when x = 0 we have ay = —3. Therefore a; = —3, 
a =2=3ia=2=3,a=e=5 y 3-3x—- A xw—-Ax—... — axe... 


= -3(1+x4+54+5 4... +84...) =-30 4 = -3e% 


Assume the solution has the form y = ap + a,X + ajx? +... + ap_y X27) +ayx™ +... 
x 


> Y — a, +2ax+.. ~tnayxe +i. => ® + dy 
= (a, + 2ap) + (Zag + 2a,)x + (Baz + 2ag)x? +... + (may + 2a,_1)x* 1+... =0. Since y = 3 when x = 0 we 











have ay = 3. Therefore a, 2ag 2(3) 3(2), ag = — 3a, = — 2 (-2-3) =3 (3) 183 = — 3 ay 


= 2 2\} _ 23 = _ (=p tant _ (-1)"2" 
= 23 (4) = 3 (3). .an = (—2) ana = (-2) (3( @—D! )) =3( ul ) 
> y=3-32x) 43% 2-39 844 3 yn, 


=3[1-@n+ GF - GP 4.4 cme, | a3 oa WPOe? — 39% 











Assume the solution has the form y = ap + a,x + ax? +... + appx"! + agx® +... 

> YW =a, +2axt.. »tnayx™! +... Wty 

= (a, + aq) + (Zag + a1)x + (3a3 + ag)x? +... + (May + ag_1)x™ 1+... =1 > ay tag = 1, 2a9 +a; =0, 
3a3 + a, = 0 and in general na, + a,_; = 0 forn > 1. Since y = 0 when x = 0 we have ap = 0. Therefore 




















Seat 1 —2 a = 1 

a = 1—ay = 1a = Gf =~ 9. a5 = = 9 = ES hg 

and — (-1) (<P _ _ 122 133 (-p™? 

~~ h =() Sy = n! => y=0+x-5x + 35% oa x7 +... 
oo 

_ 1 32 13 (=1)" _ (—1?x* — -x 

=-1[1-x+4x pk Se eas Jrie$e + +1l=1-e 
n= 





Assume the solution has the form y = ap + a,X + ax? +... + ap_yX®7) +ayx™ +... 
y 


>  — a, +2ax+... +na,x"!} 4+... 5 W _y 
= (a, — ag) + (2aq — ay)x + (3a3 — ag)x? +... + (May — ap_1)x™ 1) +... =3x > ay — a9 =0, Zao — ay = 33, 
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74. 


75. 


76. 


ree 


78. 


79. 











3a3 — ag = 0 and in general na, — a,_; = O forn > 2. Since y = —1 when x = 0 we have ag = —1. Therefore 
= 3+a 2 a: 2 — a _ 2 — 4-1 —_ 2 
a = —1, ap 7 = 9983 = 3 = 390A = FO GZQe ee A = = 


=> y=-1-x+(3)P4+ ZxPt+ Bott... 44m... 


=2(1+x¢$grt¢ ht po xtt+... 44x 4+...) -3-3x=2)> § —3- 3x = 2e% — 3x-3 
n=0 


Assume the solution has the form y = ap + a,x + ax? +... + appx"! + agx® +... 











=> ® — ay + 2axt... +na,x*!}+..5 Wty 

= (a, + aq) + (Zag + a1)x + (3a3 + ag)x? +... + (May + ag_1)x™ 1 +... =x => ay tag =0, 2a. +a; = 1, 
3a3 + ag = 0 and in general na, + a,_1 = 0 forn > 2. Since y = 0 when x = 0 we have ap = 0. Therefore 
ay = 0, a) = *Z4 = 9.83 = = a a = SS 

= y=0-Ox+ he - dt. + Sg. = (1axtde- bet. + oat.) 14x 


=> CDi’ -1l+x=e%4x-1 


n! 
n=0 





Assume the solution has the form y = ap + a,x + ayx? +... fap—pxo7) +eayx™ +... 





dy _ -1 dy 
=> & mart 2agxt+... max” +... > F-Y 
= (a, — ag) + (2aq — a,)x + (3a3 — ag)x? +... + (aq — ag_1)x™ 1+... =x => ay — ag =0, Zag — a, = 1, 
3a3 — ag = 0 and in general na, — a,_; = O forn > 2. Since y = 1 when x = 0 we have ap = 1. Therefore 
1 2 2 2 Q 2 ang 2 
a= LS 5 Ss Sa eS PS a 








=> y=14x4+ (3)? 4+ Zest Gert... t4xe... 


=2(1+x4+4$xr4+ he 4+ py xtt... taxe...)-1l-x=2) 5 -1-x=2e%-x-1 
n=0 


Assume the solution has the form y = ap + a,x + ax? +... + appx"! + agx® +... 














>  — a, +2aox+... +nayx™ t+... > Ww _y 

= (a, — ag) + (Zag — a,)x + (3a3 — ag)x? +... + (aq — ag_1)x™ 1! +... =—-x > a, — ap = 0, 2ap —a, = —1, 
3a3 — ag = 0 and in general na, — a,_; = Oforn > 2. Since y = 2 when x = 0 we have ap = 2. Therefore 

m= 2m= Malaya adae tame ad 


=> y=242xthx?4+ BOt po xtt.. tix 4+... 


= (ltxt¢prtdrt aot... ¢axe..)¢l4x= > S41ltxae4+x41 


n! 
n=0 








1/2 1/2 6 9 12 4 7 10 B 1/2 
3 = 3 = 
i exp (—x") dx = i (1 se ar ae see) dx = [x item ta taa 


Eee 1 1 1 1 f° gy 
9 — a t azar — aoa + azat — wees) © 0.484917143 











1 1 7 1 
_ 3 ome 3 x? xb x2h x2 7 -_ f 4 x10 x16 x22 x28 
J, xsin(x*) dx = J, x(x ete a tat... jp ak= fo (e-+e - t+ a.) de 
11 17 23 29 


6 x x x x 1 par 
7 [3 inal + inst — a7 + 2997 a" 0.185330149 











2 4 1/2 2 4 6 8 10 3 5 7 9 u 
tan x Nes, x xX xX x x —_— X Xx xX x xX 
Ai x ax= fi (1 Fr sar S i tae) dx = [x 9 +35 — 9 + BF ar te] 
1 1 1 1 1 1 1 1 1 1 1 
2 98 + pgs — gr + ong — Teg + pegs — peta + ppg — joe-gw + apt ga 
& 0.4872223583 


Q 
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YO anol ae : y ig V4) 1/2 1 5/2 1 1y9/2 _ 1413/2 

: aE = : 4. (x He T+...) dx= ff, (x¥/2 — 2 x5/2 4 2 x9/2 — 2 x13/2 4) dx 
_ 72 .3/2 2.7/2, 2 y11/2 2 (15/2 1/64 7 2 2 2 2 = 

a [3 x*/ a1 xt + 35% / 105 * / tele = (a ag? + 35-8 — 705.80 i tex) ~ 0.0013020379 























lim 322% = lim — = lim =i 
x0 WT x0 (xt BP + Se +...) x0 (2458+ 3R +...) ? 
n 104 7 , 2 oe (i 5 
li e’—e 7-20 _ li (1+0+54+5-4 ) (1 0+ 5; r+...) 20 \ 2(G4+5+ ) 
reaet 0—sin 6 60 0- (0-5 +5 - ) ie pease (3-9 + ) 
3! 5! 31 1 
2 
lim aac 2 
0 (4-%+...) 
2 {A 4 6 
; e-242(1-$+h-...) 2(4- H+) 
lim. (;—+— — 4) = lim, 554 *2508t — Jim —— = lim 
t—50 (coat 2) t-0 22d —cost) t—0 2# (1-14 5-H +...) t—0 (¢- 3+...) 
1 2 












































lim = ili 
h—>0 h h—+0 he 
(i wont ont nO ne ) 
2 31ts  ate7 7 2 2 4 4 
_ 4 _ 1 1,rP pe, h on i 
= jim, Ty = lim, (4 xt ate at ) = 3 
: A A 
li 1—cos?z li 1-(1-2+4-...) li (2-F+...) 
im —J=098 2% _ — Jim ; = lim 
z— +0 In(i—z)+sinz z—>0 ( , z ia) ; (2 # ; 2 a) 2-0 ( 2 2s a aa) 
(1-F +...) 
lim = ) 
aa (-}-¥-4- 
2 2 | 
lim ——*—— = lim Z = lim ———H. 
y—0 cosy—coshy — y 0 (: Yt ) (+e +5454 ) y—0 (-¥-%- ) 
2° al (a ie Poy kay gy oF eee 2 6! cial 


= lim 1 = 
yO (1-3...) 





Gx | Gx? 
(3x = eg ee 


x3 





L445] = tim, (32482 +... +445) <0 


X 


: sin 3x r a Fs 
Jim, (2% ae ia s) — lim, 


rt 3 9 = on 
=> at oa=Oands—5;=0 > r=—3ands= 5 














eye x ~ 6+x? : ~ _ 6x 
(a) cscxR > + % = cscx® => SMX cpp 
(b) The approximation sin x © ae is better than 


sin X & Xx. 


y =sinz — 
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89. (a) » (sin x — sin aot) = (sin 5 — sin <) + (sin ; — sin z) + (sin z — sin +) +... 4 (sin x — sin 
= ae | e 1 =008 (3) é , 1 «. i 
=. sin = ; f(x) = sin = f'(x) go <Oifx>2 => sin G, <sin;, and 
,_ am. sin = 0 = >) (—1)* sin i converges by the Alternating Series Test 
n=2 
(b) |error| < |sin 5| ~ 0.02381 and the sum is an underestimate because the remainder is positive 
co ~ gannefl 
90. (a) » (tan * _ i)= 3 (—1)" tan = 1 (see Exercise 89); f(x) tan + > f'(x) eet) <0 
=> tan <I < tan i , and um. tan 4 =0 > > (-1)" tan 1 converges by the Alternating Series 
Test 
(b) |error| < |tan a ~ 0.02382 and the sum is an underestimate because the remainder is positive 
: 2-5-8---(3n — 1)3n+2)x™t! 2-4-6-+-(2n) : 3n+2 2 
91. lim, 34-6-On\On td) FS8-Gape| <1) => |x| , lim [ets] <1 => kal < 3 
=> the radius of convergence is g 
: 3-5-7-+-(2n+-1)(2n+3)(x—1)"*! — 4-9-14---(Sn—1) : 2n+3 5 
92. lim. 45-14. Gn) : 557. Oni se Die. |x| lim. ota | <1 => [xl <3 
=> the radius of convergence is 3 
93. 3) n(l— 4) => [mn (1+ jp) +n (1—- j)] = ¥ [nk +) -Ink+(k- 1) —- Ink] 
k=2 = k=2 
= [In3 —In2+1n 1 — In 2] + [In 4 — In3 4+ In 2 — In3] + [In5 — In 4+ In3 — In 4] 4 [In6 —In5+In4— 
+... + [In(n + 1) — Inn +In(@ — 1) — Inn] = [In 1 — In 2} +4 [In@+ 1) — Ino] after cancellation 
= > — z) =n(") = Py In (1 — g&) =, lim, In (83,4) = In 5 is the sum 
el aa ae 1 Lf/l_1 11 11 11 1 1 
4. dB p=G2\ tea) 3 ag) ge a a) a) ee Ga) 
1 1 —~1(1i,1_1 1 \ 1 (3° 1 1 1 | 3nn+1)—2+1)—2n} _ 3n?~n-2 
Viet sa) |= 7G ose) ol eee | = “aet) 
= ay eee 1) _3 
> Dea = alm, a2 — a att) = 4 
: 1-4-7---(3n — 2)(3n+1)x29*3 (3n)! 3 (n+ 1) 
95. (a) lim. Great TT Gna awe | <> |X| lim, Genane Daas 
= |x’|-0 <1 = the radius of convergence is co 
SA 1-4-7-+-Gn = 2 d SA 1-4-7---(3n = 2 
(b) yohr 2 oar La > Gai % 
Py 1-4-7---(3 =). _ 1-4-7---(3n—5) 
> R= » Gn— om =x+ Gn— eae 
=x (143 inne =xy+0 => a=landb=0 
96. (a) fy = py HP EPH) $7)? 4 Pw) +. = PPE tA xP = (1x which 
n=2 


converges absolutely for |x| < 1 


(b) x=1 => SO (—1)*x"? = SO (-1)" which diverges 


n=2 n=2 
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co co 
97. Yes, the series) * a,b, converges as we now show. Since )> a, converges it follows thata, > 0 > a, < 1 


n=1 n=1 


forn > some index N = a,b, < b, forn > N = 5° a,b, converges by the Direct Comparison Test with 5> by 


n=1 n=1 


98. No, the series }> a,b, might diverge (as it would if a, and b, both equaled n) or it might converge (as it 


n=1 


would if a, and b, both equaled 1), 


co co 
99. u (Xp41— Xn) = , im, 2 KH —xX,) = im, (p41 —X1) = , iim. (Xp+1) — X1 => both the series and 


sequence must either converge or diverge. 








an co 
100. It converges by the Limit Comparison Test since _ lim ra) = lim _ — = 1 because > a, converges 
n— oo an n—oo Ita fay 


and so a, — 0. 








101. Newton's method gives Xn41 = Xn — = 2 Xy + a , and if the sequence {x,} has the limit L, then 
L=#L+4 => L= Land {x} converges since ae =? <1 








io =a t+ 248444... dat (s)a+(¥+f)art+ (F+h4+F +f) as 
n=1 


+(§+g+at-- + x) aig +t... = 5 (ay + ay + ag + ayg + ...) which is a divergent series 





stl 1 1 1 ll 1 1 
103. a = zz forn > 2 => a 2 a3 2a >...,andgs+pqgt+pgt-: =potootimet: 


sails, 
In 2 


(1 + 5 + ; + 2) which diverges so that 1 + >> a diverges by the Integral Test. 
n=2 





104. (a) T= 4) (042(4)%el? +e) = dell? + Lew 0.885660616 





771 


2 1 4 5) 1 = 
(b) Perae(ltx¢ 5+...) ar e+ hs... > J (@ +845) x= [$4445] = $ = 0.68333 


(c) If the second derivative is positive, the curve is concave upward and the polygonal line segments used in 
the trapezoidal rule lie above the curve. The trapezoidal approximation is therefore greater than 
the actual area under the graph. 

(d) All terms in the Maclaurin series are positive. If we truncate the series, we are omitting positive terms 
and hence the estimate is too small. 


1 
(e) f xe dx = [x2e* — 2xe* + 2e*]) =e — 2e + 2e — 2 =e — 2 © 0.7182818285 


Qn 


2a Qn Qn 
105. a9 = + f(x) dx = 2 ff ldx=},q=1f f(x) cos kx dx = 1 [’ cos kx dx = 0. 


2n Jo T T 


2 
k —=, kodd 
4(1 ( D')=4 “ 


0, keven ~ 





Qn Qa Qn 
b= if f(x) sin kx dx = 2 f sin kx dx = —°S | = 


T 7 
qT 





‘ ‘ ras | Bi 
Thus, the Fourier series of f(x) is 5 ~ 2 asin kx 
oO 
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Qn 
1 1 aL . f — 1/7 coskx x sin kx ]7 
f+ max = 2] {7x c0s kx ax + woos kx dx | = 1 8 + SB]; 


—+,, kodd 
= -1)*-1) = mid? 
= (( ) 0, keven 














" e L/ sinkx kx ]7 cos kx om 
’ 4 — In X COS KX S — 
= Jo xsin kx dx + ff sin kx dx ral 7 ie = 


0 


jf t-2),  kodd 
7 —1, keven’ 


Thus, the Fourier series of f(x) is 5 + iT — 2cos x + (1 - 2) sin x — ; sin 2x — #COs 3x + F(1 — 2) sin 3x+... 














us Qn us cg 
107. = [| STm—xaxt f (x= 2m) dx =£(Jo x) dx [ u) du | = 0 where we used the 


T 


7 Qn 
substitution u = x — 7 in the second integral. We havea, = +4 bi (a — x) cos kx dx + i (x — 27) cos kx dx |. Using 


Qn _ 
the substitution u = x — 7 in the second integral gives f (x — 27) cos kx dx = f —(m —u) cos(ku + km) du 
( KG —u)coskudu, kodd 
= a7 — u) cos ku du, k even 
0 
Thus ar = yt (x ~ x) cos kx dx, k odd 
) 0, keven 


Now, since k is odd, letting v = 7 —-x > 2 f(x — x) cos kx dx = 2 fv cos kv dv = —2(-3) = =, k odd. (See 


a 
Exercise 106). So, a, = ¢ 7’ k odd 
0, keven 


k odd =e k odd 


0, keven’ 


ot iy ae : 
Using similar techniques we see that bk = at (7 —u) sin ku du, 
0, keven 


Thus, the Fourier series of f(x) is > (<4cos kx + 2sin kx). 
k odd 
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Qn 7 Qn 
108. a9 = af |sin x| dx = ‘/ sin x dx = 2. We have % = af |sin x| cos kx dx 


TJ0 T 


T 20 
= 4 [J sin x cos kx dx — f sin x cos kx dx . Using techniques similar to those used in Exercise 107, we find 


0, kodd { 0, kodd 


a = 4 





ay sin x cos kx dx, keven =p k even * 
Qn T Qn 0, k odd 
bh =1f Jsin x| sin kx dx = 2] [_'sin x sin kx dx — J sinssinkss] =f a , =0 
0 0 m ah sin x sinkx dx, keven 
for all k. 
Thus, the Fourier series of f(x) is 2 + 7 (eatecos kx) : 
k even 
1 
1 2 3 4 5 6 


CHAPTER 11 ADDITIONAL AND ADVANCED EXERCISES 





1. converges since 


oe) 
a= He WE < Ga “7 and 5* Ga = converges by the Limit Comparison Test: 
n=1 





oy . 
lim (ts) = lim a 33/2 
n— 00 ( 1 z) n> 00 
n— 2)3/2 
ea = 375. Pe: 3 
2. converges by the Integral Test: f (tan-? x)” 25 = lim. [es] = » lim. [ete - | 


= {Po e.) = it 
= \24 ~ 192) = 192 


: . : _ . n _ : nfl—-e™)\ _ : n 
3. diverges by the nth-Term Test since , um, ay = , im, (—1)" tanh n = , im | (-1) (552) = , um, (-1) 


does not exist 


In(n!) 
In(n) 





4. converges by the Direct Comparison Test: n! < n® => In(m!) <nIn(n) > <n 


=> log, (n!) <n > 1080 in) < + , which is the nth-term of a convergent p-series 








5 ee es = _~12_ 12 _ (2a) (12 
5. converges by the Direct Comparison Test: aj = 1 = @ajapz > 8 = 34 = Daa? 43 = ($2) (44) 
co 
_ 2 _ (34) (23) (12) — 2 12 
= Boar 4= (2) Ga) Ga) = weer: elt 2 arDardara? fepresents the 
n= 
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which is the nth-term of a convergent p-series 





: : 12 12 
given series and (>paypara? < at 








6. converges by the Ratio Test: , im, = — pm, a=es0 -0<1 
7. diverges by the nth-Term Test since ifa, — Lasn — oo, thenL = TL =>U+L-1=053L= aga 
#0 


8. Split the given series into > at and aE 4m ; the first subseries is a convergent geometric series and the 


n=1 =1 
v2 2a iB 








second converges by the Root Test: , um, 3 i = im. => = t<l 
9. f(x) =cosx witha=% => £(2) =0.5,f' (4) =— 22, f" (2) =-0.5, 8" (2) = 2, # (2) =05; 





T 
3 
cosx= 4-3 (x- 5) 2-5) + BR 8) + 





10. f(x) = sin x witha =2n => f(2m) = 0, f"(2m) = 1, f"(2) = 0, f"(2n) = -1, f(2n) = 0, 92m) = 1, 
£(2m) = 0, F(2n) = —1; sin x = (x — 2m) — S52" 4 ore _ naa 











ll. ef =14+x+24+"8 4... witha=0 


12. f(x) =Inx witha=1 > £01) =0,f(1) = 1, f"0) = -1,f"() = 2, f(D = —6; 
Inx =(x-1) (x— 1) 4 ou (x1)! nm 
2 Z stots 








13. f(x) = cos x witha = 220 => f(22m) =1,f(22m) =0, £"(22m) = —1, £"(22m) = 0, £(22n) = 1, 
£°)(22r) = 0, £©(22m) = —-1; cos x = 1 — § (k — 22m)? + 7, (K — 220)! — & (K — 220) + 





14. f(x) = tan’ x witha=1 > f() = 4,1) =3, "MW =—-5,f"0) =3; 


)_ «w-1IP | & vf 
pe y+ PH... 





-l, Ha (x 
tan X= at z 





15. Yes, the sequence converges: c, = (a" +p) => c,=b ((4 + 1) ee => , im, Cy = Inb+ lim nie) 
(g)"In (8) _ tn (8 )_ 
= Inb + lim © (a1 =Inb+ 





= Inb since 0 < a < b. Thus, , im, Ch = eh = b. 





16. eo ae ae ee ae ae H14+30 ph + de + ae 
n=1 n=1 n= 

(ia) 5 1G (Gir a) + (wr) 5 

(z5) (qo) = t= (45) 











mr Tower + 2 ror + 2 joes = 14+; 


—1+ ou _ 9994937 _ 412 


999 + 390 1 35 = 999 333 








n—l k+1 d 1 n d n d 
_ x = x =! x 
17. => fi 1+ x? = Si 0 rea + 1 (et, +f = s =f, 1+x? 


=> lim s,= lim. (tan'n—tan!0) = % 
nh— oo n— oo 





























‘ unit | _ 43 (n+ 1)x™! (n+ DQx+)"} _ 7; x (n+1yP] _ | _ x 
18. lim), || =m, aspx pst * nx" =, ln eet wou) = lac <1 
—1;if- 5 <x <0, |x| < |2x+1| 
=> -x<2x+1 > 3x>-1 5 x> —G;ifx < —$, |x| <|2x+1] > -x<-2x—1 > x <-1. Therefore, 
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19. 


20. 


21. 


22: 


23. 


24. 


Chapter 11 Additional and Advanced Exercises 


the series converges absolutely for x < —1 and x > — ; ‘ 


(a) Each A,,, fits into the corresponding upper triangular region, whose vertices are: 
(n, f(n) — fm+1)), (n+1, f(n+1)) and (n, f(n)) along the line whose slope is f(n + 1) — f(n). 
are . . : ._ f(1)—f(2 = f() -£2 
All the A,'s fit into the first upper triangular region whose area is wot =>SA< AD IRD 


n=1 


(b 


wm 


k+1 
If Ay = M+ D+tO _ f(x) dx, then 


n—1 4 4 i 4 i n n 2 3 n 
 Ag= OURO a OE mea 1) +f) f f(x) dx — f, f(x) dx —... — "toy dx 
k=1 








n-l n n—1 n n 
= WHO + ey) — [f@ax = YA = >) f) — WHO ftw ax < M2, from 
k=2 k=1 k=1 


n—l 
part (a). The sequence (= ax} is bounded above and increasing, so it converges and the limit in 
k=1 


question must exist. 


(c) LetL = , lim, bs f(k) — J teo dx — $(£(1) + rin) , Which exists by part (b). Since f is positive and 
k=1 


decreasing lim f(n) = M > 0 exists. Thus | lim. b f(k) — Jt09 ax =L+$(f(1) +M). 
n—0o k=1 


The number of triangles removed at stage n is 3"~!; the side length at stage n is st ; the area of a triangle 


3 


at stage nis “> (so. 


(a) ip? +32 (Hr) +3? 3 (3) +38 (SE) +o. = py 2 = V3 7 3)" 








beeen (4") Ro 
(b) a geometric series with sum =) = J 3b 
a 


wm 


(c) No; for instance,the three vertices of the original triangle are not removed. However the total area removed 


is /3b2 which equals the area of the original triangle. Thus the set of points not removed has area 0. 


(a) No, the limit does not appear to depend on the value of the constant a 
(b) Yes, the limit depends on the value of b 








cos a) (a Bsin ll) +008 8) 
s=(1-30))' a fipe => lim, Ins= ( <p) ( = 

















c 
a CH 

= lim 2 sin (a) 008 (a) = Oot =] lim_ s = e7! © 0.3678794412; similarly, 

n- © = a n—- wo 

lim, (1 - S52)" = ee 

n—o bn ~ 
3 = |i =0: li ey 1a =~ (1tsinae) = I+sin (lim, as) — 1+sin0 
au an converges , um, an = 0; im. |(— =, im. ; = ; =5 
= 5 => the series converges by the nth-Root Test 

: Un+1 : potixmtl Inn 1 1 _ — 1.1 

nim, at} <1 => lim, jnacp pe|<l => [ox ol Se ee Ss SS eS 

















A polynomial has only a finite number of nonzero terms in its Taylor series, but the functions sin x, In x and 


e* have infinitely many nonzero terms in their Taylor expansions. 
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3y3 3 
7 ge ane ? ax ax +... x +... >. 4 
5 lim sin (ax) — sinx—x __ lim 3! 3! 






































x—> x oA) x 

= lim |42-#41-(# 1) x24...| is finite ifa—2=0 > a=2; 

ey be 313i 51 5! ae - = es 

: sin 2x — sin x — 2 1 . 

Jim, sin 2X an xX — 5 + at = z 

a2x? atx4 

i cos ax —b : (0-4 + at -)-b : 1-b a? a?x? 
26. lim, = =—1 > lim, Ee =-1 > Jim (4gt-§4+98-..)=-1 

=> b=landa= +2 

un ($12 2,1 _ a 
27. (a) ae = =lt+it+e> CP eo tant 2. =z converges 
= 
+1 1, 0 So 
Un — B® = — 4 
®) ge="Hl4+i+2 = C= beter 2 ; diverges 
a 
wtin| 
6 3 
2 Z. 5. 4n2 —4n+1 a 

28. = = ae =P Hit () + ge = 1+ (3) + ( . after long division 


5n? 


Co 
fat = a a <5 = > u, converges by Raabe's Test 


1 
n2 n=1 





= C=2> Land |f(m| = ; 


29. (a) SS an =L => a? < an D> an =anL = D> a? converges by the Direct Comparison Test 
n=1 


n=1 n=1 





oe a ee ke eae 
(b) converges by the Limit Comparison Test: , um, a , im, i-a, = | since > a, converges and 


therefore lim a, =0 
x7 ow 








30. If 0 < a, <1 then |in(1 —a,)|=—In(’—a,) =a, + S494... <a+¢@+ab+...= 7%, 
a positive term of a convergent series, by the Limit Comparison Test and Exercise 29b 
31. (L—x) > =1+ > x" where |x| <1 > gap = 4 (1 — x)! = )) nx"! and when x = 4 we have 


n=1 n=1 
n-1 


dade 2) 43 (1) eat) a tay 











co 2 co 2 co Co 
32. (a) yan = = Lei as > ee = aoe > Zane e = ae 





oe) 2 
(n+1) __ x _ 2x? 
=> yy “Ga epee 


x 


ied 1/3 1/3 
(b) x= So MED = x= DH = xP 3? 4x-1=05 x=1+(14+%) + (1-) 


n=1 


& 2.769292, using a CAS or calculator 


33. The sequence {x,} converges to 5 from below so €, = 5 — Xn > O for each n. By the Alternating Series 
Estimation Theorem €,41 4 (€,)? with |error| < 4 (€,)°, and since the remainder is negative this is an 


overestimate => 0 < e,41 < ¢ (eq). 


34. Yes, the series }>In(1 + a,) converges by the Direct Comparison Test: 1 + a, < 1+ a), + a + a +... 


n=1 


=> lta<e™ > Inilt+a)<a 
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35. 


36. 


37. 


38. 


39. 


40. 


Chapter 11 Additional and Advanced Exercises 





@) gaa =a (te) HRC txt P44...) H 14 2x43 4484... = om! 
n=1 
oo n-1 2 
(b) from part (a) we have )_n (3) (4) = (Z) [5] =6 
Se ee ee 
(c) from part (a) we have >~ np ery ee a 


n=1 








@ Y w=> 2*= 



































k=1 k=1 

by Exercise 35(a) 

— Set a Bsyk _ 1) [_@_] _ _< Aye 1S ys) 
0) mk =e as (3) = (3) [es] hen) = 2 ee 2 ee a 2 k(§) 

1 1 
= 1S = 6 
(3) aT 

Cy pe So ee ie ee oie = k(g@ty) 

Fa kD (i 7) bees ( rt) a > kKk+D 

= PB ei , a divergent series so that E(x) does not exist 

e7kt — en nktg . en kt 

(a) Ra = Coe™H + Coem™H +... + Coermtts = SECTS) R= lim. Ri = Sy = wy 
(b) Ry = SUES") = R, =e7!  0.36787944 and Rig = S—U=2) ~ 0.58195028; 

R= 4, © 0.58197671; R — Rio © 0.00002643 = B=" < 0.0001 

ev! a eon —e in 

(6) Ry = Lea, B =F (ark) © 4.7541659; Ry > B= AGT" > (5) (ad) 

=> 1l-eV sie seem cli > —-2 <in(f) > 5 > -Imn(3) > 1 >693 > n=7 
(a) R= xo > Re =R+C)=Cu + eh = & > y=} In(S) 
(b) tp = os In e = 20 hrs 
(c) Give an initial dose that produces a concentration of 2 mg/ml followed every to = ns In (4) & 69.31 hrs 


by a dose that raises the concentration by 1.5 mg/ml 
(d) to = fy In(P4) =5In(¥) & 6hrs 


co 
The convergence of }> |a,| implies that lm |an| = 0. Let N > 0 be such that |an| << $ = 1 —|an| > } 














n=1 
=> pi < 2 |a,| for alln > N. Now |In(1 + a,)| = a —$+9-H4...| < lan| + |] + |] + 4a eee 
< |an| + laq|? + laa|° + lan|* +...= ah <2 |a,|. Therefore 5* In(1 + an) converges by the Direct 
n=1 


co 
Comparison Test since }> |a,| converges. 


n=1 


co 
» nana converges if p > 1 and diverges otherwise by the Integral Test: when p = | we have 
n= 


b b 
é dx _ : b : : dx 
‘ lim sens); lim | [In (In (In x))] 3 = co; when p ¥ 1 we have : lim | f PETETICNITESY 


In (In 3))-P+! : 
b— 0o ~P 3 co, ifp<l 
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2 Cc t ty—-t t3—ty t —t 
41 @) sn =P GEE Ha ABS PE SEE EY HB 








2n 
= 1 141 1 fl tontt __ t ton 
=t (1 — 5) + ty (5 = 3) toe. + tan (35 mat) + tt =e KktD aa Init 


n 


(b) fer} = {(-D"} > 3° converges 
n=1 





(c) {en} = {1,—-1, -1,1,1,—-1,—1,1,1,...} = theseries1-—}—14+14+41-—1-—14... converges 
2. 3 as 7 g 


42. (a) (1-t+P?—84...+(-—D) 14+) =1-t+e—84...4(-pett—P + 8-4... 4p! 
= 1+ (—pe*! => 1-t+t—-tc+... a ye (—1yet! _ 1 


























1+t 1+t 
(b) Jo raaa fp [i-t+e+... + (=e + SE) dt = [In |1+t]]j 
= [p-S +54... + ue | + comet dt > In [1 +x| 
=x-8 48. 4 COB LE Rou, where Rigi = oe 
() x>OandRa =D ff dt > [Rail = [Sat < fer a= 2 
(@) -1<x<OandRy =(-Ie ff” Se dt > (Raul =| f° Pat] < f [eS ae 











< x ent d [x[ 2+? 
= Jo T=K] > T= RaFD 





since |1 +t] > 1 — |x| 


Ix n+2 


(e) From part (d) we have |Rn+i| < SaraaTeat => the given series converges since 


|x| n+2 


nim, qoEpary = 9 = [Rati] > 0 when |x| < 1. Ifx = 1, by part (c) |Ra+i| < 


[x[tt? 
n+2 








Thus the given series converges to In(1 + x) for-I1 <x <1. 
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CHAPTER 12 VECTORS AND THE GEOMETRY OF SPACE 


12.1 THREE-DIMENSIONAL COORDINATE SYSTEMS 
1. The line through the point (2, 3, 0) parallel to the z-axis 

2. The line through the point (—1, 0, 0) parallel to the y-axis 
3. The x-axis 

4. The line through the point (1, 0, 0) parallel to the z-axis 

5. The circle x? + y? = 4 in the xy-plane 

6. The circle x? + y? = 4 in the plane z = —2 

7. The circle x? + z? = 4 in the xz-plane 


8. The circle y? + z? = 1 in the yz-plane 


9. The circle y? +z? = 1 in the yz-plane 





10. The circle x? + z? = 9 in the plane y = —4 

11. The circle x? + y? = 16 in the xy-plane 

12. The circle x? + z? = 3 in the xz-plane 

13. (a) The first quadrant of the xy-plane (b) The fourth quadrant of the xy-plane 


14. (a) The slab bounded by the planes x = 0 and x = 1 
(b) The square column bounded by the planes x = 0,x = ly =O0,y=1 








(c) The unit cube in the first octant having one vertex at the origin 


15. (a) The solid ball of radius 1 centered at the origin 
(b) The exterior of the sphere of radius 1 centered at the origin 


16. (a) The circumference and interior of the circle x? + y? = 1 in the xy-plane 





(b) The circumference and interior of the circle x? + y” = 1 in the plane z = 3 
(c) A solid cylindrical column of radius 1 whose axis is the z-axis 


17. (a) The closed upper hemisphere of radius 1 centered at the origin 
(b) The solid upper hemisphere of radius | centered at the origin 


18. (a) The line y = x in the xy-plane 
(b) The plane y = x consisting of all points of the form (x, x, z) 
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35. 


36. 


37. 


38. 


39. 


40. 


41. 


43. 


. (a) 


. (a) 


. (a) 


. (a) 


- (a) 


Chapter 12 Vectors and the Geometry of Space 


x=3 
x=3 
z=1 


w+y?=4,72=0 
x? +(y—2)? =4,z=0 


(x+3?+(y—-4"=1,z=1 


Oo) y=-1 
Oo) y=! 
bh) s=3 


(b) y2?+z2=4,x=0 
(b) (y¥-2P +2 =4,x=0 


(b) (y—4? +(z@—-1)? =1,x=-3 


(c) z=-—2 
(c) z=2 
ys! 


(c) x +277=4,y=0 


(c) xX*+277=4,y=2 


. (a) y=3,z=-1 


: Jet+ty+e= 


. x ty?+(@—1) =4andx?+y?4+ (z+ 1)? 





(c) «+32 +@-1P =Ly=4 


(b) x=1,z=-1 (c) x=l,y=3 





Jet y-224+2 5 P+y4+P=P4(y-2% 427 => y=y?-4y+4 > y=1 


ety? +2? =25,2=3>x?+4+y? = 16 in the plane z = 3 


H=4y P4+y42-1PH=P+y?4+@4+1? => 2=0,xX+y? =3 





.0<z<1 30. 0<x<2,0<y<2,0<z<2 
.Z<0 32. z= /1-—x?-y? 
.@) @&-1%4+(-1°%+¢-1% <1 (b) «-1°%+(G-1°4+¢@-1)7 >1 


~l<xty?+27<4 



































P1P)| = (3-1) +3-1)?+ (0-1)? = V9=3 

P1P2| = (2+ 1)" + (5-1)? + (0-5)? = 50 =5,/2 

P,P, = (4-1 2-4)? + (7-5) = /49=7 

P,P)| = \/(2- 3)? + (3-4)? + (4-5)? = V3 

P,P,| = \/(2-0 2-0)? + (2-0)? = 3: 4=213 

P,P2| = 1/(0— 5)? + (0-3)? + (0+. 2)? = 38 

center (—2, 0,2), radius 2/2 42. center (— 4,—4,—1), radius ¥2! 


44. center (0, a i <) , radius “= 


center (v2, /2, -/2) , radius J2 
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45. 


47. 


49. 


50. 


51. 


52. 


53. 


54. 


D3: 


56. 


Section 12.2 Vectors 781 


(x — 12 + (y—-22 +2 -32 =14 46. x2 4(yt+D24+@—-52% =4 
(x+2P+y+277 =3 48. x +(y+7P4+2? =49 
ety? +27 +4x—-42=0> (x27 +4x4+4)+y2+(2?-424+ 4) =4+4 





2 
=> (x+2P+(y—0)7+@-2/7 = (v8) => the center is at (—2, 0,2) and the radius is J/8 


x? +y? +2? —6y+8z=0 => x24 (y? — 6y+ 9) + (2? + 824+ 16) =9+16 > «K-0P + (y—-3P +244" =5° 
=> the center is at (0,3, —4) and the radius is 5 


2x? + 2y?+2274+x+yt+z=9 > P+ 5xtyt5yte 
2 (Pb In+ ) + Oe +dy tg) ++ beth) = 
5/3 
47 


1 


= the center is at (- ie =a; = +) and the radius is 


2 


3x? + 3y? + 322+ 2y-22=9 > ty? +2yt2-32=3 => P+ (y?+eyt 5) t (2-324 5) =3 43 
L 
3 


2 
=> (x—0)? + (y +4)? +(z- 1)? (2) => the center is at (0, — 4, ) and the radius is Y22 


(a) the distance between (x, y, z) and (x, 0,0) is \/y? + z? 
(b) the distance between (x, y, z) and (0, y, 0) is 1/ x? + z? 
(c) the distance between (x, y, z) and (0,0, z) is ,/x? + y? 


(a) the distance between (x, y, z) and (x, y, 0) is z 
(b) the distance between (x, y, z) and (0, y, z) is x 
(c) the distance between (x, y, z) and (x, 0, z) is y 








|AB| = /(1 — (-1))? + (-1- 2)? + B- 1)? = 44944 = V7 
|BC| = (3-1)? +(4-(-1))? + (5-3)? = J4425 +4 = 1/33 


ICA] = (1-3)? + 2-4)? + (1-5)? = 16 + 4+ 16 = 36 = 6 
Thus the perimeter of triangle ABC is \/ 17 + 334+ 6. 

















PA| = 4/23)? + (1-1)? + @-2)" = VIF 441 = V6 
IPB] = (4-3)? + 3-1)? + (1-2)? = V1+441= V6 


Thus P is equidistant from A and B. 





12.2 VECTORS 


1. 


3. 


(a) (3(3), 3(—2)) = (9, -6) 2. (a) {—2(—2), -2(5)) = (4, —10) 
(b) \/92 + (-6)° = f117 = 3,13 (b) \/42 + (—10)* = /116 = 2/29 
(a) (3+ (—2),-2+5) = (1,3) 4. (a) (3—(-2), -2-—5) = (5, -7) 
(b) /12 +32 = /10 (b) \/52+(-7) = /74 
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21. 


22. 


.. (eos 135°, sin 135°) = (-4, +5) 





(a) 2u = (2(3), 2(-2)) = (6, —4) 6. (a) —2u = (—2(3), —2(—2)) = (-6, 4) 
3v = (3(—2), 3(5)) = (—6, 15) 5v = (5(—2), 5(5)) = (—10, 25) 
2u — 3v = (6 — ( —4), —4 — 15) = (12, —19) —2u + 5v = (-6 + (—10),4 +25 


(b) 4/122 + (-19)? = \/505 (b) \/(—16)* + 292 = \/1097 


(a) 

















ut fv= (34+ (-§),-§44) =(4, #) isu 
DGG) = 2s b) (-3)" + (8) = a 
(2-1,-1-3) = (1, -4) 10. (4-9 — 9, = —0) = (-1,1) 








. AB = (2-1,0-(-1)) = (1,1), CD = (-2- (-1),2-3) = (-1,-1), AB + CD = (0,0) 








. (cos 3, sin 2£) = ( 1,3) 14. (cos ( 37) sin ( ‘)) = ( Tis 


(cos 210°, sin 210°) = (-43, -}) 


. PiP, = (2—5)i+ (9 —7)§ + (-2- (-1))k = -314+2j-k 





_ PyPy = (—3 — 1)i+ (0 — 2)j + (5 — 0)k = —4i — 2j + 5k 


=> 


. AB = (—10 — (—7))i+ (8 — (—8))j + (1 — 1k = —3i + 16j 


=> 


. AB = (-1—1)i+ (4—0)j + (5 — 3)k = —2i +4 4j + 2k 


Su —v = 5(1, 1, -1) — (2,0, 3) = (5,5, —5) — (2,0, 3) = (5 — 2,5 — 0, —5 — 3) = (3, 5, —8) = 31+ 5j — 8k 


—2u + 3v = —2(—1, 0, 2) + 3(1, 1, 1) = (2, 0, —4) + (3, 3, 3) = (5, 3, -1) = Si+ 3j-—k 
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23. The vector v is horizontal and 1 in. long. The vectors u and w are 1 in. long. w is vertical and u makes a 45° angle with 


the horizontal. All vectors must be drawn to scale. 


@ (b) 
ut+tv+w w 
© | (d) 
24. The angle between the vectors is 120° and vector u is horizontal. They are all 1 in. long. Draw to scale. 
(a) a (b) u 
-v ~v 
u-v 





u-vtw 
w 
(d) 
w v 
u 
u+v+w=0 


25. length = |2i+ j — 2k| = \/2? + 1? + (—2) = 3, the direction is i+ }j- $k > 2i+j—2k =3 (4i+ 4j— $k) 


26. length = |9i — 2j + 6k| = \/81 +4 + 36 = 11, the direction is Fi- 7 j+6%k > 91-2j+ 6k 
=11(fi-#4)+ £k) 


27. length = |5k| = \/25 = 5, the direction isk = 5k = 5(k) 
28. length = |2i+ $k| = \/% + 48 =1, the directionis i+ $k > 21+ $k =1(2i+ 2k) 


2 
29. length = 4.i- j- Ex) = /3() = [4 the direction is 4i- 4, j- pk 


Si- Sgi- k= VI (Hi- HI HH) 
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30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


Chapter 12 Vectors and the Geometry of Space 





2 
length = Ae 3(-,) = 1, the direction is -i + T-j+ 7k 
Ls lL; 1 








(a) 2i (b) —\/3k () 3j+?k (d) 6i—2j +3k 
(a) —7j (OS ee () ti-1j-k @ +,i+ 4j- +k 














\v| = J 12? + 5? / 169 13; Wl ii Vv 4 (12i — 5k) = the desired vector is 4 (12i — 5k) 


We \/t+i+i=5=si Aa ak eee eee 3 (Js Vis Jak) 
= —-/3i+ V/3)+ V3k 























(a) 3i+4j—5k =5,/2 : 
(b) the midpoint is (4,3, 3) 




















——— 


3s 4s 1 : i j 1 
Jat sfi4 Si k) => the direction is PD i+ al 7a k 
(a) 3i- 6j+ 2k =7 (2i- §j+ 2k) => the direction is 3i— $j+ 7k 

(b) the midpoint is (3, 1,6) 


(a) -i-j-k= 3 


(b) the midpoint is (3, 7, 3) 














k) = the direction is Fil Lj Lk 


~~ 

= 
w 

- 
aul fee 
w 
Comet 
S/- 
Ww 





(a) 2i — 2§ - 2k = 23 (Si 4,5 - 4k) the direction is 51-4, j— tk 
(b) the midpoint is (1, —1, —1) 





AB = (5—a)jit+(1 —bj+@—ok =i+4j—2k > 5-a—1,1—b=—4,and3—c —2 a= 4, b = —3, and 





c=5 = Ais the point (4, —3,5) 





AB = (a+ 2)i+ (b+3)j+ (c— Ok = —7i+ 34+ 8k S a+2——7,b+3—3,andc—6—8 > a——9,b 





andc = 14 = Bis the point (—9, 0, 14) 





2i+j=a(lit+j)+ba—-j) =(a+b)i+ (a—bjj > a+b=2anda—b=1 2a=3> a 3 and 
b=a-1=} 





i— 2j = a(Q2i+ 3j) + bGi+ j) = Qa+b)i+ Gat+b)j => 2a+b=1and3a+b=-—2 > a=-—3 and 
b=1-2a=7 = wy = a(2i+ 3j) = —6i — 9j and up = bi + j) = 7i+ 7j 


If |x| is the magnitude of the x-component, then cos 30° = a => |x| =|F| cos 30° = (10) ( ¥) = = 5/3 Ib 
=> F, =5/3i; 


if |y| is the magnitude of the y-component, then sin 30° = pies ly| = |F| sin 30° = (10) (5) =5lb > Fy =5j. 
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. If |x| is the magnitude of the x-component, then cos 45° = bl sy |x| = |F| cos 45° = (12) (2 2) = = 6,/2 Ib 


~ IF 
=>F,= -~6,/2 i (the negative sign is indicated by the diagram) 
if |y| is the magnitude of the y-component, then sin 45° = x => |y| = |F| sin 45° = (12) (2 2) = = 6/2 Ib 


=> F= 6/2 j (the negative sign is indicated by the diagram) 
25° west of north is 90° + 25° = 115° north of east. 800(cos 155°, sin i to a) (—338.095, 725.046) 


10° east of south is 270° + 10° = 280° ’north” of east. 600(cos 280°, sin 280°) ~ (104.189,—590.885) 


(a) The tree is located at the tip of the vector OP = (5 cos 60°)i + (5 sin 60°)j = 3 i+ Sv j => P= (3. +) 


(b) The telephone pole is located at the point Q, which is the tip of the vector oP + PO 
= ($i+ ra EN, i) + (10 cos 315°)i + (10 sin 3159)j = ($+ oy i + (38 oy j 
Sig 2 (GE, ae 








Lett = pr and s=—e q: Choose T on OP, so that TQ is 
sacl to JOP: so Re one is similar to AOP,P>. Then 








ih =t> OT = — tOP, so that T = (tx1, ty), tz1). 
Also, aa S TO s OP) 8(Xo, y2, Z2). 


Letting Q = (x, y, z), we have that 





i 
TQ= (x tx1,y—tyi,z tz1) — S(X2, y2, Z2) 
Thus x = tx; +SX2,y=ty; +Sy2,Z=tz, +5822. 


(Note that if Q is the midpoint, then i =landt=s= 5 





2 ree: +22 


,Z= 4 * so that this result agress with the midpoint formula.) 





so that x = $x) + 5%) = j= 


(a) aC 5,0) and CM = (3 — 1)i+ (3-1) §+ 0 -—3)k = 31+ 3j-3k 
(b) the desired vector is (3 ) CM = 2 (3i 3j = 3k) = =i+j-2k 
(c) the vector whose sum is the vector from the origin to C and the result of part (b) will terminate 
at the center of mass => the terminal point of (i+ j + 3k) + (+ j — 2k) = 2i+ 2j + k is the point 
(2,2, 1), which is the location of the center of mass 


=> 


The midpoint of AB is M (3,0, 3) and ($) CM = 3 [(3 + 1)i+ @—2)j+ (3+ 1) k] = § (3i—2j+ 3k) 
=atrai tee ceeipesmaa i-4j+2k)+0C= (3 i-fj+ik)+(- i+ 2j —k) 


= 3 i+ ej jts + ki is the point (3,3 a +) which is the location of the intersection of the medians. 





Without loss of generality we identify the vertices of the quadrilateral such that A(O, 0, 0), B(x», 0, 0), 
C(X%e, Ye, 0) and D(Xa, Ya, Za) = the midpoint of AB is Map (2, 0, 0) , the midpoint of BC is 
Mpc (223 ,  ,0) , the midpoint of CD is Mcp (*4** , “4% , “) and the midpoint of AD is 

Xb Xe +Xq 


Map (# 52a, a1) => the midpoint of MapMcp is ( ao = | Yer vs P 4) which is the same as the midpoint 








2 





Xp + Xe ae Xq 4 
— 2 2 ad Z 
of MapMgc = 2 5 Ye r. ‘ 7 : 
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52. Let V1, Vo, V3, ... , Wn be the vertices of a regular n-sided polygon and v; denote the vector from the center to 
V; fori = 1, 2,3,...,n. If S = > vj and the polygon is rotated through an angle of i@n) where 
i=l 
i= 1,2,3,...,mn, then S would remain the same. Since the vector S does not change with these rotations we conclude 
that S = 0. 


53. Without loss of generality we can coordinatize the vertices of the triangle such that A(O, 0), B(b, 0) and 


C(Xc, Ye) => ais located at (24% ,), bis at (=, %) andcis at a ,0) . Therefore, Aa = (2 + ®)i+(¥*)j, 


Bb = (% —b)i+ (%) j,andCe = (2 —x.) i+ (-yc)j > Aa +Bb +Ce =0. 


54. Let u be any unit vector in the plane. If u is positioned so that its initial point is at the origin and terminal point is at (x, y), 
then u makes an angle @ with i, measured in the counter-clockwise direction. Since |u| = 1, we have that x = cos 6 and 
y = sin 9. Thus u = cos 0 i+ sin 6 j. Since u was assumed to be any unit vector in the plane, this holds for every unit 


vector in the plane. 


12.3 THE DOT PRODUCT 


NOTE: In Exercises 1-8 below we calculate proj, u as the vector (2s) v, so the scalar multiplier of v is 


the number in column 5 divided by the number in column 2. 






































v-u |\v| ul cos 0 |u| cos 0 proj, u 
1, 425 5 5 —] 5 —2i + 4j — \/5k 
2. 2 1 13 a 3 3 (i+ 2k) 
4, 25 15 5 t 3 5 (10i + 11j — 2k) 
4. 13 15 3 a # Hx (21+ 10j — 11k) 
2 2 1 * 
5. 2 34 V3 57 Sa 2. (5j — 3k) 
6 V3-V2 v2 3 awh he Vaev2 (i+) 
Aq 10+ /17 10+ S17 lo+V17;_ es 
7 144/19 4/26 J/21 x ax ie (S+) 
e. 2 V30 30 1 ae (4, +) 
6 6 6 5 /30 5 2° V3 
= =1 u-v = -1 (2)0) + (2) + O)(- 1) = =1 4 = -1 4 AS 
9. @=cos (s ) = Cos (=e! GO) | cos (45) = cos (+) ~ 0.75 rad 























= -1 u-v _ —] (2)3) +(—2)0) + (4) _ =a 10 _ -1(2)\) ~ : 
10. 6 =cos ( ) = cos (=e | cos (=m) = cos (3) ~ 0.84 rad 




















(v3) (V3) +70) + O-2) ee 2 
(v3) +7 +8 (v3) +0r +02 
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= cos"! ( =) w 1.77 rad 
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26 
d-1)) ()+(-Vv2) 0) 
12, Pecos (4%) Sco." ne ail v?) =fos (=) 
yor ( v2) +(-v2) VED? +OP? +0? 
=(cos (s5) ~ 1.83 rad 
13. AB = (3, 1),BC = (-1, —3), and AC = (2, ~2). BA = (3, -1),CB = (1,3), CA = (—2,2) 
= 4/10; = | CB| = /10, = |CA] = 2v2, 
Angle at A = cos™! (ify) = cos! [Saeal = cos! (+) =~ 63.435° 
~ cos! { BEPA,) = cos-2 ( Cuca+-acn | — hs e 
Angle at B = cos ( [3 / cos ( (710) (,/10) cos (2) 53.130°, and 
— cost { , BEA, \ — egent | 12432) ) '(+) sy ° 
Angle at C = cos (|; is /) cos (uae3) cos 5 63.435 
=> = > lS 
14. AC = (2,4) and BD = (4, —2). AC - BD = 2(4) + 4(—2) = 0, so the angle measures are all 90°. 
i: a j- b k- c 
15. (a) cosa= a = WW? 008 B = TC = 7? COS Y= KM = and 
2 2 2 
2 2 Dy fa b c — &+b+ec? _ lvilvi _ 
costa + cos! 8+ costy= (i) + (8) + (5) = eet = ite =! 
(b) |v| =1 COs @ iv a, cos 3 = al = bandcos y = il = c are the direction cosines of v 
16. u = 10i + 2k is parallel to the pipe in the north direction and v = 10j + k is parallel to the pipe in the east 
direction. The angle between the two pipes is @ = cos”! (2%) cos (=m) ~~ 1.55 rad  88.88°. 
17. u= (42 v) + (u— 8 y) = 3 G+) + [Gj +4k) — 30+ H] = (31+ 35) + (— 31+ 25+4k), where 
v-u=3andv-v=2 
18. u= (“#v) + (u— * v) =4v+ (u—§v) =$ 04+) + [G+ —504+)] = (414+ 435) + (—$i+ 5j+k), 
where v-u= landv-v=2 
19. u= (2 vy) + (u— 8 y) = 44 2j —k) + [(81+ 4j — 12k) — (41+ Sj- 4k] 
= (4i+ 3j tk) + (Fi 6 j 22k) , where v- u = 28 and v- v = 6 
20. u= (= v) + (u- ru y) = + (A) + [@+j+k — (7) Al = (i) + G +k), where v- u = | andv- v= 1; yes 
21. The sum of two vectors of equal length is always orthogonal to their difference, as we can see from the equation 
(v1 + V2) + (Vi — V2) = Vi = V1 + 2° V1 — V1 V2 — Vo - V2 = |vi |” — [vo]? = 0 
> = 2 2 i 
22. CA-CB = (—v+ (-u))- (-v+ uw =v-v—v-u+u-v—u-u=|y| — |u|” = 0 because |u| = |v| since both equal 


the radius of the circle. Therefore, CA and CB are orthogonal. 
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23. Let u and v be the sides of arhombus = the diagonals are dj = u-+ v and dj = —u+v 
=> dj-d) =(u+y)-(—u+v) = —u-u+u-v—v-u+v-v= |v|” — |u|” = 0 because |u| = |v|, since a rhombus 
has equal sides. 


24. Suppose the diagonals of a rectangle are perpendicular, and let u and v be the sides of a rectangle = the diagonals are 
d,; = u+vand dy = —u+-v. Since the diagonals are perpendicular we have d; - d2 = 0 
& (u+v)-(-u+v) =—u-u+u-v—v-u+v-v=0 © |v|7— jul? =0 (|v| + [ul) (|v| — Jul) =0 
<= (|v| + |u|) = 0 which is not possible, or (|v| — |u|) = 0 which is equivalent to |v| = |u| = the rectangle is a square. 


25. Clearly the diagonals of a rectangle are equal in length. What is not as obvious is the statement that equal 
diagonals happen only in a rectangle. We show this is true by letting the adjacent sides of a parallelogram be 
the vectors (vi + voj) and (u,i + u2j). The equal diagonals of the parallelogram are 
dy = (vii + voj) + (uri + Uj) and dy = (vii + voj) — (Uri + Unj). Hence |di| = |d2| = |(vii + voj) + (ii + uaj)| 
= |(vii + voj) — (Ui + U2j)| => [vi + ur)i + (v2 + U2)j] = |(v1 — ULE + (V2 — U2)j] 
=> J +1)? + (v2 + U2)? = (v1 — 1)? + (Ve — Ug)? => V2 + 2vyuy + U? + v2? + 2voug + UW? 


= v; — 2vyu, + uw? + v2 — 2voU2 + uw? => 2(vyu, + Volg) = —2(vyU, + Vot2) > vy, + Volg = 0 








=> (Vyi + voj) - (yi + Uj) = 0 = the vectors (vii + voj) and (ui + u2j) are perpendicular and the parallelogram 
must be a rectangle. 


26. If |u| = |v| and u + vis the indicated diagonal, then (u + v)-u=u-u+v-u= |u|? +v-u=u-v+|v|- 


(u+y)-u 
jut+-v| Jul 





=u-v+v-v=(u+v)-v = the angle cos! ( ) between the diagonal and u and the angle 





cos! (san) between the diagonal and v are equal because the inverse cosine function is one-to-one. 


Therefore, the diagonal bisects the angle between u and v. 


27. horizontal component: 1200 cos(8°) * 1188 ft/s; vertical component: 1200 sin(8°) ~ 167 ft/s 








28. |w|cos(33° — 15°) = 2.5 Ib, so |w| = 22%. Then w = 22®. (cos 33°, sin 33°) = (2.205, 1.432) 
29. (a) Since |cos 6| < 1, we have |u - v| = [ul |v| |cos 6] < Jul |v] (1) = Jul |v]. 
(b) We have equality precisely when |cos 6| = 1 or when one or both of u and v is 0. In the case of nonzero 


vectors, we have equality when @ = 0 or 7, 1.e., when the vectors are parallel. 


30. (xi + yj) - v = |xi+ yj] |v| cos 0 <O when § <0 <7. This 
means (x, y) has to be a point whose position vector makes 
an angle with v that is a right angle or bigger. 





31. v-u, = (au, + buy) - u; = au, - uy, + buy - | = a|uy|° + b(ug - u,) = a(1)? + b(0) =a 


32. No, vineed not equal v2. For example, i+ j 4 i+ 2j buti- (i+ j) =i-i+i-j=1+0=1 and 
i- (G+ 2j) =1-14+ 2i-j=1+2-0=1. 
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33. P(x1,yi) =P (x1, 5 =p x1) and Q(x2, y2) =Q (xo, . = & x») are any two points P and Q on the line with b 4 0 
— — y 
=> PQ = (ko — x1)i+ 2 (X1 — X2)j S PQ - v= [(x2 — x)i+ 2 (1 — X2)j] - (Qi + Df) = aK — x1) + B() (K1 — Xa) 
= 0 = vis perpendicular to PQ for b £4 0. If b = 0, then v = ai is perpendicular to the vertical line ax = c. 


Alternatively, the slope of v is . and the slope of the line ax + by = c is — j, so the slopes are negative 


reciprocals = the vector v and the line are perpendicular. 


34. The slope of v is n and the slope of bx — ay = c is B provided that a # 0. If a = 0, then v = bj is parallel to 


the vertical line bx = c. In either case, the vector v is parallel to the line ax — by = c. 


35. v =i-+ 2j is perpendicular to the line x + 2y = c; 
P(2,1) onthe line > 2+2=c > x+2y=4 


>< 








36. v = —2i — j is perpendicular to the line —2x — y = c; 
P(—1,2) on the line = (—2)(—1)-—2=c 
=> -—2x-—y=0 


37. v = —2i+j is perpendicular to the line —2x + y = c; 
P(—2, —7) on the line = (—2)(—2) -—7=c 
=> -2x+y=-3 











38. v = 2i — 3j is perpendicular to the line 2x — 3y = c; 
P(11, 10) on the line = (2)(11) — @)C0) =c 
=> 2x-—3y=-8 
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39. v =i-—jlis parallel to the line —x-—y=c; 
P(—2, 1) on the line > —(—2)-l=c => -x-y=1 
orx+y=-l. 





40. v = 2i + 3j is parallel to the line 3x — 2y = c; 
P(O, —2) on the line > 0—2(—2)=c => 3x-2y=4 











41. v = —i — 2j is parallel to the line —2x + y = c; . 
P(1,2) on the line = —2(1)+2=c > —2x—y=0 PUL, 2) 
or 2x —y = 0. 2x-y=0 

>x 
-i- 2j 
42. v = 3i — 2j is parallel to the line —2x — 3y = c; y 


P(1,3) on the line = (—2)(1) — (3)3) =c 
=> —2x—3y =—llor2x+3y=11 






2x + 3y=11 


43. P(0,0), QU, 1) and F =5j > PQ =i+jandW—F-PO = (5j)-(i+j) —5N-m=—5J 


44. W = |F| (distance) cos 6 = (602,148 N)(605 km)(cos 0) = 364,299,540 N - km = (364,299,540)(1000) N - m 
= 3.6429954 x 10/1 J 


45. W = |E| /PQ| cos 6 = (200)(20)(cos 30°) = 2000\/3 = 3464.10 N - m = 3464.10 J 
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46. W=|F| |PQ| cos 8 = (1000)(5280)(cos 60°) = 2,640,000 ft - Ib 


In Exercises 47-52 we use the fact that n = ai + bj is normal to the line ax + by = c. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


35. 


__ As A _ A _ =| ny -Ny = -1 6-1 = 1 = 
n, = 3i+ jandn, = 2i-j => 0 =cos (PHB;) = cos (4=4,) = cos! (+5) =3 








n = —J/3i+jandn = /3i+j > @ = cos! (a) = cos (344) =cos!(-3)=% 
n, = /3i—jandny =i- V3) = 0 =cos! (22,) = Cos™ 1 (Gee) =cos! (3) es 





m = i+ V3jandm = (1— V3)i+ (14+ V3) Jj + 8 = cos (mits) 


ea 1~ 73+. 343 Seog.) Seo.) = 
ie (its) a (=a) il (Js) 














n, = 3i—4jandny ~i—j = 0=cos"! (221) = cos! ( 4) = cos! (=) e 0.14 rad 





n, = 12i+ 5j and ny = 2i— 2) > @ =cos! (22)) = cos! (51%) =e os! (45 i“) w~ 1.18 rad 


The angle between the corresponding normals is equal to the angle between the corresponding tangents. The 


points of intersection are (- BE 3) and ee 3). At (- o 3) the tangent line for f(x) = x? is 


y-}=1"( 3) (x ( 4)) = y=-v3(x+¥) +} >y=- =—1/3x— 3, and the tangent line for 








fx) = (3) -P isy- 3 =" ( M3) (x ( ¥)) en ee The corresponding 


normals are ny; = \/3i+j and ny = —\/3i+j. The angle at (- we 3) is 0 =cos! (22) 








1G 
= Cos: (344) = cos! (— $) = %, the angle is $ and ¥. at (8, 2) the tangent line for f(x) = x? is 
y=V3(x+ 2) +3 he es 3x isy=-V3(x+ O) +3 


= ~1/3x - . The corresponding normals are ny = —V/3i +jand ny = V3i + j. The angle at (2, 3) is 





= =1 Ny -Ny _ —1 { —3+i _ -1/(_1) — 2a to © 20 
6 = cos (2) = cos (+4) = cos ( +) =4 , the angle is - and a 








The points of intersection are (0, 4) and (0, - 3). The curve x = 3 — y” has derivative 4 ae y => the 
3 3\. 3 1 1s. e: E 
tangent line at : ¥) is y ve eer (x-—0) > n= a + jis normal to the curve at that point. The 
curve x = y?— 7 3 has derivative ay = * = the tangent line at (0, v3) is y ua = L(«-0) 
y v3 
> Ih = — WG i+ jis normal to the curve. The angle between the curves is 6 = cos“! (2) 


il 2 
= cos” (tig) = = cos” 1 (4B) =coc (4) = 7 and an Because of symmetry the angles between 


the curves at the two points of intersection are the same. 





The curves intersect when y = x? (y2)° y® = y=Oory =1. The points of intersection are (0, 0) and 
(1,1). Note that y > 0 since y = y®. At (0,0) the tangent line for y = x® is y = 0 and the tangent line for 
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y= Jx is x = 0. Therefore, the angle of intersection at (0,0) is [. At (1, 1) the tangent line for y = x? is 


y = 3x — 2 and the tangent line for y = a/ xisy = 5 X+ 5. The corresponding normal vectors are 


n, = —3i+jand ny = — sitj => 6=cos! (3%) = cos! (=) = f, the angle is | and Sa 


56. The points of intersection for the curves y = —x” and y = *\/x are (0,0) and (—1,—1). At (0, 0) the tangent 


line for y = —x? is y = 0 and the tangent line for y = ay x is x = 0. Therefore, the angle of intersection at (0, 0) 


is 5. At(—1, —1) the tangent line for y = —x? is y = 2x + 1 and the tangent line for y = 4 xisy = $xX— z. 


The corresponding normal vectors are nj = 2i— j and np = 4i—j = 0 =cos! (22) 
2 5 
=a! x+1 — eoc-! ( G)_) — | 1 ) _o ot 30 
= cos —i_— ] =cos —4— | =cos —.-) — 4, the angle is = and =. 
(ats) (ai a a il 


12.4 THE CROSS PRODUCT 


i j k 
louxv=j;2 -—2 -1 = 3(4i+ $j+¢k) > length = 3 and the direction is }i+ 4+j+ $k; 
1 0 -1 


vxu=-—(ux v) = —3(2i+4j+ $k) = length = 3 and the direction is — 7i— 4j— ?k 


i j k 
2, uxv=|2 3 0} =5(k) = length = 5 and the direction is k 
—-1 1 0 





v xX u= —(u X v) = —5(k) => length = 5 and the direction is —k 


i j k 
3. uxv=|]2 —-2 4 |=0 = length = 0 and has no direction 
—-1 1 -2 
vx u=—(u x vy) = 0 = length = 0 and has no direction 
ij k 
4. uxv=j1 1 —1]=0 = length = 0 and has no direction 
0 0 O 
vx u=-—(u xX v) = 0 = length = 0 and has no direction 
ij k 
5. uxv=|2 O 0} =-—6(k) = length = 6 and the direction is —k 
0 -3 0 


v xX u= —(u X v) = 6(k) => length = 6 and the direction is k 





i j k 
6. uxv=GxpxgGxkK=kxi=/0 O 1)=j = length = 1 and the direction is j 
1 0 0 
v xX u= —(u X v) = —j => length = 1 and the direction is —j 
i j k 
7uxv=/|-8 2 —4) =6i-— 12k = length = 6/5 and the direction is Bie a k 
2 2 1 
vx u=—(u Xx v) = —(6i — 12k) => length = 6\/5 and the direction is — i i+ a k 
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8 uxv= 


polo mie 


vx u=—(u X v) = —(—2i — 2j + 2k) = length = 2/3 and the direction is 7 i+ wi —+k 








13. uxv=j1l 


k 
0|=k 10. uxv=|1 
0 0 


Section 12.4 The Cross Product 








k 
_ 493 __ +93 = ‘ : : 1s: ls: 1 
; = —2i-—2j+2k => length = 2,/3 and the direction is 2) i a ‘eager k 


ou 
| 

an 
lI 

+ 

ae 





j ok ij k 
0 -1|=i-j+k 12,.uxv=/|2 -1 0O|=5k 
1 1 1 2 O 








k ij k 
0| = —2k 14.uxv=|0 1 2|=2j-k 
0 1 0 0 








= 


15. (a) PQ x PR = 


(b) u= + 





> — 
PQxPR 








i j k ft 
1 1 -3)=8i+4j+4k > Area=}|PQ x PR) =} 64416416 =2V6 
at 4 <1 








= + 7, 2i+j+h) 





|PQxPR| 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


23; 


24. 


















































— — j . — — 
(a) PQxPR=|1 0 2 =4i+4j-2k = Area = }|P xP |= 16+ 1644 =3 
2 —2 O 
— 4 PQXPR _ 4 lip ge 
(b) u= [pore 3 (21+ 2j —k) 
a ij k — — 
(a) POxPR=/1 1 1]=-i+j + Area=4)P x PR| = 3 T¢1=%2 
1 1 O 
— , POxPR — | 1 . 4. ig_ 
(b) u pork fy CAtD= £350-D) 
= = : j k : . ilo2 = 1 Ji4 
(a) POxPR=|2 -1 -1 =21+3j+k > Area=4|PQ xP |=3 V44941= 8 
1 O -2 
= Js POxPR = a4. 1 . . 
(b) u [poxPR| Ta (21+ 3j +k) 
ay a2 a3 
If u = ai + aj + a3k, v = byi + boj + b3k, and w = cyi+ coj + c3k, thenu-(v x w)=|b; bo b3/], 
Cy CQ CZ 
b; be bg Cy Cg C3 
v-(wxXu)=/cCy Cp c3|andw-(uxv)=|a, a2 a3] which all have the same value, since the 
ay a2 a3 b; bo bs 


interchanging of two pair of rows in a determinant does not change its value = the volume is 











2 0 0 
\(u x v)-w| = abs/O 2 0) =8 
0 0 2 
1 -1 1 
\(u x v)- w| = abs | 2 1 -—2)| = 4 (for details about verification, see Exercise 19) 
-1 2 -!1 
2 1 0 
\(u X v)- w| = abs | 2 1 1] =|-7| =7 (for details about verification, see Exercise 19) 
0 2 
1 1 -2 
\(u x v)- w| = abs|—1 0 —1]| = 8 (for details about verification, see Exercise 19) 
2 4 -2 
(a) u-v=—6,u-w=-—8l,v-w=18 => none 
i j k i j k i jk 
(b) uxv=]5 -1 1 {|40,uxw=|] 5 -1 1/=0,vxw=] 0 1 —-5|/40 
0 1 -5 -15 3 -3 -15 3 -3 


=> wand ware parallel 


(a) u-v=0,ux w=0,u-r=-—327,v-w=0,v-r=0,w-r=0 > ulvyutlwviw,vir 
andw ir 
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27. 


28. 


29. 


30. 
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ij k ij k i j k 
(b) uxv=]1 2 -1|/40,uxw=]1 2 -1/40,uxr=) 1 2 1} =0 
-1 1 1 10 1 5 -r = 
i j k i jk i jk 
vxw=|-1 1 1)/40,vxr=|-! 1 1;)/40,wxr=)] 1 0 1)40 
1 01 a en =F a 
=> uandr are parallel 
PQ x F| = |PO| |F| sin (60°) = 2 -30- ¥3 ft- Ib = 10/3 ft- Ib 
PQ x F| = |PQ| [F| sin (135%) = 2 -30- ¥2 ft- Ib = 10/2 ft- Ib 
(a) true, Jul = /a? + a2 + a3 =,/u-u 
(b) not always true, u-u = |u|” 
i j k i j k 
(c) true,uxO=J/a, ap as) =0i+0j+0k=Oand Oxu=|0 O O|;=0i1+0j+0k=0 
0 0 0 ay ag ag 
i j k 
(d) true,ux(-—u)=]| a, ag_—ag_—: | = (a3 + agaz)i — (—aya3 + a1 a3)j + (—ajag + aja)k = 0 
—ay, —aQqQ —az3 
(e) not always true, i x j =k 4 —k = j x i for example 
(f) true, distributive property of the cross product 
(g) true, (u x v)-v=u-(vx v)=u-0=0 
(h) true, the volume of a parallelpiped with u, v, and w along the three edges is (u x v)- W= (V X W)-u= U-(V X W), 
since the dot product is commutative. 
(a) true, U- Vv = ayb; + agb + agb3 = by a, + bea. + b3a3 = V-u 
ij k ij k 
(b) true,uxXv=ja, a. ag} = by bo bs} = —(V x u) 
b; be bg ay ay a3 
i j k ij k 
(c) true, (—u) xX V= ay ae a3 | = ay a. a3|/=—(u~x v) 
bj) bp bg b; by bg 
(d) true, (cu) - v = (cay)b; + (cag)b2 + (caz)b3 = ai(cb1) + ag(cb2) + a3(cb3) = u- (cv) = c(ayb; + agb2 + azbs3) 
= c(u- Vv) 
ij k i j k i j k 
(e) true,ctlxv)=c]a, ag ag} = |ca, cag cag}/=(cu)xVvV= | a, a. a3 | =u (cv) 
bj; be bs b; bo b3 cb; cbo cb3 
(f) true, u-u =a? +a? +a? = (\/a? + a2 +a) = |ul? 
(g) true, (u x u)-u=0-u=0 
(h) true,u xv luanduxviv => (uxv)-u=v-(uxv)=0 
(a) proj, u = (a) v (b) +(ux vy) (c) +((u x v) x w) (d) |x v)-w| 
(a) (ux v) X (U xX W) 
(b) (a+ v) X (U—v) =(u+ Vv) Xu — (Ut+v)xXvV=uUxKU+VxXU-—UxXV—VXxXV 
=0+vxu—uxv — 0=2(v x u), or simply u x v 
() |u| & (d) ju x w| 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


(a) yes, u x v and ware both vectors (b) no, u is a vector but v - w is a scalar 
(c) yes, u and u x w are both vectors (d) no, u is a vector but v - w is a scalar 


(u x Vv) X wis perpendicular to u x v, and u x vis perpendicular to both uandv = (u x v) x wis 
parallel to a vector in the plane of u and v which means it lies in the plane determined by u and v. 

The situation is degenerate if u and v are parallel so u x v = 0 and the vectors do not determine a plane. 
Similar reasoning shows that u x (v x w) lies in the plane of v and w provided v and w are nonparallel. 


No, v need not equal w. For example, i+ j 4 —i+j, buti x i+ j)=ixi+ixj=0+k=kand 
ix (-i+j =-ixi+ixj=0+k=k. 


Yes. Ifu x v=u X wandu- v =u- w, thenu x (v — w) = 0 and u- (v — w) = 0. Suppose now that v  w. 
Then u x (v — w) = 0 implies that v — w = ku for some real number k 4 0. This in turn implies that 


u-(v— w) = u- (ku) =k |u|  — 0, which implies that u = 0. Since u ¥ 0, it cannot be true that v 4 w, so 












































V=w. 
ij k 
= — => = = => 
B =—i+jandAD=-i-j = ABxAD=|-1 1 0 =2k = area = [AB x AD| =2 
af = wi 
ij k 
=> => = => => => 
AB = 7i+ 3j and AD = 2i+.5j = ABx AD=|7 3 0|=29k => area AB x AD| = 29 
25 0 
i jk 
= => => => — => 
AB = 3i—2jand AD = 5i+j > ABxAD=|3 —2 0|=13k = area |AB x AD] = 13 
5 1 0 
ij k 
= — => => = = 
AB = 7i— 4j and AD = 2i+5j = ABxAD=|7 —4 0|=43k = area |AB x AD| = 43 
2 5 0 
ij k 
a . . = tee _ => i | ae AC ia 
B = —2i+ 3j and AC = 3i+j => AB x AC=/-—2 3 0 —11k = area 4 )AB x AC] = 4 
3 1.0 
ij k 
=> _ a a _s = 
AB = 4i + 4j and AC = 3i+2j = ABxAC=|4 4 0|=—4k = area L)AB x AC| =2 
5 
i jk 
= . . _ : . => > ila => 95 
AB = 6i — 5j and AC = 1li—S5j => ABxAC=]6 —5 0 25k area 4 AB x AC| = 3 
it <5 0 
i jk 
= => => => _ => 
AB = 16i— 5jand AC = 4i+4j = ABxAC=|16 —5 0|=84k = area 4] AB x AC] = 42 
4 4 0 
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Section 12.5 Lines and Planes in Space 











ij k 
If A = aji+ a2 j and B = bji+ boj,thenA x B=]a, a O; = ay 82 k and the triangle's area is 
by be 
b; be O 
5 |A x B)= + i is . . The applicable sign is (+) if the acute angle from A to B runs counterclockwise 
* [01 be 








in the xy-plane, and (—) if it runs clockwise, because the area must be a nonnegative number. 


If A = ai + aj j, B = bi + b2j, and C = c,i + cj, then the area of the triangle is 5 |AB x AC| . Now, 


i jk 

=> => 

B x AC = by — a, by — ag 0; = 
Cy — ay Cy — ag 0 


= } |(by — ay)(C2 — az) — (Cy — a1)(b2 — a2)| = § |ar(b2 — c2) + aa(c1 — by) + (bic2 — c1b2)| 


by — ay by — ag 
Cj — ay C2 — ag 








1|< = 
k + }|AB x AC| 








ay a2 1 
a 5 b; by 1). The applicable sign ensures the area formula gives a nonnegative number. 
Cy C2 


12.5 LINES AND PLANES IN SPACE 


1. 


10. 


11. 


12. 


The direction i+ j +k and P3,-4,-1) > x=34+ty=-4+4+t,z=-1+4t 
The direction PQ = —2i — 2j + 2k and P(1,2,-1) > x=1-2t,y =2—-—2t,z=-1+2t 
The direction PO = 5i+ 5j — 5k and P(—2,0,3) > x = -—24+5t,y =5St,z=3-St 


The direction PQ = —j—kandP(,2,0) > x=l,y=2-t,z=-t 








The direction 2j + k and P(0, 0, 0) x=0,y=2t,z=t 


The direction 2i — j + 3k and P(3,—-2,1) > x =3+4+2t,y = -—2-t,z=1+3t 








The direction k and P(1, 1, 1) x=ly=l1,z=14t 
The direction 3i + 7j — 5k and P(2,4,5) > x=24+3t,y=4+7t,~z=5-—5t 


The direction i + 2j + 2k and P(O, —-7,0) > x =t,y = —74 2t,z=2t 


ij k 
The directionisAxB=/1 2 3) = —2i+4j—2k and P(2,3,0) > x=2—-2t,y=3+44t,z = —2t 
3.4 5 





The direction i and P(0, 0, 0) Xx=ty=0,z=0 





The direction k and P(0, 0, 0) x=0,y=0,z=t 
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13. The direction PQ =i+j+ 3k and P(0, 0, 0) = X= 1, 
y =t.z=2t, whereO<t<1 





14. The direction PO = iand P(0, 0,0) x=ty=0,z=0, 
where O <t < 1 











15. The direction PO =jandP(1,1,0) > x=ly=1+4t, 
z= 0, where -1 <t <0 








16. The direction PQ = k and P(1, 1, 0) x= Ly H=1,7=—t 
where O <t< 1 





17. The direction PO = —2j and P(0,1,1) > x=0, 
y=1-2t,z=1,whereO<t<1 





18. The direction PQ = 3i— 2j and P(O,2,0) > x =3t, 
y =2-—2t,z=0, whereO <t<1 


y 
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19. The direction PO = —2i + 2j — 2k and P(2, 0, 2) 
=> x=2-2t,y = 2t,z=2— 2t, whereO<t<1 re 


| 
I 
| (0, 2, 0) 
| 
| 


20. The direction PO = —i+ 3j +k and P(1,0, —1) = 
=> x=1-ty=3t,z=-—1+t, whereO<t<l 





21. 3x—0)4+ (-2)y —-2)+(-D@+1)=0 => 3x-2y-z=-3 





22. 3x-D+Qyt+D+Q@-3)=0 => 3x+y4+z=5 


=> = = = i j k 
23. PQ =i—j+3k,PS = —i-—3j+2k => PQ xPS =} 1 1 3) =7i—5j — 4k is normal to the plane 

-1 -3 2 

=> 7(x —2)+(—S)\y — 0) + (-4)(z — 2) = 0 = 7x —-5y —4z=6 








— = — — i j 
24. PQ =-i+j+2k,PS = —3i+2j+3k > PQxPS =|-1 1 
3-5 


=> (-D«-D+(-3)y -5)+ ()(z-7)=0 => x+3y—-z=9 


—i— 3j +k is normal to the plane 


Wn 
lI 





25. n=i+ 3j + 4k, P(2,4,5) = (1)(x — 2) + By —4) + (4z—5) =0 = x +3y + 4z = 34 





26. n=i-—2j+k, P(1, 2,1) = (D«-—1)+(-20y+2)+(D@—-l =0 > x—-2y+z=6 


x=2t+1= s+2 2t— s=1 4t—2s=2 ; _ 7 
27; ae me a => ae > a => t=Oands=-—1;thenz=4t+3=-—4s—-1 


= 4(0)+3 = (—4)(-1) — Lis satisfied = the lines do intersect when t = 0 ands = —1 = the point of 
intersection is x = 1, y = 2, and z = 3 or P(1, 2,3). A vector normal to the plane determined by these lines is 





ij k 
mXmQ=|/2 3 4 | = —20i+ 12j +k, where n; and ng are directions of the lines = the plane 
12 -4 


containing the lines is represented by(—20)(x — 1) + (2)(y — 2) + ()(z- 3) =0 => —20x+4+ 12y+z=7. 


28. mere ar { = + s=-1andt=0;thnz=t+1=5s+6 > 04+1=5(-1)+6 
is satisfied = the lines do intersect when s = —1 andt = 0 = the point of intersection is x = 0, y = 2 andz = 1 
ij k 
or P(O, 2, 1). A vector normal to the plane determined by these lines isny x ng =]|1 —1 1 
2 1 5 
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= —6i — 3j + 3k, where n, and ny are directions of the lines = the plane containing the lines is represented by 
(—6)(x — 0) + (—3)(y — 2) + B)(Z—- 1) =0 => 6x + 3y — 3z =3. 





29. The cross product of i+ j — k and —4i + 2j — 2k has the same direction as the normal to the plane 





ij k 
=>n=/]1 1 —1|=6j+6k. Selecta point on either line, such as P(—1, 2,1). Since the lines are given 
—-4 2 -2 








to intersect, the desired plane is O(x + 1) + 6(y — 2) + 6-1) =0 => 6y+ 6z= 18 y+z=3. 


30. The cross product of i — 3j — k andi+j-+k has the same direction as the normal to the plane 





i j k 
n=|]1 3 1) = —2i — 2j + 4k. Select a point on either line, such as P(O, 3, —2). Since the lines are 
1 1 1 


given to intersect, the desired plane is (—2)(x — 0) + (—2)(y — 3) + 4)(z+2) =0 => —2x—2y+4z=—-14 
=> x+ty-—2z=7. 





ij k 
31. ny Xng=]/2 1 —1)] = 3i—3j-+ 3k isa vector in the direction of the line of intersection of the planes 
12 1 


=> 3(x-2)4+(-3)y -—-1D4+3@4+1=0 => 3x-3y+3z=0 => x—y+z = Ois the desired plane containing 
P,(2, 1, -1) 





ij k 
32. A vector normal to the desired plane is P|P, xn=/2 0 2| = —2i — 12j — 2k; choosing P)(1,2,3) asa 
4 -1 2 








point on the plane => (—2)(x — 1)4+ (—12)\fy — 2) + (-2)(zZ—- 3) =0 => —2x— 12y —2z2 = —-32 > x+6y+z=16 
is the desired plane 














ij k 
33. S(0,0, 12), P(O,0,0) and v = 4i—2j+2k > PS xv=|0 0 12] = 241+ 48j = 240 + 2) 
4 2 2 
PS 
Se! bu =s4ng= an = \/5-24 = 21/30 is the distance from S to the line 
_ i jk 
34. S(0,0,0), P(5,5, —3) and v = 31+ 4j-—5k > PS xv=|-5 -5 3 | = 13i-16j—5k 
3. 4 -5 





= 
ee |PSxv| _ f169+256425  \/450 


Ml Jor 16+25 ‘750 V9 = 3 is the distance from S to the line 























PS 
35. S(2, 1,3), P(2,1,3) and v = 2i+ 6j = PS xv=—0 d | _ a 0 is the distance from S to the line 
(i.e., the point S lies on the line) 
_ ij k 
36. S(2,1,—1), P(O, 1,0) and v = 21+ 27+ 2k > PS xv=|2 0 —1|=2i—-6j4+4k 
2 2 2 











4= |PSxv| _ V4436416 56 _ 


i JEPERA Tip V i is the distance from S to the line 
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38. 


39. 


40. 


41. 


42. 


43. 


44, 


45. 


46. 


47. 
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ij k 
S(3, -1,4), P(4,3, —5) and v = -i+2j)+3k > PS xv=|-1 —4 9|=—30i—6j—6k 
—| 2 4 


























= 
ais |PSxv| __ 900 + 36 + 36 972 1/486 /81-6 9/42 
7 


lv JV1+449 VJ14 V7 J7 


=> is the distance from S to the line 





ij 
S(—1,4, 3), P(10, —3,0) andv = 4i+4k = PS xv=/-11 7 
4 0 


= 28i + 56j — 28k = 28(i + 2j — k) 


Rw 


d= |PSxv| _ 28/1+441 


My reer = 7/3 is the distance from S to the line 











S(2, —3,4), x + 2y + 2z = 13 and P(13,0,0) is on the plane => PS = —lli- 3j + 4k andn =i-+ 2j + 2k 


_|pe. ale =H=6+8] = |=] = 
a d=|PS |n| J1+4+4 J/9 3 











S(O, 0,0), 3x + 2y + 6z = 6 and P(2,0,0) is on the plane => PS = —2i andn = 3i+ 2j + 6k 
| d=|PS an g 








= —6 ae Sa 
J/9+4436 49 zi 











S(O, 1, 1), 4y + 3z = —12 and P(O, —3, 0) is on the plane => PS = 4j+ kandn = 4j + 3k 


ear 
= _n|_— |_16+3 |] _ 19 
= | PS |n| S| 5 











S(2, 2,3), 2x + y + 2z = 4 and P(2, 0,0) is on the plane > PS = 2) + 3k andn = 2i+j+ 2k 


=d=|PS-a =| 2+6 |=§ 
n 


J44+1+4 3 


2 





S(O, —1,0), 2x + y + 2z = 4 and P(2, 0,0) is on the plane => PS = —2i —jandn = 2i+j+ 2k 


oy 
= _ mn] _ |-4-140] _ 5 
sl d=|PS Inj | at 3 








Sd,0, -1), —4x + y +z = 4 and P(—1, 0,0) is on the plane => PS = 2i- kandn = —4i+- j+k 


— 
= 2 —8-1 _ 9 _ 32 
= a |PS |n| aeal V18 2 

















The point P(1, 0,0) is on the first plane and S(10, 0, 0) is a point on the second plane = PS = 9i, and 


n =i-+ 2j + 6k is normal to the first plane = the distance from S to the first plane is d = | PS - 2 


In 








_ | 9 


six | = va , which is also the distance between the planes. 


The line is parallel to the plane since v -n = (i +j- 5 k) -(i+ 2j + 6k) = 1+2—3=0. Also the point 
S(1, 0,0) when t = —1 lies on the line, and the point P(10, 0, 0) lies on the plane => PS = —9i. The distance 


, which is also the distance from the line to the 














n 
[n| 


5 
from S to the plane is d = | PS - 





= ~9 _ 9 
| say | V41 
plane. 





n, =i+ jandny = 2i+j—2k > 6 =cos"! (22) = cos"! ( 241 coe 
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48. 


49. 


50. 


51. 


32. 


53. 


54. 


D0: 


56. 


57. 


58. 


59. 


60. 


61. 





n, = 5i+ j—kandn, =i—2j+3k > @=cos! (22,) = cos! (353) =cos-!(0) = = 


V27 V/14 








n, = 2i+ 2j + 2k and ng = 2i—- 2j -k => 6 = cos" (mm) = COS “1 (44 





n, ~i+j+kandn, =k > 6=cos"! (@H2)) = cos! (=) ~ 0.96 rad 





ny] [io| 


n, = 2i+ 2j —kandny =i+2j+k > @=cos"! (2421) = cos! (52) = cos! (5) = 0.82 rad 








n, = 4j + 3k and ny = 31+ 27+ 6k => @=cos! (242)) = cos! ( S418 ) = cos! (28) = 0.73 rad 








=) = = cos! (=) © = 1.76 rad 











25 45 
2x-—y+3z=6 > A2Al—-t)— Gt) +301+)=6 > —-2t+5=6 > t=-34 x=Z,y and z = 5 
=> (3,- 3,4) is the point 

6x + 3y — 4z = —12 = 6(2) + 3 + 2t) — 4(-2 — 2t) = -12 > 1414+ 29=-125t=-4 2y 


andz= —2+44 => ( _— 2,2) is the point 








xty4+z=2 5 14+204+(04+5t4+ G60 =2 => 10t+2=2 t=0 x=1,y=l1andz 


= (, 1,0) is the point 








2x —3z2=7 => 2(-143t)-—365t) =7 > -9%-2=7 t=-1 => x=-1-3,y=-2andz=-—5 


=> (—4, —2,—5) is the point 


n, =i+j+kandn =i+j > n xm=]1 
1 


is on both planes = the desired line is x = 1—t,y= 


— Cte 


=-l 


ijk 


k 
1} = —i+j, the direction of the desired line; (1, 1, — 
0 
1+ 


1) 


n, = 3i — 6j — 2K and ng = 2i+j—2k > nj XngQ=]3 -6 —2) = 141+ 2j-+ 15k, the direction of the 


2 1 -2 
desired line; (1, 0,0) is on both planes = the desired line is x = 1 + 14t, y = 2t, z = 15t 


ijk 


n, =i-2j+4kandno =i+j—2k > nj Xnp9=/1 —2 4 | = 6j +3k, the direction of the 


1 1 -2 
desired line; (4,3, 1) is on both planes = the desired line is x = 4, y = 3+ 6t,z = 1+3t 


ij k 


n, = 5i— 2j andng = 4j-—5k > np Xnp=]5 —2  O | = 101+ 25j + 20k, the direction of the 


0 4 -5 


desired line; (1, —3, 1) is on both planes = the desired line is x = 1 + 10t, y = —3 4 25t,z = 1+ 20t 


4t—2s= 2 


LI&L2: x=342=1+4sandy=—144t=1425 > Si he 





—3s = -3 s=landt=1 => onLl,z=1andonL2,z=1 = LI and L2 intersect at (5,3, 1). 
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62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 
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L2 & L3: The direction of L2 is : (4i + 2j + 4k) = ; (2i + j + 2k) which is the same as the direction 
f (2i + j + 2k) of L3; hence L2 and L3 are parallel. 


=> 3t=3 


L1&L3: x=34+2t=3+42randy=-14+4t=24+r 5 pee { veece 


4.-— r=3 4t—r=3 
=> t=landr=1 = onLIl,z=2 while on L3,z =0 = LI and L2 do not intersect. The direction of L1 
is an (2i + 4j — k) while the direction of L3 is 5 (2i + j + 2k) and neither is a multiple of the other; hence 


L1 and L3 are skew. 














LI @L2; x=14+2t=2-sandy=-1-t=3s > eae —53=3 > s=—andt=4 > onLI, 
‘i fe while on L2, z = 1 — 2 a 2 = LI and L2 do not intersect. The direction of L1 is Ta (2i — j + 3k) 
while the direction of L2 is aa (—i+ 3j +k) and neither is a multiple of the other; hence, L1 and L2 are 
skew. 
—s—2r=3 
L2&L3: x =2—s=5+2randy =3s=1—-r => Bee ae 5s=5 > s=landr=—2 => onL2, 


z=2andonL3,z=2 => L2 and L3 intersect at (1,3, 2). 
L1 & L3: L1 and L3 have the same direction Ta (2i — j + 3k); hence L1 and L3 are parallel. 


x=24+2,y=-4-t.2=74+3x=-2-ty=-2+}tz=1-2t 


l«-4)-2y—-—ND4+1-5)=0 => x-4-2y4+24+z-5=0 => x-2y+z=7; 


—V/2(x —3)+2/2(y +2) — 22-0) =0 = —V2x 4+ 2V2y — V2z = -7,/2 
































S04 $Y 5,2 2 => (0,-3,-2);y=0 > t=-1,x=-1,z=-3 => (-1,0,-3);z=0 
> t=0,x=ly=-l (1, —1,0) 
The line contains (0, 0,3) and (v3 wl, 3) because the projection of the line onto the xy-plane contains the origin 


and intersects the positive x-axis at a 30° angle. The direction of the line is V3i +j+0k = the line in question 
isx= VJ3t, y =t,.z =3. 


With substitution of the line into the plane we have 2(1 — 2t) + (2+ 5t) — (—3t) = 8 => 2-—4t+2+4+5t+3t=8 
=> 4t+4=8 => t=1 = the point (—1,7, —3) is contained in both the line and plane, so they are not parallel. 


The planes are parallel when either vector A,;i + B,j + C,k or Agi + Boj + Cok is a multiple of the other or 
when |(Ayi + Bj + Cik) x (Agi + Boj + Cok| = 0. The planes are perpendicular when their normals are 
perpendicular, or(A,i + B,j + Ck) - (Agi + Boj + Cok) = 0. 


z—3 
2 





There are many possible answers. One is found as follows: eliminate t to gett = x—1=2-—y 
3 








=> x—-1=2-yand2—y=%4; 





=> x+y =3 and 2y + z = 7 are two such planes. 


Since the plane passes through the origin, its general equation is of the form Ax + By + Cz = 0. Since it meets 

the plane M at a right angle, their normal vectors are perpendicular = 2A +3B-+C=0. One choice satisfying 

this equation is A= 1,B = —landC=1 > x—y+z=0. Any plane Ax + By + Cz = 0 with 2A + 3B +C=0 
will pass through the origin and be perpendicular to M. 
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71. The points (a, 0,0), (0, b, 0) and (0,0, c) are the x, y, and z intercepts of the plane. Since a, b, and c are all 


nonzero, the plane must intersect all three coordinate axes and cannot pass through the origin. Thus, 
* + ¢ + 2 = 1 describes all planes except those through the origin or parallel to a coordinate axis. 


72. Yes. If v, and v2 are nonzero vectors parallel to the lines, then v; x v2 # 0 is perpendicular to the lines. 


73. (a) EP — cEP, => —xoi + yj + zk =c [(x1 — xo)i + yij + 21k] => —xo0 = c(xi — Xo), y = cy; and z = cz, 
where c is a positive real number 








(b) Atx; =0 c= 1 y = yj and z = 2; at xX; = Xo Xo = 0, y = 0,z=0; xq c=, lim, ar 








= lin +} =1-> c — Isothaty — y, andz > zy 
74. The plane which contains the triangular plane is x + y + z = 2. The line containing the endpoints of the line 
segment is x = 1 —t, y = 2t, z = 2t. The plane and the line intersect at (3, z, =) . The visible section of the line 





segment is VQ) + (2) + ey = 1 unit in length. The length of the line segment is 12 + 22+ 22=3 = 4 of 


the line segment is hidden from view. 


12.6 CYLINDERS AND QUADRIC SURFACES 


1. d, ellipsoid 2. i, hyperboloid 3. a, cylinder 
4. g, cone 5. 1, hyperbolic paraboloid 6. e, paraboloid 
7. b, cylinder 8. j, hyperboloid 9. k, hyperbolic paraboloid 
10. f, paraboloid 11. h, cone 12. c, ellipsoid 
13. Xr +y?=4 14. °4+7=4 15. z=y?-1 
Capea t 











17. x? +4z? = 16 
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19, z2—y?=1 21. 9x? + y?+27=9 














22. 4x2 + 4y? +z? = 16 23. 4x? + Dy? + 4z7 = 36 24. 9x? + 4y? + 362? = 36 


z 4x? + 9y? +42? = 36 
Zz 








30. y=1-xX?-2? 
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31. xX 4+y=277 32, +2 =x 33. 4x? + 97? = 9y? 


Zz Zz 


>N 





24ya 2 
x +yr= 
¥ 4x? +92? = oy? 





34. 9x? + dy” = 362? 35. xP +y?-L=1 








39. 2 —x*-y?=1 
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43. y7-xX =z 45. P+y%+27=4 
7 r+eytead 
“a 
Bea 
eo 
46. 4x? + 4y? = 77 47. z=1+y?-x? 48. y?7-2=4 


z=lty?-x? 





51. 16x? + 4y? = 1 


> N 


oe ee 
yase te) 16x" + 4y?=1 











52.z=x*+y?+1 53. VP +y?-2=4 54.x=4-y? 


z eayi2a4 
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58. 4x? + 4y? +27 =4 59. l6y? + 92? = 4x? 


z 
A 






Oy" + 927 = 4x? 











61. 9x? + 4y? +z? = 36 63. x? + y? — 16z” = 16 


9x? + dy? + 27 = 36 
= 


x+y 162 = 16 
& 














7 
¥: 
64. 227 +4y? =9 65. z= —(x?+y”) 
z=-( +y) 
y 
67. x? —4y?=1 68. z= 4x? +y?-4 69. 4y?2 +27 — 4x2 =4 
A ri 
ia ok ay? +2 4x7 =4 








71. xw+y?=z 72. E+yi-2 = 
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79. 
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-yz=1 74. 36x? + Dy? + 42? = 36 75. 9x? + l6y? = 42? 


9x7 + 16y* = 427 
z 


A 











47? -x? -y? =4 











(a) Ife +242 —=1andz=c, thenx?+¥ = 5 => G ae y _—1 => A=abr 


(4) (4-4) _ nie) 





=T7 


3 
(b) From part (a), each slice has the area 2n6—#) , where —3 < z <3. Thus V = 2 f 7 (9 — Z) dz 





3 3 
= $ [, (9-2) dz = $ [92-8] = $Q7-9)= 8m 











x2 3 2 x 
©) Btgta=l= Fey + faces) 





=> v=2f mab (c? — 7) dz = 2a [ez | = *mb (2 c3) = “| Note that ifr =a=b=c, 


then V = Att , which is the volume of a sphere. 


The ellipsoid has the eR & +2 x + a= 1. determine c? 


of the barrel. Thus ee Ml n'R’ | We calculate the volume by the disk method: 


R?- 


we note that the point (0,r, h) lies on the surface 





— 
V=n fy? dz. Now, 2 +4s15 y= R (1 -2)=R[1- #82" =e - (Re) 2 
h h ‘ 
= Ver J [R- (Be) 2] de=o[R'2— 3 (Bet) 23] = 20 [RAH 3 (R?— Ph] = 20 (RBG) 
= -h 
= ; mR7h + : mth, the volume of the barrel. If r = R, then V = 27R*h which is the volume of a cylinder of 
radius R and height 2h. Ifr = 0 andh = R, then V = ; mR? which is the volume of a sphere. 





= # 


We calculate the volume es the slicing method, taking slices parallel to the xy-plane. For fixed z, x +% y = 5 


gives the ellipse ) + 1) = |. The area of this ellipse is 7 (a,/z ) (b\/Z = = abe (see Exercise 77a). Hence 


c 


‘ 2)" 2 Se : 
the volume is given by V = f zabe dz = [=] = eh Now the area of the elliptic base when z = h is 
0 


A = = ‘as determined previously. Thus, V = abh* = 5 (2%) h = 5 (base)(altitude), as claimed. 
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80. 


81. 


82. 


83. 


84. 


85. 
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2 
Zz 


(a) For each fixed value of z, the hyperboloid x + yo — 4 = 1 results in a cross-sectional ellipse 


E aa] 





2 
y 
b2 (2 +22 





ce 


J = 1. The area of the cross-sectional ellipse (see Exercise 77a) is 








Cc 


A(z) = 7 (2 Voit 2) (2 Ve? + 7) = mb (c? + 7”). The volume of the solid by the method of slices is 





v=f'Aa@az=f me (c? + 27) dz = @® [o7z+ 223] = 2 (ch + th?) = 2 (3c? +h’) 


ce 0 a 


(b) Ap = A(0) = mab and A, = A(h) = “2? (c? + h?), from part (a) => V = @%! (3c? + h?) 


C2 


= min (24141) =m (24 88") = 2 [arab + SP (c? +h’)] = 2 2Ag + Ay) 








(©) Ay = A(B) = SE (c? +H) = BR (4c? +?) > B(Ag + 4Aq + Ay) 


C 4¢" 
= 2 [mab + @ (4c? +h?) + SP (c? + h?)] = SP (c? + 4c? +h? + c? +h?) = SB (6c? + 2h?) 
= mabh (3c? + h?) = V from part (a) 


3c2 








= — i : = dz _ d 2 
y=y1 = ~=j2— 37> 4parabola in the plane y = y; = vertex when | =Oore | =—-G=0 x=0 
2 fs 2 eee | 2 2 
Vertex (0.y1, $2) : writing the parabola as x? = — £7 + 53 we see that4p = —- 2 > p=—-E 


cy oo 
Focus (0.y:, wT =) 


The curve has the general form Ax” + By? + Dxy + Gx + Hy + K = 0 which is the same form as Eq. (1) in 
Section 10.3 for a conic section (including the degenerate cases) in the xy-plane. 


No, it is not mere coincidence. A plane parallel to one of the coordinate planes will set one of the variables 

x, y, or z equal to a constant in the general equation Ax? + By? + Cz? + Dxy + Eyz +Fxz +Gx+Hy+Jz+K 
= 0 for a quadric surface. The resulting equation then has the general form for a conic in that parallel plane. 

For example, setting y = y, results in the equation Ax? + Cz? + D’x + E’z + Fxz + Gx + Jz + K’ = 0 where 

D’! = Dy, E’ = Ey;, and K’ = K + By? + Hyi, which is the general form of a conic section in the plane y = y; 
by Section 10.3. 


The trace will be a conic section. To see why, solve the plane's equation Ax + By + Cz = 0 for one of the 
variables in terms of the other two and substitute into the equation Ax? + By? + Cz? +... +K=0. The result 
will be a second degree equation in the remaining two variables. By Section 10.3, this equation will represent a 
conic section. (See also the discussion in Exercises 82 and 83.) 


z=y° 86. z=1-y? 





Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


Section 12.6 Cylinders and Quadric Surfaces 811 


(b) 


(d) 





89-94. Example CAS commands: 
Maple: 
with( plots ); 
eq := x42/9 + y42/36 = 1 - 242/25; 
implicitplot3d( eq, x=-3..3, y=-6..6, z=-5..5, scaling=constrained, 
shading=zhue, axes=boxed, title="#89 (Section 12.6)" ); 


Mathematica: (functions and domains may vary): 
In the following chapter, you will consider contours or level curves for surfaces in three dimensions. For the purposes of 
plotting the functions of two variables expressed implicitly in this section, we will call upon the function ContourPlot3D. 
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To insert the stated function, write all terms on the same side of the equal sign and the default contour equating that 
expression to zero will be plotted. 
This built-in function requires the loading of a special graphics package. 
<<Graphics ContourPlot3D 
Clear[x, y, z] 
ContourPlot3D[x7/9 — y7/16 — z7/2 — 1, {x, —9, 9}, fy, —12, 12}, {z, —5, 5}, 
Axes — True, AxesLabel — {x, y, z}, Boxed — False, 
PlotLabel — "Elliptic Hyperboloid of Two Sheets"] 
Your identification of the plot may or may not be able to be done without considering the graph. 





CHAPTER 12 PRACTICE EXERCISES 





1. (a) 3(-3, 4) — 4(2, —5) = (—9 — 8, 12 + 20) = (17, 32) 
(b) 172 + 322 = 1313 





2. (a) a 3+2,4—5) aX 1,1) 3. (a) (—2(-3), —2(4)) = (6, -8) 
pag = /2 (b) 1/62 + (—8)° = 10 


4. (a) (5(2), 5(—5)) = (10, —25) 


) 4/102 + (—25)? = /725 = 5/29 


5. & radians below the negative x-axis: (- we -3) [assuming counterclockwise]. 





6. (#4) 
7. 2(ba) (ai j)= (i =i) 8. 5(saiage Gt =a 





9. length = |-/2i + /2j] = V2 +2 =2, V2i+ V2) =2 (i+ Si) => the direction is Z>i+ <5 j 


10. length = |-i- j| = 141 = V2, -i-j= V2(-4i- + i) = the direction is — -i- +, j 








ll. t=% => v=(-2sin $)i+ (2 cos $) j = —2i; length = |—2i| = \/4 + 0 = 2; —2i = 2(—i) = the direction is —i 


12. t=In2 => v= (e™* cos(In 2) — e? sin(In 2)) i+ (e'? sin(In 2) + e'™* cos(In 2)) j 
= (2 cos(In 2) — 2 sin(In 2)) i+ (2 sin(In 2) + 2 cos(In 2)) j = 2[(cos(In 2) — sin(In 2)) i + (sin(In 2) + cos(In 2)) j] 





length = |2[ (cos(In 2) — sin(In 2)) i+ (sin(In 2) + cos(In 2)) j]| = 21/ (cos(in 2) — sin(In 2))” + (cos(In 2) + sin(In 2))? 





= 2\/2cos?(In 2) + 2sin2(In 2) = 2/2; 


2[ (cos(In 2) — sin(In 2)) i+ (sin(In 2) + cos(In 2)) j] = 2,/2( (cos(In 2) — sin(In ign 2) + cos(In 21) 








(cos(In 2) — sin(In 2)) i+ (sin(In 2) +cos(In 2)) ¢ 


v2 v2 








=> direction = 


13. length = |2i — 3j + 6k| = 4+ 9 + 36 =7, 21- 3j + 6K =7(Fi- 35+ $k) => the direction is Fi-7j+$k 
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14. length = i+ 2j-k| = (144+ = ¥6i+2j-k= V6 (i+ 5 4-k) => the direction is 


1s 2 1 
Veit yei— ve 


















































v _45.__ 4i-j+4k —-__ 4i-4-4k _ ok 23 8 
15. 27 2 JP 4+(-1P +4 V33 V3! Jait yak 
3)\.% 4 3\. 4 
16. 5. = 5. (i+Gk _ 5- GS)it(G)k _ 3i — 4k 
a VQ?+ (ark 
ij k 
17. |v] = /14+1= V2, ul = 44144 =3,v-u=3,u-v=3,vxu=|1 1 0 | =-2i+2j-k, 
2 1 -2 
u xX v= —(v x u) = 2i- = J44441 = 3,0 =cos™ (4) = cos! (45) =F, 
jul cos 0 = , proj, u = (01 =3(i+j 








18. |v] = 2+ 12422 = V6, |u| = MAD? + Cl? = V2, v-u = (1) + 2)(0) + 2) 1) = 3, 


i j k 
u-v=-3,vxu=|]1 1 2 ),=-i-j+k,uxv=-(vxwu =i+j—-k, 
-1 0 -1 








lv x ul = fC? + C1? + 2 = V3, 6 = cos"! (4) = cos! (=) = cos! (3) 





= cos! (- 4) = |u| cosd = V2: (=) = -% proj, u= (= )y = S04+j+2b =-504+j+h 


813 


19. u= (Ga) v+ [u- (gy) ¥] =40i+j—b) + [G+j- 5-401 +j—W] = 401+ j—b) — 4 Gi+j+ IIb, 


where V-u = 8 andv-v=6 








20. u= (42) v+ [w- (Ba) ¥] =- 46-2 + [G+5+b) - (5) G- 2H] =-$0- Wt (414 F148), 


where v-u = —1 andv-v=3 








ij k 7 
21.uxv=J]1 0 O|=k 
1 1 0 
ix (i+)=k 
ij k 7 
22,uxv=|l 1 Oj = 2k 
1 1 0 (i-j)x (i+ ]) = 2k 
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23. Let v= vi + voj + v3k and w = wii + woj + wsk. Then |v — 2w| 2 \(vii + Voj + v3k) — 2(wii + Woj + w3k)| : 
= |(v1 — 2wi)i + (v2 — 2wa)j + (v3 — 2wa)k|? = (4/Cr — 2wiy? + (v2 — 2wa)? + (3 — 2wa)) 
= (v2 + v2 + v2) — 4@vrwi + vow + v3ws) + 4 (w? + w2 + w2) = |v? —4v- w+ 4 |w/? 
= |v|? — 4 |v| |w| cos @ + 4 |w|? = 4 — 4(2)(3) (cos 4) + 36 = 40 — 24 (4) = 40 — 12 = 28 = |v—2w| = 28 


=2,/7 





i jk 
24. wand vare parallel whenuxv=0 => |2 4 —-5/=0 => (4a- 40)i+ (20 —-2aj+(O)k=0 
—-4 -8 a 


=> 4a—40=0and20—-2a=0 => a=10 





ij k 
25. (a) area=|uxv|=abs|1 1 —1| =|2i-3j-—k| =\/4494+1= 14 
2 1 1 
1 1 -1 
(b) volume =u-(vxw)=|}2 1 1 |=1642)4+1(-1—-6)—1(-441)=1 
-1 —2 3 
ij k 
26. (a) area=|uxvj=abs/1 1 0; =|k|/ =1 
0 1 0 
1 1 O 
(b) volume =u-(vxw)=/0 1 O}/=10—0)+10-—0)4+0=1 
1 1 1 


27. The desired vector is n X V or V X n since n X Vv is perpendicular to both n and v and, therefore, also parallel to 
the plane. 


28. Ifa = 0 and b ¥ 0, then the line by = c and i are parallel. If a 4 0 and b = 0, then the line ax = c and j are 
parallel. If a and b are both # 0, then ax + by = c contains the points (s, 0) and (0, £) => the vector 
ab (¢ 17 j) = c(bi — aj) and the line are parallel. Therefore, the vector bi — aj is parallel to the line 


ax + by = c in every case. 


29. The line L passes through the point P(0, 0, —1) parallel to v = —i+j+k. With PS = 2i + 2j + k and 


i j k 
PS xv=|2 2 1)=@2-)i+(-1-2)j+ @+2)k =i —3j+ 4k, we find the distance 
-1 11 





= 
ro |PSxv| _ Jitotl6  /% _ V7 
ry JVI+1+1 v3 _* 














30. The line L passes through the point P(2, 2,0) parallel tov =i+j+k. With PS = —2i + 2j +k and 


ijk 
PS xv=}]—2 2 1)/=2-1i+042)j+ (2 —-2)k =i-+ 3j — 4k, we find the distance 
1 11 











= 
i |PSxv| _ Jit9Fl6 — 26 _ V8 
Iv| Vi+i+l V3 30° 








31. Parametric equations for the line are x = 1 — 3t, y = 2,z=3+4 7t. 
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37. 


38. 


39. 


40. 


41. 


42. 


43. 


44, 
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The line is parallel to PQ = 0i+ j — k and contains the point P(1,2,0) = parametric equations are 
x=ly=2+4+t,z=-tfor0<t<l. 


The point P(4, 0, 0) lies on the plane x — y = 4, and PS = (6 — 4)i+ Oj + (—6 + Ok = 2i — 6k withn =i-j 


[n-Ps 2+0+0 2 J/2 
- P| _|ast0) 3a 


[n| V1+1+0 V2 














The point P(O, 0, 2) lies on the plane 2x + 3y + z = 2, and PS = 3 —0)i+ (0 — 0)j + 0+ 2)k = 31+ 8k with 
a 


6+0+8 |_ 14 _ /14 
[n| jas | VJ/14 . 





n=2i+3j+k > d= 








P(3, —2, 1) andn = 2i+j—k => (2)(x —3)+ (Vy —(-2)) +0)(z—-D =0 S 2x+y4+z2=5 


P(—1, 6,0) andn = i— 2j+ 3k > (1)(x—-(—1)) 4+ (-2)y —6) + B)Z@—-0) =0 => x—-2y+3z= —13 





— — = — 
PC, —1, 2), Q(2, 1,3) and R(—1,2,-1) > PQ =i+2j+k,PR = —2i+ 3j — 3k and PQ x PR 
ij k 
=]|1 2 1 |=-—9i+j+ 7k is normal to the plane > (-9)x-1+()y¥+D4+(MZ@-2)=0 
—2 3 -3 
=> -9x+y+7z=4 
— — —> — 
P(1, 0,0), Q(O, 1,0) and R(O,0,1) = PQ = -i+j, PR = —i+kand PQ x PR 
i j k 
=}|-1 1 O|]=i+j+4kis normal tothe plane > (1)(x—-1)+ ()(y—0)+ A)(z—- 0) = 0 
-1 0 1 
=> xtyt+z=1 
(0,—4,—2),sincet = —4, y = — 4 andz = — 3 when x = 0; (—1,0, —3), since t = —1,x = —1 andz = —3 


when y = 0; (1, —1, 0), since t= 0, x = 1 and y = —1 whenz=0 


X = 2t, y = —t, z = —t represents a line containing the origin and perpendicular to the plane 2x — y — z = 4; this 
line intersects the plane 3x — 5y + 2z = 6 when t is the solution of 3(2t) — 5(—t) + 2(-t) = 6 


sta} ( 


_ z, — +) is the point of intersection 
n, =iandny =i+j+/2k = the desired angle is cos~! (+2) = cos" (5) = § 


n, ~i+jandny =j+k = the desired angle is cos~! (22)) = cos! (5) =f 


ij k 
The direction of the line isn; Xmg =|]1 2 1) =5i—j-—3k. Since the point (—5, 3,0) is on 
1 -1 2 


both planes, the desired line is x = —5 + St, y = 3 —t,z = —3t. 





ij k 
The direction of the intersectionisn; Xnmyg =|]1 2 2| = —6i — 9j — 12k = —3(2i + 3j + 4k) and is the 
5 —2 -l 


same as the direction of the given line. 
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45. (a) The corresponding normals are n; = 3i + 6K and np = 2i + 2j — k and since n, - ng 
= (3)(2) + (0)(2) + (6)(—1) = 6 + 0 — 6 = O, we have that the planes are orthogonal 


ij k 
(b) The line of intersection is paralleltony x mg =|3 O 6 | = —12i+ 15j + 6k. Now to find a point in 
22 -1 
: : 3x + 6z = 1 3x + 6z = 1 _ - 19 
the intersection, solve { De Oy ans { (9k 4-199 — 618 = 15x+ l2y=19 > x=Oandy= 55 
=> (0, z :) is a point on the line we seek. Therefore, the line is x = —12t, y = 2 + 15t and z = i + 6t. 
ij k 
46. A vector in the direction of the plane's normalisn=uxv=/2 3  1)| =7i-—3j—5k and P(1,2,3) on 
1 -1 2 





the plane => 7(x — 1) —3(y — 2) —S(z—-3) =0 = 7x —3y —5z= —-14. 


47. Yes; v-n= (2i— 4j +k) - Qi+j+ 0k) =2-2-—4-1+1-0=0 & the vector is orthogonal to the plane's normal 
= vis parallel to the plane 


48. n- PP, > 0 represents the half-space of points lying on one side of the plane in the direction which the normal n 














points 
ij k 
= > AP 
49. A normal to the plane ism = AB x AC =|2 0 —1] = -i—2j 2k = the distance is d = | 4b" 
2 -1 O 
_ tind = |=15840) 3 
~ V1l+4+4 3 ~ 





50. P(0,0, 0) lies on the plane 2x + 3y + 5z = 0, and PS = 2i+ 2j + 3k withn = 214 3j+5k => 




















d — |aPs| — | 4+6+15 |= 25 
|n| V44+9425 38 
ij k 
51. n = 2i—j—kis normal tothe plane > nxv=j;2 —-1 —1|] =0i-—3j+3k = —3j-+ 3k is orthogonal 
1 1 1 


to v and parallel to the plane 


52. The vector B x C is normal to the plane of B and C = A x (B x C) is orthogonal to A and parallel to the plane of B 
and C: 
jk i j k 
BxC=/1 2 1 )=-—Si+3j—kandAx(BxC)=; 2 -1 1 |}=-2i-3j+k 
1 1 -2 =5 3 =! 


= |Ax (Bx ©] = /44+94+1= V4 andu= aa (—2i — 3j +k) is the desired unit vector. 





i k 
53. A vector parallel to the line of intersectionisv=ny Xnmg=/1 2 1/=S5i—j-—3k 
1 -1 2 








=> Wl = 254149 = 35 = 2(4) = Gi j — 3k) is the desired vector. 


Iv| 


54. The line containing (0, 0,0) normal to the plane is represented by x = 2t, y = —t, and z = —t. This line 


intersects the plane 3x — Sy + 2z = 6 when 3(2t) — 5(-t) + 2(-t) =6 > t= 3 => the point is (5, _ , _ 2) : 
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58. 


59. 


60. 


61. 


62. 
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The line is represented by x = 3 + 2t, y = 2 —t, andz = 1 + 2t. It meets the plane 2x — y + 2z = —2 when 


2(3 + 2t) - (2-1) +20 +2) =-2 > t=-8 the point is (4, 22,— 2). 








ij k 
The direction of the intersection isv=nj Xng=|2 1 —1|=3i—5j+k > @=cos7! ( Mas ) 
1 2 





= cos! (33) & 59.5° 





The intersection occurs when (3 + 2t) + 3(2t) —t = —4 t=-1 the point is (1, —2,—1). The required line 





ij k 
must be perpendicular to both the given line and to the normal, and hence is parallelto}2 2 1 
1 3 -l 


= —5i+ 3j+4k = the line is represented by x = 1 — 5t, y = —2 + 3t, andz = —-1+4t. 


If P(a, b, c) is a point on the line of intersection, then P lies in both planes = a—2b+c+3=0Oand 
2a—b—c+1=0 => (a—2b+c+3)+k2a—b—c+1)=0 forallk. 


= = i j k 
The vector AB x CD=|3 -—2 4 |= 28 (2i + 7j + 2k) is normal to the plane and A(—2, 0, —3) lies on the 
26 26 
0 — 26 


5 
plane > 2(x+2)+ 7(y — 0) + 2(z — (—3)) =0 => 2x+7y + 2z+ 10 = Ois an equation of the plane. 


Yes; the line's direction vector is 2i + 3j — 5k which is parallel to the line and also parallel to the normal 
—4i — 6j + 10k to the plane = the line is orthogonal to the plane. 


— — , j k 
The vector PQ x PR =| 2. —1 3) =-i-—11j— 3k is normal to the plane. 
—3 0 1 
(a) No, the plane is not orthogonal to PO x PR. 
(b) No, these equations represent a line, not a plane. 
(c) No, the plane (x + 2) + 11(y — 1) — 3z = Ohas normal i+ 11j — 3k which is not parallel to PQ x PR. 
(d) No, this vector equation is equivalent to the equations 3y + 3z = 3, 3x — 2z = —6, and 3x + 2y = —4 


>x=- ; - 3 t, y =t, z = 1 —t, which represents a line, not a plane. 





(e) Yes, this is a plane containing the point R(—2, 1, 0) with normal PO x PR. 


(a) The line through A and B is x = 1 + t, y = —t, z = —1 + 5t; the line through C and D must be parallel and 
isLj: x=1+t,y =2—t,z=3+5t. The line through B and Cisx = 1, y = 2+ 2s, z = 3 + 4s; the line 
through A and D must be parallel and is Lz: x = 2, y = —1+2s,z=4-+4s. The lines L; and Lz intersect 
at D(2, 1,8) where t= 1 ands = 1. 




















_ Qj+4k)-G-j+5k) 3 
(b) cos é 20 \/27 VJ15 
BABC) BG _ 18 pe _ 97 yee eee 7 
(c) BC = 55 BC = 3 (j + 2k) where BA =i — j + 5k and BC = 2j + 4k 
BC-BC 
(d) area = |(2j + 4k) x (i — j + 5k)| = [141+ 4j — 2k| = 6/6 


(e) From part (d), n = 141+ 4j — 2k is normal to the plane => 14(x — 1)+ 4(y — 0) — 2(z2+ 1) =0 
=> 7x+2y—-z=8. 
(f) From part (d), n = 141+ 4j —2k = the area of the projection on the yz-plane is |n - i] = 14; the area of the 





projection on the xy-plane is |n - j| = 4; and the area of the projection on the xy-plane is |n - k| = 2. 
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= => => i j k 
63. AB = —2i+j+k,CD =i+4j—k,andAC =2i+j > n= |-2 1 1 |=—5i—j—9k = the distance is 
1 4 -1 
d= Qi+j-(Si-j-9K)} _ _ 1 
J25+1+81 107 
=> => = i j k 
64. AB = —2i+ 4j —k, CD =i—j-+ 2k, and AC = —31+3j > n= |-—2 4 —-1|=7i+3j—2k = the distance 
1 -1l 2 
«4g _ | (—3i+3j)-i+3j—2k)| 12 
is d V49 +944 62 
65. VP +y?4+2=4 66. xP +(y—-1?%?4+27=1 67. 4x2 +4y? +22 =4 
P+ytead z 4x? + 4y? +2 a4 


Pad 
<< 
| 








2 


68. 36x” + 9y” + 47” = 36 


Zz 
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74, 4y2 422-42 =4 75. ye-x-2=1 16.2 = —y =) 


z 





ROL TIE 

BaD > of Se LIL kileh 
QRS KL 1 
SOS PRA 
59 






Rane OSL 
RSF 
Ras 





ay 


A 
iat 


ptt 





CHAPTER 12 ADDITIONAL AND ADVANCED EXERCISES 


Information from ship A indicates the submarine is now on the line L;: x = 4+ 2t, y = 3t,z = — 5 t 


information from ship B indicates the submarine is now on the line Lg: x = 18s, y = 5 — 6s,z = —s. The 
current position of the sub is (6, 3,5 3) and occurs when the lines intersect att = 1 ands = ; . The straight 
line path of the submarine contains both points P (2, —l,- ;) and Q (6, 3.— ;) ; the line representing this path 
isL: x =2+4ty=-1+4tz=—- 4 . The submarine traveled the distance between P and Q in 4 minutes => 


PQ 
a speed of [Fel = vz = V2 thousand ft/min. In 20 minutes the submarine will move 20,/2 thousand ft from 


Qalong the lineL > 20\/2 = \/(2 + 4t— 6)? + (-1 + 4t— 3)? +02 > 800 = 16(t — 1)? + 16(t — 1)? = 32(t — 1)? 
= ¢—1? = @=25 >= t=6 the submarine will be located at (26, 23, — +) in 20 minutes. 














Hg stops its flight when 6 + 110t = 446 = t=4 hours. After 6 hours, H; is at P(246, 57,9) while He is at 
(446, 13,0). The distance between P and Q is / (246 — 446)? + (57 — 13)? + (9 — 0)? & 204.98 miles. At 150 
mph, it would take about 1.37 hours for H; to reach Hy). 





—_— —_— : ie 3 
Torque = | PQ x F| = 15 ft-lb = |PQ| |F| sin = = 3 ft-|F| > |F| =201b 


Leta =i+j-+k be the vector from O to A and b = i+ 3j + 2k be the vector from O to B. The vector v orthogonal to a 
and b => vis parallel to b x a (since the rotation is closkwise). Now b x a = i+ j — 2k; projab = (22)a = 2i+ 2j + 2k 


= (2, 2, 2) is the center of the circular path (1, 3, 2) takes = radius = 1/12 + (—1)* + 02 = \/2 = arc length per 


second covered by the point is 3/2 units/sec = |v| (velocity is constant). A unit vector in the direction of v is PX* 


|bxal 
= Jit Jei- Fok > v= WIC) = 3V2( Jet Pei — Fok) = Pit Bi- VK 
































(a) If P(x, y,z) is a point in the plane determined by the three points P(x1, yi, Z1), Po(X2, ye, Z2) and 
> => => Lo — => — 
P3(x3, Y3, Z3), then the vectors PP;, PP2 and PP3 all lie in the plane. Thus PP; - (PP2 x PP3) = 0 


Xy xX Yl y Z1 Z 
=> |X2-X ye2—y Z—z| =O0by the determinant formula for the triple scalar product in Section 10.4. 
X3—X Y3—Y 232 


(b) Subtract row | from rows 2, 3, and 4 and evaluate the resulting determinant (which has the same value 











as the given determinant) by cofactor expansion about column 4. This expansion is exactly the 
determinant in part (a) so we have all points P(x, y, z) in the plane determined by P(x, y1, Z;), 
Po(X2, Y2, Z2), and P3(X3, ys, Zs). 
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Let Ly: x = ajs + by, y = ans + bo, z = ags + b3 and Lg: x = cyt + dy, y = cot + do, z= cst +dg. If Ly |] Lo, 
ay Cy b; — dy kc, Cy b; = dy 
then for some k, a; = ke;,i = 1, 2,3 and the determinant |az cp bg—do]=J|kcyg co bo —do| =O, 
ag C3 bs = d3 kes C3 bs = d3 
since the first column is a multiple of the second column. The lines L; and Lz, intersect if and only if the 
as — cit + (b} — d,) = 0 
system <¢ aS — Cat + (be — dg) = 0 has a nontrivial solution < the determinant of the coefficients is zero. 
ags — c3t + (b3 — ds) = 0 





(a) BD = AD — AB 
= = Lov ifm = 
(b) AP =AB+}BD =}(AB + AD) 


= 


(c) AC = AB + AD, so by part (b), AP = C 


1 
2 





= = => => > > > 
Extend CD to CG so that CD = DG. Then CG =tCF = CB + BG andtCF = 3CE+CA, since ACBG is a 
parallelogram. If tCF —3 CE = CA = 0, thent-—3—1=0 => t=4, since F, E, and A are collinear. 
Therefore, CG =4CF => CD =2CF => Fis the midpoint of CD. 











If Q(x, y) is a point on the line ax + by = c, then P,Q = = (x — x,)i+ (y — y))j, and n = ai + bj is normal to the 


[x =xpit (y —yvjl-@i+bj)} _ lax —x1)+by — yd 
Va +b? Va’ +b? 











line. The distance is [proj P:Q| = = 





3 by, — . 
= el since c = ax + by. 
Dae 


(a) Let Q(x, y, z) be any point on Ax + By + Cz— D=0. Let QP, = (x — x))i+ (y — yj + (z — zk, and 























Ai+Bj+Ck , é 3: (ae . * Ai+ Bj+Ck 
n- (ae . The distance is proj, QP,| = lo — xi + (y — yj + (@ — zk) - (bce | | 
— [Ax + By; +Cz,;—(Ax+By+Cz)| _— |Ax; + By; + Cz; — D] 
VA? +B? +C? VA? +B2+C? 
(b) Since both tangent planes are parallel, one-half of the distance between them is equal to the radius of the 





sphere, i.e., r = 5 avant — J3 (see also Exercise 17a). Clearly, the points (1,2, 3) and (—1, —2, —3) 


are on the line containing the sphere's center. Hence, the line containing the center is x = 1 + 2t, 


y =2+4t,z=3-+ 6t. The distance from the plane x + y + z — 3 = 0 to the center is J3 


= viet — 3] — J3 from part (a) = t=O = the center is at (1,2,3). Therefore 


an equation of the sphere is (x — 1)? + (y — 2)? + (z— 3)? =3. 

















a, 


(a) If (x1, y1,Z1) is on the plane Ax + By + Cz = Dj, then the distance d between the planes is 

















d= at sceaceccr Dal _ ee are , since Ax; + By; + Cz; = Dy, by Exercise 10(a). 
_ _|12-6 _ 6 
(b) d V44+9+1 V14 














(c) BO) + CDG) ACOs 4 — ROPER SC)=Pl = D=8or—4 = the desired plane is 








V4 V4 
2x—y+2x=8 
(d) Choose the point (2,0, 1) on the plane. Then a 5 D=3+ 5/6 the desired planes are 





x —2y +z2=3+45,/6andx —2y+z2=3-5y/6. 


Let n = AB x BC and D(x, y, z) be any point in the plane determined by A, B and C. Then the point D lies in 
this plane if and only if AD-n=0 © AD -(AB x BC) = 0. 
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j k 
n =i-+ 2j + 6k is normal to the plane x + 2y+6z=6;vxn=j]1 1 1) =4i—5j-+k is parallel to the 
2 6 


jk 
plane and perpendicular to the plane of vandn > w=nx(vxn)=j]1 2 6/=32i+ 23j— 13kisa 
4 -5 1 
vector parallel to the plane x + 2y + 6z = 6 in the direction of the projection vector projp v. Therefore, 


ee ny OUR he fea) ee 42 1 324, 234 13 
projp V = projy v= (v 1) = (=) w= (tB58,) w 7a W= a W= git Ggi—-ak 

















proj, W = —proj, Vv and w — proj, W = V — proj, V > Ww = (w— proj, W) + proj, W = (Vv — proj, V) + proj, W 
=v—2proj,v=v—2 (24) Z 


(a) uX V= 2i x 2j = 4k > (Ux v) x C= 0; (u- W)v- (V- wu = OV—- Ou = 0; Vv x w= 4i > u x (Vx w) = 0; 


(u- w)v — (u- v)w = Ov —- Ow = 0 



































ij k ij k 
(b) uxv=/1 —-1 1 |=i+4j+3k > @xv)xw=/1 4 3 | = —10i-— 2j+ 6k; 
2 1 -2 -1 2 -l 
(u- w)v —(v- wu = —4(21+- j — 2k) — 24 —j +k) = —10i — 2j + 6k; 
i j k ij k 
vxw=|]2 1 -2)=3i+4j+5k > ux(vxwy=]1 —-1 1) =—9i-2j+ 7k; 
-1 2 -l 3 4 °5 
(u- w)v — (u- v)w = —4(2i + j — 2k) — (—1)(—i+ 2j — k) = —9i — 2j + 7k 
ij k ij k 
(c) uxv=]/2 1 OO} =i-2j-—4k > U@xv)xw=/l 2 4| = —4i — 6j + 2k; 
2 -1 1 1 0O 2 
(u- w)v — (v- wu = 2(2i — j + k) — 4Q2i 4+ j) = —4i — 6j 4+ 2k; 
ij k i jk 
vxw=|2 1 1)=—2i-3j+k > ux(vxw)=| 2 1 O} =i- 2j — 4k; 
1 0O 2 —2 -3 1 
(u - w)v — (u- v)w = 2(2i — j +k) — 30+ 2k) =i — 2j — 4k 
ij k ij k 
(d) uxv=/1 1 —-2)/=-44+3j+k > @xvxw=/-1 3 1 |=—10i—10k; 
-1 0 -l 2 4 -2 
(u- w)v — (v- wu = 10(—i — k) — 04+ j — 2k) = —10i — 10k; 
ij k i j k 
vVxw= 1 0 1) =4i-4j-4k > ux(vxw=]|1 1 2| = —12i — 4j — 8k; 
2 4 -2 4 -4 -4 


(u - w)v — (u- v)w = 10(—i — k) — 1@2i + 4j — 2k) = —12i — 4j — 8k 





(a) ux (vx w)+ vx (W xX U) + Ww X (UX V) = (U- WwW) — (U- vw +t (V- ow — (V- wou + (wW- vu-— (W-wv=90 





(b) [u-(v x D]i+ [u- (vx P]j+[- (vx Kk = [MU x v)- iji+ [UM x v)-jlj + [x v)-k]k =uxv 
(c) (ux v)- (wx r) =u- [vx (Wx r)] =u- [(V- nw — (v- wor] = (u- W\(V- Fr) — (u-r)(v- w) 

u-Ww v-Ww 
u-r v-r 








The formula is always true; u x [u x (u xX v)]-W=u x [(u- vJu— (U- wv] -w 


= [(u- vju x u— (u- wu x vy]- w= — |u|*u x v- w= — |ul*u-v x w 
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18. If u = (cos a)i + (sin a)j and v = (cos G)i + (sin 3)j, where G > a, then u x v = [|u| |v| sin(G — a)| k 


i j k 
=]|cosa sina 0j| =(cosasin@—sinacos #)k => sin(G—«a)=cosasin Z — sina cos PZ, since 
cos sinG O 


|u| = 1 and |v| = 1. 





19. Ifu = ai + bj and v = ci + dj, thenu- v= |u| |v| cos@ > ac+bd = \/a2 +b? V/c? + d? cos 0 
=> (ac + bd)? = (a? + b?) (c? + d?) cos? = (ac + bd)? < (a? + b”) (c? + d?), since cos? 6 < 1. 


20. w = proj, u= (ju) vand r= u-w=u- (a) ¥ 


21. jut+v\> =(u+v)-(u+v) =u-u+ 2u-v+v-v< ul? +2 [ul |v] + |v? = (lu + |v)? > jut vy] < jul + ly 


22. Let a denote the angle between w and u, and the angle between w and v. Let a = |u| and b = |v|. Then 


— (av+bu)-u _ (av-u+bu-u) — (av-u+bu-u) __ (av-u+ba’) _ v-u+ba 
Fei jul fw] ful |w/ [ul Iw] [ul lwla Iw]? 





cos a = 





and likewise, cos @ = ee ba Since the angle between u and v is always < 4 and cos a = cos 3, we have 


thata = 0 = w bisects the angle between u and v. 


23. (av + bu) - (bu — av) = av- bu+ bu- bu — av- av — bu- av = bu- av + b*u- u— a’v- v— bu- av 
= b?a” — a*b? = 0, where a = |u| and b = |y| 





24. Ifu = ai+ bj+ ck, thenu-u=a?+b?+c? >Oandu-u=0Oiffa=b=c=0. 








e = «ae 1 Ik ki-j 
25. (a) The vector from (0, d) to (kd, 0) is r, = kdi-— dj => mn ~ Pes => nme @ a’ The 
total force on the mass (0, d) due to the masses Q, fork = —n, -n+1,...,n—1,n is 























_ GM p GM: = GMm ( 2i-j at ni-j GMm ( -i-j 
FB Be () +P (Be) ++ le (gh) + 88 (A) 


GM: —2i-j GM: —ni—j 
+ un ( V5 \t.. + ete ( ut) 


The i components cancel, giving 

















_ GMm 2 2 2 : ; : 
F=~f ( 1 ai 5B apes = the magnitude of the force is 


|F| = a (145 iy) 











(b) Yes, itis finite: | lim. |F| = om (1 7% @ <5 is finite since 5 EST Lg converges. 
26. (a) IfX-y =0, then X x (X x ¥) = (X- V)K — (K- X)V¥ = —(X-X)y. This means that 
X@Y=X+y¥+5- rrp es oe) a (: — aizn) y. Since X and ¥ are 
orthogonal, then |x @ ¥|7 = |x|? + (: - os] \¥|°. A calculation will show that 


2 
>) 2 Ix]? 2_ 2 @ > a2 2 
xj +41 c* =c*. Since <c, then <c* so 
RI ( e+ Vct-e =) I Hl 


22 
J— [x| 
c? + 4/ct —c? |x| 


2 
32 : : 
Iy? < (: - | c?. This means that 
2 2 4 _ 2 x2 
c? + 4/ct —c? [x 
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2 2 
e@ yl? = [x]? + (1 -—#__] yy? < fe? + (1 ish c=? 
2 + y/ct — 2 |x|? e+iet-e |x|? , 


We now have |x yl" <c?, so |X @F| <c. 

















(b) If X and ¥ are parallel, then X x (X x ¥) = 0. This gives X BY = eet 
(i) If X and y have the same direction, then X @ ¥ = ite and |X @ y| S ah 
Since |y| < c, |X| < c, we have |y| (1 — Ht) <c (1 - Ht) l¥| wl <c— |x| 
=> |x| + |¥|/<e+ Alby =C (1 + I . at) => an <c. This means that |X @ y| <. 
(ii) If X and y have opposite directions, then X - ¥Y = — |x| |y| andx Oy = in : 
Assume |x| > |y|, then |x @ y| = oon . Since |x| < c, we have |x| (1 + 1) <c (1 + a) 


= |x| + BE <et|y] > |x) -Iyl<e- Ble (1- Bel) = EGA <e. 
2 


c 








This means that |X @ y| < c. A similar argument holds if |x| > |¥ . 


(c) lim, XOy=X+y. 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


823 


824 Chapter 12 Vectors and the Geometry of Space 


NOTES: 
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CHAPTER 13 VECTOR-VALUED FUNCTIONS 
AND MOTION IN SPACE 


13.1 VECTOR FUNCTIONS 














_ = = 2 9 ; dr _ + ‘ d ‘ ‘ ‘ _ 4: 
1 x=t+landy=t—-1 > y=(—-1)°-1=x°—-2x;v= G& =i+2tj a= Y= 2j v =i+ 2j anda = 2j 


att=1 


2. x=t+landy=2t-1 > x= (441)? 41 > x=f(iy+1P+hv= 4 =24+2j > a= 4 =2i 


=> v =i+ 2j anda = 2iatt = 3 


3. x =e! and y = 2 e7! > y= ox;va t =elit fej >az=ei+? 5 ej => v= 3i4+ 4j anda = 3i-+ 8j att = 1n3 


4. x =cos2tandy =3sin2t > x7 +4y? =1;v= ¥ = (—2sin 2t)i+ (6 cos 2Hj > a= & 
= (—4 cos 2t)i + (—12 sin 2t)j > v = 6j anda = —4i att =0 


5. v= a = (cos t)i — (sin t)j anda = w = —(sin t)i — (cos t)j 

= fort = 7, v( es v2 j 
1 2s 
a(Z) = Bi 





j and 





i) = 
A iceman (3) = —jand 


6. v=2= (- 2 sin : £)i+ (2cos $) janda= % 





= (- cos s)i+ (—sin s)j for t = 7, v(7) = —2i and 
) 


= —j;fort= 32 y (32) = fa V/2j and 





7V= a = (1 — cos t)i+ (sin t)j anda = w 
= (sin t)i + (cos t)j for t = 7, v(m) = 2i and a(7) = —j; 


fort = 32, v (22) = i-—janda (#2) = -i 

















8. v= =i+2tjanda= % =2j => fort=-1, 
v(—1) =i — 2j and a(—1) = 2j; for t = 0, v(O) = i and 


a(0) = 2j; fort = 1, v1) = i+ 2j and a(1) = 2j 
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10. 


11. 


12. 


13. 


14. 


15. 


16. v= 


17. 


18. 


Chapter 13 Vector-Valued Functions and Motion in Space 


r= (t+ Dit (@ —1)j+ 2k > v= © =i1+42j9+2k = a= {Ff = 2]; Speed: |v(1)| = 1? + QM)? +2 =3; 


Direction: nay = oe = sit Gg jt zk > v)=3 (i+ Zj+ 7k) 





r=(+0i+ Gjt$k > v= Gait Sjt+ek = a= GF = J jt 2k; Speed: |v(1) 








2 ; . i+ 2% j+(1k . ; 
= ye + (2) + (12)? = 2; Direction: wa = wees = sit wai 4 $k => v(1) 
=2(4 i+ 44+ 4k) 


r= (2costji+ (3 sint)j+4tk > v= & = (- 2 sin tli+ (3 cost)j+4k > a=? w or (— 2 cos t)i— (3 sin tj; 
Speed: |v (3)| = V(2 sin a + (3 cos ae +P= 2/5; Direction: 








v(5) 
lv(5)I 
= sig sin 5) i + + (535 cos § Sit sgk= Rit Jek v (3) =2V5 (—+.i+ 3k) 








r = (sec t)i + (tan Oj + $ tk >v= ar = (sec t tan t)i + (sec? t)j+¢k >az= as 





= (sec t tan? t + sec® t)i+ (2 sec? t tan t)j; Speed: |v (Z)| = y (sec & tan x)? + (sec? ye 4 Cy —' 


Direction: — = eens pase g)iae = 4i+3j+3k => v(4) =2(4i1+4j+4k) 





r=(2in(tt+1)i+?j+5k => v= = (4))i+2j+tk >a= a = | ar] i+ +k: 


: : +2(1)j+ ()k 
Speed: |v(1)| = (724)? + QU)? + 2 = V6; Direction: 22 = (ay) a 
—. ls 2¢ 1 1 
et elt yee v)= V6(4.i+ %i+4 k) 
r= (e“)i+ Qcos 3)j +(2sin 3)k > v= Gf = (—e)i— © sin 3j + (6 cos 3Hk > a= {E 


= (e) i— (18 cos 3t)j — (18 sin 3t)k ; Speed: |v(0)| = Vv (-e9)? + [—6 sin 3(0)}? + [6 cos 3(0)]? = \/37; 





























Direction: v(0) (—e°) i—6 sin 3(0)j + 6 cos 3(0)k 


2 — La ee =-i+ 4k v(0) = 37 (— i+ ky) 














v=3i+ V/3j-+2tkanda =2k > v(0) =3i + V3) and a0) = 2k = |v(0)| = [32 + (V3). + 0? = /12 and 
|a(0)| = V/2? = 2; w(0)- a) =0 > cos=0 > 0=% 














2 
i+ (4 —32t) janda = -32§ > w(0) = Y2i+ Yj and a0) = 325 > |vO| = \/ (2) 


+(#) 


= 1 and |a(0)| = (32? = 32; v(0) -a(0) = (42) (-32) = -16/2 > cos 6 = 1? =- YF = = 














-1/2 = ‘ 
v= (sar)it(ap)i te +)) Kanda = [ali es i+ lair] = AG) = iend 


a(0) = 2i +k => |v(0)| = 1 and |a()| = 2? + 2 = /5; v0) -a(0) =0 > cosd=0 > 0=2 








v=2(1+'?i-3 0-0? j +t kanda=f(1+)77i+ $0 -t-?j => v0) = 3i- 35+ }kand 
P P 2 
0) = 34434 > WO) = VG)" + (3) + (5)? = Land fa = (4) + (8)? =F sO) =F - 3 


0 cos? =0 0 
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25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


m/A ? Pe 
; (sin Di + + (1 + cos t)j + (sec? t) k] dt = [—cos t a i+ /t+sint 
= —7/4 


Section 13.1 Vector Functions 


v = (1 — cos t)i+ (sin t)j and a = (sin t)i+ (cos t)j => v-a = (sin t)(1 — cos t) + (sin t)(cos t) = sint. Thus, 
v-a=0 sint=0 t= 0, 7, or 27 








. V= (cos t)i+j — (sin t)k and a = (— sin t)hi— (cost)kk => v-a=-— sintcost+sintcost = 0 forallt >0 
1 ge . t? 1. ls ra i . . 3 
fy [i+ H+ + Dk at = |S] i+ cbs + [+e] k= 44 + Fk 


f [© — opi +3 Vti+ (4) k] dt = [ot — 32) 78+ [2082] 754 [-4t-4] 7k = -3i + (42-2) §+2k 


vit [tan 4k 





_ (224)3 42k 


n/3 n/3 
fo [Gsec t tan i+ (tan Hj + (2 sin tcos t)k] dt =f” [(sec t tan Hi + (tan Oj + (sin 2k] dt 


a3 


= [sec t] 5 ese [— In (cos t)] 5 r/3 + [— } cos 2A) =i+(n2)j+ 3 


4 Y 
{ (41+ 4 j+2h) dt= = [ndfi+[-m—o) {jt [4 nd] [k= dn i+ dn 4)j + dn Dk 








: 1 
i. (Sit ee k) dt = [2 sin-! t] 54+ [V3 tant] k= ni + mA 


r= [(-ti— j-th) dt = —Si-— $j — $k + C510) = 01 — Oj — Ok + C Hi + 25 43k = C=i+2j+3k 
> r=(-$41)i+(-$+2)5+(-$43)k 


r= J (asoni + (180t — 16t”) jj dt = 907i + (90? — 8 t?) J+ C; r(O) = 90(0)"i + [90(0)? — +E (0)3] j++ C 
100j = C= 100j > r= 9001+ (90 — ¥t? + 100) j 








r= [[(2@+D'2)i+ej + (AQ) kK) dt= (4 D97i—e*j + in(t+ Dk+C; 
HO) 10 a ino ee C=-i+j+k 
=> r= [t+ D9? -1i¢(1-e)j+1+n(t+ Dik 


r= fi(O +4) i+ y+ 2k] dt = (4422) i+ $54 B+ C510 = [% +20) ]i+ $54 2k +C 








it+js C=Hit+jsr (f4+20+1)i+($41)5+ 4k 


= J (32k) dt = —32tk + C); # (0) = 81+ 8j > —32)k+C, = 81+ 8) > C; = 814 8j 
=> © = 8i+ 8j — 32tk; r = f (8i+ 8j — 32tk) dt = 8ti+ 81j — 16t?k + Co; r(0) = 100k 
=> 8(0)i + 8(0)j — 16(0)?k + C. = 100k > Cy = 100k = r = 8ti+ 8tj + (100 — 16t?)k 








a — f _G@4j+b dt=-(i+f+t)+ Ci; =O =0 > —Oi+0)+0kK)+C, =0 > C, =0 
=> tt = i+ f+ th) = fi +e +o dt =—(Si+ 55+ 5 k) + Cy; 10) = 101 + 10j + 10k 





=> —(Si+ $54 Ek) + Cy = 101+ 10) + 10k > Cy = 101 + 10j + 10k 
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828 Chapter 13 Vector-Valued Functions and Motion in Space 
> r=(-$410)i+(-$+10)j+(-$+10)k 


33. r(t) = (sin tit (t? —cost)j+ek > v(t) = (cos thi+ (2t+sintj +e'k; tj) =O > v(to) =i+k and 
r(to) = Po = (0, —1, 1) x =0+t=t,y =—1l, andz = 1 +t are parametric equations of the tangent line 








34. r(t) = (2 sin thi+ (2 cost) j+5tk > w(t) = (2cost)i— (2 sint)j + 5k; tp) = 407 => v(to) = 2i+ 5k and 
r(to) = Po = (0, 2, 2077) xX = 0+ 2t = 2t, y = 2, and z = 207 + St are parametric equations of the tangent line 








35. r(t) = (asin t)i+ (acost)j+btk > v(t) = (acos t)i— (asin t)j + bk; tp) = 27 => v(to) = ai+ bk and 
r(to) = Pp = (0, a, 2b77) xX =0-+ at = at, y =a, and z = 27b + bt are parametric equations of the tangent line 








36. r(t) = (cos thi + (sin t)j + (sin 2t)k = v(t) = (— sin thi + (cos t)j + (2 cos 2t)k; tp = $ = W(to) = —i— 2k and 
r(to) = Po = (0, 1, 0) x =0-—-t=-t, y =1,andz =0 — 2t = —2t are parametric equations of the tangent line 








37. (a) v(t) = —(sin t)i+ (cos t)j = a(t) = —(cos t)i — (sin tj; 
(i) |v(t)| = \/(—sin )? + (cos t)? = 1 => constant speed; 
(ii) v-a= (sin t)(cos t) — (cos t)(sint) =0 = yes, orthogonal; 





(iii) counterclockwise movement; 
(iv) yes, r(0) =i+ Oj 








(b) v(t) = —(2 sin 2t)i+ (2 cos 2t)j => a(t) = —(4 cos 2t)i — (4 sin 2t)j; 
Gi) = |v()| = V4 sin? 2t + 4 cos? 2t = 2 = constant speed; 
(ii) v-a=68 sin 2t cos 2t — 8 cos 2t sin 2t = 0 = yes, orthogonal; 
(iii) counterclockwise movement; 
(iv) yes, r(0) =i+ Oj 
(c) v(t) = — sin (t — =) i+ cos (t — t) j => a(t) = cos (t a) i sin (t £) j; 





(i) = |v()| = sin? (t _ =) + cos? (t - z) = 1 = constant speed; 
(ii) v-a=sin (t 5) cos (t 5) cos (t 5) sin (t z) =0 = yes, orthogonal; 
(iii) counterclockwise movement; 
(iv) no, r(O) = Oi — j instead of i+ Oj 
(d) v(t) = —(sin t)i — (cos t)hj = a(t) = —(cos t)i+ (sin tj; 
Gi) = |v()| = JV (=sin t)? + (—cos t)? = 1 = constant speed; 








(ii) v-a= (sin t)(cos t) — (cos t)(sint) =0 = yes, orthogonal; 
(iii) clockwise movement; 
(iv) yes, r(0) =i— Oj 
(e) v(t) = —(2t sin ti+ (2tcost)j => a(t) = —(2 sint + 2t cos t)i+ (2 cost — 2t sin t)j; 








(i) |v(t)| = Vl —(2t sin t) ]? + (2t cos t)? = /4t?(sin2 t + cos? t) = 2|t| = 2t, t > 0 
= variable speed; 
(ii) v-a=4(tsin?t+t? sint cost) +4(tcos?t—t? cost sin t) = 4t 4 0 in general 
= not orthogonal in general; 
(iii) counterclockwise movement; 
(iv) yes, r(0) =i+ 0j 











4s . ays : —_ 1s le — Al 1s 1 
38. Let p = 2i + 2j + k denote the position vector of the point (2, 2, 1) and let, u = Jai— vas and v val + was + J k. 


Then r(t) = p + (cos t)u + (sin t)v. Note that (2, 2, 1) is a point on the plane and n = i+ j — 2k is normal to 
the plane. Moreover, u and v are orthogonal unit vectors with u-n =v-n=0 => wand vare parallel to the 
plane. Therefore, r(t) identifies a point that lies in the plane for each t. Also, for each t, (cos t)u + (sin t)v 
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is a unit vector. Starting at the point (2 + Te 2- Te 1) the vector r(t) traces out a circle of radius 1 and 


center (2,2, 1) in the plane x + y — 2z = 2. 
39. w =a=3i-j+k > v(t) = 3ti—tj+tk-+ C,; the particle travels in the direction of the vector 

(4— 1i+ (1 — 2)j+ (4 -— 3)k = 3i —j + k (since it travels in a straight line), and at time t = 0 it has speed 
- 2 - os dr 6_\; 2_\; 2 

2 > W)= Ba Gi-j+W=C = S =v) = (3+ 4 )i- (t+ B)i+ (t+ FZ) 

> r= (30+ i- GE+ Zeit ($04 Ft) kt C1 =i4 2) 4+3k=C 
_ (342 6 ‘ 19 2 . 1 42 2 

= (30+ Ft) Gi-j+ bt G4 3 +3b) 























40. wy =a=2i+j+k > vw = 2ti+ tj + tk + C;; the particle travels in the direction of the vector 


(3 — 1Li+ (0 —- (-1))j + GB — 2)k = 21+ j + k (since it travels in a straight line), and at time t = 0 it has speed 2 


+ V0) = PS C+i+H=C, > F= vey = (2+ 4)i+ (t+ %)i+ (t+ H)k 














=> r(t)= (P+ 4.t)i+ GE4+ Zc)i+ (Ge+ Ht) k+ C1 =i-j+2%=C 





+ i) = (C+ tt lit Ge+ Rt-1)i4+ (G04 Zt42) k= (40+ 41) Qit+i+W+G-j+20 


41. The velocity vector is tangent to the graph of y? = 2x at the point (2, 2), has length 5, and a positive i 








component. Now, y?=2x > 2y®8=2 5 # te +5 = 4 = the tangent vector lies in the direction of the 
2,2 
vector i + $j => the velocity vector is v = 5 ; (i + 53) a TaN (i + 53) = 2/51 + /5j 
+a (4) 


42. (a) 


r(t)=(t-sint)i+(1—cost) j 








(b) v = (1 —cos t)i+ (sin t)j and a = (sin t)i + (cos t)j; Iv|? = (1 —cost)? +sin?t =2—2cost > lv|? is at a max 
v|? =4 => max |y| = 4 = 2; |v|” is ata min 


a|” = sin?t + cos?t = 1 


when cost = —1 > t=17, 3a, 57, etc., and at these values of t, 





when cost = 1 > t= 0, 27, 47, etc., and at these values of t, |v|”? = 0 => min |v| = 0; 





for every t => max |a| = min |a| = \/1 = 1 


43. v = (—3sin tj + (2 cos t)k and a = (—3 cos tj — (2 sink; |v|” = 9 sin?t +4 cos*t => 4 (||) 


= 18 sint cost — 8 cost sint = 10 sint cos t; 4 (ly|?) =0 => 10sintcost=0 => sint=Oorcost=0 


> at 
vl = /9 =3. 


= t=0,0ot= 1,2, When t = 0,7, |v? =4 => |v| = V4 2; whent = 4, 
and min |v| = 2 when t = 0, 7. Next, |a\” = 9 cos?t + 4 sin? t 

















3 2? 
Therefore max |v| is 3 when t = 3, 3, 


=> 4 (lal) = —18 cos t sint + 8 sin t cos t= —10 sin tt cos t; 4 (|a|”) =0 => —10sintcost=0 => sint=Oor 


al? =9 = |a| = 3; whent = , 3", Jal? =4 = |a| =2. 


a 3K 
27 2 


cost=0 => t=0,7ort= &, %. When t = 0, 7, 





Therefore, max |a| = 3 when t = 0, a, and min |a| = 2 when t = 
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44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


32. 


(a) r(t) = (1 cos 8)i + (1p sin @)j , and the distance traveled along the circle in time t is vt (rate times time) 








To 


which equals the circular arc length 19 g=" r(t) (ro cos i) i+ (ro sin 1) j 























(b) v(t) = a = (—v sin i) i+ (v cos i) j > a(t) = w — ( “ cos it) i+ ( “ sin ) j 
a 5 (+0 cos i+ (ro sin i) il =-— 5 r(t) 
() F=ma = ( Gut) © = m{ Z|) => — Sa — vy m 
(d) Tis the time for the satellite to complete one full orbit = vT = circumference of circle = vT = 2719 
(ec) Substitute v = “2 into v? oM se -_ T? ~_ > T? is proportional to r3 since an isa 





constant 


d =y-WiW i y—oy.V_-9.9= “Vi = “vi 
a (V-WaHve G+ o-v=2v-2=2-0=0 = v-visaconstant > |v| = \/Vv- vis constant 





d d d d d d 
(a) $-vxw)=%-(xw)tu-S(vxw)=4-(vxw)tu- (4 xwtvx &) 
=*.(vxw)tu-%xwt+u-vx@ 


(b) Each of the determinants is equivalent to each expression in Eq. 7 in part (a) because of the formual in Section 12.4 
expressing the triple scalar product as a determinant. 





4 |r- (« x tr) = ar. (a x ir) +r. (a x fr) +r-(# x fr) =r- (« x fr) , since A - (A x B) = 0 
and A - (B x B) = 0 for any vectors A and B 


u = C = ai+ bj + ck with a, b, c real constants > i = i+ %j+*£k=0i1+0j+0k=0 








(a) u=f(Hi+ gj+h(k > cu =cf(tit+cg(t)j+ch(k + S(cu)=c “ite Sj+c%k 
=c(#i+¢j+k) =c% 
(b) fu=froi+feoj+shok + d¢u = [Cro +f t]it [Lem+ee]j+ [Cho +f 2] k 


= £ [fei + eoj + hoki +f [fi+ Sj+ ek] = fu+se 





Let u = f, (ti + fo(Hj + f3(0k and v = g)(t)i + go(t)j + g3()k. Then 
utv=([fi() + gi®]it [+ go(O]j + [fs + g3(O]k 

= fat+vy)=[fO+ ghOli+ (O + sOlj + (O + 0]k 
= [f{(i + Lj + £(Ok] + [g, (Di + ghOj + Ok] = 2+ 4; 
u—v=[fi() — i+ [h — g2o(]j + [() — gs(H]k 

= fa-—v)=[f — gOlit+ [BO — Oj + [BO — g3O]k 
= [Ff (Di + OJ + OK] — [g,Oi+ g(0j + gk] = & — & 


Suppose r is continuous at t = to. Then _lim r(t)=r(t)) © lim [f(Hi + g(Hj + h()k] 
— lo — to 

= f(to)i + g(to)j + h(t)k = lim f(t) = f(t), im g(t) = g(t), and _lim h(t) = h(to) = f, g, and h are 

— to — to — lo 
continuous at t = to. 

i j i j k 
Jim fn() x 2] = lim |) ft) fs) =] HM, HO tim, PO lim BO 
— to t= Tf A ‘ A 

a) s2(0 gs] | tim gi) tim ga(t) lim gs(0) 


= lim rj,(t)x lim ro(t)=AxB 
t— to t— to 
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53. r’(to) exists = f’(to)i + g'(to)j + h’(to)k exists = f'(to), 2’(to), h’(t) all exist = f, g, and h are continuous at 
t= to => r(t) is continuous at t = to 


54. (a) f *kr(t) dt = f ; [kf(Hi + kg(j + kh()k] dt = f : [kf(t)] dti + f : [kg(t)] dtj + f ’ [kh(t)] dtk 
=«(f'r dti + fe aj + fone atk) =k frat 


(b 








we 


Pin + row] a= f° ({f Oi + gi(Oj + OK) + [HOI + go(Oj + hk) at 

= [° (© + HO] i+ fer) + go(0)15 + fr + ho] W) at 

= f [fi (t) + fo(t)| ati+ [ [gi(t) + go(t)] dtj 7 i [hy (t) + ho(t)] dtk 

= [Po at i Pao ati] + Rigor 2 Pew a | A | Jme atk [hott atk] 


























= [nw dt+ [' ro(e at 
(c) Let C = crit caj+esk. Then fi C-r(t)dt= f " Teiflt) + cog(t) + egh(t)] dt 
= ff at+oof a(t) dt + cy fPrma=c- f° r(t) dt; 
[Pex re at= f° [eohtt) — cgg(d]it [esflt) — erh(t)] j + (erg) — cof(t)) k at 
= E f h(t) dt — cg i. 2(0 a i+ E f f(t) dt — cy JP at] i+ c few dt — cy JPA af k 


—Cx frre at 


55. (a) Let u andr be continuous on [a, b]. Then _lim u(r(t) = _lim [u(t)f(thi + u(t)g (tj + u(vh()k] 
— to — to 


= U(tp)f(to)i + u(t) g(to)j + u(to)h(to)k = u(to)r(to) = ur is continuous for every to in [a, b]. 
Let u and r be differentiable. Then ¢ (ur) = 4 [u(Hf(Hi + u(Hg(bHj + u(Hh(ok]) 


= (SF) + uch ) i+ (% gH + uy ¥)j + (hE +uH 4) k 


= [Oi + g(0§ + HOOK) & + uy (Li+ Bj+ k) =re+ue 


(b 


wm 


56. (a) If Ri(t) and Ro(t) have identical derivatives on I, then * = Hi j4 “1 j4 MK = y+ jy MK 
=G > G= 9. E= S.S =F > 10 =O +1, g10 = galt) +c, MO = hol) + es 
=> f,(Oi+ gi@Oj + bik = [fo(t) + eri + [go + colj + [ho() + e3]k = Ri(t) = Ro(t) + C, where 

C = cyi + coj + cgk. 

Let R(t) be an antiderivative of r(t) on I. Then R’(t) = r(t). If U(t) is an antiderivative of r(t) on I, then 

U'(t) = r(t). Thus U'(t) = R(t) onl > Ut) =R()+C. 








(b 


wm 


t t t t t 
57. 4 ['r)dr = f tit gjth@kldr = 4 ft) drit 4 f arj+4 f hark 
= f(i + g(j + h(Dk = r(. Since 4 f'r(r) dr = x(t), we have that [''r(r) dr is an antiderivative of 
r. If R is any antiderivative of r, then R(t) = f 'r(7) dr + C by Exercise 56(b). Then R(a) = f : r(7)d7+C 


=0+C + C=R@ = fr)dr =RO]-C=RW- Ra) > [Pr@ dr = R&D) — Rea. 


58-61. Example CAS commands: 


Maple: 
> with( plots ); 
r :=t -> [sin(t)-t*cos(t),cos(t)+t*sin(t),t*2]; 
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tO := 3*Pi/2; 
lo :=0; 
hi := 6*Pi; 


P1 := spacecurve( r(t), t=lo..hi, axes=boxed, thickness=3 ): 

display( P1, title="#58(a) (Section 13.1)" ); 

Dr := unapply( diff(r(t),t), t ); # (b) 

Dr(tO); # (c) 

ql := expand( r(t0) + Dr(t0)*(t-t0) ); 

T := unapply( ql, t ); 

P2 := spacecurve( T(t), t=lo..hi, axes=boxed, thickness=3, color=black ): 
display( [P1,P2], title="#58(d) (Section 13.1)" ); 


62-63. Example CAS commands: 
Maple: 

a:='a';b:='b; 
r := (a,b,t) -> [cos(a*t),sin(a*t),b*t]; 
Dr := unapply( diff(r(a,b,t),t), (a,b,t) ); 
tO := 3*Pi/2; 
ql := expand( r(a,b,t0) + Dr(a,b,t0)*(t-t0) ); 
T := unapply( ql, (a,b,t) ); 


lo :=0; 
hi := 4*Pi; 
P := NULL: 


for ain[ 1, 2, 4,6] do 

PI := spacecurve( r(a,1,t), t=lo..hi, thickness=3 ): 

P2 := spacecurve( T(a,1,t), t=lo..hi, thickness=3, color=black ): 

P :=P, display( [P1,P2], axes=boxed, title=sprintf("#62 (Section 13.1)\n a=%a",a) ); 
end do: 
display( [P], insequence=true ); 


58-63. Example CAS commands: 
Mathematica: (assigned functions, parameters, and intervals will vary) 
The x-y-z components for the curve are entered as a list of functions of t. The unit vectors i, j, k are not inserted. 
If a graph is too small, highlight it and drag out a corner or side to make it larger. 
Only the components of r[t] and values for tO, tmin, and tmax require alteration for each problem. 
Clear[r, v, t, x, y, Z] 
r[t_]={ Sin[t] — t Cos[t], Cos[t] + t Sin[t], t2} 
t0= 37/2; tmin=0; tmax= 67; 
ParametricPlot3D[Evaluate[r[t]], {t, tmin, tmax}, AxesLabel — {x, y, z}]; 
v[t_]= r'[t] 
tanline[t_]= v[tO] t + r[tO] 
ParametricPlot3D[Evaluate[{r[t], tanline[t]}], {t, tmin, tmax}, AxesLabel — {x, y, z}]; 
For 62 and 63, the curve can be defined as a function of t, a, and b. Leave a space between a and t and b and t. 
Clear[r, v, t, x, y, Z, a, b] 
r[t_,a_,b_]:={Cos[a t], Sin[a t], b t} 
t0= 37/2; tmin=0; tmax= 47; 
v[t_,a_,b_]= D[r[t, a, b], t] 
tanline[t_,a_,b_]=v[t0, a, b] t + r[t0, a, b] 
pal=ParametricPlot3D[Evaluate[{r[t, 1, 1], tanline[t, 1, 1]}], {t,tmin, tmax}, AxesLabel — {x, y, z}]; 
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pa2=ParametricPlot3D[Evaluate[{r[t, 2, 1], tanline[t, 2, 1]}], {t,tmin, tmax}, AxesLabel — {x, y, z}]; 
pa4=ParametricPlot3D[Evaluate[{r[t, 4, 1], tanline[t, 4, 1]}], {t,tmin, tmax}, AxesLabel — {x, y, z}]; 
pa6=ParametricPlot3D[Evaluate[{r[t, 6, 1], tanline[t, 6, 1]}], {t,tmin, tmax}, AxesLabel — {x, y, z}]; 
Show[GraphicsArray[{pal, pa2, pa4, pa6}]] 


13.2 MODELING PROJECTILE MOTION 


1. 


10. 





X = (Vp cos a)t => (21 km)(4%™) = (840 m/s)(cos 60°)t > t= EES aah = 50 seconds 





R= ‘i sin 2a and maximum R occurs when a = 45° => 24.5 km = (sie) (sin 90°) 





=> vo = V/(9.8)(24,500) m?/s? = 490 m/s 





(a) t= 0s sina — 200" meitsin 45°) = 72.2 seconds; R = 7 sin 2a = (500 mis)" (sin 90°) = 25,510.2 m 


(b) x= i cos a)t = 5000 m = (500 m/s)(cos 45°)t > t= Cuma cea eg = 14.14 s; thus, 
y = (vo sina)t— $ gt? = y © (500 m/s)(sin 45°)(14.14 s) — 5 (9.8 m/s”) (14.14 s)? + 4020 m 


— (vo sina)? __ — (600 m/s)(sin 45°)? 
(c) Ymax = 2g 2(9.8 mis 2) 6378 m 





Y =yo+(vo sina)t — } gt? > y = 32 ft + (32 ft/sec)(sin 30°)t — 5 (32 ft/sec”) t? > y = 32+ 16t— 161’; 
the ball hits the ground when y = 0 > 0 = 32+ 16t— 16t? > t=—lort=2 > t=2sec since t > 0; thus, 
x = (vp cos a)t > x = (32 ft/sec)(cos 30°)t = 32 (2 ) (2) = 55.4 ft 


X = Xo + (Vo cos a)t = 0 + (44 cos 45°)t = 22,/2t and y = yo + (Vo sin a)t — $ gt? = 6.5 + (44 sin 45°)t — 16t? 
= 65+ 22,/2t — 16t?; the shot lands when y = 0 > t= AEs Eee eee f 2.135 sec since t > 0; thus 


x = 22,/2t = (222) (2.135) ~ 66.43 ft 





x = 0+ (44 cos 40°)t & 33.706t and y = 6.5 + (44 sin 40°)t — 16t? = 6.5 + 28.283t — 16t?; y = 0 
St BABE VOR THO ~ 1.9735 sec since t > 0; thus x © (33.706)(1.9735) © 66.52 ft + the 
difference in distances is about 66.52 — 66.43 = 0.09 ft or about 1 inch 





(a) R= “% “sin 2a > 10m= (ste) (sin 90°) = v2 = 98 m?s? => vo © 9.9 m/s; 


(b) 6m = ‘03 a (sin 2a) = sin 2a ~ 0.59999 = 2a © 36.87° or 143.12° > a & 18.4° or 71.6° 





Vo = 5 x 10° m/s and x = 40 cm = 0.4 m; thus x = (vo cos a)t => 0.4m = (5 x 10° m/s) (cos 0°)t 
=> t=0.08 x 10° s = 8 x 10-8 s; also, y = yo + (vo sin at — § gt” 

= y =(5 x 10° mis) (sin 0°) (8 x 1078 s) — § (9.8 m/s”) (8 x 10-8 s)” = —3.136 x 10°! mor 
—3.136 x 10°! cm. Therefore, it drops 3.136 x 107!? cm 


R= ‘e sin2a => 3(248.8) ft = (atte) (sin 18°) => vp & 77,292.84 ft?/sec? => vo ~ 278.02 ft/sec 190 mph 





80/10 \” 
Ce) (sin2a) => sin2a=0.9 => 2a % 64.2° => a ®& 32.1°; or 


80,/10 
(sin 32.1°) 
2a 8 115.89 > a & 57.9%; Ifa & 32.1°, Vmax = Eee) 2 & 31.4 ft. Ifa & 57.99, Vinx © 79.7 ft > 75 ft. In 








vo = 2¥2 ft/sec and R = 200 ft = 200 


order to reach the cushion, the angle of elevation will need to be about 32.1°. At this angle, the circus performer will go 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


31.4 ft into the air at maximum height and will not strike the 75 ft high ceiling. 


X =(vo cosa)t = 135 ft = (90 ft/sec)(cos 30°)t => t & 1.732 sec; y = (vo sin a)t — 5 gt? 
=> y & (90 ft/sec)(sin 30°)(1.732 sec) — 5 (32 ft/sec”) (1.732 sec)? => y = 29.94 ft = the golf ball will clip 
the leaves at the top 


Vo = 116 ft/sec, a = 45°, and x = (Vo cos a)t 

=> 369 = (11l6cos 45°)t > t & 4.50 sec; 
also y = (vo sin a)t — $ gt? 

=> y = (116 sin 45°)(4.50) — $ (32)(4.50)? 

~~ 45.11 ft. It will take the ball 4.50 sec to travel 
369 ft. At that time the ball will be 45.11 ft in 
the air and will hit the green past the pin. 





We do part b first. 
(b) x = (vo cos a)t = 315 ft = (Vo cos 20°)t > vo = or: ; also y = (vo sin a)t — 5 gt? 
=> 34 ft = (255) (tsin 20°) — $ (32)? > 34 = 315 tan 20° — 16t? > t? = 5.04 sec? => t © 2.25 sec 


= 315 
(a) Vo = DI eos 20) © 149 ft/sec 


R = “ sin 2a = “ (2 sin a cos a) = *? [2 cos (90° — a) sin (90° — a)] = “ [sin 290° — a)] 





R=“ sin2a > 16,000 m = 40M sin 2a = sin 2a = 0.98 > 2a ~ 78.5° or 2a ~ 101.5° = a = 39.3° 
or 50.7° 


(a) R= oa sin 2a = * sin 2a = 4 (G r sin a) or 4 times the original range. 


(b) Now, let the initial range be R = ~ sin 2a. Then we want the factor p so that pvg will double the range 








=> mt sin 2a = 2 (2 © sin 20): p=2 p J2 2 or about 141%. The same percentage will approximately 








double the height: es a)” — Avorine)’ p?=2 p= v2. 


2g 





X = X9 + (Vp cos a)t = 0+ (Vo cos 40°)t & 0.766 vot and y = yo + (vo sin a)t — 5 gt? = 6.5 + (vo sin 40°)t — 16t? 
6.5 + 0.643 vot — 16t?; now the shot went 73.833 ft > 73.833 = 0.766vot > t& a sec; the shot lands 





2 
when y = 0 = 0 = 6.5 + (0.643)(96.383) — 16 (2538) = 0 ~ 68.474 — HBS yy av 4/ URGE 


46.6 ft/sec, the shot's initial speed 


__ (vo sinay 


3 
Ymax — > 5 Ymax = 
2g 4 


3(vo sin a)? 
8g 


and y = (vo sina)t — gt? => 


3 
= iwsner = = (vo sin a)t — § gt? 


=> 3(vo sin a)? = (8gvpo sin a)t — 4g7t? > 4¢7t? — (8gvo sin a)t + 3(vo sin a)? =0 > 2gt — 3vo sin a = 0 or 


3vo sin a Vo sin @ 
2g 


2gt—vp sina=0 > t= ort = 


. Since the time it takes to reach Ymax iS tmax = 
then the time it takes the projectile to reach 3 Of Ymax is the shorter time t = “osm or half the time it takes 


to reach the maximum height. 


de = f (—gj) dt = —gtj + C; and a) = (Vo cos a)i + (Vp sin a)j = —g(0)j + Cy, = (Vo cos a)i + (Vo sin a)j 

=> C, = (vo cos a)i+ (Vo sina)j => * = (vo cos a)i+ (Vo sina — gt)j;r= Jl@o cos a)i + (Vo sin a — gt)j] dt 
= (vot cos a@)i + + (vot sin @ — 5 5 gt) j jt C, and r(0) = xpi + yoj = [Vo(0) cos a]li+ [vo(0) sina — 5 1 9(0) "lj jt+C 
= Xoit+ yoj > Co = Xoit+ yoj > r= (Ko + Vot cos a)ji+ + (yo + vot sin a — 5 gt’) j => xX = xX9+ vot cos a and 
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21. 


22. 


23: 


24. 


25. 


Section 13.2 Modeling Projectile Motion 835 
y = yo + vot sina — 3 gt® 
From Example 3(b) in the text, vp sin a = ,/(68)(64) = vo sin 56.5° + 65.97 => vo = 79 ft/sec 


The horizontal distance from Rebollo to the center of the cauldron is 90 ft = the horizontal distance to the 


FS 90g _ _(90)(32) 
nearest rim is x = 90 — 4 5 12) = 84 = 84= x9 + (Vo cos at 0+ (= st) t=> 84= Teanen ¢ 








= t= 1.92 sec. The vertical distance at this time is y = yo + (Vo sin a)t — 5 L of? 
= 6 + ,/(68)(64) (1.92) — 16(1.92)? = 73.7 ft = the arrow clears the rim by 3.7 ft 


The projectile rises straight up and then falls straight down, returning to the firing point. 


Flight time = | sec and the measure of the angle of elevation is about 64° (using a protractor) so that 


2vo Si 2vo sin 64° 17.80 sin 64°)? 
t= mse Sy | = MSHOE > vo © 17.80 f/sec. Then ymax = S35" ~ 4.00 ft and 


R= ‘ sin2a > R= ey ay sin 128° = 7.80 ft = the engine traveled about 7.80 ft in 1 sec = the engine 


velocity was about 7.80 ie 


When marble A is located R units downrange, we have x = (vp cosa)t > R=(vo cosa)yt > t= —R_ At 


Vp COS a * 





2 
that time the height of marble A is y = yo + (Vo sin a)t — 5 tet? = (Vo sin a) (= xR =) $ g (= ;) 


=> y=Rtana— 5 g (zn). The height of marble B at the same time t = ee seconds is 
h=Rtana—35 1 ot? — R tana — 5 g (zB) . Since the heights are the same, the marbles collide regardless 


of the initial velocity vo. 


(a) At the time t ae the projectile hits the line OR we 
have tan 3 = 2; x = [vo cos(a — ()]t and 
y = [vo sin ee — B)t- 5 Lat? < 0 since R is 
below level ground. Therefore let 
ly| = 4 gt? — [vo sin(a — @)]t > 0 
[5 gt? (vo sin(a—8))t] _ [} gt—vo sin(a — f)] 
[vo cos (a — 8)]t ~~ vo cos (a — 8) 
=> vo cos(a@ — 3) tan BG = 5 gt — vo sin (a — £) 
af 2vo sin (a — 3) + 2vo cos (a — 3) tan 3 


g 
& 


when the projectile hits the downhill slope. Therefore, 


X = [vo cos (a — B)] [= ston a ee = a [cos? (a — 3) tan 8 + sin(a — BZ) cos(a — f)]. If x is 





so that tan GB = 








, which is the time 





maximized, then OR is maximized: ox = ap [— sin 2(a — @) tan G + cos 2(a — 2)] = 0 


=> —sin 2(a — @) tan G+ cos 2(a — G@) =0 => tan G =cot 2(a— 8B) > 2(a— 8B) = 90°- GB 
=> a—8=4(90°—B) > a= $(90° + B) = $ of ZAOR. 
At the time t when the projectile hits OR we have 

tan @ = ¥;x = [vo cos(a + {)]t and 


y = [vo sin(a + A)]t — § gt? 
__ [vo sin(a + ))t— 5 gt? = [vo sin (a + B) — 5 gt] 
=> tan B _ [vo cos (a + )]t = vo cos (a + (3) 
=> vo cos(a + (3) tan B = Vo sin(a@ + 3) — 5 
2vo sin (a + 3) — 2vo cos (a + 8) tan 3 
g 


when the projectile hits the uphill slope. Therefore, 


(b 


wm 








>t= , which is the time 





Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


836 Chapter 13 Vector-Valued Functions and Motion in Space 





x = [vo cos(a + 8)] E se ee wel — ae [sin (a + 3) cos (a + 3) — cos? (a + 3) tan GB]. If x is 


maximized, then OR is maximized: = au [cos 2(a@ + @) + sin 2(a@ + 3) tan GB] = 0 

=> cos 2(a+ 3) + sin 2(a+ 2) tanG=0 => cot 2(a+ 8)+ tan G=0 => cot 2(a+ Z) = —tanZ 
= tan(—8) > 2(a+ 8) = 90° —(—8) = 90°+ 6 > a= 5 (90° — B) = 5 of ZAOR. Therefore vo would bisect 
ZAOR for maximum range uphill. 


26. (a) r(t) = (x(t))i+ (y(t))j; where x(t) = (145 cos 23° — 14)t and y(t) = 2.5 + (145 sin 23°)t — 16t?. 


27. 


28. 


29. 


(b) Yom = “oer of 425= eee + 2.5 = 52.655 feet, which is reached at t = “oine — 145sin23° ~ 1.771 seconds. 
(c) For the ae solve y = 2.5 + (145 sin 23°)t — 16t” = 0 for t, using the quadratic formula 


i e sin 23°)? 
a - 23°) +160 3.585 sec. Then the range at t © 3.585 is about x = (145 cos 23° — 14)(3.585) 


& 428.311 feet. 
For the time, solve y = 2.5 + (145 sin 23°)t — 16t” = 20 for t, using the quadratic formula 


145 sin 23° 145 sin 23°)? — 1120 
t= cual ss ea x 0.342 and 3.199 seconds. At those times the ball is about 


x(0.342) = (145 cos 23° — 14)(0.342) = 40.860 feet from home plate and x(3.199) = (145 cos 23° — 14)(3.199) 
& 382.195 feet from home plate. 
(e) Yes. According to part (d), the ball is still 20 feet above the ground when it is 382 feet from home plate. 





(d 


wm 





"y " 


(a) (Assuming that is zero at the point of impact:) 

r(t) = (x(t))i + (y(t))j; where x(t) = (35 cos 27°)t and y(t) = 4 + (35 sin 27°)t — 16t?. 
(b) Ymax = mone ar +4= aa +4 = 7.945 feet, which is reached at t = = = rae = 0.497 seconds. 
(c) For the fa solve y = 4 + (35 sin 27°)t — 16t? = 0 for t, using the quadratic formula 


sin 27° _ in 27°) 
pa BMT sy snety +? ~ 1.201 sec. Then the range is about x(1.201) = (35 cos 27°) (1.201) 


& 37.453 feet. 
For the time, solve y = 4 + (35 sin 27°)t — 16t? = 7 for t, using the quadratic formula 





(d 


wm 


sin 27° —35 sin 27°)? — 
t= es = si Bis ~ 0.254 and 0.740 seconds. At those times the ball is about 


x(0.254) = (35 cos 27°)(0.254) = 7.921 feet and x(0.740) = (35 cos 27°) (0.740) = 23.077 feet the impact point, 
or about 37.453 — 7.921 = 29.532 feet and 37.453 — 23.077 © 14.376 feet from the landing spot. 
(e) Yes. It changes things because the ball won't clear the net (Ymax * 7.945). 





‘ ve. v2 sin a cos a 
and this occurs for x = 2g sin 2a = a a 


parametrically the points on a curve in the xy-plane associated with the maximum heights on the parabolic trajectories in 


(vo sin a)? 
g 


The maximum height is y = . These equations describe 











Sas BD co Bo 4 sin’ a) (1 —sin2 a 

terms of the parameter (launch angle) a. Eliminating the parameter a, we have x? = “““S°" * — Gas a) =“ s 
vé sin? a vé sint a v3 2 2 2 2v2 v3 va vA 

=— 2 . 2 = : (2y) (2y) ae aia Ay ={ y= 0 => - +4 y 2g y -- 1622 = ag? 


2 
>x >+4(y- i) = #4, where x > 0. 


er +k# = —gj => P(t) =k and Q(t) = —gj > JP(t) dSkt > va) = eJ P(t) dt — gkt ar ay J v() Q(t) dt 
= —ge* felt j dt = —ge“*/ ej +C, | =—€j+Ce™, where C = —gC;; apply the initial condition: 





i a (vocos a)i + (vosin a)j = — Fj + C > C = (vocos a)it (€ + vosin a)j 
> — (voe “cos a)i + (-2 + eMt(E + vosin a) i. r= fl (voe “cos a)i + (- + oe + vosin a))j Jat 
= (—em Koos a)i + (-# = ere + vosin a))j + C2; apply the initial condition: 
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(= “cos ait (—§ — "*)j +O, 3C,= (2 cos a)it (& + 22)j 
=r(t)= (2(1—e™)cos a)i+ (2 (1 -—e™)sina+ §(1—kt—e“))j 


(a) r(t) = (x(t))it (y(t))j; where x(t) = (on) —e~t) (cos 20°) and 
y(t) =3+4+ (333) (1 — e~ 9-121) (sin 20°) + (5% =r) ( (1 — 0.12t — e~®-124) 

(b) Solve graphically using a calculator or CAS: At t © 1.484 seconds the ball reaches a maximum height of about 40.435 
feet. 

(c) Use a graphing calculator or CAS to find that y = 0 when the ball has traveled for ~ 3.126 seconds. The range is 
about x(3.126) = (933) (1 — e~°2G-!6)) (cos 20°) = 372.311 feet. 

(d) Use a graphing calculator or CAS to find that y = 30 for t © 0.689 and 2.305 seconds, at which times the ball is about 
x(0.689) = 94.454 feet and x(2.305) ~ 287.621 feet from home plate. 


(e) Yes, the batter has hit a home run since a graph of the trajectory shows that the ball is more than 14 feet above the 





ground when it passes over the fence. 


(a) r(t) = (x(t))i+ (y(t))j; where x(t) = (stg) om e~°-08t) (152 cos 20° — 17.6) and 
y(t) = 3 + (425) (1 — oO ")(sin 20°) + (5322) (1 — 0.08t — e~ 8") 

Solve graphically using a calculator or CAS: At t © 1.527 seconds the ball reaches a maximum height of about 41.893 

feet. 

(c) Use a graphing calculator or CAS to find that y = 0 when the ball has traveled for ~ 3.181 seconds. The range is 

about x(3.181) = (gpg) (1 — e708G-18))) (152 cos 20° — 17.6) 351.734 feet. 

Use a graphing calculator or CAS to find that y = 35 for t © 0.877 and 2.190 seconds, at which times the ball is about 

x(0.877) =~ 106.028 feet and x(2.190) + 251.530 feet from home plate. 

(e) No; the range is less than 380 feet. To find the wind needed for a home run, first use the method of part (d) to find that 
y = 20 at t © 0.376 and 2.716 seconds. Then define x(w) = (g4g) (1 — 7-8-7!) (152 cos 20° + w), and solve 
x(w) = 380 to find w © 12.846 ft/sec. 





(b 


wm 


(d 


wm 


13.3 ARC LENGTH AND THE UNIT TANGENT VECTOR T 


r = (2 cos t)ji+ (2 sin t)j + /5tk => v=(-2sint)ji+ (2 cos tj+ /5k 








2 
= |v) = (-2 sin)? + 2 cos 1 + (5) = /4sin?t +4 cot t+5=3;T =» 


= (— 3 sint)i+ (3 cost) j-+ Yk and Length = [” Iv dt = "3 dt = 3t]7 = 30 


r = (6 sin 2t)i + (6 cos 2t)j + Stk = v= (12 cos 2t)i + (—12 sin 2t)j + 5k 


=> |v = J/(2 cos 2t)? + (—12 sin 2t)? + 52 = / 144 cos? 2t + 144 sin? 2t + 25 = 13; T= Rl 





= (3 cos 2t) i— (3 sin 2t) j+ 3k and Length = f"|v| dt = [13 dt = [1347 = 130 


— to 2 43/2 — +4 41/2 = 2 op vi 
r=ti+$0?k > v=itt?k = jyl= P+ (0?) =V14t;T= 9 = er. toa 


8 
and Length = f 1+tdt= [3 (a+ t)3/?] ; = = 


























r=(2+i-(t+ Dj+tk > v=i-j+k = ha/P CYS? ay3;T=) k 


and Length = {a dt = [ v3¢| = 3/3 





_ 1; 
a Jat Rita 
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5. r= (cos’t)j+(sin’t)k = v= (—3cos’tsint)j + (3 sin?tcost)k = |v| 








= V(-3 cos? t sin t)” + (3 sin? t cos t)” = \/(9 cos? t sin? t) (cos? t + sin? t) = 3 |cos t sin t|; 


_ vy _ —3cos’tsint s 3 sin? t cos t = * ; T 
T= lv] 3 |cos t sin t| ee 3 |cos t sin t| k = (—cos Hj + (sin Ok, if0 <t< 3 > and 





x/2 . x/2 . (2, 2 
Length = f 3 |cos t sin t| dt = f 3 cost sintdt = f 2 sin 2t dt = [— 3 cos 2t] as 3 


TT, 
0 0 





6. r= 6ti— 2°j-—3°k = v= 18Pi—6?j-—92k => |v| = Vasey + (—6t?)? + (—92)? = V/44i1t? = 210; 





2 2 2 ¢ 
T= % = Bi- 9 j- Sok = $i-2j-3kandLength = [ 21? dt=[7°]} = 49 


7. r = (tcos thi + (t sin dj + 22 8/2k > v=(cost—tsint)i+ (sint + tcos t)j + (v20?)k 








2 
=> |v = i[teos t—tsing? + (sint-+ tos? + (v2t) = Y1t?42t= J+)? =|t4+1] =t+1,ift>0; 








T= f= (ss) i+ (sets) f+ (OBE) and Length = f°e+iat= [$+] =F 42 


T 
0 
8. r=(tsint+cost)i+(tcost—sint)j > v = (sint+tcost— sint)ji+ (cost —tsint — cos t)j 

= (tcos tli (tsint)j > lv] = /(tcos )? + Ctsint? = VP = |t| =tif V2<t<2,T= 5 


= (88!) i= (8) j= (cos Oi — Gin Oj and Length = frat = [$] = 1 








9. Let P(t)) denote the point. Then v = (5 cos t)i — (5 sin t)j + 12k and 267 = i. 25 cos? t + 25 sin? t + 144 dt 


= fo dt = 13tg = tp = 27, and the point is P(27) = (5 sin 27,5 cos 27, 247) = (0,5, 247) 


10. Let P(t) denote the point. Then v = (12 cos t)i + (12 sin t)j + 5k and 
—130 = f'/144 cos? t+ 144 sin? t +25 dt = fo dt = 13t) = ty) = —7, and the point is 
P(—n) = (12 sin (—7), —12 cos (—1), —57) = (0, 12, —5m) 











11. r= (4costji+ (4sin tj + 3tk > v= (—4sindi+ (4cost)j+ 3k > |v| = /(-4 sin t)? + (4 cos t)? + 32 
J25=5 + s(t)= [5dr =St = Length =s(3) = © 








12. r=(cost+tsintji+ (sint —tcost)j > v = (—sint+ sint+tcos t)i+ (cost —cost+t sin t)j 





a 


t 
= (tcostji+ (tsinthj => |v] = /(t cos t)? + (t cos t)? = = /? =tsince2<t<a si) = fi7 d=, 








2 n)2 5 
= Length = s(7) —s (4) = 4 (3) an 


13. r=(e'cost)i+ (e'sint)j+ek > v=(e'cost—e' sint)i+ (e' sint + e' cos t)j + e'k 
=> |vj= vee cos t — et sin t)? + (et sint + et cos t)? + (et)? = = V3e = V3e = st) = [ V3e" dr 
= /3e!— \/3 = Length = s(0) — s(—In 4) = 0 — (V3e"m4 — 3) = ve) 








14. r=(1+20i+ (1+ 30j +(6-6Dk > v=2i+3j—6k => |v| = /22 + 32+ (6) =7 s(t) = ['7 dr = 7H 
= Length = s(0) — s(—1) = 0— (-7) =7 
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15. r= (V2t)i+ (V2t)§ + -2)k > v= V2i+ V2j- 2k > Wy = (v2) + (v2) + 208 = Va 


1 1 
=2/142 > Length = [2 +e at= [2 (4 TF gules 1+®))| = V2+In(1+ v2) 
0 


Note that the radius of the cylinder is 1 = the 


16. Let the helix make one complete turn from t = 0 to t = 27. + 
\ 
circumference of the base is 27. When t = 27, the point P is ‘ 


r=costl+sin tj+tk 


(cos 2n, sin 27,27) = (1,0,27) => the cylinder is 27 units <p esl 


high. Cut the cylinder along PQ and flatten. The resulting | 
rectangle has a width equal to the circumference of the rs 


cylinder = 27 and a height equal to 27, the height of the 


SWEET ae ” 
cylinder. Therefore, the rectangle is a square and the portion a —— 
of the helix from t = 0 to t = 27 is its diagonal. yas 

x 


17. (a) r= (cos thit (sin Oj +d —costk,0<t<2r > x=cost,y =sint,z—1—cost > x?+y? 
= cos*t + sin? t = 1, a right circular cylinder with the z-axis as the axis and radius = 1. Therefore 


P(cos t, sin t, 1 — cos t) lies on the cylinder x? + y? = 1;t =0 => P(1,0,0) is on the curve; t = 5 = QO,1,1) 


is on the curve; t = 7 = R(—1,0,2) is on the curve. Then PO = —-i+j+kand PR = —2i + 2k 


ij k 
=> PO x PR = |-1 1 1] =2i-+ 2k isa vector normal to the plane of P, Q, and R. Then the 
—2 0 2 


plane containing P, Q, and R has an equation 2x + 2z = 2(1) + 2(0) or x + z = 1. Any point on the curve 
will satisfy this equation since x + z = cost + (1 — cos t) = 1. Therefore, any point on the curve lies on the 
intersection of the cylinder x? + y? = 1 and the plane x +z = 1 = the curve is an ellipse. 
(b) v = (—sin Hi + (cos tj + (sintk > |v| = /sin? t + cos? t + sin? t = V1 +sinr?t > T= Wi 
= k= sin t)i+ (cos t)j + (sin tk = T(0) =j,T (3) = <5 ,T(m) = —j, T (2) = i-k 

















V1+sin?t V2 
(c) a= (—cos t)i — (sin t)j + (cos tk; n =i+kis 
z 
normal to the plane x + z= 1 > n-a=-—cost+cost 


=0 = ais orthogonal ton = ais parallel to the 
plane; a0) = —i+k,a(%) =—j,a(x) =i-k, 
a(Z)=J 





Qn 
(d) |v| = V1 +sin?t (See part (b) > L= f 1 + sin? t dt 
(e) L & 7.64 (by Mathematica) 





18. (a) r= (cos 4t)i+ (sin 4t)j + 4tk => v = (—4 sin 4ti + (4 cos 4t)j+4k => |v| = \/(—4 sin 4t)? + (4 cos 4t)? + 4? 
J32 = 4/2 > Length = fr a/2at = [4 21] US dye 
(b) r = (cos $)i+ (sin $ s)j+4 ik=> v=(—3sin$ s)i+ (4 cos $) j+4k 
= Iv| = 4/ (—4 sin 4)? + (2 c0s £)” + (4)? = i+ G= @ = Length = [- 2 dt = [Ai] ” = 20/2 
(c) r= (cos ti—(sint)j —tk > v =(—sint)i—(costj—k > |v| = /(—sint)? + (—cost)? + (-1? = /14+1 


= /2 = Length= [" /2at = [v2¢| 5 oR) 2 
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19. ZPQB = ZQOB = t and PQ = arc (AQ) = t since 
PQ = length of the unwound string = length of arc (AQ); 
thus x = OB + BC = OB+ DP = cost +t sint, and 
y = PC = QB — QD = sint —tcost 





20. r = (cost+tsin t)i+ (sin t + tcos t)j > v = (—sint+ tcos t + sin t)i+ (cos t — (t(—sin t) + cos t))j 
= (tcos t)i+ (tsin t)j > |v| = i) (teos t)? + (tsin t) =V/?=|t|=tt>0sT= y= tt tj 


= cos ti+ sintj 





13.4 CURVATURE AND THE UNIT NORMAL VECTOR N 


1. r=ti+In(cost)j => v=i+ (=) j=i-(tandj => |v = eo / sec? t = |sec t| = sec t, since 


cos t 


= 7<t<5 = T= r =(4)i- ()j = (cos t)i — (sin t)j; “1 cr = (— sin thi — (cos tj 





sect 














=> || = /Csint?+Ccost?=1 5 N i (— sin ti — (cos Dj; 


es | =i: 1 =cost. 


2. r=In(secthit+t) > v= (St )i+j=(tanvi¢+j => ee eee aes 


sect 
1.) j = (sin Hi + (cos Hj; F = (cos thi — (sin Hj 





since -—F <t<5 => T= y= (Si 


sect 











if 
ai t|= = /(cos t)? + (—sint)? = 1 N i (cos t)i — (sin t)j; 


mol ae fai. 1 =cost. 














3. r= (2t+3)i+(5-—2)j > v=2-29 = WW = J/2 4+ Co’ =2V14+2 S T= 1 =e oe 












































2 2 
Vi+t V1 ai: & = — => (9 |= = - : 
vey Vay" (vire) (Vire) 
= (a = ss 
~ THF a N= yee ae 
c= b.(@/ 21. = 1 
3 Rr aJiee 1+P ~ 2148)? 


























4. r=(cost+tsint)i+ (sint —tcost)j > v = (tcosti+ (t a lv] = \/(tcos t)?? + (t sin t)? = Je = {t| 
=t,sinceet>0 > T= ¥ (= = {00s ve sini — (cog t)i + (sin tj; a = (—sin thi + (cos tj 
= || = /Csint?+(ost? =1 > N Eh (-sin i+ (cos j;«= §-|f|=1-1=1 
dt 
5. (@) n(x) = phy | SY]. Now, v=i4 MIS IW = V1+ [PP >T= 5 
—1/2 —1/2 —f!(x)f” i 7 e 
= (1 se (t"(x)]”) i+fo( a (f(x) ) j. Thus “T(x) = —P@"'@) 1S 
(+te@Pr)” * Cate) y" 








om) = | Ta] + oo Ee * [cor ae Ie"(w) 
(1 +l P) (+(e@P)” (1 +(e ry ~ [L+ ECP] 
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(b) 


(c) 


(a) 


(b) 


(c) 


(a) 


(b) 


(c) 


(a) 


(b) 


Section 13.4 Curvature and the Unit Normal Vector N 
































= 1 _ tO) If”(x)| 

Thus 600 = Gea TOF = Cate) 

= dy _ /_1 = @y _ 2 — __|esec?x|  ___ see? 
y=In(cosx) > F= (<4) (—sinx) = —tanx > Gy =—sec*xX > K= eCopt eal 
=) ‘ 

= = =cosx,sincee-—F<x<F 
Note that f”(x) = 0 at an inflection point. 

_ A se A oss 58 _ -2 -2 —_ Vv _ x 
r=f(Hi+ goj =xit+yj > v=xi+yj > lvl = Vx’ 4+y T ry Jaap Boga 






































aT _ WYX—KY), | RK 3%); }st] = Fescal i [ } (P42 )(¥K— XV)! 
oa Gaye ae, (+9?) (+) 
— |y¥X=xY), . |st) = 1 lyk ky] _ yk ~ xy 
Pa Sw Very +P] wey” 
r(t)= tit In(sintj,0<t<a > x=tandy = In(sint) X=1,X=0;y cae cot t, ¥ = —csc? t 
72 |— esc? t— 0| — esc?t _ c: 
> K= Caco yy? = eset = sin t 


r(t) = tan7! (sinh t)i+ In (cosh t)j = x = tan7! (sinh t) and y = In(cosht) > x = tis =a 


|sech? t + sech t tanh? t| 


= es x — sinht _ + 2 = 
= sech t, X = — secht tanht; y = =tanht,y =sech*t > K= (scot + tanh?) 


cosh t 


= |sech t| 





= secht 


r(t) = f(Hi+ g(t\)j => v= f’(tHi+ g’(tj is tangent to the curve at the point (f(t), g(t); 
n-v= [—g/(thi+ f’(bj] - [f/i+ g’(Oj] = —g/(f'( + f’(Og'(t) = 0; —n- vV = —(n- v) = 0; thus, 
n and —n are both normal to the curve at the point 




















r(t) =tit+e"j = v=i+2e"j => n= —2e*i + j points toward the concave side of the curve; N = © and 
P i 
— ./JAeAt — _=2e_ 1 : 
In| = vi4e" +1 N Jivee? Vitaend 
r(t)= /4-ti+tj v= ae 5 i+j n= —i- ie j points toward the concave side of the curve; 





N= Mand |nj=/1+,°) = 72, 3 N=-}(V4—8i+H) 


r(t) =tit+ ¢tj > v=i+tj] > n =i —j points toward the concave side of the curve when t < 0 and 


—n = —t’i + j points toward the concave side when t > 0 N= Tare 7 (t?i — j) for t < 0 and 


N= Tae i+ j) fort >0 
= 4 = I eos dT _ = 2) ss 2t * dT| _ 4t6 + 412 
From part (a), |v] = V1+t T fae! ne at aaweit ao > [Ss] =,/ aaa} 






































_ 2itl. (f) _ 14+ ( 28s 2t i) = 

= Tee N= ep =a agaett cael) = peel + pyiewh 40 

N does not exist at t = 0, where the curve has a point of inflection; ey = 0 so the curvature k = | a 

= uo . a Oatt=0 N + fj is undefined. Since x = t and y =1p y ak the curve is the 














cubic power curve which is concave down for x = t < 0 and concave up for x = t > 0. 





r= (3 sinthi+ (3 cos t)j+4tk > v= (3cost)it+ (—3 sint\j +4k > |v| = /G cost)? + (—3 sint)? + 4? 








/25 5 T is (2 cost)i- (2sint)j+¢k > 4 = (—2sint)i— (2 cost)j 














=> |S] = (— 3 sin)” + (— 3 cost)? = 3 > N= 1h = Csinvi-(cosnjsn=}-2=3 


r= (cost+tsint)i+ (sint—tcostj+3k > v=(tcostii+(tsintj > |v] = 





dT 


=|t|=tift>o => t= = (cos thi —(sintj,t >O0 > G =(—sin tit (cos tj 














=> |4|= /Csint? + (cost? = 1 N (a) (—sin Hi+ (costj;*x—=2-1=2 


Fe t t 
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11. r = (e'cost)i+ (e' sint)j+2k > v=(e'cost—e' sint)i+(e'sint+e'cost)j > 
|v] = vee cos t — et sin t)” + (et sint + et cos t)? = /2e = e'\/2; 
— Vv, — / cost—sint \ + sint+cost ) s dT _ / —sint—cost \* cost—sint ) s 
Pee) ee ee 
= \t _ (=snegemt) "4 (costar) 1 N (4) (=ssipant) i+ (=sntget) . | 
ia v2 v2 [er v2 Ome a 


1 dT 1 
K=a- = -l= 
lv] | dt et/2 et /2 












































12. r = (6 sin 2t)i + (6 cos 2t)j + Stk = v= (12 cos 2t)i — (12 sin 2t)j + 5k 
= |v| = (2 cos 2)? + (12 sin 2t)? +5? = /169 = 13 => T ui 


= (i cos 2t)i- (7 sin 2t)j+ 3k => a = ( + sin 2t) i— (24 cos 2t) j 





























13 
ar ae : 
= | =yV(- a sin 2t)” + (-# cos 2t)” ¥=>N if) (— sin 2t)i — (cos 2t)j ; 
It 
pol or 
= TW lat! = 13° 13 — 169° 





=< 


13. r=(5 Ji+(§ )it>o > v=i+t > ly = Vt+e =t/2+1,sincet>0 > T= 4 


2 2 
t * 1 * dT 1 * dT 1 -t 
= i = i => = a NT ar 
Ve+t *. veri dt (2+ 1)9? (2 7p” j a Meh) oe (car) 
|) =—L_.,1 = 
= tfe+1 P+ e(e4ns? 









































- t a. 
Ve+l : Ve+i Jo 





14. r = (cos*t)i+ (sin? t)j,0<t< % > v= (-—3cos’t sin t)i+ (3 sin’ t cos t) j 








=> |v| = V(-3 cos? t sin t)” + (3 sin? t cos t)” = \/9 cos! t sin? t + 9 sin‘ t cos? t = 3 cos t sin t, since0 <t< 5 


a 
=> ak eal => ot = (sin thi + (cos tj => \st = Vsin?t+cos?t=1 > N= 


. [st = 1 Tea 1 
“~~ 3 cost sint ~~ 3costsint* 


Easy 





allel 





= (sin t)i + (cos t)j; K = 71 





15. r=ti+ (acosh!)j,a>0 > v=i+ (sinht)j => Iv] = 4/1 + sinh? (4) = (cost? () = cosh t 
> oo ‘)j => & = (—} sech ‘ tanh t)i+ (4 sech? ) j 
‘) tanh? (1) + a sech# (4) = ‘ sech (4) > N= (Gr) — (— tanh ‘Vit (sech ‘)j; 








1 
alg 
ll 
< 
RJ]H 
n 
@ 
° 
=> 

i] 
Pile 





16. r = (cosh t)i — (sinh t)j + tk > v = (sinh tji— (coshtj+k > |v| = /sinh2 t+(—cosht)?+1= J2 cosh t 
aT 


T= W a (= tanh t) i — at (= sech t) k > a= (5 sech? t t)i- (= sech t tanh t) I 
> | = V3 sech*t + 4 5 sech? t tanh? t = ii sech t N= it = (sech t)i — (tanh t)k; 
































dt th 
dt 
= Mi ‘ae an a Si sech t = 4 sech?t. 
17. y=ax? => y’ = 2ax y” = 2a; from Exercise 5(a), K(x) = Eres = |2al (1 + 4a2x2)3/? 
Ae 2 aaa fax?) (8a’x) ; thus, «/(x) =0 => x =0. Now, #/(x) > 0 for x < 0 and k’(x) < 0 for 


x > 0 so that «(x) has an absolute maximum at x = 0 which is the vertex of the parabola. Since x = 0 is the 


only critical point for «(x), the curvature has no minimum value. 
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18. r= (acostji+ (bsint\j => v= (—asint)i+ (bcost)j > a=(—acostii-(bsintj > vxa 





i jk 
= |—asint bcost 0}=abk = |v x al = |ab| = ab, sincea>b > 0; R(t) = 
—acost —bsint 0 
= ab (a” sin? t + b? cos” )??, K/(t) = — 3 (ab) (a? sin’ t + b? cos” a (2a? sin t cos t — 2b? sin t cos t) 


= — 3 (ab) (a? — b?) (sin 2t) (a? sin? t + b? cos? t)*”; thus, «/(t) =0 => sin2t=0 => t=O, 7 identifying 
points on the major axis, ort = 5, 3a identifying points on the minor axis. Furthermore, «’(t) < 0 for 
O0<t<  fandform<t< 4: a) > Otor> <t<7 and 22 7 <t< 2a. Therefore, the points associated 


with t = . and t = 7 on the major axis give cone maximum curvature and the points associated with t = 5 




















and t = + on the minor axis give absolute minimum curvature. 
2 _ 2 a < . 
19. K= ap as aa ;#=0 > -a+b?=0 a= +b a= bsince a, b > 0. Now, ae > Oif 
a < band che < 0Oifa>b => «is at a maximum for a = b and «(b) = a = x is the maximum value of k. 


20. (a) From Example 5, the curvature of the helix r(t) = (a cos t)i + (a sin t)j + btk, a, b > Ois K = az; also 
















































































|v| = Va? + b?. For the helix r(t) = (3 cos thi + (3 sin Oj + tk,0 <t<47,a=3andb=1 K=_tp=% 
An 
_ _ 2 
and |v| = 10 > K= {3 jo V10dt= la |. A 
(b) y=x? > x=tandy=t?, -cwo<t<o => ere > os > lvl =V14+ 4e; 
_ dT —4t_ _ 162 +4 
T Te qeit Tread dt = Gea ia ~~ V +4) Tae: Thus 
es ee ee 2 2 “ 
<= rege Tee = (paggyr Then K= f- way sia \dt= fo aaa at 
: iu ' : = 0 ‘ _ b 
=, lim, J, Tae dt+ lim fae dt =, lim [tan~! 2t] - +, lim [tan~! 2t], 
= , lim, (— tan“ 2a) + lim (tan“12b) =5+5=n 
21. r=ti+(sindj > v=i+(cost)j > |v] = 12 + (cost? = /1+cos?t > |v(%)| = \/1+cos? (4) =1;T= W 
_ itcostj at _ t =si sint|_. ) aT — _ ising) a ae 
itl dt eer I+ aeons =e he l= ~~ 1+cost? | dt It=3 T+ 0082() 1d, 1. Thus K(5) = 1" f=1 
= p=+=1and the center is (3,0) > a2)" +y=1 
o . zs a 2 2 y os 
22. r=(2indi-(t+})j > v=(2)i-(1-g)J >= Vet(l-2) = so T=9= Shi- Se 
ar _ —2(2-1); At. os aT} _ /4(2-1)7° +162 __ dT}; _ 2 2 _ 2 _ 2 
dt ~ (e+iy | era = Par | = (+p eet: Thus © = Ty |S] = eer eT = (@+n i 


= 5 > p= 4 = 2. The circle of curvature is tangent to the curve at P(O, —2) = circle has same tangent as the curve 
=> v(1) = 2iis tangent to the circle = the center lies on the y-axis. If t 4 1 (t > 0), then (t — 1)? > 0 
>P?-2+1>0 > P+1>2> f+! > 2sinceet>0 > t+1>2 5 —(tt+4) <-2 > y<—2onboth 


sides of (0, —2) = the curve is concave down => center of circle of curvature is (0,—4) > x?+(y+4)? =4 
is an equation of the circle of curvature 
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23. y=x? = f!(x) = 2x and f"(x) =2 
[2| 2 


K = 7 7 
=? (+x? (1 +.4x2)° 





[3x?| = 3x? 
(1+ sy’) Gaeaty? 








25. y = sinx f(x) = cos x and f"(x) = — sin x 
|= sin x| _ |sin x| 
(1 +cos? x)" (1 + cos? x)*” 











26. yor => i@—e andi"'(x)=e* 








“1 -0.5 0 0.5 2 1.5 2 


27-34. Example CAS commands: 


Maple: 
with( plots ); 
r:=t-> [3*cos(t),5*sin(t)]; 
lo :=0; 
hi := 2*Pi; 
tO := Pi/4; 


P1 := plot( [r(t)[], t=lo..hi] ): 

display( P1, scaling=constrained, title="#27(a) (Section 13.4)" ); 

CURVATURE := (x, y,t) ->simplify(abs(diff(x,t)*diff(y,t,t)-diff(y,t)*diff(x,t,t))/(diff(x,t)*2+diffly ,t)%2)4(3/2)); 
kappa := eval(CURVATURE(r(t)[],t),t=t0); 

UnitNormal := (x,y,t) ->expand( [-diff(y,t),diff(x,t) |/sqrt(diff(x,t)*2+diffly,t)*2) ); 

N := eval( UnitNormal(r(t)[],t), t=t0 ); 

C := expand( r(t0) + N/kappa ); 

OscCircle := (x-C[1])42+(y-C[2])*2 = 1/kappa’2; 

evalf( OscCircle ); 

P2 := implicitplot( (x-C[1])42+(y-C[2])*2 = I/kappa‘2, x=-7..4, y=-4..6, color=blue ): 
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display( [P1,P2], scaling=constrained, title="#27(e) (Section 13.4)" ); 
Mathematica: (assigned functions and parameters may vary) 
In Mathematica, the dot product can be applied either with a period "." or with the word, "Dot". 
Similarly, the cross product can be applied either with a very small "x" (in the palette next to the arrow) or with the word, 
"Cross". However, the Cross command assumes the vectors are in three dimensions 
For the purposes of applying the cross product command, we will define the position vector r as a three dimensional vector 
with zero for its z-component. For graphing, we will use only the first two components. 
Clear[r, t, x, y] 
r[t_]={3 Cos[t], 5 Sin[t] } 
t0= 7 /4; tmin= 0; tmax= 27; 
r2[t_}= (rLt}(01]], rltt(21)} 
pp=ParametricPlot[r2[t], {t, tmin, tmax}]; 
mag[v_]=Saqrt[v.v] 
vel[t_]=r'[t] 
speed[t_]=mag[vel[t]] 
acc[t_]= vel'[t] 
curv[t_]= mag[Cross[vel[t],acc[t]]]/speed[t]>//Simplify 
unittan[t_]= vell[t]/speed[t]//Simplify 
unitnorm[t_]= unittan'[t] / mag[unittan'[t]] 
ctr= r[t0] + (1 / curv[t0]) unitnorm[t0] //Simplify 
{a,b}= {etr[[1]], etr[[2]]} 
To plot the osculating circle, load a graphics package and then plot it, and show it together with the original curve. 
<<Graphics ImplicitPlot® 
pce=ImplicitPlot[(x — a)2 + (y — b)2 == I/curv[t0]? , {x, —8, 8},fy, —8, 8}] 
radius=Graphics[Line[{ {a, b}, r2[t0]}]] 
Show[pp, pc, radius, AspectRatio — 1] 


13.5 TORSION AND THE UNIT BINORMAL VECTOR B 


1. By Exercise 9 in Section 13.4, T = (2 cos t) i+ (-3 sin t) j+ +k and N = (— sin t)i — (cos t)j so that B = T x N 


i j k 
— 2 cost —isint 2 = (4 cost) i-— (¢ sint) j — 2k. Also v = (3 cos thi + (—3 sin Hj + 4k 
—sint —cost 0 


i j k 
>a=(-3sint)hi+(—3cost)j => da = (—3 cos thi+ (3 sint)jand vxa=J| 3cost —3sint 4 
—3sint —3cost 0 


= (12 cos t)i — (12 sin t)j — 9k => |v x al’ = (12 cost)? + (—12 sin t)? + (—9)? = 225. Thus 
3cost -—3sint 4 
—3sint —3sint 0 
—3cost 3sint O]  4-(—9sin?t—-9cos*t) _ -36 _ 4 

225 ~~ 225 ~~ 225 ~~ 25 











7 = 


2. By Exercise 10 in Section 13.4, T = (cos t)i+ (sin t)j and N = (— sin t)i+ (cos t)j; thus B= Tx N 
i j k 
=| cost sint 0) =(cos?t+sin?t)k =k. Also v = (tcos ti+ (t sin Dj 
—sint cost 0 





= a = (t(—sin t) + cos t)i+ (tcost + sin t)j = @ = (—tcost—sint — sin t)i+ (—t sin t + cos t + cos t)j 
i j k 
= (—t cos t — 2 sin t)i+ (2 cos t —t sin t)j. Thus v x a= tcost tsint 0 
(—tsint+ cost) (tcost+sint) 0 


= [(t cos t)(t cos t + sin t) — (t sin t)(—t sin t + cos t)]k =k > |v x al* = (2) = t*. Thus 
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tcost tsint 0 
cos t—tsint sint+tcost 0 
—2sint—tcost 2cost—tsint 0 0 
—_ re = rr = 0 





3. By Exercise 11 in Section 13.4, T = (sss) i+ (ast) j and N = (=setgant) (4. (=s2tb=) j; Thus 























i j k 
B=TxN= sar oe ee 0 = [jee ) a (st tt2singeostteost) k 
cos t—sint sin t+ cos t 0 
v2 v2 





= | (3) + (148700) k =k. Also, v = (e' cost — e' sin t)i+ (e! sint + e' cos t) j 


=> a= [e'(—sin t — cos t) + e'(cos t — sin t) ]i+ [e'(cos t — sin t) + e'(sin t + cos t) ] j=(—2et sin t)i + (2e' cos t) j 








i j k 
= @ = —2e'(cost + sin t) i+ 2e'(—sin t + cos t)j. Thus vx a=|e'(cost—sint) e'(sint+cost) 0| = 2e7k 
—2e' sint 2e' cos t 0 
e'(cos t— sin t) el(sint+cost) 0 
—2e' sin t 2e' cos t 0 
= lv x al’ _ (26) =4ot Thin o= —2e!(cos t+ sin t) a t) 0 =H 





4. By Exercise 12 in Section 13.4, T = (4 cos 2t) i- (4 sin 2t) j+ = k and N = (— sin 2t)i — (cos 2t)j so 
i j k 
B=TxN= (2 cos 2t) (-7 sin 2t) 4 = (4 cos 2t) i — (4 sin 2t) j- ik. Also, 
(— sin 2t) (—cos2t) 0 
v = (12 cos 2t)i — (12 sin 2t)j + 5k => a = (—24 sin 2t)i — (24 cos 2t)j and da = (—48 cos 2t)i + (48 sin 2t)j 
i j k 
vxa=J| 12cos2t  —12sin2t 5| = (120 cos 2t)i— (120 sin 2t)j — 288k => |v x a|’ 
—24 sin2t —24cos2t 0 
= (120 cos 2t)? + (—120 sin 2t)? + (—288)”? = 1207(cos?2t + sin?2t) + 288? = 97344. Thus 


12cos2t —12sin2t 5 
—24sin2t -—24cos2t 0 
—48cos2t 48sin2t 0 5.(—24-48) 10 





C= 97344 = 97344. — ~ 169 


ts: 1s il ts = 
@in@it @ppzJandN Tea Jeqi J so that B= Tx N 








5. By Exercise 13 in Section 13.4, T = 




















, j k ev to 
t 1 

=|Ject yest 9|=-k. Also, v=Pi+t] sa=2i+j> @ =2isothat|2 1 0)/=05 7=0 
= wea © 2 oo 














6. By Exercise 14 in Section 13.4, T = (— cos t)i + (sin t)j and N = (sin t)i+ (cos t)j so that B = T x N 
i j k 
=|—cost sint 0) =~—k. Also, v = (—3 cos’t sin t)i+ (3 sin? t cos t) j 


sint cost 0O 


=> a= 4(—3 cos’t sin t)it+ £(3 sin? t cos t)j => @ = 4(4(—3 cost sin t)) i+ £(4(3 sin? t cos t)) j 
—3 cos’ t sint 3 sin? t cos t 0 
=| £(—3cos’t sin t) <(3sin?tcost) 0/=-0> 7=0 
*(4(-3 cos*tsint)) $(£(3sin?tcost)) 0 


7. By Exercise 15 in Section 13.4, T = 4 = (sech £) i+ (tanh +) j and N = (—tanh t) i+ (sech +) j so thatB =T x N 
i jk 

s) tanh (5) 0] =k. Also, v=i+ (sinh £)j > a= (1 cosh ‘)j > “ = 4 sinh (£) j so that 

‘) sech(t) 0 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


10. 


11. 


12. 


13. 


14. 


Section 13.5 Torsion and the Unit Binormal Vector B 847 


1 sinh(t) 0 
0 ticosh(t) 0) =05 7=0 
0 4sinh(t) 0 


By Exercise 16 in Section 13.4, T = (+; tanh t) i-+j+ (<; sech t) k and N = (sech t)i — (tanh t)k so that 


v2 V2 
i j k 
B=TxN=| 5 tanht 4 Jp secht) = (s+; tanh t) i+ 455+ (4, sech t} k. Also, v = (sinh ti — (cosh Dj +k 
sech t 0 — tanh t 
i jk 


a = (cosh t)i — (sinht)j > da = (sinh t)i — (cosh t)j and v x a= | sinht —cosht 1 
cosht —sinht 0 


= (sinh t)i + (cosh t)j + (cosh?t — sinh’t)k = (sinh t)i + (cosh tj +k > |v x al’ = sinh? t + cosh? t + 1. Thus 
sinht —cosht 1 
cosht —sinht 0 
sinht —cosht O}| _ =| _ ai 
sinh?t+cosh?t+1 ~~ sinh?t+cosh?t+1 ~ 2cosh?t* 














r = (acos t)i+ (asin t)j+ btk > v= (—asinti+(acostj+bk > |v| = J(-a sin t)? + (a cos t)? + b? 
= Vat+b? ar £ |v| = 0;a = (—acos tii+(-—asint)j > |a| = J(-a cos t)? + (—a sin t)? = Va? = |a| 
=> ay = v/lal? — a = v/la? — 0? = [al = [a] + a= (OT + |alN=|alN 





























r=(1+3ti+(t—2)j-3tk > v=3i+j—3k > |v) = /22+ 2 +(-32 = 19 = ar = 4 |v) =0;a=0 


> ay = y/la? — a3 =0 => a=(0)T+()N=0 


r=(t+ Dit 2j7+0k > v=i+ 29+ 2tk > |v] = 12 4+2?4+ 20? = /5 442 = a =1(5 4-40) 
-1/2 





-1/2 


(8t) 
ay(1) ae +;a=2k a(1) = 2k la(1)] =2 > ay = v/lal? — a = 1/22 - (4) 


P= AP > a= §T+ AEN 








= 4t(5 + 4t’) 











r= (tcostiit+ (tsintj+tk > v=(cost—tsinti+ (sint +tcos tj + 2tk 
= |v| = (cost —tsint)? + (sint + tcos }? + 20? = 5 +1 > a= 5 (5t? +1) /°(10t) 
= ere ay(0) = 0; a = (—2 sint — tcos ti + (2 cost —tsint)j+2k > a(0)=2j+2k = |a(0)| 


= (PFE =2/2 = a =a? — 22 = \/(2V2) -& 2/2 = a(0) = (0)T + 2\/2N = 2,\/2N 


r=(i+(t+i8)j+(-f8)k > v=2t+(14+8)j+0-2)k => Iv = (ane + +e) 40-2) 
= /2(84+ 2841) = /V2(1+8#) ay = 2/2 a,(0) = 0; a = 2i + 2tj — 2tk => a(0) = 2i = |a(O)| =2 


= ay =4/ lal? — a2 = /22-02 =2 = a(0) = (0)T + 2N = 2N 
jal” — af 





-1/2 


























r = (e'cos t)i+ (et sint)j + //2e'k > v= (e' cost —et sint)i+ (et sint + e' cos t)j + /2e'k 
2 
=> |v = ye cos t — et sin t)? + (et sin t + et cos t)? + (/2e") V 4e7t = 2e! ar = 2e' ar(0) = 2; 


a = (e' cost — e! sint — e! sint — e' cos t)i+ (e' sint + e' cost + et cos t — e' sin t) j + \/2e'k 














= (—2e! sin t)i + (2e' cos t)j+ /2e'k + a(0) = 274+ 2k > |a(O)| = 4/2? + (v2) = 6 
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= ay = y/lal? — 2 — ab (ve) -2 /2 => a0) =2T+ /2N 








15. r= (cos tii+ (sintj —k > v=(—sinbi+ (costj > |v| = V(- sin t)? + (cost)? =1 > T= al 




















= (— sin t)i+(cost)j > T (4) = ae v2 j. af = (— cos t)i— (sint)hj} > \¢ z|= V/(— cos t)? + (— sin t)? 
i j k 

13N Hy (—cos thi — (sini + N(2)=-2i-2j;B=TxN=|-sint cost 0/=k 
“ —cost —sint 0 





=>B (3) =k, the normal to the osculating plane; r(7) = Vai v2 k => P= (2, SES -1) lies on the 


osculating plane => 0 (x = 2) +0 (y - 2) + (z—(—1)) =0 => z= —1is the osculating plane; T is normal 
to the normal plane => ( y) (x v2) + (2) (y y) +07 —(-1))=0 => m2 ed Wy =0 


2 2 





= —x-+y = Ois the normal plane; N is normal to the rectifying plane 
= ( vB) (x v2) + ( 2) (y Y) +00 (-1l)=0 => x we 1 > x+y=v2isthe 


rectifying plane 











16. r= (cos t)i+ (sintj+tk > v=(—sinti+(costj+k > |v| = Vsin?t+cos?t+1=/2 > T= q 


= di oa dT _ 1 * 1 * dT 
— (— 4, sint) i+ (4 cost) j+ 5k dt ( 2 cost) i+ (— 4; sint) j > | 


— fled a il ge I, (3) Ley _ 
= \/5 cos t+ 4 sin?t Ji N ray (— cos t)i — (sin t)j ; thus T(0) = vas + “5 k and N@) = i 
































i j k 
=> BO) =| 0 Fi a = a j+ mF k, the normal to the osculating plane; r(0) = i = P(1,0,0) lies on 
-1 0 0 











the osculating plane = O(x — 1) 5 (y—0)+ a (z—0)=0 => y —z = Ois the osculating plane; T is normal 





to the normal plane => O(xk — 1)+ a (y —0)+ a (z-—0) =0 => y+z= Dis the normal plane; N is normal to 
the rectifying plane > —1(x— 1)+0(y—0)+0(—0)=0 = x = 1is the rectifying plane 





17. Yes. If the car is moving along a curved path, then « # 0 and ay = & lv? 0 a=ar;T+ayN 0. 











18. |v| constant ar = + |v| =0 a = ayN is orthogonal to T = the acceleration is normal to the path 





19 alv=>alT ar = 0 £ |v =0 |v| is constant 

















20. a(t) = arT + ayN, where ay = 4 |v| = 4 (10) =O and ay = & |v|” = 100K = a=O0T+100KN. Now, from 


[f’~)| _ 2 = 2 ‘ 
7 = z= z ; also, 
f+ e@) ye? — + @xPP? ~~ (1+4x)9? 


r(t) = ti+ t?j is the position vector of the moving mass > v=i+ 2tj > |v| = /1+40 
=> T= 45 G+ 2p. At (0,0): TO) =i, NO) =jand KO) =2 > F = ma = m(100K)N = 200mj; 


At (2,2): T (V2) = 43 (i+ 2V2)) = F1+ B25,N (V2) =— 4714 LG, and (2) = 2 > F=ma 


= m(100%)N = (2 m) (- =Ci+ti) _ ay 200 mj 








Exercise 5(a) Section 13.4, we find for y = f(x) = x? that x = 











21. a=arT + ayN, where ar = 4 |v| = $ (constant) = 0 and ay = Kk Iv|? F = ma = me |v|"N => |F| = me |v| 





a (m Iv|’) &, a constant multiple of the curvature « of the trajectory 
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22. a=0 > & Iv|? =0 => « = 0(since the particle is moving, we cannot have zero speed) = the curvature is zero 
so the particle is moving along a straight line 














23. From Example 1, |v| = t and ay = t so that ay = & |v|” K we a= itF0 p=s et 


24. r= (x) + Athi+ (vo + BOJ + (@+CH0k => v= Ai+Bj+Ck => a=0 => vxa=0 = «= 0. Since the curve 
is a plane curve, T = 0. 


25. Ifa plane curve is sufficiently differentiable the torsion is zero as the following argument shows: 


r=f(Hi+g0j > v=f (i+ g(0j > a=f"(Wi+g"(oj > B= f"(wi+ 2" (Oj 


























f(y g(t) 0 
rm g(t) 0 
fi" iT 0 
oe (t) g" @ = 
|vxal 
b ! a? —b? a? — 2 2 
26. From Example 2, 7 PER T’(b) @aby? ;7/(b) = (a? rao =0 >a°—-b’=0 b= +a 
=> b=asincea,b>0. Alsob<a => 7’>Oandb>a = 7 < 05807 occurs when b = a Tie Peer 


1 


~~ Qa 





27. r(t) = fHi+ g(bj + hk > v=f'(Hit gj th (ki v-k=0 > h(t) =0 > hit)=C 
= r(t) = f(Oi + g(t)j + Ck and r(a) = f(a)i + g(a)j + Ck =0 = f(a) = 0, g(a) =OandC =0 = h(t) =0. 











28. From Example 2, v = —(a sin t)i+ (acost)j+bk > |v| = /a?+b? > T= W 


= we (a sin t)i + (acos t)j + bk]; = =e [—(a cos t)i— (asint)j] > N= iy 
























































i j k 
° 3 ‘i asint acost b 
= —(cos t)i — (sint)j; B= Tx N= Joie Jee Vere 
—cost —sint 0 
bsint ¢s bcos t dB __ dB. = b 
Ve+e Jz sud t Jere * dt Tae bcos Hi+ (bsinj] > G-N= Yate? 
> T=- WW (S. N) = ( Te =) ( as =) =27 a , which is consistent with the result in 


Example 2. 


29-32. Example CAS commands: 
Maple: 

with( LinearAlgebra ); 
r:=<t*cos(t) | t*sin(t) | t>; 
tO := sqrt(3); 
rr := eval(r, t=t0 ); 
v := map( diff, r, t ); 
vv :=eval( v, t=t0 ); 
a := map( diff, v, t ); 
aa := eval(a, t=t0 ); 
s := simplify(Norm( v, 2 )) assuming t::real; 
ss := eval(s, t=t0 ); 
T := v/s; 
TT := vv/ss ; 
ql := map( diff, simplify(T), t ): 
NN := simplify(eval( q1/Norm(q1,2), t=t0 )); 
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BB := CrossProduct( TT, NN ); 
kappa := Norm(CrossProduct(vv,aa),2)/ss43; 
tau := simplify( Determinant(< vv, aa, eval(map(diff,a,t),t=t0) >)/Norm(CrossProduct(vv,aa),2)43 ); 
a_t := eval( diff(s, t ), t=t0 ); 
a_n := evalf[4]( kappa*ss‘2 ); 
Mathematica: (assigned functions and value for tO will vary) 
Clear[t, v, a, t] 
mag[vector_]:=Sqrt[vector.vector] 
Print["The position vector is ", r[t_]={t Cos[t], t Sin[t], t}] 
Print["The velocity vector is ", v[t_]=1'[t]] 
Print["The acceleration vector is ", a[t_]= v'[t]] 
Print["The speed is ", speed[t_]= mag[v[t]]//Simplify] 
Print["The unit tangent vector is ", utan[t_]= v[t]/speed[t] //Simplify] 
Print["The curvature is ", curv[t_]= mag[Cross[v[t],a[t]]] / speed[t]? //Simplify] 
Print["The torsion is ", torsion[t_]= Det[{v[t], a[t], a'[t]}] / mag[Cross[v[t],a[t]]]? //Simplify] 
Print["The unit normal vector is ", unorm[t_]= utan'[t] / mag[utan'[t]] //Simplify] 
Print["The unit binormal vector is ", ubinorm[t_]= Cross[utan[t],unorm[t]] //Simplify] 
Print["The tangential component of the acceleration is ", at[t_]=a[t].utan[t] //Simplify] 
Print["The normal component of the acceleration is ", an[t_]=a[t].unorm[t] //Simplify] 
You can evaluate any of these functions at a specified value of t. 
t0= Sqrt[3] 
{utan[t0], unorm[tO], ubinorm[t0]} 
N[{utan[t0], unorm[t0], ubinorm[t0]}] 
{curv[tO], torsion[t0] } 
N[{curv[tO], torsion[t0]}] 
{at[t0], an[tO]} 
N[{at[t0], an[tO]}] 
To verify that the tangential and normal components of the acceleration agree with the formulas in the book: 
at[t]== speed'[t] //Simplify 
an[t]==curv [t] speed[t]* //Simplify 


13.6 PLANETARY MOTION AND SATELLITES 








T? _ 47? 2 _ 4n? 23 2 An? 3 
lL som > T= ow? > 1 = Cemex Nk) 5975x107 key (6,808,000 m) 


= 3.125 x 10" sec? > T & 3125 x 104 sec? 55.90 x 10? sec = 93.2 min 


2. e = 0.0167 and perihelion distance = 149,577,000 km and e = aE a 


GM 
= (149,577,000,000 m)v? 25 8.2 2 
=> 0.0167 = (6.6736< 10-7 Nuke) (1,99 10" kg) 1 > vg = 9.03 x 10° m*/sec 


=> vo % 9.03 x 108 m2/sec? ~ 3.00 x 10! m/sec 








3. 92.25 min = 5535 sec and | = 40 > a = MT? 


3 __ (6.6726x 107"! Nm*kg~) (5.975 x 10” kg) 


=e iat (5535 sec)? = 3.094 x 1027 m? = aw '/3.094 x 1020 m3 
= 6.764 x 10° m ~ 6764 km. Note that 6764 km ~ 3 (12,757 km + 183 km + 589 km). 





4, T= 1639 min = 98,340 sec and mass of Mars = 6.418 x 10% kg > a? = SM 7? 


4r2 
- (6.6726 x 1071! Nake ee kg) (98,340 sec)? ~ 1.049 x 102 m2’ Ss ax 3 1.049 x 1022 m3 
=2.19x 10’m= 21,900 km 
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2a = diameter of Mars + perigee height + apogee height = D + 1499 km + 35,800 km 
= 2(21,900)km = D + 37,299 km = D = 6501 km 


a = 22,030 km = 2.203 x 107 mand T? = 4% a’ 
2 An? 7 ew, ‘ 
=> TP = game yeep (2.203 x 107 m)? = 9.856 x 10° sec? 


=> Tx 9.856 x 108 sec? & 9.928 x 104 sec = 1655 min 





(a) Period of the satellite = rotational period of the Earth = period of the satellite = 1436.1 min 


2 6.6726 x 107! Nm?kg~?) (5.975 x 10"4 kg) (86,166 sec)? 
= 86,166 sec; a? = SMF => a3 = ( m ue g) ( sec) 


= 7.4980 x 107 m3? > ax ‘74.980 x 1021 m3 = 4.2168 x 107 m = 42,168 km 
(b) The radius of the Earth is approximately 6379 km = the height of the orbit is 42,168 — 6379 = 35,789 km 
(c) Symcom 3, GOES 4, and Intelsat 5 











T => 1477.4 min — 88,644 sec => ae — GMT? 


4r? 
= (6.6726x 107! a Se kg) (88,644 sec)? = 8524x1022 m2 = az 1/8524 x 102! m3 
= 2.043 x 10° m = 20,430 km 








Period of the Moon = 2.36055 x 10° sec = a? = SME 


6.6726 107"! Nm?kg~2) (5.975 10% kg) (2.36055% 10° sec)? 
E66 TOT Nene) STS HAO hs) 036055210" s00)" 2 5.627 x 10% m3 => ae 15.627 x 10% mi 


= 3.832 x 10° m = 383,200 km from the center of the Earth. 





























6.6726 10-1! Nm?kg~2) (5.975 x 104 k _ 
r= v2 = &M lv ju Vi! 2 =e )(5.975%10"" kg) 1.9967 x 107r-!/2 m/sec 

» Ts. Ar? ss —-19 2fy3- 
Solar System: = = (OTOXIO TT Nake) (1. 59xIO key © 2.97 x 107°” sec*/m?’; 

F Te Ar? ey 14 DBs 

Earth: at = 61x10 Nm ke) SOTSXIOT ka) ~~ 9-902 x 107% sec*/m”; 

: Tt = Ar? a —12 Qj 8'. 

Moon: 3 = (emexiO- Nake) (Tasaxlor kg) © 8.045 x 107% sec*/m”; 


2 
— too 2 _ GM(e+1) _ GM(e+ 1) , 
©= Gu lS i= >V= 7 - : 
Circle: e=0 > vo =  & 


Ellipse: O0<e<1 > om So y< /26M 


Parabola: e= 1 > vo= j 

















Hyperbola: e > 1 => vo > 26M 
rn cM + y? GM V GM which is constant since G, M, and r (the radius of orbit) are constant 

















AA =} [r+ At) x r(Q| > 44 = 1] Reta x r(o| =) | r(o| 
1 | rat+ At) —r(t) 1 — 1 }rit+At—r(t) dA _ 1; 1 | r+ At —r(t) 
="9.|=——=aAt x r(t) + Art) x ro] = 4 me A=nd x rip > ‘a = ,lim, 3 — {Xr 
1 |d 1 d 1 < 
=}| xr(}| = 43 |r® x €| = 5 (rxe 
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15. T= (2) Jie? > T= (488) (1c) = (8) 





2 2 
1 (a 1) | (from Equation 32) 




















vi 1 Vo GM 
_ [ 4r°a! rn vi +2 Tove — [ 4rat 2GMto vz _ n va _ (41? a‘) (2GM — tov) 
~ A\ ve G?M? GM/| \ vs GM? 7 19G?M? 
= 2,4) (2GM—rovi \ (2) _ 2,4) (1) (2. : 2 4n2a3 T _ 49 
= (477a*) ( 7M (aa) = (4r°a ( x) (az) (from Equation 35) T Gi = = GM 


16. Let rag(t) denote the vector from planet A to planet B at time t. Then rag(t) = rg(t) — ra(t) 
= [3 cos (mt) — 2 cos (2mt)]i + [3 sin (rt) — 2 sin 2zt)]j 
= [3 cos (rt) — 2 (cos? (at) — sin? (xt))] i+ [3 sin (rt) — 4 sin (rt) cos (rt)]j 
= [3 cos (at) — 4 cos? (zt) + 2]i + [G —4cos(xt)) sin(zt)]j = parametric equations for the path are 
x(t) = 2 + [3 — 4 cos (mt)] cos (at) and y(t) = [3 — 4 cos (zt)] sin (zt) 


17. The graph of the path of planet B is the limacon 
at the right. 
A 
Nene 


Path of B 





18. (i) Perihelion is the time t such that |r(t)| is a minimum. 
(ii) | Aphelion is the time t such that |r(t)| is a maximum. 
(iii) Equinox is the time t such that r(t)-w =0. 
(iv) Summer solstice is the time t such that the angle between r(t) and w is a maximum. 
(v) Winter solstice is the time t such that the angle between r(t) and w is a minimum. 


CHAPTER 13 PRACTICE EXERCISES 


1. r(t) = cos hi + (V2 sint) j => x=4cost 
andy = /2sint > %+%=1; 
v =(—4sin i+ (v2 cos t) jand 
a = (—4 cos pi — (/2 sint) j: 10) = 41, vO) = V2i, 
a(0) = —4i;r (4) =2/2i+j,v (4) = -2V/2i4+ 5, 
a(2) = —2/2i—j; |v) = V/16 sin? t + 2 cos? t 


d 14 sin t cos t 2 ay 4 
ap= 7 |Vl= ;att= 0: ary = 0, a via -O0=44= 5 =5=2; 
: dt | | J16 sin? t+2 cos? t ” 7 N | | : 2 ; 


























7 ui 
54a — K= X= 
V8 3° ON 9 9 3°? Iv. 27 
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2. r(t)= (V3 sect) i+ (V3 tant) j > x = \/3sectandy = \/3 tant > x y = sec? t — tan’?t = 1; 
= x? —y? = 3: v= (V3 secttant)i+ (3 sec?) j 
and 
a= (V3 sect tan?t + V3 sec*t) i (2 3 sec? t tan t) j; 
r(0) = V3i, v0) = V'3j, a) = V'3i; 


|v] = 3 sec? t tan? t + 3 sec! t 





6 sec” t tan? t+ 18 sec'ttant . 
2/3 sec? ttan2t+3sectt ” 








> arp= || = 



































a ae 
SW 3 
eee 2\-3/2 
3 TEE A= v= t+?) 14 +e) yj 
2 3 
-3/2 -3/2 dy e 
=> |v| = WLo+e ”) + [a +e) | = tz. We want to maximize || : oh — eeay and 
d 
eh —9 => aes, =0 > t=0. Fort <0, i > 0; fort > 0,7 aie <0 = |v|,,, occurs when 
t=0 = |vl sx. = 1 


4, r=(e'cost)i+(e' sint)j = v= (e'cost—e! sint)i+ (e' sint + e' cos t)j 
=> a= (e'cost—e'sint —e' sint — e' cos t)i+ (e' sint + e' cost + e! cos t — e' sin t) j 





= (—2e! sin t)i + (2e' cos t) j. Let 6 be the angle between r anda. Then @ = cos! (#21) 


Ir| jal 


_ =26" sin t cos t-+-2e" sin t cos t = -1f0\_ -lpn_t 
= cos” ; cos zen ) = COS 0 = 5 forallt 
(et cos t)?+(et sin t)? ,/(—2et sin t)?-+(2et cos t) 


























ij k 
5. v=3i+4janda=5i+15j > vxa=/3 4 0/=25k => |v xal=25; |v] = V32+44 =5 
5 15 0 
|vxa| 25 1 
WE 53 5 
6 6a ae (te) 9? & Het (1 per) te [-3a +e)? (2€*)| 
f+(yy]” dx 2 
= e% (1 $e)? — 30 (1 +e)” = ok (1 +e)? [(1 +e) — 30] =e (1 +e)” (1 — 2) ; 
a 0 = (1 —2e”) 0 ex 5 2x -In2 = x=-3n2=-ny2 > y=; therefore « is ata 


maximum at the point (- In /2, +,) 





7. r=xi+yj > v= ej i +a pjandv-i=y => —_ = y. Since the particle moves around the unit circle 
x? +y?=1,2x % dx + 2y & a > wy = & > % =—2 yam, Since & = yand & = —x, we have 
v = yi— xj = at (1,0), v = —j and the motion is clockwise. 





s. =x? S 9 v — =30 oe => wy =3 a a If r = xi+ yj, where x and y are differentiable functions of t, 


theny = 14% j. Hencev-i=4 > & —Aandy-j=% = 1x24 & — 4 (3)°(4) = 12 at (3,3). Also, 


a= i+ CY jand 4¥ = (2x) (2)? + (4x2) 


a- j= SF = 2.3)4)? + 4 B)°(—2) = 26 at the point (x,y) = GB, 3). 


2 . 
a Hence a-i=—2 => #* — _2 and 
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9. * orthogonal to r => 0= a r= 5 a “r+ 5r- a = 5 <(r-r) => r-r=K,aconstant. Ifr = xi+ yj, where 
x and y are differentiable functions of t, thenr -r = x? + y? => x? +y? = K, which is the equation of a circle 


centered at the origin. 


10. (b) v=(m—7 cos at)i+ (7 sin mt)j r(t) = (a7 — sin m)i + (1 — cos a)j 
=> a=(n’ sin mt)i+ (1 cos at) j; ¥ a(0) = 2j a(2) = wy 
v(0) = 0 and a(0) = 7°7j; 
v(1) = 27mi and a(1) = —7?j; 
v(2) = 0 and a(2) = 7°j; 
v(3) = 2mi and a(3) = —1?j 


v¥(3) = 2ari 






a(l) = -7°j 
(c) Forward speed at the topmost point is |v(1)| = |v(3)| = 27 ft/sec; since the circle makes 5 revolution per 


second, the center moves 7 ft parallel to the x-axis each second = the forward speed of C is 7 ft/sec. 


11. y=yo+(vo sina)t— 5 gt? > y = 6.5 + (44 ft/sec)(sin 45°)(3 sec) — 5 (32 ft/sec”) (3 sec)? = 6.5 + 66/2 — 144 
~~ —44.16 ft = the shot put is on the ground. Now, y =0 => 6.5 + 22,/2t — 16t? =0 => t& 2.13 sec (the 
positive root) => x & (44 ft/sec)(cos 45°)(2.13 sec) = 66.27 ft or about 66 ft, 3 in. from the stopboard 

t/sec)(sin 45°)? ~ 57 ft 


= (vo sinay [(80 fi 
12. Ymax = Yo + “gg = 7 ft + “oy artisect) 


_ _ : 2 Tg _ y _ Wo sin a)t— } gt” __ Wo sin a) — } gt 
13. x = (Vo cos a)t and y = (vo Sina)t— 5 gt => tand= 7 = mma =" Seen 





2vo sin a — 2vo cos a tan 
g 





=> Vo cos a tan @ = Vo sina — 5 gt > t= , which is the time when the golf ball 


hits the upward slope. At this time 





x= (vo cos a) (™ smn seen) 


g 
& 


OR x OR (2) (“isoem amcor aun) 


cos @ g cos d 


= 2vi cos a sina cos a tan d 

g cos @ cos b 

_ (2, cosa sin a cos ¢—cos a sin d 
~~ g cos? 


= (2s =) [sin (a — @)]. The distance OR is maximized 


= (2) (vj sin a cos a — v2 cos” a tan ¢). Now 


























2 
2v5 


when x is maximized: a = ( ; 


) (cos 20+ sin 2a tan 4) = 0 (cos 2a + sin 2a tan ¢) = 0 => cot 2a+tangd=0 





_ T @ T 
=> cot 2a = tan(—¢) 2a=5+¢ a=$+4 





14.R= “8 sin 2a = vo = 1/ “£-; for 4325 yards: 4325 yards = 12,975 ft > vo = WeoTn oe 


~ 644 ft/sec; for 4752 yards: 4752 yards = 14,256 ft => vo = f Begs = 675 ft/sec 


15. (a) R= 4 sin2a > 109.5 ft = (sti) (sin 90°) = v? = 3504 ft?/sec? => vo = 3504 ft?/sec? 


& 59.19 ft/sec 
(b) x = (vo cos a)t and y = 4+ (vo sin a)t — 5 gt”; when the cork hits the ground, x = 177.75 ft and y = 0 


+ 7S (vo +) tand0=4+4 (vo +) t—16t? => 162 =4+4177.75 > t= VIBES 








— (177.75)\f2 __ 4(177.75)\/2 
>vw= ; ine 74.58 ft/sec 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


Chapter 13 Practice Exercises 


(a) x = vo(cos 40°)t and y = 6.5 + vo(sin 40°)t — set = = 6.5 + vo(sin 40°)t — 16t?; x = 262 3 > ftand y = Oft 


=> 262 = vo(cos 40°)t or vo = A787 and 0 = 6.5 + ae (sin 40°)t — 16t? => 2 = 14.1684 


=> t 3.764 sec. Therefore, 262.4167 % vo(cos 40°)(3.764 sec) > vo & nie aS => vo ¥ 91 ft/sec 








(b) Ynax = yo + “Seer 6.5 + (ODGin4O)" 60 fi 


x” = (vo cos” a) t? and (y + 1 g2)* = (vi sinta)t? > x2 + (y+ 1 gf2)* = vit" 


gat (Pp = SY s P+ y-ray (ex+y¥) 























dt [32 +9 e+ 
(+7) (P+7)- (PP +IRKVVtP YY) Py +yrx—2exyy _— (k¥—yx)? 
a e+y? a e+y —_ gr 2. 7) 
Reh eas 9 jes (2 
yd ye y2 — IY yx +P _ (we +y)’ 1 
SM RP OS Je+y Vx +y? —s? ky—-yx] xP 
t t 5 2 
r(t) = [J,cos (5 76") do] i+ [J sin (3 76”) 4] j => v(t) = cos ()i+ sin (#); > |v) =1; 
i j k 
aN. mt i me 
a(t) = —at sin (# Jit mtcos(#)j + vxa= cos (**) sin () 0 
s rt? mt? 
—t sin ($) Tt COS ($) 0 

















mtk => k mt; |v(t)| = &=1 > s=t+C;r(0)=0 = s0)=0 > C=0 > k=T8 














s S47 dg _ 1 1 Lig 
s=a) > 0=§ o=f+3 T=t K = |4| = + sincea>0 





r= (2costit+ (2sintj+t0k > v=(—2sinti+ (2 cost)j+ 2tk > |v| = J (-2 sin t)? + (2 cos t)? + (2t)? 


7/4 
=2/1+® = Length = [” 2 Te dt=[tV1+e +In [t+ 1+2 











r = (3 cos thit (3 sin t)j + 20?/2k => v = (-—3 sin thi+ (3 cos t)j + 3t!/*k 








> |v/= VE 3 sin t)2 + 3 cos t)? + (3t!/2)? = \/9 + 9 = 3\/1 +t > Length = f3 1+tdt= [2c + H/?] 5 


= 14 


r=¢(1 +9714 $0 -8?j+itk > v=3014+0i- 30 -b?j4+ 5k 
W=Ga+o} + [-F0-o)? 4G)? =1 > T= 20+ 01-30-95 4+dk 









































=> 
= TO) =3i-3j+tk; P=fd4eypMi+ta-y js *O=ti+35j > |F (|= 2 
ij k 
_ 1; 1s. _ _ 2 —2 1] _ it 033 1% 4 : 
NOY ag gle 2 NOS ion ; vaitzait spk: 
v2 v2 
a=Fd+t V+ -t-?j > a) = 11+) jand WO) = 2i-32j5+1k > v0) x a0) 
: - ls 12,4 V2 |vxa| (2) V2 
=| 3 —3 3/=—git+55+5k = lvxal=— 45 > KO= 7 = ss 
1 1 
3 3 O 
2 _2 1 
3 3 3 
; 3 0 
a=—104+0%%14+10—-p)3/j > a@)=—1i¢4j > 70) = 2 8 8 = Ww _ 1. 
a 6 6 J a 6 6J = lyxal” — (2) ~ 6? 
3 
t=0=> (3, 3,0) is the point on the curve 
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24. r = (e! sin 2t)i+ (e' cos 2t)j+ 2e'k = v = (e! sin 2t + 2e' cos 2t)i+ (e! cos 2t — 2e! sin 2t) j + 2e'k 





























=> = Vee sin 2t + 2et cos 2t)” + (et cos 2t — 2et sin 2t)” + (2et)? = 3et > ae 
= (4 sin 2t + 2 cos 2t) i+ (4 cos 2t — = sin 2t) j+ 3k + T(0)= fi+4j+ + 2k; 
a (3 cos 2t — ¥ sin 2t) i+ (— § sin 2t — $ cos 2t) j => 1 (0) = 21-4j > | (0)| = 2/5 
i j k 
ol. | ae oe = 254) 2 u 2) 44, 24 5 y. 
NO) = "Gh = Ystm Ye BO=TOXxNO=| 5 5 3 |= aysit aya gk: 
Vs 5 
a = (4e' cos 2t — 3e! sin 2t) i+ (—3e! cos 2t — 4e! sin 2t)j + 2e'k = a(0) = 4i — 3j + 2k and w(0) = 2i+j + 2k 
ij k 
=> vw0)xa0)=|]2 1 2|=81+4j—10k = |v xal = \/64+ 16 + 100 = 6,/5 and |w(0)| = 3 
4 -3 2 








Os 


33 9°? 
a = (4e' cos 2t — 8e' sin 2t — 3e! sin 2t — 6e' cos 2t) i + (—3e! cos 2t + 6e! sin 2t — 4e' sin 2t — 8e! cos 2t) j + 2e'k 


= (—2e' cos 2t — Ie sin 2t) i+ (—11 et cos 2t + 2e' sin 2t)j +2ek => a(0) = —2i — 11j + 2k 












































2 1 2 
4-3 2 
0) = >! = 80 = 44 =0 S ,1,2)is onth 
=> 70) = all _ 5° (0, 1, 2) is on the curve 
— 41 ,Q2ts _ = At ee et — ley 4. 
25. r=ti+ 5e"j > v=it+e*j > lWi/=Vi1+e T qe et T(n2)= F5i+ Za 
dT _ ai . = —_ 4 2) 1 3, 
dt =a ttt Gal => GUn2) = Sait Gad > Ndn2)=—- Feit Zeb 
i jk 
1 4 
B(in2)=T(n2)xN(n2)=| Yo Va 9] =k;a=2e%j > a(In2) = 8jand v(In2) =i+ 4j 
4 1 
“ya ya 9 


ij k 
=> viin2) xadn2)=/1 4 0O|=8k => |v xal| = 8and|vdn2)| = /17 => K(In 2) = iq a = 4074 
0 8 O 











=> a(n 2) = 16j => 7(n2) = =0;t=In2 => (n 2,2, 0) is on the curve 


lvxal" 


26. r = (3 cosh 2t)i + (3 sinh 2t)j + 6tk = v = (6 sinh 2t)i + (6 cosh 2t)j + 6k 
=> |v| = 36 sinh? 2t + 36 cosh? 2t +36 = 6/2 cosh 2t > T= ¥ = (5 tanh 21) i+ Si+ (5 sech 21) k 

















> Tdn2) = jit Si+ gigk: T= (3 sech? 2t) i — (3, sech 2t tanh 2t) k = 1 dn 2) 


= ($s) CH? ($e) (A) (HD R= aig ais > [HF 002] = y (gts) + (- Bs) = 









































i j k 
= N(n2) = §i- 8k; Bdn2)=Tdn2)xNQn2)=|Ga GG TGl= Heit i-aisk 
7 0 -% 
a = (12 cosh 2t)i+ (12 sinh 2t)j > a(n 2) = 12(2)i+ 12(2)j= ¥i+ Bjand 
ij k 
vin 2) = 6(43)i+6(2)j+ok= 8i+7j+6k > vin2)xain2)=|9 YF 6 


= —135i+ 153j— 72k = |v x al = 153,/2 and |v(In 2)| = 5! \/2 > «(In 2) = al =e4 
2 
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45 Sl 6 
4 = (24 sinh 2t)i + (24 cosh 2t)j = a(In 2) = 451+ 51j => r(In2) = = =e 


t=In2 => (2, 2 6 In 2) is on the curve 


27. r= (2+ 3t4+ 3t?)i+ (4t+ 4) j-—(costk > v= (34+ 6thi+ (44 8bj + (6 sin Hk 
=> |v| = (G+ 60? + 4+ 80? + 6sint? = /25 + 100t + 10012 + 36 sin? t 
= {Ml — 125 + 100t+ 1001? + 36 sin? t) (100 + 200t + 72 sin tcos t) = a,(0) = 2 @) = 
a= 6i+8j+(6cost)k => |al = /6? + 82 + (6 cost)? = V/100 + 36 cos?t > |a(0)| = a 


=> ay = 1/ |al? — a2 = V/136 — 102 = \/36 =6 => a(0) = 10T + 6N 























28. r=(24 i+ (t+ 22) J+ (1+ 2)k > v=it(1 + 40j42tk > |v] = /122 40 440? + Oo? 
= f2+8t+202 = {= 1 (24 84 200) 7(8 + 400) > ay = “MM @ = 2/2; a = 4j + 2k 











> l= VEEP = V2 > a= yah = f20- (2V/2)" J12 = 2/3 => a(0) =2,/2T + 2\/3N 


29. r = (sin t)i+ (v2 cos t) jt+Gintk > v= (cos t)i-— (v2 sin t) j+ (cos tk 


























=> |v = y[teos v2 + (- V2sint) + (cos t)? J2 T Hi (<5 cost) i — (sin oj + (4; cost) k: 
2 2 
a — (— 4, sint) i- (cos nj — (4, sint)k > | r| = (— J; sint) + (—cos 0? + (- 4; sint) =] 
i j k 
ar 1 . 1 
N= tH} = (— J, sin t) i— (cos 0j — (4, sint) ks B=TxN=| yest —sint 7p cost 
dt 1 . 1 : 
ao cos t a sin t 


i j k 
= 751 a ksa= (— sin i — (V2 cost) j - (sink > vx a= cos t —,/2sint cos t 
—sint —1/2 cost —sint 














= V2i- V2k = \yxal=V4=2 = n=l 2 tia (—cos i+ (V2 sin t) j — (cos Ok 


WP (v2) 
cos t 4/2) sint cost 
—sint —V/2cost —sint 
- —cost V2 sint —cost (cos t) (v2) - (v2 sin t) (0) + (cos t) (-v2) 0 

—_— = = 


lvxal" 4 














30. r=i+(S5cost)jj+Gsintk > v=(—S5sint)j+@G3costk > a= (—Scost)j — (3 sint)k 


=> v-a=25sintcost—9sintcost = l6sintcost;}v-a=0 => l6sintcost=0 => sint=Oorcost=0 


=> t= 0, 5 or 7 


31. r=2i+ (4sin $)j+ (3-1) k>0=r-(i—j = 2(1) 4 (4sin $) (-1) > 0=2-4sin$ > sin§ =} 








2— 2 
= t= § (for the first time) 


32. r(t)=ti+?j+ek > ne eae > |lv)=V14+424+9t > |wD| = /14 


_ 1; 2: 3 
=> Td) Jia i+ Jia jt Ju k , which is normal to the normal plane 























=> Ta (x-1+ aa (Vy¥-D+ Ta (z— 1) =Oorx-+ 2y + 3z = 6is an equation of the normal plane. Next we 


calculate N(1) which is normal to the rectifying plane. Now, a = 2j + 6tk => a(1) = 2j)+ 6k => v(1) x a(1) 
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ij k 
=|1 2 3/=6i—6j+2k = |v(1)xa(1)| = /76 = «(1 a Oe & Iv] > £3 
02 6 (vi) i 
oe = Fp a= GT +K(G) N= 2j + 6k 
+2j+3k . 8s 9 1 8 9 
= 3, (98) +28 (Vin = N= RI de) = -$o-v-Fo-peFe-p 
= Oor 11x + 8y — ae = 10 is an equation of the rectifying plane. Finally, B(1) = T(1) x N(1) 
a ij k 
14 ° A 
= (5) (43) @) 7 z nag ol ee re 


= | is an equation of the osculating plane. 


33. r=e'i+ (sint)j+Indi—tHk => v=eli+ (cos tj — (4 -)k => v(0) =i+j—k;r(0) =i => (1,0,0) is on the line 


=> x=1+t, y =t, and z = —t are parametric equations of the line 


34. r= pasa (2 sim t) j +0 >Vv= (-v2sint) i+ (V2 cost) j-+k => v(Z) 


)i i+ (v2 COs 4) j+k=-—i+j-+ kis a vector tangent to the helix whent = | = the tangent line 
us 
a 


); also r (7) = (2 cos z) i+ (v2 sin + 4)i +k = the point (i, 1, 5) is on the line 


=> x=1-t,y=1+t,andz= j +tare parametric equations of the line 


inf 
is parallel to v ( 











2 O_O 6380 
35. (a) ASOT + ATOD OT 50 3380 6380-4437 A 
=> yo = S80 = yy x 5971 km; 





80 2 
(b) VA= Jon remy + (§) dy 
— / 6380 
= 2n 5971 6380? — y (“8% (63802 — y? :) dy 


= 2n J 6380 dy = 27 [6380y] $11 


= 16,395,469 km? ~ 1.639 x 107 km’; 


(c) percentage visible ~ [=e a . 


CHAPTER 13 ADDITIONAL AND ADVANCED EXERCISES 


1. (a) The velocity of the boat at (x, y) relative to land is the sum of the velocity due to the rower and the 
velocity of the river, or v = [- x5 (y — 50)? + 10] i— 20j. Now, wy =-20 => y= —20t+c; y(0) = 100 
c= 100 > y=—20t+ 100 > v= [— 35 (—20t+ 50)? + ure i— 20j = (— 8? + 8t)i— 20j 
=> r(t) = (— £3 + 4t?) i— 20t§ + C,; 1) = 01+ 100j + 100j = C, => r(t) 
= (— £0) 4+ 4?) i+ (100 — 20t)j 
(b) The boat reaches the shore when y = 0 > 0 = —20t+ 100 from part (a) > t=5 
=> r(5)= (-4 Se (25 Ax 23) i+ (100 — 20-5)j = (- 200 + 100) i= 1 i i; the distance downstream is 


therefore 0 m 








2. (a) Let ai + bj be the velocity of the boat. The velocity of the boat relative to an observer on the bank of the 


river is V = ai + [b - wo) j j. The distance x of the boat as it crosses the river is related to time by 





x=at > v=ai+ [b - 2a 7] i= = ai+ (b+ Sut bit raat) => r(t) = ati+ (r+ 4 ‘5 — at) F440; 
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r(0) = 0i+ Oj = C=0 r(t) = ati + (be + oes Je j. The boat reaches the shore when x = 20 








2 (20)3 _ 20)? 2 
> 20 = at t 20 and y = 0 => 0=b (2) + 2) cea a 


100 100a 
= ONE + SO — 12.000 => b = 2; the speed of the boat is \/20 = |v| = V/a? +b? = /a? +4 => a = 16 


=> a= 4; thus, v = 4i-+ 2j is the velocity of the boat 
(b) r(t) = ati + (bt + ee) j j=4ti+ + (2+ 166 _ 129") j by part (a), where 0 <t <5 
(c) x =4tand y = 2t-+ 1 _ 1208 y 
= £82 +42t= 2t(2t? — 15t4 25) 
= x t(2t — 5)(t — 5), which is the graph of 
the cubic displayed here 

















(a) r(0) = (acos @)i+ (asin #)j + b6k => a = [(—a sin 6)i + (a cos 0)j + bk] 22 a: 


— .f22 2 dé do __ 2gz0 2gb0 = Argb __ mgb 
= vai tb a ae a+b a at loco = =2 a 


v| = 292 = |¢ 






































2 +b a? + b? +b? 
O) Ga Vere > Ba Vere dt > 20? = fap t+Ct=0 > 0=0 + C=0 
2 242 
=> 291) = / at > O= aig 2 =b) > 2= 78am 
(c) v(t) = * = [(—asin 0)i + (acos #)j + bk] # = [(—a sin 0)i + (a cos @)j + bk] (> a) , from part (b) 
__ | (asin 6)i + (a cos 6)j + bk gbt _ gbt ; 
a | Vere | (cite) = ite 


a = [(—a cos 0)i — (a sin 0)j] (¢ a + [(—a sin 0)i + (a cos 6)j + bk] ¢ ad 





= (8%) [(—a cos 0)i — (a sin 6)j] + [(—a sin 0)i + (a cos 8)j + bk] (ate &) 


2 
= [case bb eeconis bk) (ah) +a (ats) (cos 8)i — (sin 9) 


2 
=a e = Ta (xy) N (there is no component in the direction of B). 
2 






































(a) r(0) = (a0 cos 6)i + (a0 sin 0)j + b#k = © = [(acos 6 —af sin 6)i + (a sin 0 + a0 cos 0)j + bk] © ; 
lv| 2gz = || = (a? + 76? + Bei (2) do _ __/2gbd 








dt Va? + a6? + b? 
t : 1/2 : 1/2 y 1/2 
(b) s= fi jvide= fi (a2 +026? +b)? @ at = f(a? +020? +b)? do = f(a? + au? +b?) du 
6 6 2 9 
= foa/*s@ +udu=a fi Vc? + u? du, where c = Y*F™ 
: 6 
> s=al} eu + Sin lu+ oe +3] =$ (0/2 +e +0? no + Ve? +H] —c? Inc) 
0 





— C+e)ro dr _ U+e)ro(esin@) . dr _ C+ e)ro(e sin @) __ : = 
C— 1+ecos6 dd ~~ ~=(1+ecos@)? ? dé =O = (1 + e cos 6)? =0=> (1 + e)ro(e sin #) = 0 











> snd@=-0 => @ 0 or 7. Note that S > 0 when sin @ > 0 and & < 0 when sin 6 < 0. Since sin 6 < 0 on 


—7 <6 <Oandsin@ >0o0n0 < 6 < 7, ris a minimum when 0 = 0 and r(0) = 2s, = 10 
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8. 


10. 


11. 


12. 


(a) f(x) =x-1- 5 sinx =O => f(0) = —1 and f(2) = 2 —-1—- ; sin 2 > 5 since |sin 2| < 1; since f is continuous 
on [0, 2], the Intermediate Value Theorem implies there is a root between 0 and 2 
(b) Root © 1.4987011335179 








(a) v= *i4 9% ardand v= fu,+r fu, = (4 ene ene (r sata >v-i = * and 
v- i= cos 6 — @ sin 0 => & — £ cos 8 rv sin 0; v- j=¢% + and Vv - j=% # sind +r% ; cos 0 
> ee cos 6 

(b) u, = (cos els 0—)j > v-u,= “cos6+ ay sin 0 


‘dt 
=(¢ cos 6 — r@ ® sin 0) oh 0#) + (¢ sin 6 - r@ 8 cos 0) (sin 0) by part (a), 


_ dx 
>v-u= a : aren at = ap COS 0 aot i: sin " 





ug = —(sin 0)i+ (cos ™)j > eae? ® cos 6 
= (¢ cos @—r ae sin 0) (— sin 9) + (¢ sin 6 +r@ ® cos 0) (cos 6) by part (a) > V-ug=r ao 
therefore, r oo — -& sin 6 + of cos 0 





r=f6) > ©=f0)% > & = 69) (#)? 4.90) v= “usr@ uy 


= (cos @ # —rsind #)i+ (sind £+rcosé #)j > |v| = (a +r (#) see levee 


1/2 


|v x al = |x ¥ — yxX|, where x = rcos 0 andy =rsin@. Then & = (- rsin 0) @ + (cos 0) # 


> fx = (—2 sin 0) w ar —(rcos @) a —(rsin 0) ¢ e + he 3 as : Y — = (r cos 0) 8 + (sin 0) 


=> cy = (2 cos 0) e tt — (r sin 0) (28)? + (rcos 0) 4 6 + (sin 0) ¢ a . Then |v x a| 
x ig 3 
= (after much algebra) r? (4 a +r - a _,@ es +20 (4 ‘4 = (#) (f? f-f"% +4 2(f")”) 


_ |vxal _ f? — ff” + 2(£”)? 
|v| [er Pe iu 














(a) Letr=2—tand9@=3t > “=-1and#=3 > & = £8 — 0. The halfway point is (1,3) > t= 1; 


v=u,+r%up > v(1) = —u, + 3uy;a = Ee —r(#)" ‘| u.+ rae +2e ] ug => a(1) = —9u, — 6uy 
(b) It takes the beetle 2 min to crawl to the origin = the rod has revolved 6 radians 


=L=f /f@r+ spe 2-8)? 4(-1)' a= f 
= fC (FE a9 =} f° VOTO as = 1 [9 (OOF T+ no —64+ VO- OFFA) 
pias ~ 6.5 in. 





L(t) = r(t) x mv(t) > a — (4 x my) + (rx m 4) => &= (vx my)+(r x ma) =r x ma;F=ma > at 
=ma => & =x ma=rx (--Sr)=-S@xn=0 = L = constant vector 


i j k 
(a) u.Xug=| cos? sind O|=k = aright-handed frame of unit vectors 
—sin@d cosé 0 


(b) 2% = (—sin 0)i + (cos ?)j = ug and ame — = (—cos 0)i — (sin #)j = —u, 





(c) oes (7), v = iu, + r0ug + 2k => a=Vv=(fu,+iu,) + (Fug + rOuy + ray) + Zk 
= (# = 16") u, + (18 + 286) uy +7 


(a) x =rcos@ => dx=cosédr—rsin@d0;y=rsin@ => dy =sin@ dr+rcos 0 dé; thus 
dx? = cos? @ dr? — 2r sin 6 cos @ dr d@ + 1? sin? 6 dé? and 
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dy? = sin? 6 dr? + 2r sin @ cos 6 dr dO + r? cos? 6 d6?_ = dx? + dy? + dz? = dr? + 1? dé? + dz? 
(c) r=e® => dr=e' dé (b) 
In8 
= La f° Jae +r de? + az 
In8 
2 f Je + 22) 4 62 aa 
In8 Ins 
= i. V/3e8 dé = [ve] ; 
=8/3-V3=7V3 


z 
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NOTES: 
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CHAPTER 14 PARTIAL DERIVATIVES 


14.1 FUNCTIONS OF SEVERAL VARIABLES 


(b) 


(d 


wm 


(b) 


(d) 


(b) 


(d 


wm 


(b) 


(d 


wm 


Domain: all points in the xy-plane 

Range: all real numbers 

level curves are straight lines y — x = c parallel to the line y = x 
no boundary points 

both open and closed 

unbounded 


Domain: set of all (x,y) so thaty-x>0 > y>x 

Range: z > 0 

level curves are straight lines of the form y — x = c where c > 0 
boundary is ,/y -x =0 => y =x, astraight line 

closed 

unbounded 


Domain: all points in the xy-plane 

Range: z > 0 

level curves: for f(x, y) = 0, the origin; for f(x, y) = c > 0, ellipses with center (0,0) and major and minor 
axes along the x- and y-axes, respectively 

no boundary points 

both open and closed 

unbounded 


Domain: all points in the xy-plane 
Range: all real numbers 





level curves: for f(x, y) = 0, the union of the lines y = + x; for f(x, y) = c 4 0, hyperbolas centered at 
(0, 0) with foci on the x-axis if c > 0 and on the y-axis if c < 0 

no boundary points 

both open and closed 

unbounded 


Domain: all points in the xy-plane 

Range: all real numbers 

level curves are hyperbolas with the x- and y-axes as asymptotes when f(x, y) 4 0, and the x- and y-axes 
when f(x, y) = 0 

no boundary points 

both open and closed 

unbounded 


Domain: all (x, y) 4 (0, y) 
Range: all real numbers 


2 minus the 


level curves: for f(x, y) = 0, the x-axis minus the origin; for f(x, y) = c 4 0, the parabolas y = cx 
origin 
boundary is the line x = 0 
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10. 


11. 


12. 


13; 


16. 


(b) 


(d) 
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open 
unbounded 


Domain: all (x, y) satisfying x? + y? < 16 

Range: z > j 

level curves are circles centered at the origin with radii r < 4 
boundary is the circle x? + y? = 16 

open 

bounded 


Domain: all (x, y) satisfying x? + y? < 9 

Range: 0<z<3 

level curves are circles centered at the origin with radii r < 3 
boundary is the circle x? + y? = 9 

closed 

bounded 


Domain: (x, y) 4 (0,0) 

Range: all real numbers 

level curves are circles with center (0,0) and radii r > 0 
boundary is the single point (0, 0) 

open 

unbounded 


Domain: all points in the xy-plane 

Range: 0<z< 1 

level curves are the origin itself and the circles with center (0, 0) and radii r > 0 
no boundary points 

both open and closed 

unbounded 


Domain: all (x, y) satisfying -l1 <y—x<1l 

Range: =F SOS 

level curves are straight lines of the form y — x = c where —1 <c < 1 
boundary is the two straight lines y= 1+ x andy = -1+x 

closed 

unbounded 


Domain: all (x,y), z 40 

Range: —5 <z< 4 

level curves are the straight lines of the form y = cx, c any real number and x 4 0 
boundary is the line x = 0 

open 

unbounded 


14. e 


17. d 


19. (a) 


20. (a) 


21. (a) 


22. (a) 





kis 








EE 


Loe 
LLLZ LL 
LiL 


Lipps 


{{iLiLa®) 


MS 
ZED Ws 
Aw 







CSV 


NN 
SRAM 
LF _HU NN 











SS 





Section 14.1 Functions of Several Variables 


(b) 
y 
Z«#2 
1 
ze=1 
x 
-1 z=1 
zZ=2 
2 
(b) 








(b) 
y 
z=4 
z=l 
z=0 
CZ >x 
(b) 


y 
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23. (a) er (b) 


ae is 





tad 


24. (a) (b) 





25. (a) 














26. (a) 





224 +9741 








28. (a) 





Section 14.1 Functions of Several Variables 


(b) 





(b) 


y 
A 

















(b) 





+> X 
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29. f(x,y) = 16 — x2 — y? and (2v2, v2) 7 =16= (2/2) -(v2) =6 > 6=16-X-y? > 2+y?=10 





30. f(x,y) = Vx? —land(1,0) > z= V12—-1=0 = x?-1=0 


3 


— 


co 


3 


N 





fxy=h (3) at (1,2) 


n=0 


=> y=2x 


ae # 


lorx=-—l 





. f(x,y) = uae dt at (-v2, v2) => z=tan-'y— tan“! x; at (-v2, v2) = z=tan! \/2 — tan (-v2) 


=2tan! \/2 = tan! y —tan-! x =2 tan"! \/2 











Xs at (1,2) > 2= 974 
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33. 
=e 
eee 
| 


fey, Derry t2al 
35. 


1 
~ 
an 
1 


“eed 


fy, D=xt+z=1 





37. 


Zz 


feyxateeyet 





39. 








S 
ee 
y 


x 


34. 





36. 






{(xy,2) =2= 4 


oz 
So42~ 
erage 





COO OS 





41. f(x,y,z)=,/x-—y—Inzat@G,-1,1l) > w=,/x-—y-Inzat3,-1,l) > w= /3-(-1l)-Inl =2 


=> ,/x-y-—Inz=2 


42. 


43. 


44. 


45. 


46. 


Section 14.1 Functions of Several Variables 


f(x, y,z) = In(x? + y +z?) at(-1,2,1) > w=In(x?+y+427);at(-1,2,1) > w=In(1+24+1)=In4 
=> n4=In(x’?t+y+z27) > P+yt+27=4 








n!z 


g(x, y,z)= 5. SP at n2,In 4,3) > w= 3 (&+y" _ e(xty)/2. at (In 2,1n 4,3) > w= elln2+ln4)/3 
n=0 0 : 








— e(in8)/3 _ gin2_ 9 2 = elXty)/z = Ate =In2 











a(x, y,Z) = eae a + Jinth Jeni a (0,552) > w= [sin 6]; + [sec t]*,, 

pa ast = LA ‘Soh ah ; 1 

= sin"! y — sin"! x + sec7! z — sec™ rf V2) > w w= sin ~ y — sin’ ~ x + sec z— F;at (0, 5,2) 
=> w=sin!}—-sin'0+sec!2-f=% => %=sin'y—sin-'x+sec!z 


f(x, y,z) = xyzand x = 20—-t,y =t,z = 20 w = (20 - HOC9) along the line > w = 400t — 20t? 
=> aw = 400 — 40t; ow =0 = 400-—40t=0 = t=10and ! cw = —40 for allt = yes, maximum at t = 10 
=> x=20-10=10,y = 10,z = 20 maximum of f along the line is f(10, 10, 20) = (10)(10)(20) = 2000 

















f(x, y,z) =xy —zandx =t—l,y=t—2,z=t+7 > w=(t— 1)(t—2)—(t+7) =t? — 4t — 5 along the line 





> = 4-4, =0 = 2t-4=0 > t=2and {Y =2 forallt > yes, minimumatt=2 > x=2-1 





dt > dt 
y=2-—2=0,andz=2+7=9 => minimum of f along the line is f(1,0,9) = (1)() —9 = —9 


1/2 
47. w= 4(B)'? = 4 | oResim |” ~ 124.86 km => must be } (124.86) ~ 63 km south of Nantucket 
48. The graph of f(x;, x2, X3, X4) is a set in a five-dimensional space. It is the set of points 


(X1, Xa, X3, X4, f(X1, Xa, X3, X4)) for (X1, X2, X3, X4) in the domain of f. The graph of f(x1, Xo, X3,... ,X,) iS a set 
in an (n + 1)-dimensional space. It is the set of points (x1, X2, X3,-.- , Xn, {(X1, X2, X3,--- , Xn)) for 
(X1, X2,X3,--- , Xn) in the domain of f. 


49-52. Example CAS commands: 


Maple: 
with( plots ); 
f := (xy) -> x*sin(y/2) + y*sin(2*x); 
xdomain := x=0..5*Pi; 
ydomain := y=0..5*Pi; 
x0, yO := 3*Pi,3*Pi; 
plot3d( f(x,y), xdomain, ydomain, axes=boxed, style=patch, shading=zhue, title="#49(a) (Section 14.1)" ); 
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plot3d( f(x,y), xdomain, ydomain, grid=[50,50], axes=boxed, shading=zhue, style=patchcontour, orientation=[-90,0], 


title="#49(b) (Section 14.1)" ); # (b) 

L := evalf( f(x0,y0) ); # (c) 

plot3d( f(x,y), xdomain, ydomain, grid=[50,50], axes=boxed, shading=zhue, style=patchcontour, contours=[L], 
orientation=[-90,0], title="#49(c) (Section 14.1)" ); 


53-56. Example CAS commands: 


Maple: 
eq := 4*In(x42+y%24+z42)=1; 
implicitplot3d( eq, x=-2..2, y=-2..2, z=-2..2, grid=[30,30,30], axes=boxed, title="#53 (Section 14.1)" ); 
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57-60. Example CAS commands: 
Maple: 
X = (u,v) -> u*cos(v); 
y := (u,v) ->u*sin(v); 
Z:= (u,v) -> U3 
plot3d( [x(u,v),y(u,v),z(u,v)], u=0..2, v=0..2*Pi, axes=boxed, style=patchcontour, contours=[($0..4)/2], shading=zhue, 
title="#57 (Section 14.1)" ); 
49-60. Example CAS commands: 


Mathematica: (assigned functions and bounds will vary) 


For 49 - 52, the command ContourPlot draws 2-dimensional contours that are z-level curves of surfaces z = f(x,y). 


Clear[x, y, f] 

f[x_, y_]:= x Sin[y/2] + y Sin[2x] 

xmin= 0; xmax= 57; ymin= 0; ymax= 5z; {x0, yO}={37, 37}; 

cp= ContourPlot[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, ContourShading — False]; 

cp0= ContourPlot[[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, Contours — {f[x0,y0]}, ContourShading — False, 
PlotStyle — {RGBColor[1,0,0]}]; 

Show[cp, cp0] 


For 53 - 56, the command ContourPlot3D will be used and requires loading a package. Write the function f[x, y, z] so that 
when it is equated to zero, it represents the level surface given. 
For 53, the problem associated with Log[0] can be avoided by rewriting the function as x2 + y2 +z2 - el/4 


<<Graphics ContourPlot3D 

Clear[x, y, z, f] 

f[x_, y_, z_J:= x? + y? + 2? — Exp[1/4] 

ContourPlot3D[f[x, y, z], {x, —5, 5}, {y, —5, 5}, {z, —5, 5}, PlotPoints — {7, 7}]; 


For 57 - 60, the command ParametricPlot3D will be used and requires loading a package. To get the z-level curves here, 


we 


solve x and y in terms of z and either u or v (v here), create a table of level curves, then plot that table. 
<<Graphics ParametricPlot3D~ 

Clear[x, y, z, u, Vv] 

ParametricPlot3D[{u Cos[v], u Sin[v], u}, {u, 0, 2}, {v, 0, 2p}]; 

zlevel= Table[{z Cos[v], z sin[v]}, {z, 0, 2, .1}]; 

ParametricPlot[Evaluate[zlevel],{v, 0, 27}]; 


14.2 LIMITS AND CONTINUITY 


1. 

x,y 
2. 

x,y 
3. 

X,Y 








ia 3xt-y?+5 _ 300-0? +5 5 
(0.0) “+ty+2 — +042 ~ 2 
lim x — 0 _9 

(0,4) VY v4 














: iy PY 1)\]2 _ 1)? _ 1 
ay i,» (43) = B+ (Q’= (= % 


I 
= 


lim sec x tan y = (sec 0) (tan 7) = (1)(1) 


(x,y) read 0,7 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


Section 14.2 Limits and Continuity 








; 24.3 
lim | i cos ( OEY ) = cos (So) =cos0=1 


lim : In |1 + x?y?| = In |1 + (1)?(1)?| = In2 









































x,y) > 

li gems ii y) (#4) =e0- lim (2%) =1-1=1 
ge = eae a ne! 
: yim 1) £98 (/Ixy| — 1) = cos (4/0) — 1) = cos 0 = 1 

: x sin 1-sin 0 0 
eae iti qr = 2 = 0 

: cosy+l1 _ (cosO0)+1 _ 141 _ 
xy ame 0) y=sinx = 0=sin(§) = =1 =~? 

: x? —2xy+y? : (x-yy . 

lim eS lim sect a lim (x—y)=(1-1)=0 
nyt) FY wD =Y wy)” 

x#y 

2 2 

lim X-Y — lim &+yYG-y) — jim for =? 
jy HY wy FY wy) > U, z 

x#y 

lim  S=ee_ jim | SP-C ilim )9-2=0-2= 
yo) ) @&y—(t) FF &y UL) 

x#1 x41 

lim y+4 = lim y+4 = lim se Doe) ee dea, 
(x,y) > 1, —4) x?y — xy + 4x? — 4x (x,y) > 2, 4) *@-DY+4) ~ (Ky) S 2, —4) X&=1D ~ 2@-1) ~ 2 
y4—-4,x 4x? y4—-4,x 4x? x#x? 

. K-yt2VE-2V¥ _ ys (Vk- V9) (V+ V9+2) _ 5 
(x,y) > (0,0) vx- Jy Gey) (0.0) Vx-V/¥ gages 5 et J/¥ +2) 

x#y x#y 


= (V0+ Y0+2) =2 


Note: (x, y) must approach (0, 0) through the first quadrant only with x F y. 














al Titty, | a Lie SVE) 


(x,y) > (2,2) VEFY-2 (x,y) = (2,2) Vx+y-2 eye 
xty #4 x+y #4 se as 
= (V2+2 +2) =2 = 24 














: WAR 72! : V2x-y-2 = 
(3) se) 2x-y-4 ay) 129 (/2x —y +2) (\/2x —y —2) (x,y) yea ser y+2 
xX—y x—y 


= 1 1) li 
JVQQ-04+2 242° 4 


























m  VixvT_y ev. 
eg a) x-y-l egy a 3) (J+ Vy) (/x- Vy th) ay as Tae 


x-y#Al x-¥ #1 
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= 1 weeds eel 
V44V/341 24+2 4 











: 1 1 i ee | 1 1 _ 124+4+3 _ 19 
21. lim (L+t42)=t4}4}= 2H 8 








P= (1,3,4) 
: 2xytyz _ 20)(-D+(- DED _ -24+1 _ _ 1 
22. Po pn. _j) #48 = P+Cp aes (5s Ca) 





23. lim : (sin? x + cos” y + sec? z) = (sin? 3 + cos? 3) + sec?0=1+ 17 =2 
24. lim 


tan“! (xyz) = tan"! (— 4-3-2) = tan! (— $) 


25. li Bou 2x = 3072 27 = (3)(1)C1) = 3 
pees ze~Y cos 2x e cos 27 = (3)(1)(1) 





26. In J/x? + y? +22 = In /0? + (-2)? +O = In V/4 = In2 


lim 
P = (0,—2,0) 


27. (a) All (x,y) 
(b) All (x, y) except (0, 0) 


28. (a) All (x,y) so that x 4 y 
(b) All (x,y) 


29. (a) All (x, y) except where x = 0 or y = 0 
(b) All (x,y) 


wm 


30. (a) All (x,y) so that x? —-3x +240 > («x-2)(a@-1)40 > xA2andxFl 
(b) All (x, y) so that y 4 x? 


wm 


31. (a) All (x,y,z) 


(b) All (x, y,z) except the interior of the cylinder x? + y? = 1 


wm 


32. (a) All (x,y,z) so that xyz > 0 
(b) All (x,y,z) 


33. (a) All (x,y,z) withz 40 
(b) All (x,y,z) withx? +2? #1 


34. (a) All (x,y,z) except (x, 0,0) 
(b) All (x,y,z) except (0, y, 0) or (x, 0, 0) 


eee a9) e.0) - yeas = oa ~ Jere = Saye Te oe a 
sone 
ea) Go ae EO ee a ee ee a Ys 
ee 


5? 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


Section 14.2 Limits and Continuity 














: x4 ae x4 Ao as i x4 ys: x4 — xt od 
(ay) 0,0) HA My EAT ll oy eT My EGR ly tt = 2 
along y = 0 along y = x? 
4_ 2 to ese hr 5 es P 
am is 0 an = lim, aemicad = Jim, a = — => different limits for different values of k 
X,y x—- 
along y = kx? 
lim = lim, M2 = lim, By = lim, £; ifk > 0, the limit is 1; but if k < 0, the limit is —1 
(x,y) = (0,0) Ixy] x SQ kk) yy So Ik’) xy So UK 
along y = kx 
k40 
X-Y_ qf x—kx _ 1-k : sans : Ak 
«, eyes, (0,0) fee Jim, tk = Tak = different limits for different values of k, k # —1 
along y = kx 
k#-1 
lim X*Y — jim *+& — 1+k _. different limits for different values of k, k 4 1 
(x,y) > (0,0) x-y x—0 x —kx 1- 
along y =kx 
k#1 
2 
ese 0 Y= lim, EE = 4k = different limits for different values of k, k # 0 
X,y x— 
along y = kx? 
k40 
x x2 ee ol : ae : 
a an (0, 0 gay Jim, Zo =r = Aifferent limits for different values of k, k #1 
along y = kx? 
kZl 


No, the limit depends only on the values f(x, y) has when (x, y) 4 (Xp, Yo) 


If f is continuous at (Xo, Yo), then lim f(x, y) must equal f(xo, yo) = 3. If fis not continuous at 


(x, y) =z (Xo, yo) 


(Xo, Yo), the limit could have any value different from 3, and need not even exist. 


- “) =land lim) 1=15 lim “*’ =1, by the Sandwich Theorem 
(x,y) — (0,0) (x,y) (0,0) 








2 Ixy|— (2% 2xy — (2 
Ifxy >0 lim ery im a im (2— *) =2and 
»y) — (0,0) > (x,y) — (0,0) * (x, y) — (0,0) 
2 |xy| — xy —2xy — xy 

lim | 7B lim) 2 = 2: ifxy <0, lim ae) = lim al *) 
(x,y) + (0,0) PY (x,y) + (0,0) (x,y) + (0,0) y (x,y) — (0,0) y 
— lim 2+%)=2and ii a st li so Aces V9] 5. e the Sandwich 

gyi 2a 2 ea er > ego eee 


Theorem 
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The limit is 0 since |sin(+)| <1 = —1 <sin(+) <1 > —y <ysin(+) <y fory > 0, and —y > y sin(+) > y for 


y <0. Thus as (x,y) — (0,0), both —y and y approachO => y sin (2) — 0, by the Sandwich Theorem. 


The limit is 0 since |cos (2 \\<1 => =1 < cos (1 <1 => —x <xeos (2 ) < x for x > 0, and -x > xeos (2) >xX 


for x < 0. Thus as (x,y) — (0,0), both —x and x approach0O = x cos (+) — 0, by the Sandwich Theorem. 
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49. (a) f(x, y)| = 2m, — 2tané — sin 20. The value of f(x, y) = sin 26 varies with 0, which is the line's 


y=mx 1+mn? 1+ tan? 6 
angle of inclination. 


(b) Since f(x, y)| = sin 20 and since —1 < sin 26 < 1 for every 6, ( lim 0,0) f(x, y) varies from —1 to 1 


roe x, y) =4 ( ? 


along y = mx 





50. [xy (x? — y?)| = [xy| |x? — y?] < |x| ly] [x? + y?] = Vx? Vy? |x? + y?| < Vx? + y? Vx? + y? |x? + y?| 





















































2 Dea) 24 y2y? 22 
=(2+y) = [eeae)) < Ot yy > (ty) < oP <@r+y) 
2 fgg * . = 
=> lim xy > = 0 by the Sandwich Theorem, since lim + (x? + y”) = 0; thus, define 
(x,y) > (0,0) (x,y) — (0,0) 
f(0,0) = 0 
: xe—xy? 4: r’ cos? 6 —(rcos 6) (r’ sin?6) __ 1: r(cos? @—cos @ sin? 0) __ 
SI. Oe err x?+y? = lim) r cos? 6 +r? sin? 0 = Jim, 0 
; x-y\)_ 4: rcos*@—r sin’) _ 7; r(cos? @—sin? 6) | __ - 
52. a lim ae cos (55) a lim, cos (SH =:) = im, cos —{—— | = cos 0 = 1 
. 2 . . . . . . . . . 
53. lim as gag - lim, ain ss = him, (sin? ) = sin? 0; the limit does not exist since sin? 6 is between 
x,y) 7 ’ [ce 
0 and 1 depending on 0 
54. ’ eae 0) zy = im, ree f= = lim, Zoos — zee ; the limit does not exist for cos 6 = 0 
x,y) — ; ea - 





55. lim tan~! 
(x,y) > (0,0) 


ifr — O*, then lim , tan~ 


t—- 


|x| + a =m tans jes — lim tan-! [" (lose ae [stn.€) : 
ty! r—0 " r>0 . 








1 E ee — lim, tan~! [ cette = Eitr 0-, then 
2 ies 


lim tan7! [ Hides = lim tan~! (22) = 5 => the limit is 5 
I‘ tT 


=F 


ay? Dit Di py ee 9 
ue - 5 a = Jim, I~ cos = r sin’ 0 
x,y t— 


—1 and 1 depending on 6 = the limit does not exist 


56. = lim, (cos? 6 — sin? 0) = lim, (cos 20) which ranges between 
I‘ '— 





. 3x2 — x2y2 4. 3y2 ‘ Dea aD pi 2 0 cin? 2 gin? 
57. lim in ( x a ze y ) = lim In (= cos- 6 t* cos’ § sin* 6+ 3r° sin 2) 
(x,y) 2 (0, 0) 7 as 


= Jim, In (3 —1° cos” 6 sin? 0) = In3 = define f(0, 0) = In 3 
r=» 


58. lim y= Jim Cres sin’#) _ Jim 2rcos @ sin?2@ = 0 => define f(0,0) = 0 
(x,y) + (0,0) *F" ~ r0 : r—0 


59. Leté =0.1. Then x2 +y2 <6 > x2 +y? <0.1 > x?+y? < 0.01 = |x? + y? — 0| < 0.01 > |f(x, y) — £(0, 0)| 
< 0.01 =e. 





60. Let 6 = 0.05. Then |x| < 6 and |y| <6 => |f(x, y) — f(0,0)| = 0| = | al < ly| < 0.05 = «. 


eet 





61. Let 6 = 0.005. Then |x| < 6 and |y| <6 = |f(x,y) — £0, 0)| = | 544 — 0] = |344| < Ik+y/ < [al + ly! 
< 0.005 + 0.005 = 0.01 = €. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 
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Let 6 = 0.01. Since -1 <cosx <1 > 1<2+cosx<3 > $< Srey <1ls ty < |I-S| <|x+y| 


< |x| + ly|. Then |x| < 6 and |y| < 6 => |f(x, y) — £0, 0)| = abe 0| = | =4| < Ix] + ly < 0.01 + 0.01 
= 0.02 = «. 








Let 6 = \/0.015. Then \/x2 + y2 +2? <6 => |f(x,y,z) — £(0,0,0)| = |x? + y? +2? —0| = |x? + y?42?| 


=(Je+ete) <(/0015)° = 0015 =6. 


Let 6 = 0.2. Then z) — £(0,0,0)| = |xyz — 0| = |xyz| = |x| |y| |z| < (0.2) 





= 0.008 = e. 
Let 6 = 0.005. Then |x| < 6, |y| < 6, and |z| <6 = |f(x,y,z) — £0,0,0)| = Jager — 0 
= white | < k+y +21 < Ix + Iyl + [2] < 0.005 + 0.005 + 0.005 = 0.015 = «. 





Let 6 = tan7! (0.1). Then z) — £(0,0,0)| = |tan? x + tan? y + tan? z| 
< |tan? x| + |tan? y| + |tan? z| = tan? x + tan? y + tan? z < tan? 6 + tan? 6 + tan? 6 = 0.01 + 0.01 + 0.01 = 0.03 


=€. 





lim f(x, y,z) = lim (x+y+z)=xX0+ yo + Z = f(Xo, yo, Zo) = fis continuous at 
(x, y,Z) a (Xo, Yo; Zo) (x,y, 2) ms (Xo, Yo; Zo) 


every (Xg, Yo, Zo) 


lim f(x, y,z) = lim (x2 + i + Z) = a + ye + rae = f(Xo0, Yo, Zo) => fis continuous at 
(x, y,Z) — (Xo; Yo, Zo) (x, y,Z) — (Xo; Yo, Zo) 


every point (Xo, Yo; Zo) 


14.3 PARTIAL DERIVATIVES 


10. 


11. 


12. 


13; 








Ht = 4x, # = —3 2: Fie y, ~= x + 2y 
Pay 2) Se ad 4. 2 Soy 14x $3, 2 = Sx = 2y 6 
sf — dy(xy — 1), 3 = 2x(xy — 1) 6. # = 62x — 3y)?, & = -9(2x — 3y)? 
of _ x of _ y 8. Of + = 2x? of _ 1 





























Ox Vx +y2’ dy Ve+y 


Yee DY ae +8) 





























of 1 a) _ 1 ae 1 ie) _ 1 

Ox = — wey KOFI = — Tay oy =~ ay Wy MEM = — a 

of _ (x +y")()-x@x) _ _y’=x? ag _ (x ty’) (0) ~x@y) _ oxy 

ox (2+?) (eye? oY (x? +y?)" (x2 +y?)* 

df _ _ @y-)0)-@+yy) _ -y-1 af _ @y-DM@-G@+y)@) _ -x?-1 

Ox (xy — 1? ~ (xy- DP? dy (xy — 1? ~~ (xy 1? 

Of 2 1 -2(4) = y = y of __ 1 -Z(4)= 1 = 
eS Cs ce A BE AG) EE . 


oe = e(xty+]). 2 (xty+1) =etyt), o = e(xty+]). o (x+y +1) =eltyt) 
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14. oe =-e *sin(x+y)+e~*cos(x+y), =e * cos(x + y) 





of _ 1 of _ il 
15. Ee RATY= x+y’ dy x+y -Zaty= =a 


16. ot =e. 2 (ay)-Iny = ye" Iny, # =e%- 2 (xy)-Inyte%- + =xe¥Iny+ © 


17. & = 2 sin(x — 3y)- Z sin(x — 3y) = 2 sin (x — 3y) cos (x — 3y) - 2 (x — 3y) = 2 sin(x — 3y) cos(x — 3y), 











Caan 2 sin (x — 3y)- - sin (x — 3y) = 2 sin (x — 3y) cos (x — 3y) - z (x — 3y) = —6 sin (x — 3y) cos (x — 3y) 


18. 2 = 2 cos (3x — y”) - 2 cos (3x — y?) = —2 cos (3x — y”) sin (3x — y?) - 2 (3x — y?) 
= —6 cos (3x — y”) sin(3x — y”), 




















a= = 2 cos (3x — y”) - & co s (3x — y”) = —2 cos (3x — y”) sin (3x — y”) - z (3x — y’) 

= 4y cos (3x — y”) sin (3x — y”) 

Of? = —-1 Of _ _— Inx Oft tas <A of _ —Inx 
19. 5 = yx, yo Inx 20. f(x,y) = nye os = ae and a Ha 
21. F = —g(x), F = gy) 
22. f(x,y) = yi (xy)’, =~ =a a ax = meer a : a (I — xy) = iar and 

of _ 1 e) = x 

By = — Tanyyh dy L — XY) = Tap 
23. fk = l+y’,fy = 2xy, f, = —4z 24. fk =y+z,fy =x+z,f=y+x 

_ = y = z 
25. fy = 1, fy =—- hg f= — ao 
3/2 ~3/2 


26. fe = —x(x?>+y? +27)" fy =—y(e +y?+ 22) 30? f, = —z(x? + y* +z”) 




















= yZ = XZ xy 
27, fy Vi —x2y2z? ” fy Vi — x2y2z? ” f, = 























V1 xyz? 
28. fk = Z fy = Z f, = y 
a Ix + yz| /(x+yz2-1? -Y |xtyz| /x+tyz2-1? 7 Ix+yz| /(x +yz?-1 
= 1 = 2 = 3 
29. fy ~~ x+2y4+3z fy “ x+2y+3z? f, ~~ x+2y4+3z 








30. f, =yz- + - 2 @y) oo) % fy =z In(xy) + yz- & In(xy) =z In(xy) + ¥- & (xy) =z In(xy) +z, 
f, = y In(xy) + yz- 2 In(xy) = y In(xy) 


31. fy = —2xe @"47") f= —2ye 42) fe = Ize" 42") 
32. f, = —yze*"”, fy = —xze~*"”, f, = —xye**” 
33. fy = sech? (x + 2y + 3z), fy = 2 sech? (x + 2y + 3z), f, = 3 sech? (x + 2y + 3z) 


34. f, = y cosh (xy — 2”), fy = x cosh (xy — 2”), f, = —2z cosh (xy — z”) 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


Section 14. 


o& — —2n sin(2nt — a), 2 = sin (2at — a) 





























3 Partial Derivatives 


og = y2e(2u/v) J a (7) = Qvel2u/) os = Ave (2u/¥) +4 y2e(2u/v) . Z (7) = Qve(2u/v) = Aye (24/¥) 





Ou Vv 

Gh = sin ¢ cos 0, $ = pcos ¢ cos 0, $; = —p sin ¢ sin 8 

eq cos 6, 2 =r sin 6, 9 o = =] 

W, = V, Wy =P + ©, Ws W, = 48 = Yew, = — Me 

Be = Se = 9+ 3 = Go om a tO Be ge TD 

Ho1+y, S=1+x,S =0, % =0, $F = $= 1 

ox = Y COS Xy, $= X COs xy, ot = —y’ sin xy, a = —x’ sin xy, fn = doy = 008 Xy — xy sin xy 
38 = Ixy + y cos x, 9 = x? — sin y + sinx, $$ = 2y — y sin x, oe cosy, 28 = E = 2x + cosx 
h = ef, B= xe’ + 1, =0,0 =xe’", HR = Heae 

or 1 or 1 Ori -1) Or 1 Or _ _-1 





Ox ~ x+y’ Oy — x+y’ Ox? ~ (x+y)? ? Oy? ~ (x+y)?? OyOx ~ Oxdy ~ (x+y)? 











t= [rtp] 8O = C8 [a] - #8 = [ey] 8 O-O [ap] =e 

















as _ _y(2x)_ _. __2xy Os _ _=x(2y)  _ 2xy 

Ox? (x+y?) (x? +2)? ? Oy? (x? +y?)? Cy? 

Bis | 8 BED YOY) _ py Se 

OyOx Oxdy (x2 +y2) ~ (2 +y2)? 

Ow _ 2 Ow _ 3 Ow _ —6 and ew _ —6 

Ox ~— 2x+3y’ Oy ~~ 2x4+3y’ OyOx ~~ (2x+3y)?’ OxOy ~ (2x+3y)? 

Ow __ meek Ow ii. _1,1 Ow _1,1 
Mae tiny+*, &=24+Inx, Se = =F +i and Se = t+} 
Ow Ow 





Se = y? + 2xy? + 3x*y*, oe = 2xy + 3x’y? + 4x%y3, Byox = 2Y + 6xy? + 12x’y3, and 
a) 





ew 
doy = 2 + 6xy? + 12x7y3 





we =siny+ycosx+y, ow =xcosy+sinx +x, fon = cos y + cos x + 1, and 
bee = cosy +cosx+1 
(a) x first (b) y first (c) x first (d) x first (e) y first 


(a) y first three times (b) y first three times (c) y first twice 


(f) y first 


(d) x first twice 
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—h—6(1+2h+h?) +6 





= = 2h 
53. f(1,2) = lim, f(1+h,2)—f1,2) __ lim {1—( +h)+2-—6(1 +h)*] — (2-6) = 








h h—>0 h h—0 h 
= lim ='h=6 — jim (—13 — 6h) = —13, 
h—0 h-0 
fy(1,2) = lim ee — lim [l1—1+(2+h) ea) (2-6) = lin C=6= an) 2-9) 
h—0O h—0 h—0O 


ear? 





54, f(—2, 1) = lim S22RYSICAD — jim EEA eno oan 
=> 

















h h-—0 h 

= lim “19+! = lim 1=1, 

h—0 h—0 
Peay. lim ee. ig Pee a ee) 
ae h—0 5 h—0 h 

ef, ee 2 2 

— lim (-3 3h+2+4h+2h")+1 _ lim h+2h? _ lim (1 %h) = 1 

h—0 h h—-o 4& lm, a2h) 





55. f£,(X0, Yo, Zo) = lim Axo. yo, Za + W) — No, You 20) : 
h-—0 


_ . 2 . . 
f,(1,2,3) = lim %b23+W—8L2,9) — jim 24H 20) — fim 22h? — Jim (12 + 2h) = 12 
h—0 h—0 h-0 h—0 





qe f(Xo, yo +h, Zo) — f(Xo, yo, Zo) « 
56. fyKo; Yo, Zo) = lim, ; ; 


fy(—1,0,3) = jim, ACLb 9) HfCL0,3) = lim, a = lim, (2h+9)=9 


57. y + (32? 2) x4z9—2y % =0 = (3x2? — 2y) % =-y—z? = at (1,1, 1) we have (3 — 2) % = —1—lor 




















Oz __ 
% — 2 
58. (4)z+x+ (4) ®- 2x2 =0 = (2+ % — 2x) & = —x = at(1,—1,—3) we have (-3 — 1 — 2) % =-lor 
Ox _ il 
dz 6 
59. a? = b? +c? — 2becos A => 2a = (2bce sin A) 4% > % = —4— ; also 0 = 2b — 2c cos A + (2be sin A) 38 
= 2ccos A — 2b = (2be sin A) 98 = Sh = ceosA—b 
sin A) 24 —acos t i f - : 
60. sc =a = & Sa 4-05 (sin A) $2 —acos A= 0 > a acosA : also 
(=x) a = b(—csc Bcot B) > a =—bcsc BcotB sinA 


61. Differentiating each equation implicitly gives | = vx Inu + (£) ux and 0 = ux Inv + (2) Vx OF 


u v 








dS 
(nu, +(x =1] fowl ins 
(*)v +(Inv)u —0 x |Inu = * | ~~ (nu)dnv)-1 
v/ “* * 2 Inv 








62. Differentiating each equation implicitly gives 1 = (2x)xy — (2y)yy and 0 = (2x)xy — yu or 




















1 —-2y 
Oxy -Qyw=1})_,, joa} 4 
(2x)xy — Yu = ui (2x —2y| ~ —2x+4xy ~ 2x—4xy 
2x 1 
2x. A 
ete RRO as Dee a ky 2 ot SL Sy oo tah 52 ds _ 9, Ox ay 
yu —2x+4xy ~  —2x+4xy ~~ 2x—4xy ~~ 1—2y snexts =x" +y" > Ou = 2x Ou + 2y Ou 





a 1 a Sl 2y _ 1+4+2y 
7 2x (45) +2y (745) ~~ [= 2y a 1-2y ~~ 1-2y 














2. 2. 2 2. 2 2. 
63. % = 2x, # = 2, $= dz > = 2, = 2, = -4 > 4 4 = 2424 (-4) =0 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 
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f f f 2 2 ef 2f ef 2f 
of = —6xz, a = —6yz, at = 627 — 3 (x? +’), - = —6z, me = —6z, os =12z2 => ot + a + ot 
= —6z — 6z4+ 12z=0 

Of _ _Je-27 gj of _ _Je-2y Of _ _ 4a-ry Of _ 4Q-2v Of , Of 

x= 2e-*” sin 2x, a 2e-* cos 2x, a = 4e~*’ cos 2x, ao 4e-% cos 2x => a + By? 

= —4e-’ cos 2x + 4e-”” cos 2x = 0 

of _ _ x af _ iy ar y-x of _ x-y cage a ee y-x a 

ax x+y2? dy x+y’ oe a+yyp > ay2 — ery Ox ayz +yp Gry) = 

af dt /<29 2 2)-3/2 2 2 2)\-3/2 ar 1/y2 2 2) —3/2 

Bo Tg + ye +2") 2x) = x(x ty +2) "6 Hg ty +2) y) 


= -y(x? ty? +422)”, Hb +y?+ 2)? 22) = -2(x? +y2 +22)”; 
ot =-(x+y?+ 22)? + 3x? (x? + y? + 22)? = =—(x*+y?+ 22) 3? + 3y? (x? +y? + 22)? 











2 23/2 —5/2 2 2 2 
Ft — _ (x2 4 y? + 22) / + 322 (x? + y? +22) / = oe 4 OL 4 ot 


= [- (x2 + y2 + z2)~3/? 4 3x2 (x2 4 y2 + a) a |- (x2 + y?-+ z2)-3/? 4 By? (x2 + y2 + 22) 3? 





-3/2 —5/2 -3/2 —5/2 

a [= +y? +2) / 4 322 (x2 + y? +22) a = —3(x? + y? +2”) [2556 (3x2 + 3y2 + 322) (x? + y? + 22) / 
=0 
+ = 3e3*t4Y cos 5z, o = 4e3*4Y cos 5z, of = —Se***4Y sin 5z; ot = 9e3*t4Y cos 5z, ms = 16e***4Y cos 5z, 
as = —25e3*+47 cos 55z => -_ + ao + of = 9e**t4Y cos 5z + 16e*+4Y cos 5z — 25e3*+4¥ cos 5z = 0 
oe = cos (x + ct), a =ccos(x + ct); ow = —sin(x + ct), ow = —c? sin(x + ct) > ow = c?[—sin(x + ct)] 

2 Pw 
ge Ow 


— Ox? 


Sw — —2 sin (2x + 2ct), & = —2c sin (2x + 2ct); F¥ = —4 cos (2x + 2ct), SY = —4c? cos (2x + 2ct) 


= FW = [4 cos (2x + 2ct)] = c? ey 





or 
oe = cos(x + ct) — 2 sin(2x + 2ct), ae =ccos(x + ct) — 2c sin (2x + 2ct); 
oy = —sin(x + ct) — 4 cos (2x + 2ct), ow = —c? sin(x + ct) — 4c? cos (2x + 2ct) 
> ow = c?[—sin(x + ct) — 4 cos (2x + 2ct)] = c? ow 
Ow _ 1 Ow _c .@w_ -i Cw _  —-c? = Cw _ C2 -1 = C2 Ow 
Ox ~ x+tet’? Ot ~ x+tet’? Ox? ~ (x+ct?? A ~ (x+ct) ae (x+ct)? | Ox? 


ou = 2 sec? (2x — 2ct), ou = —2c sec? (2x — 2ct); 2¥ = 8 sec? (2x — 2ct) tan (2x — 2ct), 


ox 


ow = 8c? sec? (2x — 2ct) tan(2x — 2ct) > ow = c?[8 sec? (2x — 2ct) tan (2x — 2ct)] = c? ow 


aw — _15 sin(3x + 3ct) + e**, 2” = —15c sin (3x + 3ct) + ce; F¥ = —45 cos (3x + 3ct) + eX, 











> Ox? 
2 2 2 
oe = —45c? cos (3x + 3ct) + c?e** => ae = c”[—45 cos (3x + 3ct) +e] = c? ow 
Ow _ Of Ou _ Of Cw _ Of _ 22,2 Of . Ow of Ou of Ow Of 
Bu = OF BH (acy => Sw = (ac) (HF) (ac) = are But? Ox = Su ox = 8 > Be (23s) -a 


23.52 10%f OtWe 29: 07F 89" fe Ott \ 
a" aw Oe arc? Hf =o? (a? Sh) =o? Se 
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76. If the first partial derivatives are continuous throughout an open region R, then by Theorem 3 in this section of the 
text, f(x, y) = f(Xo, yo) + f.(Xo, yo) Ax + fy (Xo, yo) Ay + €; Ax + €2Ay, where €;, €2 — Oas Ax, Ay — 0. Then as 
(x,y) — (Xo, yo), Ax — Oand Ay > 0 > lim f(x, y) = f(Xo, Yo) = fis continuous at every point 


(x,y) > (Xo, Yo 


(Xo, Yo) in R. 


77. Yes, since fxx, fyy, fry, and fy, are all continuous on R, use the same reasoning as in Exercise 76 with 
f(x, y) = fx (Xo, Yo) + fax (Xo, Yo) Ax + fry (Xo, Yo) Ay + €; Ax + egAy and 
fy(x, y) = fy (Xo, Yo) T fyx (Xo, Yo) Ax + fyy(Xo, Yo) Ay +€,Ax +€,Ay. Then fey lim ) f(x, y) = £, (Xo, yo) 


and 








lim fy(x, y) = fy(Xo, yo). 


(x,y) > (Xo, Yo 


14.4 THE CHAIN RULE 


1. (a) 
(b) 
2. (a) 
(b) 
3. (a) 
(b) 
4. (a) 
(b) 
5. (a) 


(b 


wm 


6. (a) 


(b) 
























































os = 9x: x = 2y, os = —sint, “ =cost > a = —2x sint+ 2y cost = —2 cost sint+ 2 sint cost 
=0;w=x?4+ y? =cos?t+sin?t=1 > iw — 0) 
d 
a (7) =0 
Ow _ Ow __ dx z dy _ gs _ dw 
re = 2x, By = 2y, i = —Sint+ cost, 4 = —sint—cost > | 
= (2x)(— sin t + cos t) + (2y)(— sin t — cos t) 
= 2(cos t + sin t)(cos t — sin t) — 2(cos t — sin t)(sin t + cos t) = (2 cos? t — 2 sin? t) — (2 cos” t — 2 sin? t) 
=0;w=x?+y’ = (cos t+ sin t)? + (cos t — sin t)? = 2 cos?t+2sin?t=2 = dw =0 
d 
7 (0) =0 
Ow _1 Ow _1 Ow _ —(Kt+y) dx _ : dy _ : dz _ 1 
ox 4 Oy 50 ae p> Ge = 72 costsint, GF =2sintcost, F=—-— a 

dw _ 2 : De at x+y __ cos?t+sin?t z x y cos? t sin?t __ dw _ 
> a= pera Gauree en a l;w ae Og as 

ez t t 

d 
7 (3) = 1 
Ow _ 2x Ow __ 2y Ow __ 2z dx __ : dy __ dz __ 54—-1/2 
Ox +y?4+27?? Oy — W+y?427? Az ~— xX+y?4+7?? dt sin t, dt = COs t, dt = 2t 
= dw _ _—2xsint fe 2y cost + Aat-V/2 —2costsint+2sintcost+4 (4t'/?) t¥/? 

dt ~ +y?+7? e+y4+7 e+y+22 cos? t+ sin? t+ 16t 

162 sitea 1 2 2 Nes 2 +2 = dw _ __16 
= a W = In(x" + y* +2”) = In(cos*t + sin’t + 16t) =In(1 + 16t) > F= Wig 
dw 16 
‘a GO) = 9 
Ow _ x OW _4,ax OW _ Lode at. dy dz: 3t dw _ 4yte* 2e* et 
Be Oe hay 20 to = eta > Pe oe Pe a 8 a Pa ae 

-1 2 2 

= 0 tan #0) ae g = 4t tan“? t + 1; w = 2ye* —Inz = (2tan!t)(?4+1)-t 





+ 8 = (2) C41) + Ct) 20-1 = atta eT 


W (1) = (4(1) (4) +1 =7+1 





Ow OW oa Ow dx dy 1 dz tl dw et __ X cos xy t-1 
dx — ~Y COS Xy, SY = —X COS xy, F lqa=ralagzaptaze ai y cos xy — ~~ +e 








= —(In t)[cos (t In t)] — teos (tin) +e! = —(In t)[cos (t In t)] — cos (t In t) + eb !; w = z — sin xy 
=e'!'—sin(tIhnt) => de =e"! — [cos (t In t)] [Int+t (?)] =e'!'—(1+4+ Int) cos(t Int) 
 (1)=1—(1+0)(1) =0 


7. (a) 
(b) 
8. (a) 
(b) 
9. (a) 
(b) 
10. (a) 
(b) 
11. (a) 


Section 14.4 The Chain Rule 








Oz — 02 Ox 4 de dy _ te £08-¥) 4e* i — 4e*Iny 4e* sin v 
du Ox du | dy du (4e In y) (23%) + ( _ ) (sin v) = ies ae 


a 4(u cos v) In(u sin v) ae 4(u cos v)(sin v) 





= (4cos v) In(u sin v) + 4 cos v; 











u usinv 
B= Be Be +B oy = (e* ny) (Gogh!) + (4%) (cos vy = — (4e* ny) an v) + Sey 
= [—4(u cos v) In(u sin v)|(tan v) + 2 — eu 60s Y) = (—4u sin v) In(u sin v) + du cos! y ‘ 
z = 4e* In y = 4(ucos v) In(usinv) > ge = (4 cos v) In(u sin v) + 4(u cos v) (22) 





= (4 cos v) In(u sin v) + 4 cos v; also = = (—4u sin v) In(u sin v) + 4(u cos v) (ueest) 
4u cos” v 


sin v 


At (2,4): % =4cos £ In(2 sin 4) +4 cos 4 = 2/2 In /2 +22 = V2(In2 + 2); 
82 — (—4)(2) sin % In (2 sin 2) + ae = —4)/2 In /2 + 4/2 = -2\/2n2 + 4/2 


= (—4u sin v) In(u sin v) + 

















v= y cos v x sinv __ (usin v)(cos v)—(ucos v)(sinv) __ 0: 
= x+y? xyz 77 =V,; 


























1 —x 
Oz __ (}) . (3) = yu sin v xucosv __ —(usin v)(usin v) — (ucos v)(ucos v) 
Ov lecd ( usin v) + (2) +1 ucos V = x+y? x+y w 
y y 
= roa reas ek -1/(x)\)_ -1 Oz __ —_ 1 2 
= —sin* v—cos* v = —1;z = tan (:) = tan-'(cotv) => 5 =Oand o = Aeeees) csc? v) 


=——!_ _ =-1 


sin? v + cos? v 


At (1.3,2): & =Oand 2 = -1 





ow — ow a oy 4 Ow & = (y + z)(1) + (x +2)(1) + (y+ xv) = x+y + 224+ Wy +x) 


= (ut v) + (u—v) + 2uv + v(2u) = 2u+ 4uv; HY = Se Hy Dy Se 


=(y +20) +(x +2(-D+(y+x@) =y—x+ (y+ xu = —2v + uu = —2v + 20°; 
w = xy + yz+xz = (u? — v’) + (u’v — uv?) + (wv + uv?) = w? — v? + 2u’v => & = 2u + 4uv and 
oY = —2v + 2u? 
Ww ‘WwW 2 
At (5,1): 9¥ =2($) +4(§) () =3 and @ = —2(1)+2(§) =-2 





Ow _ 2x Vol v 2y v ay es 2z Vv 
= (zz) (eY sin u + ue’ cos u) + (=) (e’ cos u — ue” sin u) + (whe) (e’) 






















































































2 Vg . 
= (en Gna wer" cot ewe) (e" sin u + ue* cos u) 
2ue’ cos u 7 
(sem sin? u + u2e2¥ cos? u-+ rer) (e" cos u — ue” sin u) 
2ue’ Vs 25 

Py (er sin? u + u2e2¥ cos? u + vex) (e ) ~ wu? 
Owe eV (ye! bin | a | (ue! cos ml (4) (e") 
Ov py? +27 xP fy? +27 py +7 
= 2ue’ sinu are 
= (er sin? u + u?e?" ae) (ue sim u) 

2ue’ cos u 
r (sem sin? u + u2e2% Soar) (ue* cos u) 
2ue’ = = DAdv sd D2! 2 2,2v\ _ 22) 

L (see) (ue’) = 2; w = In(u’e*” sin* u + u*e*’ cos* u + u*e*”) = In (2u*e*”) 
= Ow _ 2 ow _ 
=In2+ 2inu+2v > Si = {and F=2 

. Ow 2 _ Ow __ 
At (—2,0): & = 2, =-1 and & =2 
Ott, = OW OP 4 Ob Ody Ot Oe 1s ge PED ed od r+r—p+p-q _o. 
Ox Op Ox Oq Ox Or Ox” q-r (q—-r)? (q-r? (q-r? a: 
du —_ Ou Op | du OG, Ju Or_ 1 r=p 4, pr-q _ g=r—rt+p+p-q _ 2p—2r 
oy Op Oy © Oq Oy ° Or dy q-r (q-r? ¢ qr? (q-1? (q-r? 
_— (Qx+2y4+2z)—(Qx+2y—2z) _ z_. Ou _ Ou Op +4 Ou Og +4 Ou Or 
_ (2z — 2y)? “ (Z-yy? Oz ~~ Op dz Oq Oz Or Oz 
ee ey EP p-q _ q-rt+r—p—ptq _ 2q—-2p _ -4y_— Waaa5 
q-t (q-1P (q-1? (q-1)? (q-1P (2z — 2y)? (zy)? 
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p= 2y y ou du (Z-y)-y(-)) _ iz du _ (—y)(0)—yd) 
u q-r 2z —2y zZ-y Ox 0, Oy (z—yy" “ (Z-yy? and Oz (z—y)? 
Oy 
(zy) 
. Ou Ou 1 Ou _ = = 2, 
(b) At ( 3,2, 1): gu 9, @ — 71 =1,and @ = 74, = -2 
ou _ ie dt oin-l dt oin-l — ef cosx _ e2!Ycosx __ rs Tee 
12. (a2) = Ting (cos x) + (re sin~ p) (0) + (qe™ sin p) (0) kar ea GE yif-—><x<4; 
Ou _ qr ees | 2 +] = 2 red gine! _ et yx —1 
y= = (0) + (re™ sin™ p) (<) + (qe® sin~' p) (0) = == = P= ; XZy” 
Ir ee ae wee 4 sing! 
a = T= (0) + (re sin~! p) (2z In y) + (ge® sin“! p) (- =) = (2zre® sin~' p) (In y) — #47 
2 x ¢ 
= (2z) (4) (y’*x Iny) — eng) my) O)* — xy? In y; u = e2!Y sin! (sin x) = xy’ if B<x<ti sa May’, 
A = xzy”!, and ou = =xy’Iny from direct calculations 
m1 1). du _ /1)\71/2 _ du _ (at 1) (1\(-1/2)-1 _ V2 a) (1\71/2 1 
(b) At (9, 3,-3): B=(3) = V2, # = (4) (-4) (3) =—", = (3) (3) (4) 
2s m2 In 2 
= 4 
dz _ dz dx Oz dy dz _ dz du dz dv Ox dw 
13. dt — ox at + dy dt 14. dt Oa de! oy dn? aw. at 
z 
oz. oz 
du ow 
u w 
du gw 
at at 
t 
Ow _ Ow Ox Ow Oy Ow dz Ow _ Ow Ox Ow Oy Ow dz 
15. Su de-Ou ay Our Oe Ou ay ae ae Toe oe 1 Oe coy 
Ow _ Ow Or Ow Os Ow Ot Ow _ Ow Or Ow Os Ow Ot 
10. Ge = Be ge Toe be Yor OE By — oF ay + Os ay | oF By 





Ow Oy 


Ow __ Ow Ox 
17. = Oy Ou 


ou Ox Ou 








18 dw _ Ow du , Ow dv 


Ox ~ Ou Ox 








Oz __ Oz Ox Oz Oy 
19. ot ~Ox + at + Oy Ot 


20. ¥= % & 


Or du Or 


y 


du 


ou 
or 


Section 14.4 The Chain Rule 





Ow _ Ow dx 4 Ow Oy 
Ov Ox Ov Oy Ov 








Ow Oz 


Ow Ov 





Ow _ Ow Ox Ow Oy 
22. Op Ox pt By apt 


Oz Op 


+ 





Ov Op 





Oy Ou Oy 
w 
aw. aw 
du av 
u v 
ou av 
y ay 
y 





Oz __ Oz dx 4 oz Oy 
Os ~— Ox Os Oy Os 








21 Ow _ dw du Ow __ dw Ou 
"Os du Os ot du'-—«Ot 
Ww Ww 
dw dw 
du du 
u u 
ou ou 
os Ot 
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Ow _ Ow dx Ow dy _ Ow dx Gg; dy _ Ow _ Ow dx Ow dy _ Ow dy G; dx __ 
23. Or ~ Ox art oy = Ox dr since 7 = 0 Os ~— Ox ar Oy = oy is SINCE Gs =o 
24, WY = Ow ox 4 oe om 25. Let F(x, y) = x? — 2y?++xy =0 => F(x, y) = 3x? +y 
x2 
w and Fy(x,y) = —4y+x > ®= n= as 
a aw. = Aa 
ay 
. y 
ae x 
os as 
$ 
26. Let F(x,y) = xy +y?-3x-3=0 > Fy) =y—3andF(x,y)=x+2y > ®= = i 
=> ®(-1,1)=2 
27. Let F(x, y) =x? +xy+y?-7=0 = F(x, y) = 2x+yandF(x,y)=x+2y > @=-f =- BY 
> %(,2)=-4 


28. Let F(x,y) = xe’ + sinxy + y —In2=0 => F,(x,y) =e” + y cos xy and F,(x, y) = xe¥ + x sinxy + 1 


dy _ FK _ eY +y cos xy dy _ 
<a Fy xe¥+xsinxy+1 > & (0, In 2) = —(2 + In 2) 








29. Let F(x, y,z) =z? —xy+yz+y?—-2=0 => F,(x,y,z) = —y, Fy(x, y,z) = —x +24 3y’, F,(x, y,z) = 327 +y 























az _ i = a 1.9 F +243y? _ 3y? 
a a F, aft ty ae ay = Ox (11,1) rea F, eye ake ore 
=> #(1,1,)=-} 
30. Let F(x, y,z)=5+5+7-1=0 > Fy Y,2) = — 2 F(x, y,2) = — 3. .y,2) =— 3 
= 2 _Kk = (-%) _ ze % (2.3.6) = —9: 2% = Fy __ (a) 2 % (2.3.6) =—4 
Ox F, (-3) zo 3 2,3,6)= > Oy F, (-3) z => 5 (2,3,6) = — 


31. Let F(x, y,z) = sin(x+y)+sin(y+z)+sin(x+z)=0 => F(x, y,z) = cos(x + y) + cos (x + z), 














Fy(X, y,2) = C08 (x + y) + cos (y + 2), F(X, ¥,2) = cos(y +2) + c0s(x-+z) > % =—% 
= cos (x + y) + cos (x +z) Oz = gORs a Fy _ cos (x + y) + cos (y +2) Oz = 
_ cos (y +z) + cos (x + z) ac Ox (1,7, 7) ~— 1; oy FE, + cos (y +z) + cos (x + z) > Oy (7,7, 7) aa 




















32. Let F(x, y,z) = xe¥ + ye*+2Inx-—2-—-3In2=0 => F,(x, y,Z) = e% + 2, Fy(x, y, z) = xe + e%, F(x, y,z) = ye” 








OZ <2 Ey (e% + 2) Oz — 4.0.02 _ Fy _ xeY+e” Oz 3 5 
> a R~ ye? > jx (1, In 2, In 3) = 3In2” Oy Fa. ~~ ye* = jy (1, In 2, In 3) = — a5 


33, Ge = eH YH OK + y+ z)(I) + 2x+yt+2l[—sin@+s)] + Ax +y + z[cose +s)] 


=2(x+y+4+z)[1 —sin(t+s)+cos(r+s)] = 2[r —s+cos(r+s)+sin(@r+ s)][1 — sin(@r+s)+cos(r+s)] 





34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


Section 14.4 The Chain Rule 


= = 2(3)(2) = 12 


r=1,s=—1 


Gu = Ow Oe 4 Ou 4 Oe ey (BM) 4x) + (2) O=a+wy(2) +5 > Fl, = (4) + (4) 
= -8 











Ou a Ow Ox 4 Ow — (2x — 4) (-2) + (4) ) = [2-24 D- 24=2| (+ SG 


Ow ee 
Tt Ov u=0,v=0 7 





st = 2 us + oe o = (y cos xy + sin y)(2u) + (x cos xy + x cos y)(Vv) 


= [uv cos (u’v + uv?) + sin uv] (2u) + [(u? + v?) cos (u’v + uv?) + (wu? + v?) cos uv] (v) 








=> pales = 0+ (cos 0 + cos 0)(1) = 2 
Oz _ dz Ox _ 5 _ 5 0. _ 5 _—%- 
Bu = dx 3a a (ez) = [—— oo a eee 3 Feed (2) = 2; 











@ = # & — (755) () =| ete] OY F Flinn = [or] O= 


dz _ dz Og _ [1 Vvt+3)\ _ 1 Vvt+3\ _ 1 
du” dq du” \q 1+u? Jv+3tantu T+uw } ~~ (tant u) (1+?) 


= Al = 1 2. 0 dz Oq 1 tanvtu 
Oulu=1v=—-2 ~~ (tan-? 1) (1+ 1’) mn? Ov dq Ov q 2/v4+3 















































— 1 tant u — 1 = | =1 
Jv +3 tan u 2/v+3 2(v + 3) Ov | u=1,v=—2 2 


V=IR > W=Rand Wa Va Mat MRIORG+IR > —0.01 volts/sec 


= (600 ohms) 4 + (0.04 amps)(0.5 ohms/sec) = {1 = —0.00005 amps/sec 











_ dV _ OV da OV db OV dc _ da db de 
V=abe > “= Ga att ob att oc dt (DC) G& + (ac) Ge + (ab) & 


= (2 m)(3 m)(1 m/sec) + (1 m)(3 m)(1 m/sec) + (1 m)(2 m)(—3 m/sec) = 3 m?/sec 


feos ane teow dS _ OS da , OS db , AS de 
and the volume is increasing; S = 2ab+ 2ac+ 2be > G=S G+ at ae a 


=2(b+c)#+2(at+c)P+2%at+b) € > & aad 
= 2(5 m)(1 m/sec) + 2(4 m)(1 m/sec) + 2(3 m)(—3 m/sec) = 0 m?/sec and the surface area is not changing; 


= 2 2 2 dD _ OD da OD db | OD de _ 1 da db dc dD 
DiS Nabe OS ae "ae ae oe ae tae ae eee (aS@+bP+co) > 4 a=1b=2,e=3 


dv 
> dt Vesa babies 




















= (=) [C1 m)(1 m/sec) + (2 m)(1 m/sec) + (3 m)(—3 m/sec)] = — Ta m/sec <0 = the diagonals are 


decreasing in length 





























of _ of a of dO of Ow _ Of of of <= 0k of 
Bx Ou Oe tT Oe Ba Ow Ox On wd oy ON ay = =e Bw 
of _ of a of dO of Ow _ Of of of ss of of 
By = du dy + Ov dy + ow ay = wa D + HD) + 5, 0) = — 5 F 5 > and 
af _ af du , af dv , Of dw _ af at af (1) _ _ af 4 at at , Of , Of _ 
Bes aa ae ae ae! Ow oon Ba) cae ey oy lay Se oR oy ae 
(a) ow = f, & + fy & — f, cos @ + fy sin @ and 2” = f,(—r sin 6) + fy(r cos 8) => 1 ow — _f, sin 0 + fy cos 0 
(b) & sin 0 = fx sin 0 cos 0 + fy sin? @ and (£24) oY = —fy sin 6 cos 6 + fy cos? 0 
=> f, = (sin #) ae + (282) oe: then oe = f, cos 6+ [(sin 0) SY + (2284) ow) (sin 0) => f, cos 0 








_ ow _ (sin? 0) os (sin 2cos 8) ow a (1 sin? 0) os (sin cos 8) ow => f, = (cos 0) ow _ (sin2) oy 


(©) (6? = (costo) (3p)* — (25mg (Be 9) + (SHE) (99) ana 


(f,)? = (sin? 9) (Bz)? + (2amdoma) (Se Sx) + (2098) (Bx)? > (6)? +)? = (38)? + 2 (BY? 
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_ Ow _ Ow Ou Ow OV _y Ow ow __ Ow oO (dw oO (dw 
43. Wx = Ox ~ Ou ee Ov ax — * Ou ate. Ov => Wxx = mE eo Ry ae 
































=f x (Se 4 Bee) py (Pe ey Sew) x (xe ty Be) py (x Ze ty Se) 
= FE +O GH + Oxy Sa ty? GS wy = BE = BEY + GEO = —y Et x 

> Wy = ey (Se e+ See) x (Se es See) 

=— By (-y Se + x Be) x (—y Bet x Se) = - ty? Se — ony Be +? Fe thus 


Wxx + Wyy = (x? + y’) ay + (x? + y?) oy = (x? + y”) (Wu + Wy) = 0, since Way + Ww =0 


44, 2 — f(uy(1) + gw) = fu) + 2'(v) > Wa = f"(W)) + 2") = fu) + g"(v); 
gu = £"(u)(i) + g'(v)(—i) => Wy = f"(u) (i?) + 8"(v) (2) =f") — gv) > Wa + Wy = 0 


: df f d f d f d 
45. f(x,y, z) = cos t, fy(x, y,z) = sint, and f(x, y, z) = v+t-2> i= ot aoe # 7 7 ot aE 


= (cos t)(— sin t) + (sin t)(cos t) + (? +t-2)(D) = +t-2;%=0 > ?+t-2=0 > t=-2 
ort=1;t=-—2 X = cos(—2), y = sin(—2), z = —2 for the point (cos (—2), sin(—2), —2);t = 1 => x=cosl, 


y = sin 1, z = 1 for the point (cos 1, sin 1, 1) 














d 

46, = ow o + Sw a — (2xe¥ cos 3z) (— sin t) + (2x?e”Y cos 3z) (45) + (—3xe¥ sin 3z) (1) 

2x?e¥ cos 3z 
T+2 


dw _ 20°40) es 
ar (1n20) = 9+ 2 iO 


= —2xe”Y cos 3z sint + — 3x7e7Y sin 3z; at the point on the curvez =0 > t=z=0 








47. (a) 9 = 8x — 4y and or =8y-4x = TiMay om & = (8x — 4y)(— sin t) + (8y — 4x)(cos t) 


= (8 cos t — 4 sin t)(— sin t) + (8 sin t — 4 cos t)(cos t) = 4 sin? tt — 4.cos?t > eT = 16 sint cost; 


























f=0 => 4sin’t—4cos?t =0 sin? t = cos? t sin t = cos torsint = —cost > t= 4, #, 37,7 on 
the interval 0 < t < 27; 
eT = 16 sin | cos | > 0 = T has a minimum at (x, y) = (2,4); 
eT ; = 16 sin # cos # <0 => Thas a maximum at (x, y) = (-2.2): 
ae 
eT : = 16 sin 7 cos # >0O => T has a minimum at (x, y) = (-2.-2); 
a’ 
eT = 16 sin 4 cos # <0 = Thas a maximum at (x, y) = (2.-2) 
=e 
(b) T = 4x? — 4xy +4y? => a = 8x — 4y, and 5 = 8y — 4x so the extreme values occur at the four points 
found in part (a): T(-4,%2) =1(2,-%2) =4(3) —4(- $) +4 (3) = 6, the maximum and 
T (2,92) =T(-¥2,-¥2) =4(4) —4 (4) +4 (4) = 2. the minimum 
48. (a) o = yand St = x > gai ar = y ( 2 2 sin t) +x (/2 cost) 
= (V2 sin t) (-2 2 sin t) ++ (2 2 cos t} (2 cost} = —4 sin? t + 4 cos? t = —4 sin?t + 4(1 — sin’ t) 
=4-8sin?t => ¢T — _16 sint cost t; “f =0 => 4—8sin?t=0 sin’ t = } sin t we t= 
ar, a, a on the interval 0 < t < 27; 
eT = —8 sin 2 (4) =-—8 = Thasa maximum at (x, y) = (2, 1); 
T 





cal —8 sin 2 (#7) =8 = Thasa minimum at (x, y) = (—2, 1); 


Section 14.5 Directional Derivatives and Gradient Vectors 








sis = —8 sin2 (27) =-—8 = T has a maximum at (x, y) = (—2, —-1); 
=% 
eT | = ~8sin2 (4) =8 = Thas a minimum at (x, y) = (2,—1) 
=F 
(b) T=xy-2 > or = y and - = x so the extreme values occur at the four points found in part (a): 


T(2, 1) = T(—2, —1) = 0, the maximum and T(—2, 1) = T(2, —1) = —4, the minimum 





49. Gu,x) = f g(t,x) dt where u = f(x) > $8 = 2 4 2 & — gy, xyF"(x) + J" g.,x) dt; thus 


Fa) = [> Vtt+o8 dt > FO) = 02) +804 f° 2 Viet dt = V8 + [Pee at 


1 x? 
50. Using the result in Exercise 49, F(x) = f. t+x?dt=— f Vt} +x? dt > F(x) 
x 1 : 
= | -/e2)° tex [2/82 at| =v Vx + fo dt 
14.5 DIRECTIONAL DERIVATIVES AND GRADIENT VECTORS 


ie e=-1,8=1 => vyf=-i4+j;f2@,)p=-1 


= —l=y-— xis the level curve 














Of _ _ 2x of —1- of _ _ 2 
2. Ox x+y? 7 ax LD=1 3 = 272 


= #0,)=1 > vyf=itj:f,)=m2 > n2 






Visle] 


= In(x?+y”) => 2 =x? +4 y? is the level curve 


7 2 
in(x +y )zin2 





orx +y 22 
0 0. . Og _ 
3. 52 =—2x > 38(-1,0)=2; F = A Seer 
=> Ve=2i+j; g(-1,0)=—-1 
=> —1=y-—-x? is the level curve Ae 





> x 


1, 0) 1 











2 


( 2,1) =is31l_* — © or 1 = x’ — yy’ is the level 





§. $=2k+2 5 # (1,1, 1) = 3; $ = 2y => # (1,1,1) = 2; # = 42+ nx = £(1,1D=-4 


thus V7 f = 3i+ 2j — 4k 
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888 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 
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of 

















































































































x = One eT > # (1,1 a as > 5 (1,1 1) = 6; $ = 62 —3(x? +y’) + =h5 
at x 1 at 26. Of _ at 

Ox (x24 y2 mye Tt x => 5x ( 1,2, 2)= 27° ay — gia ane > Oy ( 1,2, 2=28; 
of Zz 1 of 

az @aysaye tz = Bz ( 1,2,-2) = 23 ; thus vf=—#i+?2 Bj-3 3k 

of = eXt¥ coszt Fa > a (0,0, 2) = v3 +41; of =e cosz+sin-i'x > 5 (0,0, §) =F 
=e sin > $ (0,0, 8) =—}rtmus v= (42)i+ ik 
w= f= ek = $14 25s) = 27 > £G,5) = 10; fy(x,y) = 2x — by = (6,5) = —20 

=> vf=10i-20j > (uf, = vf-u=10(4) — 20(2) = -4 
w= f= gag = B- FE Gy) = 4x > B(-1, 1) =-4 50, y) = 2y > fC, =2 
=> vf=-4i+2j > Oufp = vf-u=-2-£=-4 
u= 2 = Jat = Bid Sja@y=14454+, 8 (1, 1) = 3; gy(%,y) 
|v| J12 +52 13 13 39> &x(X%,y) = x2 2xy /4x2y? — 1 &xU, = I; By, Y 
2 2/3 ee 
= yy => gy,l)=-1 Vg=3i-j (Dug), = Vg-u=%-fZ=% 
OW SP ee _ (3) (2) V3 = tt 
U= > Verce — Val fad y= ati h(a) hy(1, 1) = 9; 
: (3) v3 3 ‘ : 
bY) = QP + ay a= Vh=Hit3) > Osby = vi-u=73,- 5% 
a 
ate 
2/13 
31+ 6j—2k esas eh 

Li a Tren 2 = 31+ $j-2k:f@,y,2=y+z => f,d1, -1,2) = 1, f(x, y,z) =x+z 











=> f,(1,-1,2) =3;f£,y,2=y+x => £,(1,-1,2) =0 v f=i+3j (Duf)p, = vf-u=i+ 18 _ 3 
v i+j+k mee ae 1 
WM Jrepee Vit ws + Tk; f. (x,y,z) =2x > £1, 1) = 2; f(x, y,z) = 4y 

=> f0,1,I) =4f£,(%,y,z) = —-6z2 > f£,0,1,1I)=-6 > Vvf=2i+4j—-6k > (Dif), = Vf-u 


=2(35) +4() -6(h) =0 


un + — —2iti-2k 
lv| Jf2? + 12 + (-2? 


=> gy(0,0,0) = 0; g(x, y,z) = —3ye* sin yz => g,(0,0,0) =0 V g=3i (Dug)p, = Vg-u=2 





u= 





























= 24+ ij = ik; &x(X, y, Z) = 3e* cos yz > gx(0,0,0) = 3; gy(x, y, z) = —3ze* sin yz 








we Stok 
WL P4242? 


hy(x, y,z) = —x sin xy + ze” = hy (1,0,4) = 4;h,(x,y,z) =ye® +2 > bh, (1,0,4)=2 > vh=i+4j +2k 
> (Duh)p, = Vh-u=4+5+$=2 








= 41+ 3j+ $k; hy(x,y,z) = —y sinxy ++ => hy (at 0, te 1; 

















3 
= * * - ee . a WE -i+j _ 1s: 1 osl¢g: 
vf=Q@x+y)i¢+¢(«+2yj > Vf-l)D=-—i4+j u= oH Joper git z_J;fincreases 
most rapidly in the direction u = — mG i+ a j and decreases most rapidly in the direction —u = ap) i- Ta j; 


Dufp, = Wf-u=|V Fl = V2and (D_uf)p, = — V2 


18. 


20. 


21. 


22. 


23. 


24. 
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Vv f = (2xy + ye’ sin y) i+ (x? + xe’ siny +e%% cosy)j > Wfd,0) =2j u a j; f increases most 





rapidly in the direction u = j and decreases most rapidly in the direction —u = —j; (Duf)p, = Vf-u=|Vfl 
= 2 and (D_uf)p, = —2 
1 i—5j—-k 


Lae oe ee . et ge —_ vi _ 
Vi=;i (A+2)i ed Wie t=" Sj k ° Ive Jl? + (5 + (- 1)? 
































=. hh Se 5: 1 -f£: . : , . a; hs ws 5s 1 
3/31 381-35 k; f increases most rapidly in the direction of u a3'-sAI- 37 k and decreases 
most rapidly in the direction —u = i i+ al + ae k; (Daf, = Vf-u=|Vfl= 3/3 and 


(D_.De, = -3V3 

















_ ve _ _+2%+k _ 26) 25, Ly. 
vel V24242 emcee ee 


i+ 3 jt ; k and decreases most rapidly in the direction 








Vg= eit xX j+2zk = Vv g(1,In2,$) = 21+ 2j+k u 
2: 
3 


g increases most rapidly in the direction u = 


u=~—#i-2j—1k; (ug), = Vg-u=| Veg] =3 and (D_ag)p, = -3 

















pay fel 1\. 1 1)\; 1 1 —_ oO? * a f .. 1% ls 1 - 
vf=(i+)i+(24+2)i+ G4 )k 5 Vf, 1,1) = 2i+ 2j+ 2k > u= Ye fit alta 








f increases most rapidly in the direction u = a i+ wD jt We k and decreases most rapidly in the direction 


u=—Jpi- Fj- ks Ou, = Vi-u=| vel =2 3 and (D_uf)p, = —2,/3 








= 2x * 2 * _o- ‘ — wh _ _2i1+3j+6k 
Vh= (z2a)it+ (eB t lito +> Vh(,1,0)=2+3j)+6k > u= B= Fe 


= = i+ 3 j+ g k; h increases most rapidly in the direction u = 2 i+ 3j + g k and decreases most rapidly in the 


direction —u = — 2i—2j-— $k; (Duh)p, = Wh-u=|Wh| =7and (D_gh)p, = —7 











vy f= 2xi+2yj > vt(v2,v2) = 2,/2i+2/2j A waza 2) 
= Tangent line: 2/2 (x- v2) 424/93 (y- v2) =0 
=> af e+ /2y =4 





wtya4 y=—x+2V2 





vf=2xi-j = vt (v2.1) =2/2i- j 
= Tangent line: 24/2 (x- v2) -(y-D=0 
=> y=2/2x-3 





vVi=yi+xj => Vi,—-2) = -2i4+ 2j 7 
= Tangent line: —2(x — 2)+ 2(y+2)=0 
=>y=x-4 






Vf =-2i + 2j 


(2, -2) 
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26. vWf=(@x-y)i+@y-xj => Vf(-—1,2) = —4i4+ 5j 
= Tangent line: —4(x+ 1)4+ 5(y — 2) =0 
=> —4x+5y-14=0 








v Ti- 2; 


27. VWf=yit(«+2yj => Vv fG,2) = 2i+ 7j; a vector orthogonal to 7 fis v = 7i — 2j U= We VFroe 





























= ve i 2 : jand —u = ae : i+ mE Fi j are the directions where the derivative is zero 
28. 7f= ary’ i oy j= vfd,) =i-—j;a vector orthogonal to Wfisv =i+j 
e+yy ee yp - J 


oe = 1s ‘ end 238 
Zz i+ a jand —u = Si i Zz j are the directions where the derivative is zero 














a ees 
Iv Gas 





29. vwf= (2x —3y)i+ (-3x+ 8yj > Vfd,2)=—4i4+ 13) > | 7 f0,2)| = (4? + (3 = \/ 185 ; no, the 
maximum rate of change is \/ 185 < 14 





30. WT =2yit+ Qx-—aj-yk> VTd,-1,1) =—-2i+j+k => | VTd,-1,)|/ = /-2? +P +P= \/6; no, the 
minimum rate of change is -/6 > -3 

















31. f= fC, Di+ (1, Dj and wy = HL = Si+ $j > ©,.90,2) = £4, 2) (+) +£,(1, 2) (+5) 


=2/2 => £1, 2)+ £,1,2) =4;u, = —-j => (D,,Hd,2) = £0, 2)0) + 4,0, 2-1) = -3 => —f,0,2) = -3 


=> f,(1,2) = 3; thenf,(1,2)+3=4 => £,(1,2) = 1; thus 7 f(/, 2) =i+3jandu= = [tp 








Soo > Dlee Veto. Sa 

















32. (a) Dafe = 23 > |v tl =2V3u= f= geting = git Zi- yk thusu= ye 
= vf=lvilu > vf=2v3 (Git 4)- 4k) = 2142) - 2k 


() v=itj su=G= fH, = Si+ti > ©, = vf-u=2(5) +2(4) -20=2v2 



































33. The directional derivative is the scalar component. With vv f evaluated at Po, the scalar component of vv f in 
the direction of uis VW f- u = (Dyf)p,. 


34. Df= Vf-i=@Gi+fj+£k -i=f,; similarly, jf= vf-j=fandDf= Vf-k=f, 


35. If (x, y) is a point on the line, then T(x, y) = (x — Xo)i + (y — yo)j is a vector parallel to the line => T-N=0 
=> A(x — x9) + Bly — yo) = 0,7 as claimed. 





36. (a) 7 (kf) = ARO j + OD 4 OD 4 = eC) eB) 


H)k=k (Hit 25+ Xk) =kve 
(b) Vif+g)= OD i+ oere i+ Oe k = (# sf. i+ (# 


og\s of 0. 
+ o)i+ (G+) 

= i+ Big Bj+ Bi 4 Aks w= (Mit A j+ Ak) + (Bis Bit Bk) = vl+ ve 
(c) W-g)= Vi- Vg Substitute —g for g in part (b) above) 











(d) 


(e) 
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V (fg) = BEi+ SP j+ SP = (%e+ Be)i+ (%e+ Sf)i+ (He+ Sf) k 
fe) ai ‘ re) . 0 

= (Heit (Fr)it (Ae)i+ (Bt) i+ (ews (F )k 

=0(Pi+ Bi+ Hk) +e(Hi+ Zj+ Hk) =tvetevet 


dE), Ott). OF at _ Oe). at_ 5 2e\ at _ as 
v (5) = Oiy (2) 54 () (3 A)i+ (4 2) 4 (45 2) k 





g 


Of : Of é fs _ é Of s of + of Ogs Og s O 
_ (sti+eti+e%k Mince jaeek\  s(Mi+Aj+ Ak) — (Bis i+ Bk) 
— 2 2 cs 2 a 











svi _ fyvg _ svf-fveg 
e g g 


14.6 TANTGENT PLANES AND DIFFERENTIALS 


V f = 2xi+ 2yj+2zk => vfd,1,l = 2i+ 2j+ 2k => Tangent plane: 2(x — 1) + 2(y — 1) + 2(z-— 1) =0 
=> x+tyt+z=3; 
Normal line: x = 1+ 2t,y=1+2t,z=1+42t 


Vv f = 2xi+ 2yj —2zk => vf3,5,-4 = 6i+ 10j + 8k => Tangent plane: 6(x — 3) + 10(y — 5) + 8(z2+ 4) =0 
=> 3x+5y+4z= 18; 
Normal line: x = 3+ 6t, y =5+ 10t,z = —4+ 8t 


vVif=-2xi+2k => Vv f(2,0,2) = —4i+ 2k => Tangent plane: —4(x — 2) + 2(z — 2) =0 
=> —4%4+27+4=0 5 —-2x+z4+2=0; 
Normal line: x = 2 —4t,y =0,z=2+42t 


V f= (2x4 2yji+ 2x — 2y)jj+2zk => Vv fd,—-1,3) =4j+ 6k = Tangent plane: 4(y + 1) + 6(2 — 3) = 0 
=> 2y+3z2=7,; 
Normal line: x = 1, y = —14+4t,z=3-+6t 


Vv f = (=7 sin rx — 2xy + ze) i+ (—x? +z) j+ (xe +y)k > VY f(0,1,2) = 2i+ 2) +k = Tangent plane: 
2(x —0)+ 2y —-1)+ 1l(z—- 2) =0 => 2x4+2y+z-4=0; 
Normal line: x = 2t, y= 1+2t,z=2+t 


vf=@x—-yi-(«+4+2yj-k=> v7 fd,1,-1) =i-3j —k = Tangent plane: 
l«-l)-3Gy-D-1lz@+)=0=5>x-3y-z=-1,; 
Normal line: x =1+t,y=1-—3t,z=-—1-t 





v f=i+j-+k forall poins > v f0,1,0)=i+j+k = Tangent plane: 1(x-—0)+ ly—1)+1@-—0)=0 
> x+tyt+z—-1=0; 
Normal line: x =t,y=1+t,z=t 


Vv f=(@x—-2y- Dit Qy -2x+3)j-k => Vf2,—-3,18) = 91-7j-k = Tangent plane: 
9(x — 2) —-7(y¥+3)-—1(z—- 18) =0 => 9x—-Ty —z=21; 
Normal line: x = 2+ 9t, y = —3 —7t,z= 18 —-t 


9. 2=f(,y)=In(x? + y?) > f(x,y) = 24 and f(x,y) = = => £,(1,0) = 2 andf,(1,0) =0 > from 


x+y x+y 


Eq. (4) the tangent plane at (1,0, 0) is 2(x — 1) —-z =Oor2x-—z—2=0 
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10. z= f(x,y) =e" +) = f(x,y) = —2xe7 +9”) and fy (x, y) = —2ye7 +") = £,(0,0) = 0 and f,(0, 0) = 0 
= from Eq. (4) the tangent plane at (0,0, 1) isz—-1=Oorz=1 


11. z=f(@,y) = /y—x > (x,y) =—-$(y—x) 1? and fy(x,y) = $(y—x) 1? = £1, 2) = — § and fy(1, 2) = 5 
= from Eq. (4) the tangent plane at (1, 2, lis—5(xK- )+ s(y —2)-(@— )=0 > x-y+2z-1=0 


12. z= f(x,y) = 4x? + y? => f(x,y) = 8x and fy(x,y) = 2y => £1, 1) = 8 andfjd,1) = 2 = from Eq. (4) the 
tangent plane at (1, 1,5) is 8(« — 1) + 2(y — 1) — (2-5) = Oor 8x + 2y —-z-5=0 


13. VWf=i+2yj+2k => vfd,1,1) =i+ 2j+ 2k and Vg =i for all points; v= VWfx Vg 


= 2j—2k => Tangent line: x = 1,y =1+4+2t,z=1-—2t 


oNGS 
on Ft 


14. Vf=yzi+xzj+xyk > Vfd,1,)D =i+j+k Vvg=2xi+ 4yj+6zk = va(l,1, 1) = 214+ 4j+ 6k; 
ij k 

>v=Vvifix vgoijl 1 1) =2i-4j+2k = Tangent line: x =1+2t,y=1-—4t,z=1+2t 

2 4 6 


15. yWf=2xi+2j+2k > vf(1,1,4) =2i+ 2j+2kand Vg =j forall points; v= Vfx Vg 


ij k 
=>v=|2 2 2 = —2i+2k = Tangentline: x =1-2t,y=1,z=$+42t 
0 1 0 


16. VWf=i+2yj+k = vf (4.1.4) =i+2j+k and V g=jfor all points; v= Vfx Vg 


= —-i+k => Tangent line: t= Shy Sea eat 








17. Wf = (3x? + Oxy” + 4y) i+ (6x”y + 3y? + 4x) j-—2zk > VW f,1,3) = 131+ 13j — 6k; VW g = 2xi+ 2yj + 2zk 


ij k 
=> va(l,1,3) = 214+ 23+ 6k;v= Vfx Vg => v=]|13 13 —6| = 90i-—90j = Tangent line: 
2 2 6 


x=1+90t,y =1-90t,z=3 


18. Wf=2xi+2yj > vf (Vv2, v2.4) =2V2i+2V2i:; Vv g=2xi+2yj-k > v2e(v2.v2,4) 


i j k 
= 2/214 2,/2j -k:v= vf x Vg>ve= 2/2 23/2 0 |}=-2 2142/2; => Tangent line: 
9/3, Oxf) 21 


x= /2-2/2ty= /24+2V2tz2=4 








19. f= (aaa) i+ (epee it (ee) k = 13,412) = 3 i+ “i+ 72k; 
3i+ 6j — 2k 3 6s 2 


eee =3i+$j-2k > Vvf-u= 4 anddf =(Vf-u) ds = (35) (0.1) © 0.0008 





u= 














vy _ _ 21+2j-2k 
Wi 22? 4224-2)? 


= Rit i a k V f-u =< and df = (7 f-u) ds = 5 (0.1) © 0.0577 


20. Wf = (e cos yz) i — (ze* sin yz) j — (ye* sinyz)k > Vv f(0,0,0) =i;u= 























21. 
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V g=(1+cos zji+ (1 — sin z)j + (—x sinz—ycosak => V7 g(2,-1,0) = 2i+-j +k: A = PoP; = —2i+ 2j + 2k 


v ~2i + 2j + 2k 














SVE = lL; = = = = 
u= Vy JOE TE Rit aIi+ ak V g-u=Oanddg=(V g-u) ds = (0)(0.2) = 


22. Whe= [-7y sin(mxy) + 27] i— [7x sin (axy)] j + 2xzk => aa eee Sa noice 
—i+2k:v = PoP; —i+j+k where P; = (0,0,0) > u= % = ith — Sit i+ Jk 


23; 


24. 


25. 


26. 


27. 


28. 


29. 


30. 

















Wh JP+P4P 


> Vh- u= = \/3 and dh = (Wh-w) ds = /3(0.1) ¥ 0.1732 


(a) 


(b 


wm 


(a) 


(b) § 


(a) 
(b 


wm 


(a) 


(b 


wm 


(a) 


(b 


wm 


(a) 


(b 


wm 


(a) 


(b 


wm 


(a) 


(b 


wm 


1 V3 


272 2 
Vv T = (sin 2y)i + (2x cos 2y)j => vT(3,%) = = (sin V3) i+ (cos V3)i => pT (4,2) =VT-u 
a = sin V3 — 5 cos J3 = 0.935° C/ft 


r(t) = (sin 2t)i + (cos 2t)j = v(t) = (2 cos 2t)i — (2 sin 2t)j and |v| = 2; fF = 2 & + a % 


The unit tangent vector at ( ) in the direction of motion is u = v3 4 _ $ i; 





=VT-v= (vt: im) |v| = (D,T) |v|, where u = wat G.) we have u = V3 j — 1] from part (a) 


oi a — (8 sin ee = \/3 sin \/3 — cos V/3 © 1.87° Cisec 


= (4x — yzji— xzj —xyk > VW T(8,6,—4) = 56i + 32j — 48k; r(t) = 2t?i + 3tj — t?k = the particle is 


at the point P(8, 6, —4) when t = 2; w(t) = 4ti+ 3j — 2tk = vw(2) = 8i4+ 3j -—4k => u= W 


D.T(8,6, 4) = VT-u= 4 [56-8 + 32-3 — 48-(—4)] = FS °Cim 

















_ Bs: 3 4 
1/89 It 5 J Ja kK 


Baath a= VT Va CVT wy > att=2, ¢ = DAT, 0)» (i) VB =n ona 





f(0,0) = 1, f(x,y) = 2x > £(0,0) = 0, fy(x, y) = 2y > £,(0,0) =0 > L&,y) =14+0(x—-0)+ Oy —0)=1 
f(1, 1) = 3,0, =2,f0,1) =2 > Lay) =34+2«%—1)42y—-1) =2x4+2y-1 


(0,0) = 5, f(x, y) = 3 for all (x, y), fy(x, y) = —4 for all (x,y) > L(x, y) = 5+ 3(x — 0) — 4(y — 0) 
= 3x-—4y+5 
f1, 1) = 4, fd, 1) = 3, fy, 1) = -4 > Li, y) =44+3(K —- 1) -4(y —- 1) = 3x —4y +5 


ihe Lia yaH3ey => Lo) 36465) 4" =] hs 
=> Lay) =14+3«~%-1)+4y-1) =3x+4y-6 
f(0, 0) = 0, f,(0, 0) = 0, f,(0,0) =0 => L(x, y) =90 


(0,0) = 1, fx (x,y) =e* cosy => f,(0,0) = 1, fy(x,y) = —e* siny > f,(0,0) =0 
=> La,y)=14+1«%-0)+0y-0)=x+1 
f (0,7) =0, f, (0, 3) =0, fy (0, #) = -1 => Li, y) =0+ 0% — 0) I(y a) = ys 





f(0,0) = 1, f,(x, y) = —e”* => £,(0,0) = -1, fy(x,y) = 2e°9-X => f,(0,0) = 2 
=> L(x, y) = 1—1(x —0) + Ay —0) = —x +2y 41 

f(1, 2) = e%, f(1,2) = —e%, fy(1, 2) = 2e? = L(x, y) =e? — e%(x — 1) + 2e%y — 2) 
= —e3x + 2e%y — 2e3 
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31. £(2, 1) = 3, f(x, y) = 2x —3y => f,(2,1) = 1, f(x, y) = —3x > £,(2,D =—-6 > La, y) =3+1—-2)-6(y—-1) 
= 7+ — by; fax(X, y) = 2, fyy(x, y) = 0, fry(x, y) = —3 = M = 3; thus [E(x, y)| < (4) G) (|x — 2] +ly— 1)” 
< (2) @.14 0.1)? = 0.06 


32. £(2,2) = 11, f(x,y) =xt+y+3 > £,(2,2) =7, f(x,y) =x+%-3 => £(2,2) =0 
=> L(x, y) = 11 +7(«k — 2) + 0(y — 2) = 7x — 3; fix(x, y) = 1, fyy(x, y) = $3 fyy(x, y) = 1 
=> M =1; thus |E(x, y)| < (4) (1) (|x —2| + ly -2))? < (4) (0.14+0.1? = 0.02 


33. £(0,0) = 1, fx(x,y) =cosy > £,(0,0) = 1, fy(x,y) =1—xsiny = £,(0,0) = 1 
=> L&,y)=1+1«—-0)+1ly—-0)=xt+yt; fx, y) = 0, fy(x, y) = —x cos y, fry(x,y) = -—sny > M=1; 
thus |E(x, y)| < (4) (1) (|x| + ly)? < (4) ©.2 + 0.2)? = 0.08 


34. f(1,2) = 6, (x,y) = y’ —ysin(x—1) > £C1,2) =4, f(x, y) = 2xy + cos(x — 1) = f,(1,2) =5 
=> L(y) =6+4(« — 1) +5(y — 2) = 4x + By — 8; fix(, y) = —y cos (x — 1), fyy(x, y) = 2x, 
fry(X, y) = 2y — sin(x — 1); |x -—1] < 0.1 > 0.9<x < 1.land ly —2|<01 => 1.9 <y < 2.1; thus the max of 
lfxx(X, y)| on R is 2.1, the max of |f,y(x, y)| on R is 2.2, and the max of |f,y(x, y)| on R is 2(2.1) — sin (0.9 — 1) 
<43 => M = 4.3; thus |E(x, y)| < ($) (4.3) (|x -— 1] + ly — 2)” < (2.15)(0.1 + 0.1)? = 0.086 





35. £(0,0) = 1, f(x,y) =e* cosy => £,(0,0) = 1, (x,y) = —e* siny => f,(0,0) =0 
=> Lia, y)=1+1(x—0)+ 0(y — 0) = 1+; f(x, y) = e* cos y, fyy(x, y) = —e* cos y, fyy(x, y) = —e* sin y; 
|x} <0.1 > —0.1 <x <0.1 and |y| < 0.1 > —0.1 < y < 0.1; thus the max of |f,x(x, y)| on R is e®! cos (0.1) 
< 1.11, the max of |fyy(x, y)| on R is e®! cos (0.1) < 1.11, and the max of |f,y(x, y)| on R is e*! sin (0.1) 
< 0.12 > M = 1.11; thus |E(x, y)| < (4) (1.11) ({x| + ly|)” < (0.555)(0.1 + 0.1)? = 0.0222 


36. f1,1) =0,(%,y) =! > 0, D=1 f(x,y) =! > f0,D=1 > Lay) =041«-—D4ly—-D) 


x y 
=x+y—23fx(x,y) = — 4, fy(x,y) = — 52> fey(x, y) = 05 |x — 1] <0.2 > 0.98 <x < 1.2 so the max of 


\fxx(x, y)| on R is OEE < 1.04; |y — 1] <0.2 => 0.98 < y < 1.2 so the max of |f,y(x, y)| on R is 


wage < 1.04 = M = 1.04; thus |E(x, y)| < (§) (1.04) (|x — 1] + ly — 1])? < (0.52)(0.2 + 0.2)? = 0.0832 
37. @) f,1,D=3, 60,1, D=yt2qay =260,1,D=x42 43 =2 60,10 =ytxlaia) = 2 

=> L(@,y,z) =3+ 2-1) 4+ 2y—1)4 2@- 1) = 2x +2y 422-3 

f(1, 0,0) = 0, f,(1,0, 0) = 0, f,(1,0,0) = 1, f,(1,0,0) =1 > La, y,z) =0+ 0%-1)+(y—-0)+@— 0) 
=yt+z 

(c) f(0,0,0) = 0, f,(0,0, 0) = 0, f,(0, 0,0) = 0, f,(0,0,0) =0 + Li, y,z) =0 


(b 


wm 


38. (a) f0,1,1) =3,fd,1,1) = 2X| (11,1) = 2,f,(1,1,1) = 2yl 1,1) = 2, f,(1,1,1) = 2z\ (11,1) = 2 
=> La, y,z)=34+2(«%-)4+2y-)4+2@-1) =2x+2y+2z-3 


(b) £(0,1,0) = 1, (0, 1,0) = 0, f,(0, 1,0) = 2, £,(0, 1,0) =0 + Li, y,z) = 1+ 0(« — 0) + 2(y — 1) + O(z — 0) 
=2y-1 

(c) f(1,0,0) = 1, & (1,0, 0) = 2, fy, 0,0) = 0, £1, 0,0) =0 => Li, y,z) = 1+ 2(x— 1) + 0(y — 0) + 0(z — 0) 
=2x-1 








39. (a) f(1,0,0) = 1, & (1, 0,0) = = 1,f,(1,0,0) = 
) 


a ees ee = 
Jett (1,0,0 Jett? (10,0) 


=0 Li, y,z) =14+1(«—1)+ 0(y —0)+ 072-0) =x 








£,(1, 0, 0) = V 


Z 
E+ +27! 1.9.0) 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


(b) 


(c) 


(a) 


(b) 


(a) 


(b) 


(c) 


(a) 


(b) 
(c) 
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f(1,1,0) = V2, f(1, 1,0) = J5. fy(1, 1,0) = J; , f:(1, 1,0) = 0 
=> LQ y,2) = V2+ (x )+AY 1) +07 0) = Jgxt+ ry 
f(1,2,2) = 3, f(1, 2,2) = 3, fy(1, 2,2) = 3, £,(1,2,2)=3 > Ley y,z)=34+ 5«-)D+3(y—-2)4+3 (2-2) 


a 2 2 
= 3Xt5ZyYt3Z 








22%) 977) Z 9) 


£(§.161) = 16 (51,1) = 24] gy) = 0,6 ($1.1) = SE 








fe (1,1) = Be 





Gaay 77 > LOsy.2)=14+0(x- 5) +09-D-1@-)=2-2 
aot, 
f(2, 0, 1) = 0, f,(2, 0, 1) —_ 0, fy (2, 0, 1) = 2, f,(2, 0, 1) -0> La, y, Z) =0 + O(x — 2) + 2(y ans 0) + O(z ae 1) = 2y 


£(0, 0,0) = 2, £,(0, 0, 0) = e*| (9,99) = 1 fy(0, 0, 0) = —sin(y + 2)] 9,9.) = 9 

f,(0, 0,0) = —sin(y + Z)] 9) =0 => LG y,z) =24+1«%-0)+ 07 —0)4+ 072-0) =24+x 
f (0, 7,0) = 1, f, (0, 3,0) =1, f, (0, 3,0) = -1, f, (0, 7,0) =-1 > L(x, y,z) 
=1+1(x-0)—1(y— 4) -1(2-0)=x-y-—z+f+1 

£(0, 7,7) =L& (0,7, 9) =1,6 (0,9, 7) =-L& (0,3, 9) =-1 > Lay,z) 
=14+1«-0)-1(y-F)-1(2- 4) =x-y-z+$4+1 











— — yz = — XZ 
£(1,0,0) = 0, £(1,0,0) = AFT] |, =O 6(10.0) = aeAteT| =O 


(xyz? +1 | (1,0, 


fd, 0, 0) = oar | (1,0,0) 


f(1, 1,0) = 0, f,(1, 1,0) = 0, fy(1, 1,0) = 0, £,(1, 1,0) = 1 > L(x, y,z) =0+0K%—-1)+ 0-1) 412-0) =z 
£01, = 2,£0,1,D = 4,4,0,1,) =4,£0,1,)D=4 > Lay,2=24+1@-D)+iG-D)4+1G-D 


25 1 1 x 3 
= gXtgyYtgZ+GZ- 3 


=0 => Li, y,z) =0 





f(x, y,Z) = xz — 3yz+2atPo(1,1,2) > f0,1,2) = —2;f, =z, fy = —3z,f, =x—-3y > L(x, y,z) 











= —2+2(x — 1) —- 6(y — 1) — 2(2 — 2) = 2x — by — 22+ 6; fx = 0, fyy = 0, fz = 0, fry = 0, fy, = —3 
=> M = 3; thus, 





E(x, y,z)| < ($) (3)(0.01 + 0.01 + 0.02)? = 0.0024 





f(x,y, Zz) =x? +xy+yz+ 527 at Po(1,1,2) > f(1,1,2)=5;& =2x+y, fy =x4+2Z8h =yt+ 5z 
= L(x, y,2) =5 + 3(x— 1) +3 — 1)-+ 2(z — 2) = 3x 4+ By +22 — 55 fx = 2, yy = 0, fae = 3 fey = 1, fe = 0, 
fy, =1 => M =2,; thus |E(x, y,z)| < (5) (2)(0.01 + 0.01 + 0.08)? = 0.01 











f(x, y,Z) = xy + 2yz — 3xzat Po(1,1,0) > fU,1,0) =1; =y —3z,f, =x+2z,f, = 2y — 3x 
= La,y,z=14+«-)D+qy-)D-C@-O=xt+y-z-lLik =0, fy =0, f, = 0, hy = 1 fk, = —3, 
fy, = 2 => M = 3; thus |E(x, y,z)| < (4) (3)(0.01 + 0.01 + 0.01)? = 0.00135 








f(x, y,z) = \/2 cos x sin(y +z) at Po (0, 0, 7) => f (0,0, $) =1;f = —/2 sin x sin(y +2), 
fy = \/2 cos x cos(y +2), f, = /2. cos x cos (y + 2) => La, y,z)=1-0%-0)4+ iy 0) + (z— F) 
=y+z—2 413 fe, = —V/2 cos x sin(y + 2), fyy = —1/2 cos x sin(y + 2), fz = —+/2 cos x sin (y + 2), 


fry 





= = 2 sin Xx cos (y + Z), fx, = =5/5 sin x cos (y + Z), fy, = — f2 cos x sin(y + z). The absolute value of 


each of these second partial derivatives is bounded above by 2 => M= V2; thus |E(x, y, z)| 


5 | 


) (V2) (0.01 + 0.01 + 0.01)? = 0.000636. 
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47. 


48. 


49. 


50. 


51. 


52. 


23: 


54. 


Do} 


Chapter 14 Partial Derivatives 


Tx(x, y) = e¥ +e Y and T,(x, y) = x(e’ —e¥) = dT =Ty(x, y) dx + Ty(x, y) dy 
= (e&% +e°¥) dx + x(e% —e¥) dy = dT|o4,2) = 2.5 dx + 3.0 dy. If |dx| < 0.1 and |dy| < 0.02, then the 
maximum possible error in the computed value of T is (2.5)(0.1) + (3.0)(0.02) = 0.31 in magnitude. 


V, = 2arh and V, = mr? => dV=V,dr+V;, dh => dV — 2othdr+nr’ dh — 2 gr + 1 dh; now |“ - 100| < 1and 


is 


| - 100] < 1 => | - 100] < |(2 *) (100) + (*) (100)| < 2|* - 100] + | - 100] < 20) +1 =3 > 3% 





V, = 2rrh and Vy = mr? => dV =V, dr + Vp dh dV = 2rth dr + ar? dh dV | (5,12) = 1207 dr + 257 dh; 


|dr| < 0.1 cm and |dh| < 0.1cm = dV < (1207)(0.1) + (257)(0.1) = 14.57 cm3; V(5, 12) = 3007 cm? 


=> maximum percentage error is -£ Be x 100 = + 4.83% 














2 2 
i dR=—2dR\— dR, + dR=(#) aR +(K) eR 


1 1 
(@) g=Ret R Ri 


1 
Ro 
(b) aR=R?|( ) dR: + (de) ARo] = ARI igoago) = R? [aay AR + aadoz Re] > R will be more 


sensitive to a variation in R; since (1002 > 002 


2 2 
(c) From part (a), dR = (&) dR; + (8) dR» so that R; changing from 20 to 20.1 ohms => dR; = 0.1 ohm 


and Ry changing from 25 to 24.9 ohms = dR» = —0.1 ohms; aS a 7 + & > R= 100 ohms 


x 100 





(py gy is 8 
=> dR 20,5) = Cor (0.1) + (sy? (—0.1) = 0.011 ohms = percentage change is © 
= (iy x 100 + 0.1% 


| (20,25) 


A=xy => dA=xdy-+y dx; ifx > y then a 1-unit change in y gives a greater change in dA than a |-unit 
change in x. Thus, pay more attention to y which is the smaller of the two dimensions. 


(a) f(x,y) = 2x(fy+1) => f,(1,0) = 2 and fy(x, y) = x? => fd,0)=1 > df=2dx+1dy => dfis more 
sensitive to changes in x 
(b) df=0 > 2dxt+dy=0 > 2441-05 $=-3 








(a) P=x?4+y? => 2rdr=2xdx+2ydy > dr=*dx+%dy > drlgy = ( 
y 
cd 


_— 








) (+£0.01) + ($) (+0.01) 


5 
= +%7= +0014 => |£ x 100| = | + 2% x 100] = 0.28%; dé = ) Bec dy 














— 
fel! 


H 

















dx + sto dy > dO|(3,4) = (S$) (+ 0.01) + (4) ( ee 20.03 














ty Fae 25 
=> maximum change in dé occurs when dx and dy have opposite signs (dx = 0.01 and dy = —0.01 or vice 
versa) => dO = #097 ~ + 0.0028; 6 = tan“! (2) © 0.927255218 => |% x 100| = | ;seoe8. x 100| 
= 0.30% 
(b) the radius r is more sensitive to changes in y, and the angle 6 is more sensitive to changes in x 








(a) V=_rrh dV = 2arh dr + mr? dh atr = 1 andh = 5 we have dV = 107 dr+ adh the volume is 
about 10 times more sensitive to a change in r 
(b) dV=0 = 0= 2arhdr+ ar? dh = 2hdr+rdh=10dr+dh => dr= -s dh; choose dh = 1.5 
=> dr=—0.15 > h=6.5 in. andr = 0.85 in. is one solution for AV ~ dV = 0 


a b 
d 


|a| is much greater than |b], |c| , and |d| , the function f is most sensitive to a change in d. 





f(a, b,c,d) = 








[= aa — be f, = d,f, = —c, f, = —b, fy =a df = dda —c db — b de + a dd; since 


56. 


57. 


58. 


59. 


60. 


Section 14.7 Extreme Values and Saddle Points 


ux = e¥, uy = xe¥ + sin z,u, = ycosz => du=e’ dx + (xeY + sin z) dy + (y cos z) dz 
=> dul (2,In3,2) = 3 dx+7dy +0dz=3dx+7dy = magnitude of the maximum possible error 
< 3(0.2) + 7(0.6) = 4.8 


Qe = § (AM)? (AM), Que = § (2H)? (2B) , and Qu = 4 (BOE)? (=) 
> dQ} (08) -17 (ay axe 4 § (ARM) N (aR) ag 3 (288) HI? (=) 
ae) Ac Me [s dK + x dM a dh] = dO osninens 


1/2 
=1 [ae eee dK + Sf dM — Gem dh] = (0.0125)(800 dK + 80 dM — 32,000 dh) 

















= Qis most sensitive to changes in h 


A= 5 ab sin C = Ay= $b sin C, Ay = 5 asin C, A, = 5 ab cos C 

= dA = ($bsinC) da+ ($asinC) db + (4ab cos C) dC; dC = |2°| = |0.0349| radians, da = |0.5| ft, 
db = |0.5] ft; ata = 150 ft, b = 200 ft, and C = 60°, we see that the change is approximately 

A= 5 (200)(sin 60°) |0.5] + $ (150)(sin 60°) |0.5| + 5 (200)(150)(cos 60°) |0.0349| = + 338 ft? 





z=f(x,y) > g&, y,z) =fx,y)-z=0 = gx, y,z) = fk, y), gy(%, y, 2) = fy(x, y) and g,(x, y, z) = — 

=> £x(Xo, Yo, (Xo, Yo)) = fo, Yo), Zy(Xo, Yo, f(Xo, Yo)) = fy(Xo, yo) and gz(Xo, Yo, f(Xo, Yo)) = —1 = the tangent 
plane at the point Pp is f, (x9, yo )(X — Xo) + fy(Xo, YoY — Yo) — [z — f(Xo, yo)] = 0 or 
Z = f, (Xo, Yo)(X — Xo) + fyo; Yo)(Y — Yo) + f(Xo, Yo) 


Vv f = 2xi+ 2yj = 2(cost + t sin thi + 2(sin t — t cos t)j and v = (tcos Hii+ (tsintj > u= i 


(t cos t)i+ (t sin t)j 
/(t cos t)? + (t sin t)? 


= 2(cos t + t sin t)(cos t) + 2(sin t — t cos t)(sin t) = 2 








= (cos t)i+ (sin t)j sincet > 0 => (Dyaf)p, = VWf-u 



































61. Re a paige tee ee pea tae Sige, aye >u= W 
= anata = (SH) t+ (S8)5+ Ak > Oil = VF 
= (2 cos) (=32!) +2 sin (2) + (2) (+) = 35 = Ou (F) = HOw = Oana 
(Daf) (7) = 35 

62. r= Vti+ Jtj-1t+3k > v= )eV4 be 4j-lkst=1 x=ly=1,z=-1 Pp = (1, 1,-D) 
and v(1) = $i+$j—fk;f@,y,z) =x? +y?-z-3=05 Vf = 2xit 2yj-—k 
=> vfd,1,—-l = 2i+ 2j —k; therefore v = (vf) => the curve is normal to the surface 

63. r= Jftit+ /tj+ (2t- Dk > v= sr 4 tej + 2k; t 1 x=ly=1,z=1 Pp = (1, 1, 1) and 





vl) = 41+ §f+2k; f(x y,2=xX+y?-z-1=0 5 Vi=2xi+2yj-k > Vfd,1,) = 214+ 2j-k; 
now v(1)- 7 f(1, 1, 1) = 0, thus the curve is tangent to the surface when t = 1 


14.7 EXTREME VALUES AND SADDLE POINTS 


1. 


f(x,y) = 2x +y +3 = Oand f(x,y) =x+2y—3=0 > x=—3 andy =3 = critical point is (—3, 3); 
fix(-3, 3) = 2, fyy(—3, 3) = 2, fy(-3, 3=1> fxxfyy = 
f(—3,3) = — 


ie =3> Oandf,, >0 => local minimum of 


x 
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2. f(x,y) = 2x + 3y — 6 = Oand fy(x, y) = 3x + 6y¥ +3 =0 => x= 15 andy =—8 = critical point is (15, —8); 
f,x(15, —8) = 2, fyyC15, —8) = 6, fky(15, -8) = 3 > fixfyy — ie =3>Oandf,, > 0 = local minimum of 
f(15,—-8) = — 


3. f(x,y) = 2y — 10x +4 = Oand f,(x,y) = 2x -4y +4=0 = x= + andy = $ => critical point is (3, 4); 


fx ($, 3) = —10, fy (3,3) = —4, fy (§, $) =2 > fixhyy — £2, = 36 > Oand f,, <0 = local maximum of 


4. f(x,y) = 2y — 10x + 4 = O and f,(x, y) = 2x —4y =0 > x= ¢ and y = 5 => critical point is (3,3); 
fxx (§, 3) = —10, fy (3,3) = 4, fay (§, 3) =2 > faxfyy — £2, = 36 > Oand fx, <0 = local maximum of 
f(4 3) — — 28 
999 9 








5. f(x,y) = 2x +y+3 =Oand f(x,y) =x+2=—0 x = —2andy =1 = critical point is (—2, 1); 
fix(—2, 1) = 2, fyy(—2, 1) = 0, fy(-2, 1) = 1 => frafyy — i= —1<0 = saddle point 


6. f(x,y) =y —2=Oand f(x,y) = 2y+x-2=0 > x=—2andy =2 = critical point is (—2, 2); 
fxx(—2, 2) = 0, fyy(—2, 2) = 2, fky(—2,2) = 1 > fraxfyy — {n= —1 <0 = saddle point 


7. f(x,y) = Sy — 14x + 3 = Oand f(x,y) = 5x -6=0 > x= £ and y = 2 => critical point is ($, 8); 


fx ($, 8) = 14, fy (2, 2) = 0, fry (8,2) =5 => fixfyy — £2, = -25 <0 = saddle point 


8. ee y) = 2y —2x+3 =Oand f(x,y) = 2x -4y =0 = x =3 andy = 3 => critical point is (3, 3); 


ee 2) = —2, fy (3,3) = —4, fry (3, 3) =2 > fixfyy — £2, = 4 > Oand f,x <0 = local maximum of 


9. f(x,y) = 2x — 4y = O and f,(x, y) = —4x + 2y+6=0 > x=2andy=1 = critical point is (2, 1); 
fxx(2, 1) = 2, fyy(2, 1) = 2, fry(2, 1) = —4 => fxfyy — £2, = -12 << 0 = saddle point 
10. f(x, y) = 6x + 6y — 2 = Oand f(x, y) = 6x + I4y+4=0 > x= Bandy =—2 = critical pointis (#, — 3); 


fx (2, — 2) = 6, fy (2, — 3) = 14, fy (2, - 3) = 6 > fixfyy - 2 = 48 > Oand f,x > 0 = local minimum of 


11. f(x, y) = 4x + 3y —5 = Oand fy(x, y) = 3x + BY +2 =0 => x=2andy=—1 = critical point is (2, —1); 
fxx(2, —1) = 4, fyy@, —1) = 8, fy(2, -1) =3 => frafy — i = 23 > Oandf,, > 0 = local minimum of 
f(2, -1) = -6 


12. f(x, y) = 8x — 6y — 20 = Oand fy(x, y) = —6x + 10y + 26 =0 => x=I1andy = —2 = critical point is (1, —2); 
fix(1, —2) = 8, fyy1, —2) = 10, fry, —2) = -6 => fixfyy — fe, = 44 > Oandf,, > 0 => local minimum of 
f(1, —2) = — 


13. f(x,y) = 2x —2 = Oand f(x, y) = —2y + 4=0 => x=1andy =2 = critical point is (1, 2); f,x.(1, 2) = 2, 
fyy, 2) = —2, fy, 2) =0 > fahy — i= —4 <0 = saddle point 


14. f(x, y) = 2x — 2y — 2 = Oand fy(x, y) = —2x + 4y +2 =0 = x=1andy =0 = critical point is (1,0); 
f,x(1, 0) = 2, fyy(, 0) = 4, fky,0) = —2 = fixfyy — fe =4> O0andf,, > 0 = local minimum of 
f1,0) =0 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 
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f(x, y) = 2x + 2y = Oand fy(x, y) = 2x = 0 x =Oand y = 0 = critical point is (0, 0); f,x.(0,0) = 2, 
fyy(0, 0) = 0, fxy(0,0) =2 > fxxfyy — i =-—4<0 = saddle point 





f(x, y) = 2 — 4x — 2y = Oand fy (x, y) = 2— 2x —2y =0 => x=Oandy =1 = critical point is (0, 1); 
f,x(0, 1) = —4, fyy(O, 1) = —2, fy (0,1) = —-2 = fixfyy — ii =4> Oand fy, <0 = local maximum of f(0, 1) = 4 


f,(x, y) = 3x” — 2y = O and f(x,y) = —3y? -2x =0 => x=Oandy=0,orx = — 5 and y = 3 = critical points 
are (0,0) and (— 3, 2) ; for (0,0): fyx(0, 0) = 6x| (0,0) = 9 fy, 0) = —6y| (9,9) = 0, fry(0, 0) = —2 


=> fxfyy — £2, = —4 <0 => saddle point; for (— 3,3): fix (— $, 3) = 4, fyy (— 3, $) = 4, fay (— 3,3) = -2 
2 


393 
=> frxfyy — Le = 12 > Oandf,, <0 => local maximum of f (— 7 2) = i 


f(x, y) = 3x? + 3y = O and f,(x, y) = 3x + 3y? =0 = x =Oandy = 0, orx = —1 andy = —1 = critical points 
are (0,0) and (—1, —1); for (0,0): f,x(0,0) = 6x| (0,0) = 0, fyy(0, 0) = 6y| (0,0) = 0, fry(0,0) =3 => fafyy — f2 


RY: 


= -9 <0 = saddle point; for (—1,—1): fx(—1, -1) = —6, fyy(—1, —D = -6, fy(—1,-1l) = 3 > faxhy — £2, 





= 27 > Oand fy, <0 => local maximum of f(—1,—1) = 1 


f(x, y) = 12x — 6x” + 6y = 0 and f(x, y) = 6y + 6x =0 > x=Oandy =0,orx = 1landy=~—1 = critical 
points are (0, 0) and (1, —1); for (0,0): f,x(0,0) = 12 — 12x| (0,0) = 12, fyy(0, 0) = 6, fry(0,0) = 6 = fixfyy — i. 
= 36 > Oandf,, > 0 = local minimum of f(0, 0) = 0; for 1, —1): fx, -1) = 0, hyd, —1) = 6, 


fyd,-D=6 => fiaxfy - if = —36 < 0 = saddle point 


f(x, y) = —6x + 6y =0 > x=y; f(x,y) = 6y — 6y? + 6x =0 = 12y—6y? =0 = 6y(2—y)=0 = y=0or 
y =2 = (0,0) and (2, 2) are the critical points; f(x, y) = —6, fyy(x, y) = 6 — 12y, fiy(x, y) = 6; for (0, 0): 


fx (0, 0) = —6, fyy(0, 0) = 6, fxy(0,0) =6 => fixfy — ics = —72 <0 => saddle point; for (2,2): f,,(2,2) = —6, 


fyy(2, 2) = —18, fyy(2,2) = 6 => fxxfyy — £2, = 72 > Oand fy, <0 = local maximum of (2,2) = 8 


f(x, y) = 27x? — 4y = Oand fy(x, y) = y? — 4x =0 => x =Oandy =0,orx = ; and y = ; => critical points are 


(0,0) and (5, 3) ; for (0,0): fxx(0, 0) = 54x] (9,9) = 0, fy, 0) = 2y| (9,9) = 0, fry(0, 0) = —4 => faxfyy — fy 


xy 
= —16 <0 = saddle point; for (§, 7): fax (3,5) = 24, fy (§, 4) = 8, fy (3,7) =—4 > fixfy — £2, = 48 > 0 
and f,x > 0 => local minimum of f (3, #) = — # 


f,(x, y) = 24x? + 6y =0 = y = —4x?; fy(x, y) = 3y? + 6x =0 > 3 (—4x2)? + 6x =0 > 16x4+2x=0 
=> 2x (8x? +1) =0 x =Oorx=— 5 (0, 0) and (- 5) —1) are the critical points; f,,(x, y) = 48x, 
fyy(X, y) = 6y, and fyy(x, y) = 6; for (0,0): fxx(0, 0) = 0, fyy(0, 0) = 0, fyy(O,0) = 6 => fexfyy — £2, = -36 <0 


xy 
= saddle point; for (-3,-1): fix (-3,-1) = —24, fy ( i, 1) = —6, fy ( 5, 1) =6 











=> fxxfyy — £2, = 108 > 0 and fy, <0 = local maximum of f (— 3,—1) = 1 














f(x, y) = 3x? + 6x =0 x = Oorx = —2; fy(x, y) = 3y” — 6y = 0 y=Oory=2 the critical points are 
(0,0), (0,2), (—2, 0), and (—2, 2); for (0,0): f,x(0,0) = 6x + 6| (0,0) = 9: fyy(0, 0) = 6y — 6| (00) = —% 
f,y(0,0) =O > fixfyy — 2 = —36 <0 = saddle point; for (0,2): f,.(0, 2) = 6, fyy(0, 2) = 6, fry(0, 2) = 0 


=> fh — ie = 36 > Oandf,, > 0 => local minimum of f(0, 2) = —12; for (—2,0): f,,(—2,0) = —6, 


fyy(—2, 0) = —6, fxy(—2,0) =0 > fixfy — fy = 36 > Oand fx, <0 => local maximum of f(—2,0) = —4; 


for (—2, 2): fx(—2, 2) = —6, fyy(—2, 2) = 6, fy(—2,2) = 0 > fixfyy — £2, = —36 < 0 > saddle point 
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24. f,(x, y) = 6x? — 18x =0 > 6x(x —3)=0 x 


25; 


26. 


27. 


28. 


29. 


30. 


31. 
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0 or x 





3; fy(x, y) = 6y? + 6y — 


12=0 > 6(¥+2)\y—1)=0 


=> y=-—2ory =1 = thecritical points are (0, —2), (0, 1), (3, —2), and (3, 1); fix(x, y) = 12x — 18, 


fyy(x, y) = 12y + 6, and f,y(x, y) = 0; for (0, —2): (0, —2) = 


—18, fyy(0, —2) = 


~18, fyy(0, —2) = 0 


=> fxfyy — = = 324 > O and fx, <0 = local maximum of f(0, —2) = 20; for (0, 1): fx,(0, 1) = —18, 
fyy(O, 1) = 18, fxy(0,1) =O => fxfyy — = = —324 <0 = saddle point; for (3, —2): f,,(3, —2) = 18, 
fyy(3, —2) = —18, fryy(3, -2) =0 > fxfyy — i = —324 <0 = saddle point; for (3,1): f,.(3, 1) = 18, 
fyy(3, 1) = 18, hy(3,1) =0 > fixhy — f= = 324 > Oand f,, > 0 => local minimum of f(3, 1) = —34 


f,(x, y) = 4y — 4x3 = 0 and f,(x, y) = 4x —4y3 =0 > x=y => x(1-x’)=0 => x=0,1,-1 = the critical 


points are (0,0), (1, 1), and (—1 





fry(0,0) =4 > fixfyy — ff, 
=> frafyy — = = 128 > Oand fx, < 0 = local maximum of f(1, 1) = 2; for (—1, 
fyy(—1, -1) = —12, fy(-1, -1) = 4 => fixfyy — fy 


f(x, y) = 4x3 + 4y = 0 and f,(x, y) = 4y? + 4x = 0 


= the critical points are (0,0), (1, 
for (0, 0): 


,—1); for (0,0): fxx(0, 0) = 
es = -—16<0 = saddle point; for (1,1): fix(1, 1) = —12, fyy(, 1) = -12, fry, 1) = 4 


—12x?| 9) = 0, fyy(0, 0) = 





x 





fxx(0, 0) = 


fx, —1) = 12, f,0, -D = 12, hyd, -D=4 => fady 


f(1, —1) = —2; for (—1, 1): fyx(—1, 1) = 12, fyy(—1, 1) = 12, fy(—1, 1) =4 > ff — 








Sy: 


xy 


xy 


—2, fyy(0, 0) = 


—12y?| (9.9) = 9, 





I): fx(-1, -1) = -12, 


f2, = 128 > Oand fx, < 0 = local maximum of f(—1, —1) = 2 


—-x+x=0 => x(1-x”?)=0 => x=0,1,-1 


—1), and (—1, 1); fx(x, y) = 12x?, Bt y) = 12y?, and fyy(x, y) = 4; 
0, fy(0, 0) = 0, fyy(0,0) =4 = fey — £2 


—16<0 = saddle point; for (1, —1): 


—f? = 128 > Oandf,, > 0 = local minimum of 


f2, = 128 > Oand 


=0 => x=Oandy =0 = the critical point is (0, 0); 


~2, fyy(0,0) = 0 


landy =1 = the critical point is (1, 1); 


fx, > O = local minimum of f(—1, 1) = —2 
(X,Y) = aepige = and f(x,y) = Ge 
_ 4x? —2y?+2 —2x? + 4y?42 8xy : _ 
fax = SERIES fy = EEE fy = BG fix 0,0) = 
=> flxfyy — ie =4> Oandf,, <0 = local maximum of f(0,0) = — 
f(x,y) = — 5 +y = Oand fy(x, y) x- 4 0 x 
fx = 3 ’ fyy a 5 > fry =1; fx, 1) = 2, fyy(, 1) = 2, fry(, I=l1l> fyxfyy s 


minimum of f(1, 1) = 3 


f(x, y) = y cos x = Oand fy (x, y) 





sinx = 0 x 





f%, =3 > Oandf,, > 2 = local 


Xx 


n7, nan integer, and y= 0 = the critical points are 


(nz, 0), n an integer (Note: cos x and sin x cannot both be 0 for the same x, so sin x must be 0 and y = 0); 


fix = 


—y sin x, fyy = 0, fky = cos x; f,x(n7, 0) = 


ifnis odd => fxfyy — i= —1<0 = saddle point. 


f(x,y) = 2e* cos y = Oand fy(x, y) = 


—e** sin y = 0 = no solution since e* 


0, fyy(n7, 0) = 0, fyy(n7, 0) = 1 ifn is even and f,y(n7, 0) = — 


# 0 for any x and the functions 


cos y and sin y cannot equal 0 for the same y = nocritical points = no extrema and no saddle points 


(i) 


(ii) 


(iii) 


On OA, f(x, y) = f(0, y) = y? — 4y + 1on0 <y <2; 








f'(0,y)=2y-4=0> y 
f(0,0) = 1 and £(0, 2) = —3 


2; 


On AB, f(x, y) = f(x, 2) = 2x? — 4x —3 on0<x< 1; 








f'(x,2) =4x -4=0 x 
f(0, 2) = —3 and f(1, 2) = —5 
On OB, f(x, y) = f(x, 2x) = 6x? — 12x + 1 on 


1; 


0 < x < 1; endpoint values have been found above; 





f’(x, 2x) = 12x -12=0 => x=1 andy = 2, but (1, 2) is not an interior point of OB 


32. 


33. 


34. 


(iv) 


(i) 


(ii) 


(iii) 


(iv) 


(i) 


(ii) 


(iii) 


(iv) 


(i) 


(ii) 


(iii) 


(iv) 


(v) 
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For interior points of the triangular region, f,(x, y) = 4x — 4 = Oand fy(x, y) = 2y -4 = 0 
=> x= land y = 2, but (1, 2) is not an interior point of the region. Therefore, the absolute maximum is 
1 at (0, 0) and the absolute minimum is —5 at (1, 2). 


On OA, D(x, y) = DO, y) = y? + 1lon0<y <4; 
D'(0, y) = 2y =0 y = 0; D(O, 0) = 1 and 

D(0, 4) = 17 

On AB, D(x, y) = D(x, 4) = x? — 4x + 17 on 
0<x<4;D'(x,4)=2x-4=0 > x =2and (2,4) 
is an interior point of AB; D(2, 4) = 13 and 

D(4, 4) = D(O, 4) = 17 

On OB, D(x, y) = D(x, x) = x7+lon0<x <4; 
D'(x, x) = 2x = 0 x = O and y = 0, which is not an interior point of OB; endpoint values have been found 

















above 
For interior points of the triangular region, f,(x, y) = 2x — y = Oand fy(x,y) = —x + 2y =0 => x=Oandy = 0, 
which is not an interior point of the region. Therefore, the absolute maximum is 17 at (0, 4) and (4, 4), and the 


absolute minimum is | at (0, 0). 


On OA, f(x, y) = f(0, y) = y2 on0 < y <2; 

f’(0,y) = 2y =0 y = Oand x = 0; f(0, 0) = 0 and 
f(0,2) =4 

On OB, f(x, y) = f(x, 0) = x? on0 <x <1; 

f’(x,0) = 2x =0 x = Oand y = 0; f(0,0) = 0 and 
f(1,0) = 1 

On AB, f(x, y) = f(x, —2x + 2) = 5x? — 8x + 4 0n 
O<x <1; f(«,-2x+2)=10x-8=05x=#? 
and y = 2 sf (3, 2) = ; endpoint values have been found above. 

For interior points of the triangular region, f,(x, y) = 2x = 0 and f(x, y) = 2y = 0 x = Oand y = 0, but (0, 0) is 























not an interior point of the region. Therefore the absolute maximum is 4 at (0, 2) and the absolute minimum is 0 at 
(0, 0). 


On AB, T(x, y) = T(0, y) = y? on —3 < y < 3; y 
T’(0, y) = 2y =0 y = Oand x = 0; T(0, 0) = 0, 

T(O, —3) = 9, and T(0, 3) = 9 

On BC, T(x, y) = T(x,3) = x? —3x +9 on0 <x <5; 
13) =x —3 =0 > x= 2 andy =3; 

T (3,3) = and T(5, 3) = 19 

On CD, T(x, y) = T(5, y) = y? +5y —S5on 

—3<y <3:T(5,y)=2y+5=0 > y=-—3 and 

x = 5;T (5,- 2) =- 8, T6, -3) = -11 and T(5, 3) = 19 
On AD, T(x, y) = T(x, —3) = x? — 9x +9 on0 < x <5; T(x, -3) = 2x -9=0 => x= 2 andy = -3; 
T ($,-3) = —2, T(0, —3) = 9 and T(5, —3) = —11 

For interior points of the rectangular region, T,(x, y) = 2x + y — 6 = Oand Ty(x,y) =x + 2y =0 x=4 























and y = —2 => (4, —2) is an interior critical point with T(4, —2) = —12. Therefore the absolute maximum 
is 19 at (5,3) and the absolute minimum is —12 at (4, —2). 
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35. 


36. 


37. 


(i) 


(ii) 


(iii) 


(iv) 


(ii) 


(iii) 


(iv) 


(v) 


(i) 


(ii) 


(iii) 


(iv) 


(v) 
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On OC, T(x, y) = T(x, 0) = x? — 6x + 2 on 
0<x<5;T(x,0) =2x-6=0 => x=3 and 

y = 0; T(3,0) = —7, TO, 0) = 2, and T(5,0) = — 
On CB, T(x, y) = T(5, y) = y? + 5y — 3 on 
—3<y<0;T(5,y)=2y+5=0 > y=—3 and 
x =5;T (5,- 3) =— ¥ and T(5, —3) = — 

On AB, T(x, y) = T(x, —3) = x? — 9x + 11 on 
0<x<5;T(x,-3)=2x-9=0 => x= 2 and 
y = -3; T (3,-3) = — 7 and TO, —3) = 11 

On AO, T(x, y) = T(0, y) = y? +2 on —3 < y <0; T'(0, y) = 2y =0 y = Oand x = 0, but (0, 0) is 
not an interior point of AO 














For interior points of the rectangular region, T,(x, y) = 2x + y — 6 = Oand Ty (x,y) =x + 2y =0 x=4 





and y = —2, an interior critical point with T(4, —2) = —10. Therefore the absolute maximum is 11 at 
(0, —3) and the absolute minimum is —10 at (4, —2). 


On OA, f(x, y) = f(0, y) = —24y? on0< y <1; 
f’(0, y) = —48y = 0 y = 0 and x = 0, but (0, 0) is 
not an interior point of OA; f(0,0) = 0 and 

f(0, 1) = —24 

On AB, f(x, y) = f(x, 1) = 48x — 32x? — 24 on 
0<x <1;f"(x, 1) = 48 — 96x? =0 > x= oq and 














y= 1, orx = — J; and y = 1, but (- 4.1) is not in 


the interior of AB; f (+. 1) 16/2 = sand td 8 

On BC, f(x, y) = f(1, y) = 48y — 32 — 24y? on0 < y < 1; f’(1,y) = 48 — 48y =0 => y=1 andx =1, but 
(1, 1) is not an interior point of BC; f(1,0) = —32 and f(1, 1) = — 

On OC, f(x, y) = f(x, 0) = —32x3 on 0 < x < 1; f’(x,0) = —96x? = 0 > x = Oand y = 0, but (0, 0) is not an 
interior point of OC; f(0,0) = 0 and f(1,0) = — 

For interior points of the rectangular oe f(x, y) = 48y — 96x? = 0 and f(x, y) = 48x — 48y = 0 


=2: 


=> x=Oandy =0,orx= 5 and y = 5, but (0,0) is not an interior point of the region; f (5, 5) 


Therefore the absolute maximum is 2 at a, >) and the absolute minimum is —32 at (1,0). 


On AB, f(x, y) = fU, y) = 3 cos y on — | 
f‘(,y)=—3siny=0 > y=Oandx=1; 
f(1,0) = 3,£(1,— 3) = 32, and # (1,4) = 3? 
On CD, f(x, y) = f(3, y) = 3 cosyon—F<y< 
f’(3,y) =—3siny =0 => y = Oandx = 3; 
(3,0) = 3, £(3,— ) = 39? and (3,2) = 3? 
On BC, f(x, y) = f (x 


™. 
Sy; 





,t) = 2 (4x — x?) on 

1<x<3;f' (x,2) = /22-x) =0 > x =2andy = 2; £(2, 2) =2V2,F(1,2) = 2%, and 
£(3,9) = 3? 

On AD, f(x, y) = f (x, — F) = v2 (4x — x2) on 1 <x <3; f'(x,- 2) = V22—x) =0 > x=2andy=—?; 
ee eee and f (3, — 7) = 3v? 

For interior points of the region, f,(x, y) = (4 — 2x) cos y = 0 and f,(x, y) = — (4x — x?) siny =0 > x=2 


and y = 0, which is an interior critical point with f(2,0) = 4. Therefore the absolute maximum is 4 at 


38. 


39. 


40. 


41. 


42. 


43. 
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(2,0) and the absolute minimum is we at GB; *) , (3 
G) OnOA, f(x,y) = f(0,y)=2y+1lon0d<y<l; 
f’(0, y) = 2 = no interior critical points; f(0,0) = 1 
and f(0, 1) = 3 
(ii) On OB, f(x, y) = f(x,0) = 4x+ lon0<x <1; 
f’(x,0) =4 => no interior critical points; f(1,0) = 5 
(iii) On AB, f(x, y) = f(x, —x + 1) = 8x? — 6x +3 on 
0<x<1;f(@%,-x+1 =16x-6=0 > x=3 
and y = 3;f(2,2) = 8, f(0, 1) = 3, and f(1,0) =5 
(iv) For interior points of the triangular region, f,(x, y) = 4 — 8y = O and f,(x,y) = —8x +2 =0 


il 
499 





>y= 5 and x = i which is an interior critical point with f ( ) = 2. Therefore the absolute maximum is 5 at 


(1,0) and the absolute minimum is | at (0, 0). 


b 
Let F(a, b) = f (6 — x — x”) dx where a < b. The boundary of the domain of F is the line a = b in the 


ab-plane, and F(a, a) = 0, so F is identically 0 on the boundary of its domain. For interior critical points we 


have: & = —(6—-a-—a’)=0 > a=~—3,2and £ = (6—b—b’) =0 = b=~—3,2. Since a < b, there is only 


2 
one interior critical point (—3, 2) and F(—3, 2) = f , (6—x—- x’) dx gives the area under the parabola 


3 
y = 6 — x — x’ that is above the x-axis. Therefore, a = —3 and b = 2. 


b 
Let F(a, b) = f (24 — 2x — x2)1/ ° dx where a <b. The boundary of the domain of F is the line a = b and 





on this line F is identically 0. For interior critical points we have: ae = —(24-2a a2)! °-0 > a= 4, —6 


and oF = (24 — 2b— p28 =0 => b=4,-6. Since a < b, there is only one critical point (—6, 4) and 


1/3 


4 
F(—6,4) = ff (24 — 2x — x”) dx gives the area under the curve y = (24 — 2x — x”) "that is above the x-axis. 


Therefore, a = —6 and b = 4. 








Tx(x, y) = 2x — 1 = Oand Ty (x, y) = 4y = 0 X $ and y = 0 with T (3,0) ie ; ; on the boundary 





x+y? = 1: Tx,y) = —x? -x+2for-1<x<1 > T(x,y)=—-2x-1=0 > x=—jandy= mee 
T(-4,¥8) =3,7(—4,-¥2) = 2, T-1,0) =2, and TU,0) =0 = the hottest is 24° at (— 3,42) and 


1 2 \4 is — jC at (5 
i, ¥3) ; the coldest is — }° at ($,0) . 








fy) =y+2— 5 =Oand f(x,y) =x—- 5 =0 + x= jz andy = 2; fx (3,2) = | =8 


y 2? 
fyy (3,2) 7 z (1,2) 


= 4. fy (5,2) =1 > faxfyy — £2, = 1 > Oandf,, >0 = a local minimum of f (5,2) 





(a) f(x,y) = 2x — 4y = Oand fy(x, y) = 2y —4x =0 => x= Oand y = 0; f,,(0, 0) = 2, f,,(0, 0) = 2, 
fry(0,0) = —4 => fixfyy — ff, = —12 < 0 = saddle point at (0, 0) 


(b) f(x,y) = 2x — 2 = Oand f(x,y) = 2y -4 =0 => x=landy = 2;f,,(1,2) = 2, fy, 2) = 2, 


fry, 2) =0 => fixfyy — fe, =4> 0Oandf,, > 0 => local minimum at (1, 2) 
(c) f(x,y) = 9x? — 9 = O and fy(x,y) =2y+4=0 => x= +landy = —2; f,.(1, —2) = 18x| (1-2) = 18, 
fyy(1, —2) = 2, fky, -2) =0 => faxfyy — i = 36 > Oandf,, > 0 => local minimum at (1, —2); 


Xx 


fyx(—1, -2) = —18, fyy(—1, —2) = 2, fyy(—1, —2) = 0 => faxfyy — £2, = —36 < 0 = saddle point at (—1, —2) 


xy ee 
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44. (a) Minimum at (0,0) since f(x, y) > 0 for all other (x, y) 
(b) Maximum of | at (0,0) since f(x, y) < 1 for all other (x, y) 
(c) Neither since f(x, y) < 0 for x < 0 and f(x, y) > 0 for x > 0 
(d) Neither since f(x, y) < 0 for x < 0 and f(x, y) > 0 for x > 0 
(e) Neither since f(x, y) < 0 for x < Oand y > 0, but f(x, y) > 0 for x > Oand y > 0 
(f) Minimum at (0,0) since f(x, y) > 0 for all other (x, y) 











45. Ifk = 0, then f(x,y) = x? +y? > f(x,y) = 2x = 0 and fy(x, y) = 2y = 0 x =Oandy=0 => (0,0) is the only 
critical point. If k 4 0, fx(x, y) = 2x +ky =0 = y = —2x; fy(x,y) =kx + 2y =0 = kx+2(—?2x) =0 
=>k-#=05 (k — ¢) x 0 x=Oork= +2 y (— 2) ©) =Oory = +x; in any case (0,0) is a 


critical point. 











46. (See Exercise 45 above): f,x(x, y) = 2, fyy(x, y) = 2, and f(x,y) =k > fixfyy — ie = 4~—k?*;fwillhave a 
saddle point at (0,0) if 4k? <0 + k>2ork < —2; f will have a local minimum at (0, 0) if 4 — k? > 0 


=> —2 <k < 2; the test is inconclusive if4—k? =0 = k= +2. 





47. No; for example f(x, y) = xy has a saddle point at (a, b) = (0,0) where f, = fy = 0. 


48. If fxx(a, b) and f,,(a, b) differ in sign, then f,(a, b) fyy(a, b) < 0 so fxxfyy — i <0. The surface must therefore have a 
saddle point at (a, b) by the second derivative test. 


49. We want the point on z = 10 — x? — y? where the tangent plane is parallel to the plane x + 2y + 3z = 0. To 
find a normal vector to z = 10 — x? — y* letw =z+x?+y?— 10. Then VW w = 2xi+ 2yj + k is normal to 
z= 10—x? — y” at (x,y). The vector V w is parallel to i+ 2j + 3k which is normal to the plane x + 2y + 3z 

= O if 6xi+ 6yj + 3k = i+ 2j4+ 3k orx = : and y = i. Thus the point is (z, 5,10 — x — 3) or (4,3, 32) ; 

50. We want the point on z = x” + y” + 10 where the tangent plane is parallel to the plane x + 2y —z = 0. Let 
w =z-—x’—y”— 10, then VY w = —2xi — 2yj +k is normal to z = x? + y? + 10 at (x,y). The vector Ww 
is parallel to i+ 2j — k which is normal to the plane if x = 5 and y = 1. Thus the point (5 1i+1+ 10) 


grt 4 
$5 1, *) is the point on the surface z = x? + y? + 10 nearest the plane x + 2y —z =0. 


or ( 

51. No, because the domain x > 0 and y > 0 is unbounded since x and y can be as large as we please. Absolute 
extrema are guaranteed for continuous functions defined over closed and bounded domains in the plane. 
Since the domain is unbounded, the continuous function f(x, y) = x + y need not have an absolute maximum 
(although, in this case, it does have an absolute minimum value of f(0,0) = 0). 


52. (a) G) Onx =O, f(x, y) = f(0,y) = y? —y +1 for0 < y < 1; f', y) = 2y -1=0 y 

f (0,3) = ?, £€,0) = 1, and f(0, 1) = 1 

(ii) Ony = 1, f(x,y) = f(x, 1) =x? +x4+1for0<x<1;f(«,1)=2x+1=05 x=-—jandy=1, 
but (— §, 1) is outside the domain; (0, 1) = 1 and f(1, 1) = 3 

(iii) Onx = 1, f(x,y) =fd,y)=y?+y+4+1for0<y<1;fd,y)=2y+1=0 5 y =—4andx = 1, but 
(1, — $) is outside the domain; f(1,0) = 1 and f(1, 1) = 3 

(iv) Ony =O, f(x,y) = f(x,0) = x? —x +1 for0 <x <1; f(x,0) =2x-1=0 5 x= andy=0; 
f (4,0) = 3; (0,0) = 1, and f(1, 0) = 1 

(v) On the interior of the square, f,(x, y) = 2x + 2y — 1 = Oand f,(x, y) = 2y + 2x -1=0 => 2x+2y=1 
=> (x+y) = 4. Then f(x,y) =x? + y? + 2xy —x-y+1=(x+y)? —(x+y) +1 = 3 is the absolute 


minimum value when 2x + 2y = 1. 
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(b) The absolute maximum is f(1, 1) = 3. 











df _ Of dx of dy _ dx dy __ a i 
53. (a) G = aot Oy to at ag = 72 Ssint+2cost=0 cost = sint X=y 


(i) On the semicircle x? + y? = 4, y > 0, we have t = zandx =y= V2 => £(V2, v2) = Dl? At the 
endpoints, f(—2,0) = —2 and f(2,0) = 2. Therefore the absolute minimum is f(—2,0) = —2 when t = 7; 
the absolute maximum is f (v2. v2) = 2\/2 whent = 7. 

(ii) On the quartercircle x? + y? = 4,x > 0 and y > 0, the endpoints give f(0, 2) = 2 and f(2,0) = 2. 


7 


Therefore the absolute minimum is f(2, 0) = 2 and f(0, 2) = 2 when t = 0, 5 respectively; the absolute 


maximum is f (v2, v2) = 2\/2 whent = 7. 


dg _ Og dx , Og dy _ , dx dy __ ee) 2 : 
(b) dt = 2x qe By a~Yatsan 4 sin‘ t+ 4cos*t = 0 cost= +sint X= ty. 


(i) On the semicircle x? + y? = 4, y > 0, we obtain x = y = \/2 att = ¢ and x = —~/2,y = /2at 
t= 22. Theng (v2, v2) = 2andg (-v2, v2) = —2. At the endpoints, e(—2, 0) = (2,0) = 0. 


Therefore the absolute minimum is g (- ay v2) = —2 whent = a ; the absolute maximum is 


2 (v2, v2) = 2 whent = 


(ii) On the quartercircle x? + y? = 4, x > O and y > 0, the endpoints give g(0,2) = 0 and g(2, 0) = 0. 
Therefore the absolute minimum is g(2,0) = 0 and g(0, 2) = 0 when t = 0, = respectively; the absolute 


maximum is g (v2, V2) = 2whent= 7. 


(c) P= BR 4 HY — 4x & + 2y & = (8 cos t\(—2 sin t) + (4 sin t)(2 cos t) = —8 cost sint = 0 
= t=0, 5,7 yielding the points (2, 0), (0,2) forO <t <7. 
(i) On the semicircle x? + y’ = 4, y > 0 we have h(2, 0) = 8, h(0, 2) = 4, and h(—2, 0) = 8. Therefore, 


the absolute minimum is h(0,2) = 4 when t = a ; the absolute maximum is h(2, 0) = 8 and h(—2, 0) = 8 














AIA 





when t = 0, 7 respectively. 
(ii) On the quartercircle x? + y” = 4, x > 0 and y > 0 the absolute minimum is h(0, 2) = 4 when t = 2 ; the 


absolute maximum is h(2,0) = 8 when t = 0. 











54. (a) THE e+ Ya=28439 = 6 sint+6cost=0 sin t = cost t= ffor0<t<7. 


(i) On the semi-ellipse, © + © = 1, y > 0, f(x,y) = 2x + 3y = 6 cost + 6 sint = 6 (2) +6 (2) 6/8 
att = z . At the endpoints, f(—3,0) = —6 and f(3,0) = 6. The absolute minimum is f(—3,0) = —6 when 
t = 7; the absolute maximum is f ez v2) = 6/2 whent = 7. 

(ii) On the quarter ellipse, at the endpoints f(0, 2) = 6 and f(3,0) = 6. The absolute minimum is f(3, 0) = 6 


and f(0, 2) = 6 when t = 0, 5 respectively; the absolute maximum is f (4 v2) a 6/2 whent= 7. 





(b) ee = oe oe 4 a % =y®+x % = (2 sin t)(—3 sin t) + (3 cos t)(2 cos t) = 6 (cos? t — sin? t) = 6 cos 2t = 0 
tae A> Smt 
> t=7.7 for0<t<7. 

(i) On the semi-ellipse, g(x, y) = xy = 6 sint cos t. Then g C4, v2) = 3 when t = 7, and 
g (- 2, v2) = —3 when t = 3%. At the endpoints, g(—3,0) = g(3,0) = 0. The absolute minimum is 
g (- aes v2) = —3 when t = 2" ; the absolute maximum is g (4, v2) =3whent=7. 

(ii) On the quarter ellipse, at the endpoints g(0,2) = 0 and g(3,0) = 0. The absolute minimum is g(3,0) = 0 

= ne a é . , . 3/2 - =e. 

and g(0, 2) = 0 att = 0, 5 respectively; the absolute maximum is g (4, v2) =3whent= 7. 
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(c) P= BR 4 HY — 2% + Gy S = (6 cos t\(—3 sin t) + (12 sin t)(2 cos t) = 6 sint cost = 0 


=> t=0, a , 7 for0 <t < 7, yielding the points (3, 0), (0, 2), and (—3, 0). 

(i) On the semi-ellipse, y > 0 so that h(3,0) = 9, h(O,2) = 12, and h(—3,0) = 9. The absolute minimum is 
h(3, 0) = 9 and h(—3, 0) = 9 when t = 0, z respectively; the absolute maximum is h(0, 2) = 12 when 
t= >. 

(ii) On the quarter ellipse, the absolute minimum is h(3,0) = 9 when t = 0; the absolute maximum is 


h(0, 2) = 12 whent = 5. 








df _ Of dx of dy _ . dx dy 
55. Foy Go) a 




















dt ~ Ox dt 
@) x=2tandy=t+1> # = (t+ 1)(2) + (201) 414+2=0 t —3 x —land y = } with 
f(-1, 5) =— 5 . The absolute minimum is f(-1, 5) =— 5 when t = — 5 ; there is no absolute 
maximum. 
(ii) For the endpoints: t= —1 => x = —2 and y = 0 with f(—2,0) =0;t =0 x = Oandy = 1 with 
f(0, 1) = 0. The absolute minimum is f (-1, 5) =— 5 when t = — 5 ; the absolute maximum is f(0, 1) = 0 


and f(—2,0) = 0 when t = —1, 0 respectively. 

(iii) There are no interior critical points. For the endpoints: t=0 => x =Oandy = 1 with f(0, 1) = 0; 
t=1 => x=2andy = 2 with f(2,2) = 4. The absolute minimum is f(0, 1) = 0 when t = 0; the absolute 
maximum is f(2,2) = 4 whent = 1. 





df _ Of dx Of dy _ dx dy 
56. (@) = a tay a Xa TY at 


(i) x=tandy =2—2t # = (2t)(1) + 2(2 — 2t)(—2) = 101-8 = 0 t=¢ x = andy = 2 with 
f(z, 2) a ig + % = 2. The absolute minimum is f (, 2) = 3 when t = 3 
maximum along the line. 

(ii) For the endpoints: t=O => x =Oandy =2 with f(0,2) =4;t=1 x = landy = Owithfd1,0) = 1. 


The absolute minimum is f (3, 2) = 3 at the interior critical point when t = 3 ; the absolute maximum is 


f(0, 2) = 4 at the endpoint when t = 0. 
di Og dx Og d —2x dx —2 d 
b) $= 8 Sy ee |e | ey] w]e 


@) x=tandy=2-25 @4y=52-84+4 > 8 = - (52 - 8+4) "[—290)4+ (De - 2-2) 


= — (5t? — 8t +4) (—10t + 8)=0 t=# x = tandy = 2 with g (2,2) = H = 3. The absolute 
5 
4 


maximum is g (3, 2) a ; when t = 3 ; there is no absolute minimum along the line since x and y can be 














; there is no absolute 




















as large as we please. 


(ii) For the endpoints: t=0 = x =O and y = 2 with g(0, 2) zt 1 x = land y = 0 with g(1,0) = 1. 


The absolute minimum is g(0, 2) = ; when t = 0; the absolute maximum is g (3, 2) = 3 when t = 3 ; 


























57. m= he re = — # and k X, Ye x Xe 
20 9 1 —l 2 1 —2 
b=3[-1-(-B)Q=h 5 7 ; 7 7 
=>y=-8x+3;y_,=-3 
a 3 BY x4 7 3 3 —4 9 —12 
oy 2 —1 10 —14 


























58. m= oe = and k Xx Ye i Xk 
b=$[5-30] =3 5 5 5 
=> y=ix+3;y|_,=4 2 2 0 

Vira 3° Vix = 3 3 3 6 
y 5 6 

















— (3)(5) = 308) 
59. m= GPG) 


8 
© 56D; 


and 


60. m= 


61. 


62. m 
and b = ; (91 — 51,545(0.001863)) + —1.26 


b=3[5-3@] =% 
=> y=oxtssyl4= 


— (5)5)—300) _ 5 
G33) — ig and 


b=35-ZOl=% 


37 


6 


= 3 
mes Se 5. 2. 22a 
7 Y=pxXt+ ala == 3 


Mm = ~(q62)2 — 6(5004) 
b = 1 [41.32 — 0.122)(162 


=> y =0.122x + 3.59 


nun kk DBD w 





10 20 30 40 


_ (0.001863)(91)—4(0.065852) 
= (0.001863)2—4(0.000001323) 





=> F=51,545 4 — 1.26 


8 50 
= 40 
% 30 
20 
10 
below 
mw. w 
eg § 
ge 6 
o 


vD"(D is diameter) 





(162)(41.32) — 611928) GQ 199 and 


)] = 3.59 


~ 51,545 


0.001 




























































































Section 14.7 Extreme Values and Saddle Points 

k Xq Y« x XV 

1 0 0 0 0 

2 1 2, 1 2 

3 2, 3 4 6 

y 3 5 5 8 

k Xx Yx me Xe 

1 0 1 0 0 

2 2 2 4 4 

3 3 2 9 6 

2s 5 5 13 10 

k X, Ye xe Xe 

1 12 5.27 144 63.24 

2 18 5.68 324 | 102.24 

3 24 6.25 576 150 

4 30 7.21 900 216.3 

5 36 8.20 1296 295.2 

6 42 8.71 1764 | 365.82 

De, 162 41.32 5004 | 1192.8 
k | (@) | & (a), (a2) Fi 
1 0.001 51 0.000001 0.051 
2 0.0005 22 0.00000025 0.011 
3 0.00024 14 | 0.0000000576 0.00336 
4 | 0.000123 4 | 0.0000000153 | 0.000492 
x | 0.001863 91 0.000001323 | 0.065852 
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_ (3201)(17,785) — 10(5,710,292) 
63. (b) m = “Gon 100, 430-385) 


& 0.0427 and b = a [17,785 — (0.0427)(3201)] 
~ 1764.8 => y = 0.0427K + 1764.8 


Year 
es ee er ba ee 








K6chel numbers 
(c) K=364 = y = (0.0427)(364) 
=> y = (0.0427)(364) + 1764.8 = 1780 


— (123)(140) — 1611431) | 


b= 71140 — (1.04)(123)] = 0.755 
=> y= 1.04x + 0.755 


65-70. Example CAS commands: 


Maple: 
f := (x,y) -> x42+y43-3*x*y; 
x0,x1 := -5,5; 
y0,yl := -5,5; 




















































































































k K, Y« K? Ky 

1 1 1761 1 1761 
2 75 1771 5625 132,825 
3 155 1772 24,025 274,660 
4 219 1775 47,961 388,725 
5 271 1777 73,441 481,567 
6 351 1780 123,201 624,780 
- 425 1783 180,625 757,775 
8 503 1786 253,009 898,358 
9 575 1789 330,625 | 1,028,675 
10 626 1791 391,876 | 1,121,166 
% | 3201 | 17,785 | 1,430,389 | 5,710,292 
k Xk Ye x Xe 

1 3 3 9 9 

2 2 2. 4 4 

3 4 6 16 24 

4 2 3 4 6 

5 5 4 25 20 

6 5 3 25 15 

7 9 11 81 99 

8 12 9 144 108 

9 8 10 64 80 

10 13 16 169 208 

11 14 13 196 182 

12 3 5 9 15 

13 4 6 16 24 

14 13 19 169 247 

15 10 15 100 150 

16 16 15 |} 256} 240 

D 123 | 140 | 1287 | 1431 





plot3d( f(x,y), x=x0..x1, y=y0..y1, axes=boxed, shading=zhue, title="#65(a) (Section 14.7)" ); 
plot3d( f(x,y), x=x0..x1, y=y0..y1l, grid=[40,40], axes=boxed, shading=zhue, style=patchcontour, title="#65(b) 


(Section 14.7)" ); 
fx := D[1](f); 
fy = D[2I(f); 
crit_pts := solve( {fx(x,y)=0,fy(x,y)=0}, {x,y} ); 
fxx := D[1](fx); 
fxy := D[2](fx); 
fyy := D[2](fy); 
discr := unapply( fxx(x,y)*fyy(x,y)-fxy(x,y)*2, (x,y) ); 
for CP in {crit_pts} do 
eval( [x,y,fxx(x,y),discr(x,y)], CP ); 


#(c) 


# (d) 


#(e) 





end do; 
# (0,0) is a saddle point 
# (9/4, 3/2) is a local minimum 


Mathematica: (assigned functions and bounds will vary) 


Clear[x.y,f] 
f[x_y_]:= x? + y? — 3xy 


xmin= —5; xmax=5; ymin= —5; ymax= 5; 
Plot3D[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, AxesLabel — {x, y, z}] 
ContourPlot[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, ContourShading — False, Contours — 40] 


fx= D[f[x,y], x]; 

fy= D[f[x,y], yl]; 
critical=Solve[{fx==0, fy==0},{x, y}] 
fxx= D[fx, x]; 

fxy= D[fx, y]; 

fyy= Dify, y]; 

discriminant= fxx fyy — fxy* 


{{x, y}, fx, y], discriminant, fxx} /.critical 


14.8 LAGRANGE MULTIPLIERS 
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l. vWf=yi+xjand Vg =2xi+4yjsothat Vf=A Vg => yit+xj = AQxi+ 4yj) => y = 2xA andx = 4yA 


x = 8x)? r + orx=0. 








CASE |: If x = 0, then y = 0. But (0,0) is not on the ellipse so x ¥ 0. 














Nie 





CASE2: x40 > A= 4¥2 oS x= tVdy 








Therefore f takes on its extreme values at ( eae 


are + v2, 


2 
: V2y) +2y?=1 5 y=+ 





; s) and ( Bes ue - 3) . The extreme values of f on the ellipse 


2 


2. VWr=yi+xjand Vg = 2xi+ 2yjsotha Vf=A Vg => yit+xj = ACQxi+ 2yj) > y = 2x andx = 2yA 











x = 4x)? x=OordA +5. 


CASE 1: If x =0, then y = 0. But (0, 0) is not on the circle x? + y? — 10 =Osox £0. 


1 








E \/5. 











+4+(+x)?-10=0 > x=4V5 3 y= 











CASE2: x40 > A= 45 > y=2x( 





\= 


xX 








2 





Therefore f takes on its extreme values at ( + V5, V3) and ( at J5 j -/5) . The extreme values of f on the 


circle are 5 and —5. 


3. Wh= —2xi— 2yjand Wg =i+ 3jsothat Vf=AVE => —2xi- 2yj = AG+ 3j) > x=—5 andy=—- > 





x 





= (-4)+3(-¥#)=10 = \=-2 


The extreme value is f(1,3) = 49 —1—9 = 39. 


4. Wf=2xyit+ x*jand We =i+jsothat Vf=AVeEg => 2xyi+ xX*j=AG4+j) > 2xy =Aandx? =A 


Ixy Sx x =Oor2y=x. 


CASE |: Ifx =0, thenx+y=3 => y=3. 














CASE 2: Ifx #0, then 2y = x sothatx+y=3 => 2y+y=3 y=1 X= 2, 
Therefore f takes on its extreme values at (0,3) and (2, 1). The extreme values of f are f(0,3) = 0 and 


f(2,1) =4. 


3X 


l andy =3 = f takes on its extreme value at (1, 3) on the line. 
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We optimize f(x, y) = x” + y?, the square of the distance to the origin, subject to the constraint 

g(x, y) = xy? —54=0. Thus vf = 2xi+ 2yj and VW g = y"i+ 2xyjso that Vf=A Vg => 2xi+ 2yj 

= \(y*it 2xyj) > 2x = Ay? and 2y = 2Axy. 

CASE 1: If y = 0, then x = 0. But (0,0) does not satisfy the constraint xy? = 54 so y 4 0. 

CASE 2: If y £0, then2 =2Ax > x=} => 2(}) =Ay? > y? =H. Thenxy? =54 = (4) (4) =54 
M= Hz N=3 x =3andy?=18 > x=3andy = 4+3y2. 




















Therefore (3, as 3/2) are the points on the curve xy’ = 54 nearest the origin (since xy” = 54 has points 


increasingly far away as y gets close to 0, no points are farthest away). 


We optimize f(x, y) = x” + y’, the square of the distance to the origin subject to the constraint g(x, y) 
= x*y —-2=0. Thus vf = 2xi+ 2yj and Vv g = 2xyi+ x’jsothat Vf =A Wg => 2x = 2xy) and 2y = x?A 
=> \=%, sinceex =0 > y =0 (but g(0,0) 4 0). Thus x 4 0 and 2x = 2xy (24) = Sy 


x2? 


=> Qy*)y-2=0 = y=l1(sineey>0) >= x= + Wee Therefore ( ae: af 2 1) are the points on the curve 








x”y = 2 nearest the origin (since x*y = 2 has points increasingly far away as x gets close to 0, no points are 
farthest away). 


(a) VWf=it+jand Vg=yit+ xjsothat Vf=A Vg => i+ j=AGi+xj) > 1 =Ayandl1=Ax => y= } and 








x + a 16 aN + 4. Use \ = j since x > Oandy > 0. Then x = 4andy = 4 => the minimum 





value is 8 at the point (4,4). Now, xy = 16, x > 0, y > O is a branch of a hyperbola in the first quadrant 
with the x-and y-axes as asymptotes. The equations x + y = c give a family of parallel lines with m = —1. 
As these lines move away from the origin, the number c increases. Thus the minimum value of c occurs 
where x + y = c is tangent to the hyperbola's branch. 
(b) Wf=yi+xjand Vg =i+jsothat Vf=AVEg => yitxj=AG+)Sy =A=xy+y=l6sy=8 
=> x=8 => f(8,8) = 641s the maximum value. The equations xy = c (x > Oandy > Oorx < Oandy < 0 
to get a maximum value) give a family of hyperbolas in the first and third quadrants with the x- and y- 
axes as asymptotes. The maximum value of c occurs where the hyperbola xy = c is tangent to the line 
x+y = 16. 


8. Let f(x,y) = x? + y? be the square of the distance from the origin. Then vv f = 2xi+ 2yj and 


Vg=@2x+y)i+ Qy+xjsotha Vf=ATVT Eg => 2x = XA(2x+ y) and 2y = AQy+ x) => we =A 











= 2x= (725) Oxty) > x0y+ 0 =yOxty) > Pay Ss y= tx 











1 andy =x. 


43 
CASE2: y=—x > x24+x(—x) + (-x)?-1=0 > x= +landy =—x. Thus f ( 1 4) =2 


= (- 4,,- +) and f(1, 1) = 2 = f(-1, 1). 


CASE 1: y=x > x?4+x(x)+x?-1=0 x= 





Therefore the points (1, —1) and (—1, 1) are the farthest away; (=, +;) and (- a +) are the closest 


3° V3 


points to the origin. 








9. V=arrh 16a = mr’h 16=r°h g(r, h) = rh — 16; S = 2arh + 2a? VS = (20h + 4ar)i + 2nrj and 





V g=2rhi+rjsothat VS=AVg => (arh+t 4ar)i + 2arj = A (2rhi+ rj) = 2arh+ 4ar = 2rh) and 














r= ar r=OorA an . But r = 0 gives no physical can, sor 4 0 on 27h + 4rr 





= 2rh (24) 2r=h 16 = r?(2r) r=2 h = 4; thus r = 2 cm and h = 4 cm give the only extreme 


surface area of 247 cm”. Since r = 4cmandh=1cm => V = 16m cm?’ and S = 407 cm’, which is a larger 
2 








surface area, then 2477 cm“ must be the minimum surface area. 


10. 


11. A 


12. 


13; 


14. 


15. 


16. 
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For a cylinder of radius r and height h we want to maximize the surface area S = 27rh subject to the constraint 
g(r, h) =r? + (2)? a =0. Thus 7 S$ = 2rhi+ 2nrjand V7 g = 2ri+ Bjso that VS=AVg => 2h =2Arand 


_— Ah mth _ _ (mh) (h 2 2 2 4° 2 2 2 a 
Qnr = 4 => @ =X and 2nr = (*) (8) 4r h h = 2r r+ =a 2r a rt Vi 


h=a/2 > S=2n (+) (av2) = 2na?. 




















= (2x)(2y) = 4xy subject to g(x, y) = 7g + +£-1=0; VA =4yi+ 4xjand vg = Xi+ 2jso that VA 
=A Vg => 4yit+ 4xj=A (Fit Zj) => 4y = (%) A and 4x = (4) \ > A= and 4x = (2) (*) 


xX 








> 
Sy 








#3 i? 
7 + as 1 x? 8 X= ck 2/2 . We use x = 2/2 since x represents distance. 


> y= + 3 
Then y = 3 (22) = ae , So the length is 2x = 4/2 and the width is 2y = 3y/2. 


2 


P = 4x + 4y subject to g(x,y) = 2 + ¥ —1=0; VP= 4i+4jand Vg = %it+ %jsothat VP=A Vg 




















be te 
= 4= (3) Aand4 = (#)\ > A= 2% and4 = (#) (#) = y=(B)x = 2, &) =15 54% 
ae s 2 2 Z a 
a) eS (ab) x? Sa x= a Sy= (2) x= Tea width = 2x = eae 
and height = 2y = 52 perimeter is P = 4x + 4y = “A = 4 a? + b? 


Vv f = 2xi+ 2yjand Vg = 2x — 2)i+ Qy —4jsothat Vf =AVg = 2xi+ 2yj = A[2x — 2)i+ Gy — 4j] 
= 2x = (2x — 2) and 2y = AQy-—4) > x=, andy=4,AF 1 y= 2% x? — 2x + (2x)? — 4(2x) 
=0 => x=Oandy =0, orx = 2 andy =4. Therefore f(0, 0) = 0 is the minimum value and f(2, 4) = 20 is the 
maximum value. (Note that \ = 1 gives 2x = 2x — 2 or 0 = —2, which is impossible.) 














ia ene ree as alee a ge are and —1 =2(3)y 
ae ee 43 1x? =36 > x= 4 




















a2 2a he OL 
E aio x a and y Ji0’ or x Ji and 
= = Tn Therefore f ( +) = Tat +6=2V 10+ 6 & 12.325 is the maximum value, and 




















( Tia" 45) = = —2,/10+ 6 & —0.325 is the minimum value. 


T = (8x — 4y)i + (—4x + 2y)j and g(x,y) =x? + y?-25=0 > Vg = 2xi+ 2yjsothat VT=A Vg 
=> (8x — 4y)i + (—4x + 2y)j = \(2xi+ 2yj) > 8x — 4y = 2Ax and —4x + 2y = 2Ay > y= <4 AF 1 
=> 8x — 4 (<7) =2\x > x=0,or\ =0,orA =5. 
CASE 1: x =0 => y =0; but (0,0) is not on x? + y? = 25 sox £0. 
CASE2: \=0 > y=2x => x24 (2x)? =25 > x= + /Sandy = 2x. 
CASE 3: A’ =5 y=—=-3 Va (22)7 =25 >x= +2/55x=2/5andy = —V/5, orx = —2,/5 
and y = ay 5 
Therefore T (V5,2V5) =0°=T (-V5, -2,/5) is the minimum value and T (2V5,-V5) = 125° 
=T (-2V, V5) is the maximum value. (Note: 4 = 1 = x = 0 from the equation —4x + 2y = 2Ay; but we 
found x 4 0 in CASE 1.) 























The surface area is given by S = 4mr? + 2zrh subject to the constraint V(r, h) = 4 <n + 71h = 8000. Thus 

V S = (8ar + 2rh)i + 2nrj and VW V = (4nr? + 2mth)i+ mrj so that WS = X V V = (8ar + 2th)i + 2a1j 

= d[(4ar? + 2nrh) i+ ar’j] Sar + 2rh = d (4rr? + 2nrh) and 2ar = Arr? r=Oor2=r,. Butr 40 
so2=ri\ aN 2 4r+h= 2 (2r? + rh) > h=0 = the tank isa sphere (there is no cylindrical part) and 


43 = 8000 > r=10(8)"”. 
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17. 


18. 


19. 


20. 


21. 


22: 


23: 


Let f(x, y,z) = (x — 1)? +(y — 1)? + (@ — 1)? be the square of the distance from (1, 1, 1). Then 

Vf =2« — Dit 24 — Dj +2@—-— Dk and Vg =i+ 2j+ 3k sothat Vf=AVeE 

= Ax — Dit Wy —Djt+2z— Yk = AG +244 3k) > 2x— 1) =d, Ay —D =2d, 2zZ—D = 3A 

=> Ay —1) = 2[2% — I] and Az — 1) = 32K -D) > x=! = 24+2=3 (4) orz= 25"; thus 


it + 2y+3 (4) —13=0 y=2 X 3 and z = 3 . Therefore the point (3, 2, >) is closest (since no 











point on the plane is farthest from the point (1, 1, 1)). 


Let f(x, y,z) = (x — 1)? +(y + 1)? + ( — 1)? be the square of the distance from (1, —1, 1). Then 
Vf=2«—- Dit 2y4+ Djt+2@-— Dkand V7 g = 2xi + 2yj + 2zk so that Vf =ATVES>x-1=Ax,y+1l=Ay 
andz—1l=z2 > x=74,,y=- 7h. andz= 7 forrA 41 => (-4)°+ (3) + (4)Y =4 


F y= A ,Z= a . The largest value of f 











z or x = 


2 2 = 
V3’ y V3 y2 V3 
occurs where x < 0, y > 0, and z < 0 or at the point (- ws j - = =.) on the sphere. 








4 





























2 
1-A a V3 


Let f(x, y,z) = x? + y? + 2? be the square of the distance from the origin. Then vv f = 2xi + 2yj + 2zk and 

V g = 2xi — 2yj — 2zk sothat Vf=AVg => 2xi+ 2yj + 2zk = A(2xi — 2yj — 2zk) > 2x = 2x\, 2y = —2yd, 
and 2z = —2z x=OorA=1. 

CASE1: A=1 2y = —2y y = 0; 2z = —2z z=0 S10 S25 2 landy=2=0. 

CASE 2: x =0 = —y? — z? = 1, which has no solution. 

Therefore the points on the unit circle x? + y? = 1, are the points on the surface x? + y? — z? = 1 closest to the origin. 

















The minimum distance is 1. 


Let f(x, y,z) = x? + y? + 2? be the square of the distance to the origin. Then vv f = 2xi+ 2yj + 2zk and 
Vg=yi+xj—ksotha Vf=AVg => 2xi+ 2yj + 2zk = AVGyi+ xj — k) 2x = Ay, 2y = Ax, and 2z = —r 
x ay 2y (%) y=OorA= +2. 




















2 
CASE 1: y=0 S> x=0 5 -z24+1=05 z=1. 

CASE2: \=2 > x=yandz=—-1 > x?—-(-1)+1=0 = x?+2=0, so no solution. 

CASE3: \=—-2 => x=-yandz=1 => (-y)yy-—14+1=0 = y=0, again. 

Therefore (0, 0, 1) is the point on the surface closest to the origin since this point gives the only extreme value 
and there is no maximum distance from the surface to the origin. 


Let f(x, y,z) = x? + y? + 2? be the square of the distance to the origin. Then vv f = 2xi + 2yj + 2zk and 

V g=-yi-xj+2zksothat Vf=AVg => 2xi+ 2yj + 2zk = \(—yi — xj + 2zk) => 2x = —yA, 2y = —xA, and 
2z = 2zX A=lorz=0. 

CASE1: }\=1 => 2x =~—yand2y = —-x > y=Oandx=0 = 2 -4=0 S z= +2andx=y=0. 


CASE2: z=0 > -xy-4=0 => y=-#. Then 2x = + => \=*=, and —8 —xr 8 -x(¥) 














x 2 


<7 16 x = +2. Thus, x = 2 andy = —2, orx =—2 andy = 2. 
Therefore we get four points: (2, —2,0), (—2, 2,0), (0, 0,2) and (0,0, —2). But the points (0, 0,2) and (0,0, —2) 


are closest to the origin since they are 2 units away and the others are 2/2 units away. 











Let f(x, y,z) = x? + y” +z? be the square of the distance to the origin. Then vv f = 2xi + 2yj + 2zk and 
V g=yzit xzj+xyk so that Wf=A Vg 2x = Ayz, 2y = Axz, and 2z = \xy => 2x? = Axyz and 2y? = Ayxz 
ray y= +x Z= +x x(+x)(+x)=1 x= +1 the points are (1,1, 1), 1,1, -1), 


(—1, -1, 1), and (—1,1, —1). 



































v f=i-2j+5kand V7 g = 2xi+ 2yj + 2zk so that Vf =AVg>i-2j+5k = AQxi-+ 2yj + 2zk) > 1 = 2x), 
—2 = 2yX, and 5 = 22. x ay —} —2x,andz= 3 =5x = x? +(—2x)? + (5x)? =30 > x= +1. 











24. 


25. 


26. 


27. 


28. 


29. 


30. 
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Thus, x = 1l,y = —2,z=Sorx=—l,y =2,z=-—5S. Therefore f(1, —2,5) = 30 is the maximum value and 












































f(—1,2, —5) = —30 is the minimum value. 
Vv f =i+ 2j + 3k and Mie e na eee Vf=AVgesi+2j+3k= ME ee es 1 = 2xA, 
2 = 2yd, and 3 = 2z X= Y= 5 =2x,andz= 4 =3x = x? + (2x)? + (Bx)? = 25 k= +55. 
<2, 55 _ _10 _ 15 = 5 = 10 _ 15 5 10 15_ 
Thus, x Wa y Jia? Z a or xX Jia? y Jia Z Jie Therefore f ( Va viae 43.) 











= 5v\/ 14 is the maximum value and f ( = —5y/ 14 is the minimum value. 


5 10 5) 
J14’? V4’ V4 
f(x,y,z) =x? +y?4+ 27 and (x,y,z) =x+y+z-9=0 5 Vf= 2xit+ 2yj + 2zk and vg =i+j-+k so that 

Vf=AVgEg => 2xi4+ 2yj+ 2zk = AG4+j+k) => 2x=4,2y =A, and2z=AS>x=y=z>x+x+x-9=0 
=> x=3,y =3,andz=3. 








f(x, y,z) =xyzand g(x,y,z)=x+y+2-16=0 > Vf=yzit+xzj+xyk and Vg =i+j-+ 2zk so that 
Vf=AVsEg => yait xzj+xyk = \G4+j+2zk) > yz=A,xz =), and xy = 2z\ > yz =xz >z=Oory =x. 
But z > Oso thaty =x > x? = 2z\ and xz= X. hea 2a) => x=Oorx =2z?. Butx > 0 so that 



































x7 y= 27 227 + 227 +27 = 16 z=+ ie We use z = “z since z > 0. Then x = # andy = % 
which yields f (22 , 3 pe 2, 45) = ae 


V = 6xyz and g(x,y,z) =x? +y?+2-1=0 > VV = 6byzi+ 6xzj + 6xyk and V g = 2xi+ 2yj + 22k so that 
VV=AVzE => 3yz= Xx, 3xz = Ay, and 3xy = \z => 3xyz = Ax” and 3xyz = Ay? y=4+x Z= +x 
SS Pg a ee WE since x > 0 = the dimensions of the box are TE by WE by a for maximum 











volume. (Note that there is no minimum volume since the box could be made arbitrarily thin.) 


V = xyz with x, y,z all positive and * + { + 2 = 1; thus V = xyz and g(x, y,z) = bex + acy + abz — abc = 0 





=> VV=yzi+xzj+xykand Vv g = bei+acj+abk so that VV =AVg yz = Abc, xz = Xac, and xy = Aab 
=> xyz = Abex, xyz = Aacy, and xyz = Aabz > AHF 0. Also, Abcx = Aacy = Aabz bx = ay, cy = bz, and 
cx=az => y=2xandz=£x. Then? +i+£=1 > 44+} (2x) +34 (Ex) 1 xx] x=§ 


a a 3 


>y= (2) (3) = 8 and z = (£) (3) z V = xyz (3) (2) (s) = abe is the maximum volume. (Note that 


there is no minimum volume since the box could be made arbitrarily thin.) 























Vv T = 16xi+ 4zj + (4y — 16)k and 7 g = 8xi+ 2yj + 8zk so that VJT=AVWg => 16xi+ 4zj + (4y — 16)k 
= X(8xi+ 2yj + 8zk) = 16x = 8x, 4z = 2yX, and 4y — 16 = 8zX A=2o0rx=0. 
CASE 1: \=2 => 42 =2y(2) > z=y. Then 4z- 16 = 162 > z=-# y =— 4. Then 


he oe a eae ie 

CASE2: x=0 > \=% y— 16 =82(%) = y?—4y = 42? > 40) +y? + (y? — 4y) — 16 =0 
aria Ras he ee 0 > y=4ory=~-2. Nowy=4 = 472 = 4? — 44) 
=> ~2=Oandy =-2 => 42? =(-2)? -4(-2) = z= 4 V3. 


4,4 _ 4) = 6422", T(0,4,0) = 600°, T (0, ~2, V3) = (600 - 24/3) , and 









































The temperatures are T ( =e 





T (0. =2, -/3) = (600 + 24/3) = 641.6°. Therefore ( ; om ; — +) are the hottest points on the space probe. 


V T = 400yz7i + 400xz?j + 800xyzk and V g = 2xi + 2yj + 2zk so that VT =A Veg 
=> 400yz7i + 400xz?j + 800xyzk = A(2xi + 2yj + 2zk) => 400yz? = 2x\, 400xz? = 2yA, and 800xyz = 2z.. 


Solving this system yields the points (0, + 1,0), (+1,0,0), and ( 5 £5, ¥) . The corresponding 
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31. 


32. 


33. 


34. 


35. 


36. 






































temperatures are T(0, + 1,0) = 0, T(+1,0,0) = 0, and T ( $s 5. ) = +50. Therefore 50 is the 
maximum temperature at 5 : 5 ae v2) and ( 5 ‘ 5 ye v2) ; —50 is the minimum temperature at 














2 
ope eer a aes ee 
(3, 4, + ¥) and ( $4,442). 


vU=(94+2)i+ xjand Vg =2i+jsotht VU=A Vg => (y+ 2)i+ xj =AQI+j) > y+2 =2, and 
x=A y+2 = 2x y =2x—2 => 2x+(2x—2)=30 > x=8andy = 14. Therefore U(8, 14) = $128 
is the maximum value of U under the constraint. 








VM=(6+2)i— 2yj+ xk and V7 g = 2xi + 2yj + 2zk so that VM=AVg => (6+2)i— 2yj + xk 
= \(2xi + 2yj + 2zk) > 64+2z= 2xX, —2y = 2yA, x = 22d A=-lory=0. 
CASE 1: 4} =-1 6+z = —2x and x = —2z 6+2z= —2(—2z) > z=2andx = —4. Then 
(—4)? + y? +2? -36=0 > y= +4. 
CASE 2: y =0,6+z = 2x\, and x = 2zX Ves 6+z=2x(4) > 624+2=% 
=> (62+27)+04+2? =36 > z=-60rz=3. Nowz=—-6 => x2 =0 => x=0;2=3 
2 =27 > x= +313. 


Therefore we have the points ( £34/3,0; 3) , (0,0, —6), and (—4, + 4,2). Then M (3 3.0: 3) 


















































= 27,/3 + 60 ~ 106.8, M (-3 V3.0, 3) = 60 — 27\/3 13.2, M(0, 0, —6) = 60, and M(—4, 4, 2) = 12 
= M(—4, —4, 2). Therefore, the weakest field is at (—4, + 4,2). 








Let g1(x, y,z) = 2x — y = Oand go(x,y,z) =y+z=0 V 21 = 2i-j, Vg =jtk,and Wf = 2xi-+ 2j — 2zk 
sotha Vf=AVeituV go => 2xi4+ 2j —2zk = rAQi-j)t+ vG+k) => 2xi+4+ 2j — 2zk = 2014+ (uw — Aj + wk 
=> 2x=2i,2=u-—A,and—-2z=p => x=. Then2 = —2z—x => x = —2z—2s5s0 that 2x-y=0 

=> 2(-2z2-—2)-y=0 => —-4z-4-y=0. This equation coupled with y + z = 0 implies z = — $ and y = 





Then x = 5 so that (3 ; ; — +) is the point that gives the maximum value f(3 , $ - +) —— (2)? +2 (5) — (- +) 


Let g1(x, y,z) =x + 2y + 3z—6 = Oand go(x,y,z) =x+3y+9z-9=0 5 Ve =i4+ 2j+3k, 

V go =i+3j+ 9k, and vf = 2xi+ 2yj + 2zk so that Vf=AVeEit+uUV go => 2xi+ 2yj + 2zk 

= AG+ 27 + 3k) + wa + 3j + 9k) => 2x=A+4+ p, 2y = 2A 4 3y, and 2z = 3A 4+ 94. Then 0 = x + 2y + 3z— 6 
=2A+p)+ 2043p) 4 (204 Zu) -6 > 714+ 17 =6,0=x+ 3y+ 92-9 


=> sA4p)t (3043) + (PAF Fu) —9 > 341491 = 18. Solving these two equations for \ and ps gives 




















__ 240 _ 78 A+u _ 81 24+3u _ 123 _ 3A+ 9 _ 9 wa : 
A = $9 and ps 35 X 7 59> Y 5 $9 >andz = —>-" = =. The minimum value is 
f (3 ; ‘3 . =) a an 1 “ . (Note that there is no maximum value of f subject to the constraints because 


at least one of the variables x, y, or z can be made arbitrary and assume a value as large as we please.) 


Let f(x, y,z) = x” + y? + 2” be the square of the distance from the origin. We want to minimize f(x, y, z) subject 
to the constraints g1(x, y,z) = y + 2z — 12 = Oand go(x,y,z) =x+y—6=0. Thus Vf = 2xi-+ 2yj + 2zk, 
V 21 =jt2k,and Vg. =i+jsotha Vf=ATVAtUV g => 2x=y, 2y =A+ yp, and 2z = 2. Then 
O=yt+2z-12=(44+4)4+2A-12 > 2At4h pH=12 > SAtp=240=x+y-6=44 (44 4) -6 


=> sA\+p=6 => + 2 = 12. Solving these two equations for \ and ps gives \ = 4 andp=4 > x= 4 =2, 


y= Ath = 4, andz = A = 4. The point (2, 4, 4) on the line of intersection is closest to the origin. (There is no 








maximum distance from the origin since points on the line can be arbitrarily far away.) 


The maximum value is f (3 : ; = +) = : from Exercise 33 above. 


37. 


38. 


39. 


40. 


41. 
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Let g1(x, y,z) = z— 1 =Oand go(x,y,z) =x? +y?+z7-10=0 > Vei=k, VW g2 = 2xi+ 2yj+ 2zk, and 
Vv f = 2xyzi+ x*zj + x’yk so that Vf=AVetuUV go => 2kxyzit x2zj + x?yk = A(k) + p(2xi + 2yj + 2zk) 
=> xyz = 2xp, x?z = 2yp, and x’y = 2z + » XYZ = Xj x=Ooryz=yp > w=ysincez= 1. 

CASE 1: x =Oandz=1 => y?—9=0(fromg2) => y = +3 yielding the points (0, + 3, 1). 

CASE2: w=y > x°z=2y? => x? =2y? (sincez = 1) > 2y?+y?+1-—10=0 (from g.) > 3y?-9=0 


y=+vV35 X%=2 ( + V3), = x= + 1/6 yielding the points ( /6, + V3, 1) : 


Now f(0, +3, 1) = land t( «fb, Raf, 1) =6 ( + V3) +1=1+6,/3. Therefore the maximum of f is 


1+ 6/3 at (+ V6, V3, 1), and the minimum of fis 1 — 6/3 at (+ S673, 1) 




































































(a) Let (x,y,z) =x+y+z-—40 =Oand g(x, y,z)=xt+y-z=0 > Vg=it+jt+k, Ve=i+j—k, and 
V w=yzi+ xzj+xyksotha VJw=AVgit+uV 2 => yait xzjt+xyk = AG+j+k + wi+j—k 
=> yz=A+y,xz=A+y,andxy=A-p YZ = XZ z=Oory =x. 
CASE 1: z=0 => x+y=40andx+y=0 = no solution. 
CASE 2: x=y => 2x+z-—40=0and2x—z=0 z = 20 x= 10andy=10 => w= (10)(10)(20) 

















= 2000 
ij k 
(b) n=/1 1. 1 | = —2i+ 2j is parallel to the line of intersection = the line is x = —2t + 10, 
1 1 -l 
y = 2t+ 10, z = 20. Since z = 20, we see that w = xyz = (—2t + 10)(2t + 10)(20) = (—4t? + 100) (20) 
which has its maximum when t = 0 x = 10, y = 10, and z = 20. 








Let ¢1(2, y,z) = y —x = Oand g0(x,y,z) =x? +y?+27-4=0. Then Vf=yit+ xj + 2zk, Ve =—i+j, and 

V go = 2xi+ 2yj+2zkso that Vf=AV2itHuV sg => yit xj + 2zk = A(-i+ j) + w2xi+ 2yj + 2zk) 

=> y=—-A+ 2xp, x = A+ 2yp, and 2z = 2zp z=Oorun=1. 

CASE1: z=0 => x*+y?-4=0 = 2x*-4=0(sineex=y) > x= + \/2 and y = ete \/2 yielding the points 

( as), V2,0). 

CASE2: w=1 => y=—-A+2xandx =A+4+2y > x+y=2k+y) => 2x = 2(2x)sinceex =y>x=0>y=0 
=> 72—-4=0 > z= +2 yielding the points (0,0, +2). 

Now, f (0,0, +2) = 4 and f ( /2, /2, 0) = 2. Therefore the maximum value of f is 4 at (0,0, + 2) and the 




































































minimum value of f is 2 at ( 4/2, af; 0) : 


Let f(x, y,z) = x” + y? + 2? be the square of the distance from the origin. We want to minimize f(x, y, z) subject 
to the constraints g1(x, y,z) = 2y + 4z — 5 = Oand g9(x, y,z) = 4x? + 4y? — 2? =0. Thus Wf = 2xi+ 2yj + 2zk, 
V £1 = 23+ 4k, and V go = 8xi+ 8yj — 2zk sothat Vf=AVsi+tuV ge => 2xi4+ 2yj + 2zk 
= \(2j + 4k) + p(8xi + 8yj — 2zk) => 2x = 8xp, 2y = 2A 4+ 8yy, and 2z = 4\ — 27) > x=Oorp= i. 
CASE 1: x =0 > 4(0)? +4y? —z? =0 Z= +2y 2y + 4(Q2y)-5=0 > y=}, or2y + 4(-2y) -5=0 
>y=- 2 yielding the points (0, $, 1) and (0, = 2, 3) ; 

CASE2: w=} > y=Aty > A=0 > 22=4(0) -2z(4) > 2=0 > 294+ 40) =5 = y= Zand 

(0)? = 4x? +4 (2) => no solution. 


Then f (0, 5,1) = ? andf(0,— 2,3) =25(4+4) = = the point (0, 

















5; 1) is closest to the origin. 


vf=it+tjand Vg=yi+xjsothat Vf=A Vg => i+ j=AGI+xj)) > l=ydAandl=xA > y=x 
y? = 16 y= +4 (4, 4) and (—4, —4) are candidates for the location of extreme values. But as x — oo, 











y — ooand f(x,y) — oo;asx — —oo,y — Oand f(x,y) — —oo. Therefore no maximum or minimum value 
exists subject to the constraint. 
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4 
42. Let f(A,B,C) = >> (Ax, + By, +C —z,)? =C?+(B+C— 1? +(A+B4C-— 1) +(A+C+4 1). We want 
k=1 


to minimize f. Then f,(A, B,C) = 4A + 2B + 4C, f(A, B,C) = 2A + 4B + 4C — 4, and 
f(A, B,C) = 4A + 4B + 8C — 2. Set each partial derivative equal to 0 and solve the system to get A = — $ ‘ 
B= 3, andC = — ; or the critical point of f is (- $3857 i) : 
43. (a) Maximize f(a, b,c) = a”b*c? subject to a? + b? +c? =1?. Thus V7 f = 2ab?c?i + 2a°bc?j + 2a’b?ck and 
V g = 2ai t+ 2bj + 2ck so that VWf=AVW gE => 2ab2c? = 2ad, 2a*bc? = 2bd, and 2a?b7c = 2c 
= Qab2e? = 2a7\ = 2b?) = 2c? \=00ra=b =e’. 
CASE 1: }=0 = a*b*c? = 0. 








3 
CASE 2: a? = b? =c? = f(a,b,c) = a7a?a” and 3a? = 1? > f(a,b,c) = (5) is the maximum value. 


(b) The point (Va Vb, ve) is on the sphere if a+b +c =r”. Moreover, by part (a), abe = f (Va vb, ve) 
3 

< (5) = (abc)!/3 < e = 2th+e ‘as claimed. 

44. Let f(X1,X2,.-- , Xa) = D> aX; = ayxXy + agxo +... +a,X, and g(X1,Xo,... ,X,) =X? +x? +... +x? — 1. Then we 


i=l 
a2 2 a2 
1 





want Wf=AVWg => ay = A(2X1), ag = A(2Xg), ... 5 An = A(2Xp), A FO x= mtgt...+@e=1 





n n 


n 1/2 n n n 1/2 
aad a= (Sa) try m=Daxha (aad ea (Sa) is 
i=1 i i=1 


i=l i=l i=1 








the maximum value. 


45-50. Example CAS commands: 
Maple: 
f := (x,y,z) -> x*y+y*z; 
gl := (x,y,z) -> x42+y42-2; 
g2 := (X,y,Z) -> x424+z42-2; 
h := unapply( f(x, y,z)-lambda[1]*g1(x,y,z)-lambda[2]*g2(x,y,z), (x,y,z,lambda[1],lambda[2]) );  # (a) 
hx := diff( h(x, y,z,lambda[1],lambda[2]), x ); #(b) 
hy := diff( h(x, y,z,lambda[1],lambda[2]), y ); 
hz := diff( h(x,y,z,lambda[1],lambda[2]), z ); 
hll := diff( h(x,y,z,lambda[1],lambda[2]), lambda[1] ); 
hl2 := diff( h(x,y,z,lambda[1],lambda[2]), lambda[2] ); 
sys := { hx=0, hy=0, hz=0, hl1=0, hl2=0 }; 


ql :=solve( sys, {x,y,z,lambda[1],lambda[2]} ); # (c) 
q2 := map(allvalues,{q1}); 
for p in q2 do — 


eval( [x,y,Z,f(x,y,Z)], Pp); 
“=evalf(eval( [x,y,z,f(x,y,z)], p ))s 
end do; 

Mathematica: (assigned functions will vary) 
Clear[x, y, z, lambdal, lambda2] 
f[x_y_,z_]i=xyt+yz 
gl[x_y_z ]i=x?+y? -—2 


g2[x_y_z_J:=x? +z? —2 





h=f[x, y, z] — lambdal g1[x, y, z] — lambda2 g2[x, y, z]; 
hx= D[h, x]; hy= D[h, y]; hz= D[h,z]; hL1=D[h, lambdal]; hL2= D[h, lambda2]; 
critical=Solve[{hx==0, hy==0, hz==0, hL1==0, hL2==0, g1[x,y,z]==0, g2[x,y,z]==0}, 


an? 
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{x, y, Z, lambdal, lambda2 }]//N 
{{x, y, z}, fx, y, z]}/-critical 


14.9 PARTIAL DERIVATIVES WITH CONSTRAINED VARIABLES 


1 w=x?+y?4+2z? andz=x?+y?: 








X = x(y, Z) 
y Ss dw) _ dw dx 1 dw dy | Aw Oz. dz _ Or HO ay 
(a) ) = yey +-ws> (#) = +H + He S, & = Oand % = 2x % + 2y 


Z=Z 


= 2x8 +2y > O=2x B42 + B=-} = (H) =~ (-2) + Cy) + CxO = -2y + 2y =0 


xX 








X=xX 
xX = Ow) _ Ow Ox Ow Oy Ow dz. Ox __ ae | ox ay 
(b) (*) = y = y(x, Z) 7-wWw> CLs an. By az + Oz 9n> 9, = Nand 5 = 2x 5 + 2y 5 
Z—=Z 


l=we => 8a! (32), = 2x0) + @y) (4) +220) = 1422 











2y 








[a= 202) 

ej iG) Gj 

© (2) (yzy | 9 = BB+ BB+ BB = oom = 208 +27 
Z=Z 


1=2x 3 > B= a > (3), = 20 (x) + CNO+ CHM) =14 2% 











2. w=x?+y—z+sintandx+y=t: 




















X=X 
x 
eed aw _ dw dx , dw J. Ow dz , Ow At. ax _ az _ 
@ ty] > es sw (3) =% by + By By + Ox dy + aE ay? dy =O ay =O, and 
E t=x+y 
a= => () = (2x)(0) + (1)1) + (— DO) + (cos C1) = 1+ cost = 1+ cos(x+y) 
y xX=t-—y 
Yay Ow _ Ow Ox Ow O Ow dz Ow Ot. Oz _ ot _ 
(b) f i — sw (jr) =% By + By By + Oz dy + He dy> vy — Oand 5 =0 
t=t 
> @-%# 15 (3) = @OCD + CA) +10) + (os H() = 1 2b y) = 1+ 2y — 24 
X=X 
7 yy a dw 0 dw 0 dw 2 Ow dt. a a 
coary Ww. — Ow Ox Ww. Ww OZ Ww Ot. Ox _ — 
C2 a ia pas ow =e (Gr) = Be ot oy oe oe et ae aes oe and | = 0 
i t=x+y 
=> (®)., = (2x)(0) + (1)(0) + (-1)) + (cos t)(0) = —1 
y x=t-y 
Yuly: Ow _ Ow dx ow 9: Ow Oz Ow Ot. Oy _ ot __ 
(dd) [Zz] > aes sw = (57), = Se det By tet Se bet He be = Oand 5 =0 
: t=t 
=> (2), = (2x)(0) + (1)(0) + (-1)) + (cos t)(0) = —1 
X=X 
y=t—x Ow — Ow Ox dw 2: Ow Oz Ow Ot. Ox _ Oz 
(e) | Zz] > ag sw = (Bt). Oe at By at oe ot oo oF —Oand | =0 
t 
t=t 


=> (3)_, = 2x0) + (DD) + (-DO) + os t(1) = 1+ cost 
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y x=t-y 
yay Ow — Ow dx Ow Oy Ow Oz Ow dt. Oy _ Oz _ 
(f) e sy Z=Z SWS Ce a os att ay at dz at at a ar — and 3 = 0 
t 
t=t 


=> (3), = 20) + (DO) + (-DO) + os t\(1) = cos t + 2x = cos t + 2(t — y) 


3. U=f(P, V,T) and PV = nRT 
P=P 














P ‘ 
@ (Y) > [YEY | Us GD = a+ A OE OF B= BF + (RO CH) CH) 
=~ oR 
= 3+ (HB) (&) 
p= ™ 
Vv Ms OU OU oP OU OV OU OT OU nR OU OU 
(b) T Maar U => (&)y = & at Rv or + or on = (Sp) (F) + (RH) O+ 
= (#8) (8) +H 


4. w=x?+y?+z? andy sinz+zsinx =0 





X=X 
: Ww Ww Os Ww. w OZ 
(a) & yay | sw > (8) =O 4 wy Ow, HO and 
Z = (x,y) 
(y cos 2) 5% + (sinx) % +zceosx=0 > FH = pate. AtO1m, R= a7 
ow = am 5 
(32) sheng = 2X) + 2yVO) + (22)(| 1 = 2m 





(x =%0,2)\ 
_ () a = 2 aes (32), = SE SE + 3 + OFF = On) F + Cy) + QzN(1) 
wv 

= (2x) & + 22. Now (sin z) & + cos z + sin x + (zcos x) & =Oand 9 =0 

=> ycosz+sinx+(zcosx) #=0 = & = =Leeszo sn, Ati), Beast 

=> (¥),) 1x) = 2) (4) + 20 = 20 


5. w=xy?+yz-zZandx?+y?+77=6 





x= x 
: = Ow) _ Ow Ox | Ow O Ow az 
(a) (*) - y=y sw > (3) =o B+ oe a tae ae 
Z = 2(X,y) 
= (2xy”) (0) + (2x*y + z) (1) + (y — 3z”) oe = 2x*y + z+ (y — 32”) a Now (2x) a + 2y + (2z) oa = Oand 
%=0 > 2y + (2z) F = 0 > = — 2 At (w, x,y,z) = (4,2,1,-), #=-4=1 = (2) 


= [(2)(2)°() + (-D] + [1 — 3(-D7] () = 5 





(4,2,1,-1) 





y X = x(y, Z) 
» @)- y=y | ow (f) =o RR we 
Z—=Z 


= (2xy?) & + (2x°y + z) (1) + (y — 32”) (0) = (2x?y) & + 2x°y +z. Now (2x) & + 2y + (2z) % = 0 and 


& —0 > (x) #+2y=0 5 #=-2. Atw,x,y,2=4,2,1,-), 2=-] > (3). 

















(4,2,1,-1) 
= (2)(2)(1)? (— §) + Q)2)2) + (-1) =5 
_ gg OU OVe & ao 4 Ox __ = Ou Ov Ov _ u)\ Ou 
6. y=uv > l=vg tugsx=u +v and 5 = 0 > 0 = 2u 5 + 2v 5 > By = 2) ae oF 1 
—y Ou u du) _ (v?-w?) du Ou _ sev = Ou _ = 
=v St +u( v gu) ea ( v ) oy By = at AUOLY) = (v2.1). 3 7 my — 
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Ts & = ca = (¥),=cos6,P+y=r => 2x+2y % = 2 # and ¥ =0 > 2x=2r& 








y=rsin0g 
or _ x (2) x 
Ox r Ox/y Jet+y? 





8. If x, y, and z are independent, then (=). = me im + a oy + oe a + me a 


= (2x)(1) + (—2y)(0) + (4)(0) + (1) (#) = 2x + #. Thusx+2z4+t=25 > 140+ #=05 #=-1 
=> (®),. = 2x — 1. On the other hand, if x, y, and t are independent, then (ey 


= Oe oe 4 Ou Y 4 Su Oe 4 Ow H — (2x\(1) + (—2y)O) + 4 S + (10) = 2x +4 &. Thus, x+2z2+t=25 
=> 142#40=05 #=-}3 (SY) = 2x +4 (- 3) = 2x-2. 














9. Ifx isa differentiable function of y and z, then f(x, y,z)=0 => 2 % +4 a oy 4 Of 02 9 = ae 4+ # &W_=9 





Ox Ox y Ox Oz Ox Oy Ox 
Ox =a Of/oy os . . A . . oy es Of/dz . A 
=> () = 7 Bier: Similarly, if y is a differentiable function of x and z, (#). = — S75, andifzisa 





differentiable function of x and y, (3), — — 0x Then () (#) (2%), 


~ Of/Oy* Oy Oz Ox 
= Ofldy ( Ofldz ) Offax \ __ 1 
= Of/0z Of/Ox ofloy } : 





= = az _ df du _ df. az _ df du _ , df a a 
10. z=z+f(u)andu=xy > RB =1t+ GR = I+ Gralso 3 =0+ & By =X Gy 80 thatx By 5 


=x(it+y €) -y(x§) =x 





11. If x and y are independent, then g(x, y,z) =—0 => os o + se s + os ae = Oand & =05 FE + 38 oe =0 


Oz __ __ Ogldy : 
=> (#). = — Belair > AS claimed. 


12. Let x and y be independent. Then f(x, y,z, w) = 0, g(x, y,z, w) = 0 and oY =0 





Of Ox Of Oy Of Oz Of Ow _ Of Of Oz of Ow _ 
> Ox ax By ox tae Be oe oe oe toe Be ay ax — O and 


Og ox 4 Og Oy 1 Og Oz 4 Og Gu — Se 4 os oz 4 Oe a” — 0 imply 























Ox Ox Oy Ox Oz Ox Ow Ox Oz Ox 
_ oH Of 
ox Ow 
Of Oz + of Ow _ _ of _ og og at dg , dg at af dg _ af ag 
dz Ox ' Ow Ox Oxy (2) = dx__ dw dx wt dx dw _ _ dx dw dw Ox laimed 
Og dz ihe Og Ow _ Og Ox/y~ | at at of Og og a — af og of Og as Claimed. 
dz Ox aw ox ox oe af dz Ow dz Ow dz Ow Ow Oz 
dz Ow 











She stat = _ ax _ af Ox 1 Of Oy 4 Of dz, OF Aw 
Likewise, f(x, y,z, w) = 0, g(x, y,z, w) = 0 and y= 0> & Biot ay Oy Oe By! Bw. By 


= E44 4 A SY — 0 and (similarly) 52 + 32 2 + $2 9” = 0 imply 









































ly Oz Oy Ow Oy 
iz ly 
Of Oz of Ow — of fs) fa) Fe . P 
Oz Oy si Ow Oy Oy aw = a ay == 7 +S a fe, ¢ 3 et ze lai d 
Og Oz ce Og dw Og = oy —~ “lot af — a 3 3 a = at 28 - 3 » aS Claimed. 
= x : oO Oz Ow Zz Ow Oz Ow w OZ 
Oz Oy Ow dy oy ag ;| 
dz =~Ow 
14.10 TAYLOR'S FORMULA FOR TWO VARIABLES 
1. f(x,y) = xe” f, =e’, fy = xe’, fk, = 0, fy =e”, fyy = xe” 








=> f(x,y) = £0, 0) + xf, (0,0) + yf,(0, 0) + $ [xfxx(0, 0) + 2xyfxy(0, 0) + y7fyy(0, 0)] 
=04+x-l+y-0+4+ 5 (x? -0 + 2xy-1+y?-0) =x + xy quadratic approximation; 


foxx 0, faxy 0, fayy e, fyyy = xe’ 
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=> f(x,y) © quadratic + : [x faxx(0, 0) + 3xyfxxy(0, 0) + 3xy"fxyy(0, 0) + y?fyyy(O, 0)] 
=x+xy+ : (x? -0+ 3x*y -0+ 3xy?-1+y?-0) =x+xy+ 5 xy”, cubic approximation 


2. f(x,y) =e* cosy > f, =e* cosy, fy = —e* siny, fyx = e* cos y, fky = —e* sin y, fyy = —e* cos y 
=> f(x,y) = £0, 0) + xf, (0,0) + yf,(0, 0) + $ [x fxx(0, 0) + 2xyfxy(0, 0) + y7fyy(0, 0)] 
=14+x-l+y-0+ 4 [x?-1+42xy-0+y?-(-l] =14+x+ 4 (x’ — y’), quadratic approximation; 

fixx = e* cos y, fixy = —e* sin y, fyyy = —e* cos y, fyyy = e* sin y 
= f(x, y) © quadratic + 2 [x*fxxx(0, 0) + 3xyfxxy(0, 0) + 3xy7fxyy(0, 0) + y?fyyy(O, 0)] 
=14+x+ 5 (x?—y*) + é [x - 1+ 3x*y-0+ 3xy?-(-1) + y? - 0] 


=1+4+x+$(x?—y?) + 4 (x3 — 3xy?) , cubic approximation 








3. f(x,y) =ysinx > f, = ycosx, fy = sin x, f,, = —y sin x, fky = cos x, fyy = 0 
=> f(x,y) © f(0, 0) + xf,(0, 0) + yf, (0,0) + 5 [xfxx(0, 0) + 2xyfxy (0, 0) + y7fyy(0, 0)] 
=0+x-O0+y-0+4(x?-0+42xy-1+y?-0) = xy, quadratic approximation; 
fixx = —y COS X, fyxy = — sin x, fyyy = 0, fyyy = 0 
=> f(x,y) © quadratic + é [X?fxxx(O, 0) + 3xyfxxy(0, 0) + 3xy"fxyy(0, 0) + y?fyyy(O, 0)] 
=xy+ z (x? -0 + 3x’y -0 + 3xy? - 0+ y? - 0) = xy, cubic approximation 


4. f(x,y) =sinx cosy => f, =cos xcos y, fy = —sinx siny, f,x = — sin x cos y, fky = — cos x sin y, 
fyy = —sinx cosy => f(x,y) = f(0, 0) + xf, (0, 0) + yf,(O, 0) + $ [xfxx(0, 0) + 2xyfxy (0, 0) + y7fyy (0, 0)] 
=0+x-l+y-0+4(x?-0+2xy-0+y?-0) =x, quadratic approximation; 
fixx = — cos x cos y, fixy = sin x sin y, fyyy = — cos x cos y, fyyy = sin x sin y 
=> f(x,y) © quadratic + z [x fxxx(O, 0) + 3x?yfxxy(0, 0) + 3xy7fxyy (0, 0) + y?fyyy(O, 0)] 
=x + i [x?-(-1) + 3x*y -0 + 3xy?- (—1) + y? - 0] = x — 2 (x? + 3xy”), cubic approximation 


x 





5. f(x,y) =e*In(dl+y) > & =e*In(1+y), fy = fx =e*In(1+ yy), iy = > fy = apy? 


I+y? 
=> f(x,y) = £(0,0) + xf, (0,0) + yf,(0, 0) + 5 [x?fxx(0, 0) + 2xyfy (0, 0) + y7fyy(0, 0)] 
=0+x-O+y-1+4[x?-0+2xy-1+y?-(-1] =y + 4 (2xy — y”), quadratic approximation; 

fox =e In(1 +-y), fay = Poy fey = — cap fy = aS 
=> f(x,y) © quadratic + ¢ [x*fxxx(0, 0) + 3x7yfxxy(0, 0) + 3xy7fxyy(O, 0) + y*fyyy(O, 0)] 

=y+ 5 (2xy —y) + £ [x®- 0+ 3x*y- 1+ 3xy’-(-1) + y* -2] 
=y +4 (2xy — y”) + Z (3x’y — 3xy? + 2y®) , cubic approximation 





6. fx, y)=n@xtyt+) = h=_ 97-8 = agar fe = aap fy = ane? 

fy = Oa => f(x,y) © £0, 0) + xf, (0, 0) + yf,(0, 0) + 5 [x7fxx(0, 0) + 2xyfxy(0, 0) + y7fyy (0, 0)] 
=0+x-2+y-1+ 4 [x?-(—4) 4+ 2xy-(-2) + y?-(—1)] = 2x + y + § (—4x? — 4xy — y’) 

= (2x+y)- 5 (2x + y)’, quadratic approximation; 
oe 16 eee 8 ess 4 6s 2 

zs Qx+y + 18 ? “XxY (2x +y + 13 ? “XYY (x+y + 1%? “yyy Qx+y+ 18 
=> f(x,y) © quadratic + z [X*fxxx(O, 0) + 3x?yfxxy(0, 0) + 3xy7fxyy(0, 0) + y?fyyy(O, 0)] 
= (2x + y) — $(2x +)? + 2 (x3 - 16 + 3xy - 8 + 3xy” -4 + y? - 2) 

= (2x +y)— 5 (2x +y)? + 3 (8x? + 12x*y + Oxy? + y”) 

= (2x + y) — $(2x+y)? + § (2x + y)*, cubic approximation 








i 
3 
L 
3 


7. f(x,y) = sin(x?+y*) > f, = 2x cos (x? + y*), fy = 2y cos (x? + y’), fx = 2 cos (x? + y”) — 4x? sin (x? + y”), 
fyy = —4xy sin (x? + y”), fyy = 2 cos (x? + y”) — 4y? sin (x? + y?) 


9. 


10. 


11. 


12. 
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=> f(x,y) = £0, 0) + xf, (0,0) + yf,(0, 0) + 5 [x?fxx(0, 0) + 2xyfxy (0, 0) + y7fyy(0, 0)] 
=0+x-O+y-0+44(x?-2+42xy-0+y?-2) =x? + y’, quadratic approximation; 
fyxx = —12x sin (x? + y”) — 8x? cos (x? + y”), frxy = —4y sin (x? + y?) — 8x?y cos (x? + y’), 
fyyy = —4x sin (x? + y?) — 8xy? cos (x? + y”), fyyy = —12y sin (x? + y”) — 8y? cos (x? + y?) 

=> f(x,y) & quadratic + 1 [x3f,.4(0, 0) + 3x2yfyxy(0, 0) + 3xy2Fayy(O, 0) + y8Fyyy(0, 0) 

=x? +y? + 2 (x3 - 0+ 3x*y -0 + 3xy?-0+y?-0) = x? + y*, cubic approximation 


f(x, y) = cos (x? + y”) => fy = —2x sin (x? + y”), fy = —2y sin (x? + y?), 
fxx = —2 sin (x? + y”) — 4x? cos (x? + y”), fay = —4xy cos (x? + y”), fyy = —2 sin (x? + y”) — 4y? cos (x? + y’) 
= f(x,y) © £0, 0) + xf,(0, 0) + yf,(0, 0) + 4 [x2fx(0, 0) + 2xyfyy(0, 0) + y2fy(O, 0)] 
=1+x-0+y-0+ 4 [x?-0+ 2xy-0+y? - 0] = 1, quadratic approximation; 
fexx = —12x cos (x? + y”) + 8x? sin (x? + y*), faxy = —4y cos (x? + y”) + 8x’y sin (x? + y’), 
fxyy = —4x cos (x? + y”) + 8xy? sin (x? + y”), fyyy = —12y cos (x? + y*) + 8y? sin (x? + y? 
= f(x, y) © quadratic + 1 [x3f,.4(0, 0) + 3x2yfxxy(0, 0) + 3xy2fyyy(0, 0) + y*fyyy(0, 0) 
= 1+ 4(x?-0+ 3x’y-0 + 3xy”- 0+ y?-0) = 1, cubic approximation 


Ww 


eae = 1 = = 2 Sep 
HOY) = taxa y => i= qeace ~ le = gee by 


=> f(x,y) = £0, 0) + xf, (0,0) + yf,(0, 0) + $ [x?fxx(0, 0) + 2xyfyy(O, 0) + y*fyy(0, 0)| 
=14+x-L+y-14+$(x?-2+42xy-2+y?-2) =14+(x+y)4+ (x? 4+ 2xy+y’) 

=14+(x+y)+ («+ y)’, quadratic approximation; fx = aoe = fy = fyy = fy 

=> f(x, y) © quadratic +  [x*fxxx(0, 0) + 3xyfxxy(0, 0) + 3xy7fryy(0, 0) + y?fyyy(O, 0)] 
=1+(xty)+(x+y)? + }(x3-6 + 3x?y - 6 + 3xy?-6+y* - 6) 

=1+(xkt+y)+ (x+y)? + (x? + 3x?y + 3xy? + y3) = 14+ (K+y)+(k+4+y)? + (x + y)%, cubic approximation 








= 1 = i = 1—x 
f09) = Toacyey > fk = Gaamy rep fy = Waxy FF 
a 1 ee a 2(1 — x)? 

xy ~ (l—x—y+txy)?? YY ~ (l—x—y+xyy3 
=> f(x,y) © f(0, 0) + xf,(0, 0) + yf,(0, 0) + $ [x7 fxx(0, 0) + 2xyfxy(O, 0) + y*fyy(0, 0)| 


=14+x-I+y-1+4(x?-2+42xy-1+y?-2) =1+x+y+x? +xy+y’, quadratic approximation; 


f.. = 2(1 — y? 
XX ™ (L—x—y+xy)®’ 




















f... = 61 — y)’ f,,. — Ad =x~ y+ xy) + 61 — yi ~ x0 — y) 

XXX TT (=x —y + xy)? XXY (l-x-y+xy)t , 
f= (Ado x-ytxy) +60 - 0d -yid=») ¢  _ __ 61»! 

xyy (l—x—y+xy)* Poy, (l—x—y+xy)* 


=> f(x, y) © quadratic + z [x fxxx(O, 0) + 3x?yfxxy(0, 0) + 3xy"fxyy(0, 0) + y?fyyy(O, 0)] 
=1l+xtytx?+xyty? + é(x3-64+ 3x’y-2+4 3xy?-2+y%-6) 
=1l4+xty+x?+xyt y?+x3 + x’y + xy? + y?, cubic approximation 














f(x, y) =cosxcosy > f, = —sinx cos y, fy = —cosx siny, fx = —cos x cos y, fky = sin x sin y, 
fyy = —cosx cosy => f(x,y) © f(0,0) + xf, (0, 0) + yfy(0, 0) + 5 [x?fxx(0, 0) + 2xyfy (0, 0) + y7Fyy (0, 0)] 


=1+x-0+y-0+ 5 [x? -(-1) + 2xy-0+ y?-(-D] =1- x a a , quadratic approximation. Since all partial 
derivatives of f are products of sines and cosines, the absolute value of these derivatives is less than or equal 
tol => E(x,y) < Z [(0.1)? + 3(0.1)3 + 30.1)? + 0.1)3] < 0.00134. 


f(x,y) =e* siny > f, =e* siny, fy = e* cos y, fx = e* sin y, fyy = e* cos y, fyy = —e* sin y 

=> f(x,y) = £(0,0) + xf, (0, 0) + yf, (0, 0) + 5 [x”f,x(0, 0) + 2xyf,y(0, 0) + y7fyy(0, 0)) 

=0+x-O+y-14+ $ (x? -0 + 2xy-1+ y?-0) =y + xy, quadratic approximation. Now, fxxx = e* sin y, 
fexy = €* COS y, fyyy = —e* sin y, and fyyy = —e* cos y. Since |x| < 0.1, Je* sin y| < Je®! sin 0.1] © 0.11 and 


|e cos y| < |e®! cos 0.1] + 1.11. Therefore, 
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E(x, y) < : [(0.11)(0.1)? + 3(1.11)(0.1)? + 3(0.11)(0.1)? + (1.11)(0.1)?] < 0.000814. 
CHAPTER 14 PRACTICE EXERCISES 


1. Domain: All points in the xy-plane 7 
Range: z > 0 3 





Level curves are ellipses with major axis along the y-axis 
and minor axis along the x-axis. 4 


2. Domain: All points in the xy-plane 
Range: 0 < z< co 


Level curves are the straight lines x + y = In z with 
slope —1, and z > 0. 





3. Domain: All (x, y) such that x 4 0 andy 40 x 
Range: z #0 
z=l 
Level curves are hyperbolas with the x- and y-axes ‘ 
as asymptotes. 
4. Domain: All (x,y) so that x? — y > 0 


Range: z > 0 


Level curves are the parabolas y = x? — c,c > 0. 





5. Domain: All points (x, y, z) in space 
Range: All real numbers 


Level surfaces are paraboloids of revolution with 
the z-axis as axis. 





6. 


10. 


11. 


12. 


14. 


15. 


16. 


Domain: All points (x, y, z) in space 
Range: Nonnegative real numbers 


Level surfaces are ellipsoids with center (0, 0, 0). 


Domain: All (x, y, z) such that (x, y,z) 4 (0, 0, 0) 
Range: Positive real numbers 


Level surfaces are spheres with center (0, 0,0) and 
radius r > 0. 


Domain: All points (x, y, z) in space 
Range: (0, 1] 


Level surfaces are spheres with center (0, 0,0) and 























radius r > 0. 
lim e’ cos x = e™ cos m = (2)(—1) = —2 
x,y) — (7, In 
lim +) = (240 =2 
xy) > (0,0 x+cos y 0+ cos 0 
li ee 3 Al oe al = 
xy) 1) BF ~ (xy (1,1) FVD ~ (yy (1) FY 
x#Aty x#ty 
lim xy 1 lim @y=D (sy? +xy+1) _ lim 
RY (11) YT wy) (1) ol (x,y) > (1,1) 
lim In |x +y+z| =Inj1+(—1l) +e] =Ine=1 
P= (1,—Le 
lim tan“! (x+y +z) = tan! (1 + (—1) + (-1)) = tan! ( 
P= (1,-1,-1) 
Letty =kx2,k 41. Then lim =~ = lim ke 
‘i (x,y) + (0,0) *~¥ (x, kx?) (0,0) * 
y#x 


different values of k = the limit does not exist. 


lim 
(x,y) = (0,0) 
xy £0 


Let y = kx,k #0. Then = fagtex (0,0) 9 








x? +(kx)? 
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2 2 
9(X,y.2) =x +4y + 92° = 36 





1 


el ee 
I-17 2 


(x*y? +xy+1)=1?-?4+1-14+1=3 


-l)=-% 


which gives different limits for 





k 
1-k 


which gives different limits for 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


21. 


28. 


29. 


30. 


31. 


different values of k = the limit does not exist. 





2 : way?  x-kx? | 1k? 
Let y = kx. Then & Pan) Cry = @tex = ie which gives different limits for different values 


of k = the limit does not exist so f(0, 0) cannot be defined in a way that makes f continuous at the origin. 


so the limit fails to exist 








: : sin (x — ; ‘ 1,x>0 
x ~ sin (x — y) os sin X __ ? 
Along the x-axis, y = 0 and igh te 0) Rey Jim, rx] { “ee 0. 


=> fis not continuous at (0, 0). 



































2% — cos M + sin 6, 28 = —rsin@d+rcos@ 
Or 00 
(-% 
af _1f_2 \), Vx) _ _ x-y 
dx 2 \ x+y? 1+ (2) e+y2 x+y? x+y? 
x 
1 
of _ 1 2y 4 Ge) = y gee _ x+y 
oy — 2 x+y? 1+ (2) x2 4 y? x2 4 y2 —7 x+y? 
x 
of lO ld 
OR; R? > ORo R? > OR3 R? 


h, (x, y, Z) = 27 cos (27x + y — 32), hy(x, y, Z) = cos (27x + y — 32), h(x, y, Zz) = —3 cos (27x + y — 3z) 























OP __ RT OP nT OP _ nR OP _ nRT 

On” V?’OR VV’ OT” V? OV v2 

f.(r,€,T,w) = —54, f(r, 2,T, w) = — se f(r, £,T, w) = (a7) (> —__ 
se ees ae) — wl mw We ae T ./ Tw 2,/T 
ane Le An eee | Tif ote 3/0 ys as 

~~ Are Taw  4rlT Tw? f w(t, é T, w= (sa) Ji( 2 w ) ~~ 4rlw T™wW 

dg __ 1 dg _ x Og 0 Og 2x Og Og 1 

Oxy? dy y? Ox? > Oy? y> ? OyOx ~~ Oxdy y? 


gx(x, y) = e* + ycos x, g(x,y) =sinx > g(x,y) =e —y sin x, gy(x, y) = 0, g.y(X, Y) = Byx(K, Y) = COS X 








26 2 2 2 
a ee 30x + 22x? Ort —o, 2t — Of _]| 


of __ = of 
py 1? dy (x241)? ? dy? > OyOx OxOy 


£,.(x, y) = —3y, f(x, y) = 2y — 3x — siny + Je’ > f,.(x, y) = 0, fy(x, y) = 2 — cos y + Te’, fy(x, y) = f(x, y) 
= 3 


P aw d 1 
ox wale hace y= Xcos(xy +7), F =e F = aT 


=> ee + [x cos (xy + 7] (Gy) : t=0 => x=landy=0 
dw 

= eee ee eee 

& =e, & = xe’ + sin z, & = ycosz+sinz, & xt l/2, ®-141,%=9q 





d 
=> G =e? + (xe’ + sin z) (1 + US aa(cee cee et 1 x=2,y=0,andz=7 
=> Fla =1-1+2-1-02)+O+0m=5 





Ow __ Ow _ Ox __ Ox __ — _ 
Qx — 2 C0S(2X — y), Gy = — cos (2x — y), G = 1, B = COSS, Be = 8 Bs =T 


=> & = [2 cos (2x — y)](1) + [— cos (2x — y)|(s);r = 7 and s = 0 => x=7andy=0 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 
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=> oN ake 0) = (2 cos 27) — (cos 277)(0) = 2; ow [2 cos (2x — y)](cos s) + [— cos (2x — y)](r) 

=> Ble om = (2 cos 277)(cos 0) — (cos 27)(7) = 2 — 7 

Ow —_ dw Ox _ x 1 u % Ow mathe d, 1 peaeyy at 

Ou dx x= (cS wet) (2e cos Vv); u v 0 2 2 Baloo = (3-3) @=§: 

Ow —_ dw Ox _ x 1 Uas 2, 1 = 

Ov” ‘dx B= (a wot) ( 2e sin v) aa Floo = (2 — 3) @)=0 

Bayt+z,% =x+z, 8 =y+x,% =—sint, 9 = cos t, % = —2 sin 2t 

=> a = —(y + z)(sin t) + (x + z)(cos t) — 2(y + x)(sin 2t); t= 1 > x =cosl,y = sin 1, and z= cos 2 
=> a i= —(sin 1 + cos 2)(sin 1) + (cos 1 + cos 2)(cos 1) — 2(sin 1 + cos 1)(sin 2) 

Se = Ge Be = (6) and Se = Ge (1) =e > Se 5 Se 5 5 <0 


































































































F(x,y) =1—x-—y?—sinxy > F, = —1—ycos xy and F, = —2y —xcosxy > % = = = Sree 
_ 1l+ycos xy = dy a LT, 
ee mer re ae at (x, y) = (0, 1) we have = in eae 1 
FR, y) = 2xy +e Y —-2 > F, = 2y+e*t! and Fy = 2x +e) => % = z = wre 
=> at (x,y) = (0,In 2) we have %¥ — 2242 = —(n2+ 1) 
(0,n2) 
2 2 
Vv f = (— sin x cos y)i — (cos x sin y)j > V fli; (2.3) yogi FJ => |vtl=V(-3) +(-3) = We = es 
u= a a vei v2 j j = f increases most rapidly in the direction u = — vi ya j and decreases most 
rapidly in the direction —u = Wi vey (Dif, =| 7 fl = v2 and (D_uf)p, = —¥; 
_ vy _ 3i+4j _ = = 1) (3 1) (4) __ _ 7 
= Ww = yeee its = uD, = vf-w=(- 1) G)+-)Q@=-h 
V f= 2xeM- 2c 9j > Vila =2%-A > | Vel = V2 +2? =2V2,0= = Jpi- ai 
=> f increases most rapidly in the direction u = —. i — +. j and decreases most rapidly in the direction 
pidly V2 yn3 pidly 
= 1s; 1s. — = Per Fe ne) Are a? 1s 
w= — Sit Jj: Doe, =| Vf] =2V2 and Dh, = -2V23m = = Gabe = it Zi 
= Yea 1 ey 
+ (Da, = Vf-m =2)(4;) +(-2)(4) =0 
vie (areee)i+ (aviva) 5+ (ais) ee Vel 1-11) = 2 Spt Ok; 
u= wa a TESTER = 2 i+ 3 j+ $k => fincreases most rapidly in the direction u = 5 2i+ 3j + $k and 
decreases most rapidly in the direction —u = 24 3 j Sk; (Dif, = | 7 f| = 7, (D-af)p, = —7; 
w= =7itgit tk > OM =O, =7 
V f= (2x4 3y)ji+ Bx + 234+ -—20k > Y flooo = =2j+k;u= na elt fi k f increases most 
=, OF els oie Sas Sait 
rapidly in the direction u = Hit Jy k and decreases most rapidly in the direction —u = FS 75 Ks 
=e = a : _ oy i+j+k _ 1+: 1. = 1 
(Def, =| Vf] = V5 and (Dw, = -VS sm = y= GEG = it it Gk 


+ DO = Vim =0(5)+@(4)+0(4)=3=v3 
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41. r = (cos 3t)i + (sin 3t)j + 3tk => v(t) = (—3 sin 3t)i + (3 cos 3t)j + 3k = v(Z) = —3j + 3k 
u=-— 73 + mA k; f(x, y,z) = xyz V f = yzi+ xzj + xyk; t = 7 yields the point on the helix (—1, 0, 7) 





























= FE rg = aS te oS ( ni) ( git ik) = 5 





42. f(x, y,z) = xyz V f= yzit xzj + xyk; at (1,1, 1) we get Wf =i+j+k = the maximum value of 
Dein = iH 





43. (a) Let Wf = ai+ bj at (1,2). The direction toward (2, 2) is determined by v; = (2 — 1ji+ (2—-—2)j=i=u 
so that Wf-u=2 = a=2. The direction toward (1, 1) is determined by v2. = (1 — 1lhi+ (1 — 2)j = -—j=u 












so that Wf-u=—2 —b=-2 b =2. Therefore Vf = 2i+ 2j; f,(1, 2) =f,(1, 2) =2. 
(b) The direction toward (4, 6) is determined by v3 = (4 — 1)i+ (6 — 2)j = 31+ 4j => u= 2 i+ $j 
14 
> V f-u= 35: 

44. (a) True (b) False (c) True (d) True 
45. VWf=2xi+j+2zk => Pye 2s Z 

Vil (0,-1,-1) — j — 2k, Vila. =i +2 

V f| (0,0,0) — j. 


Vil (0,-1.1) — j+ 2k 


Vfl,0,0 =i 


46. Vf=2yj+2zk => 


Vil (2,2,0) — 4j, 
V f| (2,-2,0) = Als 
Vil (2,0,2) — 4k, 


V f| 6.3) = 4k 





47. VWf=2xi-j—5k => V¥ fl e545 = 4i--j—5k => Tangent Plane: 4(x — 2) —-(y+ 1) —5(z— 1) =0 
=> 4x —y—5z=4; Normal Line: x = 2+ 4t,y =—-1-t,z=1-—5t 


48. Wf=2xi+ 2yj+k => V flois = 2it+ 2j+k = Tangent Plane: 2(x — 1)+2(y—-1)+(@-—2)=0 
=> 2x+2y+z—6=0; Normal Line: x= 1+ 2t,y=142t,z=2+t 





Oz _ _ 2x 
49. may 





Oz 
> | (0,1,0) 


2(y — 1) —(z—-0) =Oor2y —z—-2=0 





= Oz _ _2y Oz _ 9. : 
= 0 and a eee => alae 2; thus the tangent plane is 


50. 


51. 


52. 


53. 


54. 


D2: 


56. 


57. 


58. 
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9% — —2x (x? + yy? s oe and 5 = 2y(xX+y2)? = & =~ 93 thus the tangent 


bes 1 
(11,3) 2 
plane is — 5 (x-—1)-— §(y—1)- (2- §) =Oorx+y+2z-3=0 





Vi=(-cosxii+j > VQ) =i+j = the tangent 
line is (k-—m)+(y-1)=0 > x+y=7+1; the 
normal line is y—1= l(x-—7) > y=x-7+1 


Vi=—-xityj > Vila, =—i+2j = the tangent 
line is —(x — 1)4+- 2(y — 2) = OSy=4x+i; the normal 
line is y —2 = —2(x—- 1) > y= —-2x+4 





Let f(x, y, z) = x? + 2y + 2z — 4 and g(x, y,z) = y — 1. Then V f = 2xi + 2j + 2k| (,,.) = 21+ 2j + 2k 
ij k 

and Vg=j> Vix Vg=|2 2 2 = —2i+2k => the lineisx = 1—2t,y=1,z2=5+42t 
0 1 0 

Let f(x, y,z) =x + y? +z—2 and g(x, y,z) =y — 1. Then V f=i+ 2yj+kly, (, ) =i+ 2j+k and 


1;3)) 

















ij k 
Vg=j>r Vix vg=i|l 2 1 =-i¢k = the lineisx =4—-ty=l,z=5+t 
0 1 0 
f(7,%) =3.h (§, pagel (/4,n/4) ) = 5 fy (4, 4) =—sin x sin y|@/4n/4) = — 5 
=> L@, y= 5+ $(x—4)- s(y—-%) =3 +1 ix— ty; fxx(x, y) = — sin x cos y, fyy(x, y) = — sin x cos y, and 
fxy(X, y) = — cos x sin y. Thus an upper bound for E depends on the bound M used for |fxx| , [fay wits 
With M = 2 we have |E(, y)| < $ (22) (|x - 3] + ly - $])’ < 2.2" < 0.0142; 
with M = <41()(|x—4|+|y— |)’ =2 2)? = 0.02. 
f1,1)=0, 80,0) = ylaay = 1b fd, ) =x — 6ylq.) = -5 => La,y)=a-)-S5Sy-)=x-S5y+4 





fyy|, and |fxy| is6 = M=6 


) 





fyx(x, y) = 0, fyy(x, y) = —6, and f,y(x, y) = | = maximum of fax 
=> |E(x,y)| < 5 (6) (Ix -—1]+ly—- 1|) Ss $ (6)(0.1 + 0.2)? = 0.27 


f(1, 0,0) = 0, £1, 0,0) = y — 32 (1,00) = 0, f,11, 0,0) =x+ 22\ 11,0,0) = 1, f,01,0,0) = 2y — 3X] 4.0.0) =-3 
=> L@, y,z) = 0 — 1)4+ (y — 0) — 3(z—- 0) = y — 3z; f, 1,0) = 1, £1, 1,0) = 1, fy, 1,0) = 1, £,, 1,0) = — 
=> La,y,za=14+@-ND+y-)-1@-0)=x+y-z-l 





£(0,0, 8) = 1,6 (0,0, 3) = ~V2sinx sin(y +2)), = Of (0,0, 8) = V2cosxeosty +2)), = 
0,0, 0,0, 5 

f. (0,0, 3) = V2cosxcosty +2)| | = 1 => La, y,z) = 14+ ly—-0)4+1(z-4) =l+y+z-4; 
£($,9,0) = 2.8,(9,9,0) =-.,(F,9,0) =9.£(9,9,0) = 4 


> Ley) = 2-3 x-+ 2-H +Ye-)=P-Yx+ By+ Bz 
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60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 
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V= meh => dV = 2arhdr+ ar? dh => dV|.5s990 = 2m(1.5)(5280) dr + (1.5)? dh = 15,8407 dr + 2.257 dh. 


You should be more careful with the diameter since it has a greater effect on dV. 


df = (2x — y) dx +(—x+ 2y)dy => df| a2) = 3dy = fis more sensitive to changes in y; in fact, near the point 


(1, 2) a change in x does not change f. 


d= dV — AR => dU ayy = O09 IV — goer IR = All gy gge_o9 = —0-01 + (480)(.0001) = 0.038, 
or increases . 0.038 amps; % change in V = ted (- a) © —4.17%; % change in R = (- 7) (100) = —20%; 


I= a= = 0.24 => estimated % change inI = = x 100 = o.0%8 x 100 = 15.83% = more sensitive to voltage change. 





A = Tab dA = mbda+zadb => dA] Go16 = 167 da + 107 db; da= +0.1 anddb= +0.1 


= dA = + 267(0.1) = £2.67 and A = 7(10)(16) = 1607 = |%* x 100] = |25" x 100| = 1.625% 














(a) y=uv => dy = vdu + u dy; percentage change inu < 2% = |du| < 0.02, and percentage change in v < 3% 
= |dv| < 0.03; & = vdneuds — au 4 ae | x 100] = |4 x 100-4 & x 100] < | x 100] + | x 100| 
< 2% + 3% =5% 

(b) z=u+v dz _ du+dv day dv du 4. +4 (since u > 0, v > 0) 


Z ut+v ut+v u+tv — 


=> |% x 100| < |* x 100+ # « 100| = | x 100 

















a 7 (—0.425)(7) _ (~0.725)(7) 
C= 7a = Cw © TL gt non and Ch = 77 gqyoas rns 


= dC = ahs dw + 5382s dh; thus when w = 70 and h = 180 we have 
dC| (70,180) * —(0.00000225) dw — (0.00000149) dh => 1 kg error in weight has more effect 


f(x,y) = 2x —-y +2 = Oand f(x,y) = —x+ 2y+2=0 > x=—2andy = —2 => (—2, —2) is the critical point; 
fxx(—2, —2) = 2, fyy(—2, —2) = 2, fky(—2, —2) = -1 => fxfyy — Lem =3 > Oandf,, > 0 = local minimum value 
of f(—2, —2) = — 

f(x, y) = 10x + 4y + 4 = O and f,(x, y) = 4x —4y -4=0 => x=Oandy=~—1 = (0,-—1) is the critical point; 
fxx(0, —1) = 10, fyy(0, -1) = —4, fky(0, -1) = 4 = fxfyy — —56 <0 = saddle point with f(0, —1) = 2 


i 


f(x, y) = 6x? + 3y = O and f,(x, y) = 3x + 6y? =0 = y = —2x? and 3x + 6 (4x*) =0 => x(1+4+ 8x?) =0 


=> x=Oandy =0,orx = — 5 and y = —} => the critical points are (0,0) and (-5, _ 5). For (0, 0): 
fx. (0, 0) = 12x| , (0,0) = = 0, fyy(0, 0) = = 12y| (0,0) = = 0, fxy(0,0) =3 => ff — i= —9 <0 = saddle point with 
f(0,0) = 0. For (- 5 ;— ao x = —6,f,, = -6,fky =3 > flafyy — f= = 27 > Oand fy, <0 => local maximum 
value of f (— 3, — 3) =5 


f(x, y) = 3x” — 3y = Oand f,(x, y) = 3y? — 3x =0 => y=x* andx*—x=0 => x(x?—1) =0 = the critical 
points are (0,0) and (1,1). For (0,0): fx(0,0) = 6x| (0,0) = 9, fyy(0, 0) = 6y| (00) = 0, fry(0,0) = — 

= —9 <0 = saddle point with f(0,0) = 15. For (1,1): fyx(1, 1) = 6, fyy(1, I) = 6, fky(1, I) = -3 
= 27 > Oandf,, > 0 => local minimum value of f(1, 1) = 14 


Styled 


KY. 


> fofy — £2 


xy 


f(x, y) = 3x? + 6x = O and fy (x, y) = 3y? —6y =0 => x(x +2) = Oand y(y — 2) = 0 x = O0orx = —2 and 
y =Oory =2 = the critical points are (0, 0), (0,2), (—2, 0), and (—2, 2). For (0,0): f,x(0, 0) = 6x + 6| (0,0) 

= 6, fyy(0, 0) = by — 6| (0,0) = —6, fyy(0,0) =O => fixfyy — i2, = —36 < 0 = saddle point with f(0,0) = 0. For 
(0,2): fx (0,2) = 6, fyy(O, 2) = 6, fy(0,2) =O > fixfyy — {2 = 36 > Oand fx, > 0 = local minimum value of 








70. 


71. 


72. 
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f(0,2) = —4. For (—2,0): f,x(—2, 0) = —6, fyy(—2, 0) = —6, fyy(—2,0) =0 => fxfyy — £2, = 36 > Oand f,, <0 


xy 
= local maximum value of f(—2,0) = 4. For (—2, 2): f,x(—2, 2) = —6, fyy(—2, 2) = 6, fry(—2, 2) = 0 
=> frafyy — f?, = —-36 <0 = saddle point with f(—2, 2) = 0. 


a 








f(x,y) = 4x? — 16x =0 = 4x(x?-4) =0 => x =0, 2, —2; f(x,y) = by -6 =0 y = 1. Therefore the critical 
points are (0, 1), (2, 1), and (—2, 1). For (0,1): f,x(0, 1) = 12x? — 16} (0,1) = —16, fyy(0, 1) = 6, fry(0, 1) = 0 
=> fafyy — fe = —96 <0 = saddle point with f(0, 1) = —3. For (2,1): fx (2, 1) = 32, fyy(2, 1) = 6, 
fry(2,1)=0 > fixhyy — i? = 192 > Oand f,, > 0 => local minimum value of f(2, 1) = —19. For (—2, 1): 
fyx(—2, 1) = 32, fyy(—2, 1) = 6, fky(—2, 1) =0 = fxfyy — f2, = 192 > Oandf,, > 0 = local minimum value of 


xy 
f(—2, 1) = -19. 





(i) OnOA, f(x, y) = f(0, y) = y? + 3y forO< y <4 y 
=> f'0,y) =2y+3=0 => y=—32. But (0, - 3) 
is not in the region. 
Endpoints: f(0,0) = 0 and f(0, 4) = 28. 
(ii) On AB, f(x, y) = f(x, —x + 4) = x? — 10x + 28 
forO <x <4 => f'(x,-x+ 4) =2x—-10=0 
=> x=5,y =—1. But (5, —1) is not in the region. 
Endpoints: f(4,0) = 4 and f(0, 4) = 28. 
(iii) On OB, f(x, y) = f(x, 0) = x? — 3x forO <x <4 = f'(x,0) =2x-3 > x= 3 andy=0 > (3 0) isa 
critical point with f (3 ,0) =— 3 ; 
Endpoints: f(0,0) = 0 and f(4, 0) = 4. 
(iv) For the interior of the triangular region, f,(x, y) = 2x + y —-3 = Oandf,(x,y) =x+2y+3=0 > x=3 











and y = —3. But (3, —3) is not in the region. Therefore the absolute maximum is 28 at (0, 4) and the 


ote ; 9 3 
absolute minimum is — ; at (3 ,0) ; 


(i) OnOA, f(x, y) = £0, y) = —y? + 4y + 1 for y 
0<y<2= f'(0,y)=—-2y+4=0 => y=2and 
x = (0. But (0, 2) is not in the interior of OA. 
Endpoints: f(0,0) = 1 and f(0,2) = 5. 

(ii) On AB, f(x, y) = f(x, 2) = x? —2x +5 for0<x <4 
=> f'(x,2) =2x-2=0 x=landy=2 
= (1,2) is an interior critical point of AB with 
f(1,2) = 4. Endpoints: f(4,2) = 13 and f(0,2) = 5. 

(iii) On BC, f(x, y) = f(4,y) = -y? + 4y +9 for0<y<2 => f'(4,y)=—-2y+4=0 > y=2andx=4. But 
(4, 2) is not in the interior of BC. Endpoints: f(4,0) = 9 and f(4, 2) = 13. 

(iv) On OC, f(x, y) = f(x,0) = x? -2x +1 for0<x<4 => f"(x,0) =2x-2=0 x=landy=0 => (1,0) 
is an interior critical point of OC with f(1,0) = 0. Endpoints: f(0,0) = 1 and f(4,0) = 9. 

(v) For the interior of the rectangular region, f,(x, y) = 2x — 2 = O and f(x,y) = —2y +4=0 => x= 1 and 

















y = 2. But (1, 2) is not in the interior of the region. Therefore the absolute maximum is 13 at (4, 2) 
and the absolute minimum is 0 at (1, 0). 
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73. (i) On AB, f(x, y) = f(—2, y) = y? — y — 4 for y 
—2<y<2 => f(-2,y)=2y-1 > y=} and 
x=—2> (-2, 5) is an interior critical point in AB 
with f (-2, 5) =— t . Endpoints: f(—2,—2) = 2 and 
f(2,2) = —2. x 


(i) On BC, f(x, y) = f(x, 2) = —2 for -2 <x <2 
= f'(x,2) =0 =} nocritical points in the interior of 

BC. Endpoints: f(—2,2) = —2 and f(2,2) = —2. 

(iii) On CD, f(x, y) = f(2, y) = y? — 5y + 4 for 
—2<y<2 = f'2,y)=2y-5=0 y 3 and x = 2. But (2, 3) is not in the region. 
Endpoints: f(2, 2) = 18 and f(2,2) = —2. 

(iv) On AD, f(x, y) = f(x, —2) = 4x + 10 for —2 <x <2 = f'(x,-—2) =4 => no critical points in the interior 
of AD. Endpoints: f(—2, —2) = 2 and f(2, —2) = 18. 

(v) For the interior of the square, f,(x, y) = —y + 2 = O and f(x,y) = 2y -x -3 =0 => y=2andx=1 











= (1,2) is an interior critical point of the square with f(1,2) = —2. Therefore the absolute maximum 
1 


is 18 at (2, —2) and the absolute minimum is — a at (—2, $) : 
74. (i) OnOA, f(x, y) = f(0, y) = 2y — y? forO< y <2 y 
=> f'(0,y) =2-2y=0 y=landx=0> 
(0, 1) is an interior critical point of OA with 
f(0, 1) = 1. Endpoints: f(0,0) = 0 and f(0, 2) = 0. 
(ii) On AB, f(x, y) = f(x, 2) = 2x — x? forO <x <2 
> f'(x,2)=2-2x=0 x=landy=2 
= (1,2) is an interior critical point of AB with 
f(1,2) = 1. Endpoints: f(0,2) = 0 and f(2, 2) = 0. 
(iii) On BC, f(x, y) = f(2, y) = 2y — wv forO << y <2 
=> f'2,y)=2-2y=0 y=landx=2 
= (2, 1) is an interior critical point of BC with f(2,1) = 1. Endpoints: f(2,0) = 0 and f(2, 2) = 0. 
(iv) On OC, f(x, y) = f(x, 0) = 2x — x? forO <x <2 => f"(x,0) =2—-2x=0 => x=landy=0 = (1,0) 
is an interior critical point of OC with f(1,0) = 1. Endpoints: f(0,0) = 0 and f(0, 2) = 0. 
(v) For the interior of the rectangular region, f,(x, y) = 2 — 2x = O and f(x,y) = 2 —-2y =0 => x=1 and 























y =1 = (1,1) is an interior critical point of the square with f(1, 1) = 2. Therefore the absolute maximum 
is 2 at (1, 1) and the absolute minimum is 0 at the four corners (0, 0), (0, 2), (2, 2), and (2, 0). 


75. (i) On AB, f(x, y) = f(k,x + 2) = —2x + 4 for y 
—2<x<2 => f'(x,x+2)=-—2=0 = nocritical 
points in the interior of AB. Endpoints: f(—2,0) = 8 
and f(2, 4) = 0. 

(ii) On BC, f(x, y) = f(2, y) = —y? + 4y for0 < y < 4 
=> f'2,y)=-2y+4=0 > y=2andx=2 
=> (2,2) is an interior critical point of BC with 
{(2,2) = 4. Endpoints: f(2,0) = 0 and f(2, 4) = 0. 
(iii) On AC, f(x, y) = f(x, 0) = x? — 2x for -2 <x <2 
=> f'(x,0) =2x—-2 > x=landy=0 = (1,0) isan interior critical point of AC with f(1,0) = —1. 
Endpoints: f(—2,0) = 8 and f(2,0) = 0. 
(iv) For the interior of the triangular region, f,(x, y) = 2x — 2 = Oand f,(x,y) = —-2y +4=0 => x=1 and 





y =2 => (1,2) is an interior critical point of the region with f(1,2) = 3. Therefore the absolute maximum 
is 8 at (—2, 0) and the absolute minimum is —1 at (1, 0). 


76. (i) 


TA: 


(ii) 


(iii) 


(iv) 


(i) 


(ii) 


(iii) 


(iv) 


(v) 
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On AB, f(x, y) = f(x, x) = 4x? — 2x*+ 16 for y 
—2<x<2 = f"(x,x) = 8x— 8x*° =0 > x=0 
and y = 0,orx = landy = l,orx = —landy=~—1 
=> (0,0), C, 1), (—1, —1) are all interior points of AB 
with f(0,0) = 16, f(1, 1) = 18, and f(—1, —1) = 18. 
Endpoints: f(—2, —2) = 0 and f(2, 2) = 0. 
On BC, f(x, y) = f(2, y) = 8y — y* for —-2 < y < 2 

> f/2,y)=8 —4y2?=0 > y= 3\/2 and x = 2 


=> (2, V2) is an interior critical point of BC with 





f (2, 1/2) = 6 4/2. Endpoints: f(2, -2) = —32 and f(2,2) = 0. 





On AC, f(x, y) = f(x, —2) = —8x — x* for -2 <x <2 => f'(x,-2) =-8-—4x° =0 = x= 4/-2andy = -2 
=> (Vv =2) -2) is an interior critical point of AC with f (Vv =2, -2) = 64/2. Endpoints: 

f(—2, —2) = 0 and f(2, —2) = —32. 

For the interior of the triangular region, f,(x, y) = 4y — 4x? = 0 and f,(x, y) = 4x — 4y3? =0 = x =O and 

y = 0, orx = 1 andy = 1 orx = —1 andy = —1. But neither of the points (0, 0) and (1, 1), or (—1, —1) are interior 


to the region. Therefore the absolute maximum is 18 at (1, 1) and (—1, —1), and the absolute minimum is —32 at 
(2, —2). 


On AB, f(x, y) = f(—1, y) = y® — 3y? +2 for 
-l<y<1=s f(-1,y) =3y? -6y=0 => y=0 
and x = —l,ory =2andx = —1 = (—1,0)isan 
interior critical point of AB with f(—1,0) = 2; (—1, 2) 
is outside the boundary. Endpoints: f(—1, —1) = —2 
and f(—1, 1) = 0. 

On BC, f(x, y) = f(x, 1) = x? + 3x? — 2 for 
-l1<x<1 5S f'(x,1)=3x?+6x=0 = x=0 
andy = l,orx = —2andy=1 => (0,1) isan 
interior critical point of BC with f(0, 1) = —2; (—2, 1) is outside the boundary. Endpoints: f(—1, 1) = 0 and 
f(1,1) = 2. 

On CD, f(x, y) = f(1, y) = y? — 3y? +4 for -1<y <1 => f'(1,y) =3y? -6y=0 => y=Oandx=1,or 

y =2andx =1 => (1,0) is an interior critical point of CD with f(1, 0) = 4; (1, 2) is outside the boundary. 
Endpoints: f(1, 1) = 2 and f1, —1) = 0. 

On AD, f(x, y) = f(x, -1) = x? + 3x? —4 for -1 <x <1 > f"(x,-1) = 3x? +6x =0 => x=Oandy = ~—1, 
orx = —2 andy = —1 => (0, -—1) is an interior point of AD with f(0, —1) = —4; (—2, —1) is outside the 
boundary. Endpoints: f(—1, —1) = —2 and f(1, —1) = 0. 

For the interior of the square, f,(x, y) = 3x” + 6x = 0 and f,(x, y) = 3y” — 6y = 0 x = Oorx = —2, and 














y =Oory =2 = (0,0) is an interior critical point of the square region with f(0,0) = 0; the points (0, 2), 
(—2, 0), and (—2, 2) are outside the region. Therefore the absolute maximum is 4 at (1,0) and the 
absolute minimum is —4 at (0, —1). 
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78. 


79. 


80. 


81. 
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(i) On AB, f(x, y) = f(-1, y) = y? — 3y for-l1 <y <1 
=> f'(-1,y) =3y? -3=0>y= +landx=~-1 
yielding the corner points (—1, —1) and (—1, 1) with 
f(—1, —1) = 2 and f(—1, 1) = —2. 

(ii) On BC, f(x, y) = f(x, 1) = x? + 3x 4 2 for 
-1<x<15 f'(x,1l) =3x?+3=0 = no 
solution. Endpoints: f(—1,1) = —2 and f(1, 1) = 6. 

(iii) On CD, f(x, y) = f(, y) = y? + 3y +2 for 
-l<y<1 = f'd,y) =3y?+3=0 = no 
solution. Endpoints: f(1, 1) = 6 and f(1, —1) = —2. 

(iv) On AD, f(x, y) = f(x, -1) = x? — 3x for-1 <x <1 = f/(x,-1) = 3x? -3=0 > x= tlandy=-—1 
yielding the corner points (—1, —1) and (1, —1) with f(—1, —1) = 2 and f(1, —1) = —2 

(v) For the interior of the square, f,(x, y) = 3x? + 3y = 0 and f,(x, y) = 3y? + 3x =0 => y = —x? and 

















xt+x=0 x=Oorx=-l1 y=O0ory=-1l (0, 0) is an interior critical point of the square 
region with f(0,0) = 1; (—1, —1) is on the boundary. Therefore the absolute maximum is 6 at (1, 1) and 
the absolute minimum is —2 at (1, —1) and (—1, 1). 





Vv f = 3x°i + 2yj and VW g = 2xi+ 2yj so that Vf=AVWeE => 3x*it 2yj = Axi + 2yj) > 3x? = 2x) and 
2y = 2yA A=lory=0. 
CASE 1: A =1 3x? = 2x x = Oorx 5 ;x=0 y = +1 yielding the points (0, 1) and (0, —1); x = 2 


3 
Syst G yielding the points (3 : ¥) and ( 




















WIN 
| 
A 
NS 


CASE2: y=0 => x?-1=0 > x= +1 yielding the points (1,0) and (—1, 0). 


Evaluations give f(0, +1) =1,f G ea ¥) = 8 ,f(1,0) = 1, and f(—1, 0) = —1. Therefore the absolute 














maximum is | at (0, + 1) and (1,0), and the absolute minimum is —1 at (—1, 0). 


vf=yi+xjand Vg = 2xi+ 2yjsotha Vf=AVgEg => yit+xj = ACxi+ 2yj) > y = 2Xx and 

WS Dy SS ke 21a) a 4s Se Oras 1; 

CASE 1: x =0 = y = 0 but (0,0) does not lie on the circle, so no solution. 

CASE 2: 4\? = 1 A=f0rA =—}. Fork=3},y=x PH y= 2 x=y + J; yielding the 























points (+, 4,) and ( wee 45). Fork\=-},y=-x > 1=r+y ax? x= vy and 
y = —x yielding the points (- AG ; 4,) and (5 oS +,) : 
i zi 


V2’ V2 




















Evaluations give the absolute maximum value f ( ) =f ( B ; 4,) = 5 and the absolute minimum 











value f ( 45,45) =t(5, 4,) = 1 


(i) f(x,y) =x? + 3y?4+ 2yonx?+y2=1 > Wf=2xi+ (y+ 2)jand Vg = 2xi+ 2yj so that VWf=A Vz 
= 2xi+ (6y + 2)j = Axi + 2yj) = 2x = 2xA and 6y + 2 = 2yA A\=lorx=0. 
CASE1: A=1 => 6y+2=2y => y=—fandx= + ¥ yielding the points (+ 4.-4). 
CASE 2: x =0 yet y = +1 yielding the points (0, + 1). 


Evaluations give f ( a a8 — i) -_ 5 , £(0, 1) = 5, and f(0, —1) = 1. Therefore 5 and 5 are the extreme 





























values on the boundary of the disk. 
(ii) For the interior of the disk, f,(x, y) = 2x = 0 and f,(x, y) = 6y +2 =0 => x=Oandy = — 5 
=> (0, om <) is an interior critical point with f (0, = +) = ; . Therefore the absolute maximum of f on the 


disk is 5 at (0, 1) and the absolute minimum of f on the disk is — } at (0,— }). 
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82. (i) f(x,y) =x? + y? —3x—xyonx*?+y2=9 > vf=(2x-—3-y)it+ Qy —x)jand 7 g = 2xi + 2yj so that 


83. 


84. 


85. 


86. 


87. 


vVf=Avg => @x-3-y)it+ Gy — xj = AC@xi+ 2yj) > 2x —3 —y = 2x\ and 2y — x = 2yX 
= 2x(1—d) —y =3and —x+2y(1—-A)=0 > 1-A=H% + and (2x) (# t) -y=3 > -y? =3y 


=> Y=y'+3y. Thus,9=x?+y=y?4+3y+y? => 2y?+3y-9=0 = Qy-3)\y+3)= 
=> y= —3,2. Fory=—3,x?+y?=9 = x=0 yielding the point (0, —3). For y = 3,x?+y? =9 











=> x? + 3 9 x? 2 > ta ae . Evaluations give f(0, —3) = 9, (- 3 ,3) =94 28 
~ 20.691, and f (38, 3) =9 — 73 ~ -2.691, 


(ii) For the interior of the disk, f,(x, y) = 2x -3 -y = Oand f(x,y) = 2y -x =0 > x=2andy=1 
= (2, 1) is an interior critical point of the disk with f(2, 1) = —3. Therefore, the absolute maximum of f on 


the disk is 9 + Ae at (- we 3) and the absolute minimum of f on the disk is —3 at (2, 1). 


vf=i-jt+kand 7g = 2xi+ 2yj+ 2zksothat Vf=AVg => i-jt+k=A(Cxi+ 2yj + 2zk) > 1 = 2x), 
—1 =2yd, 1 = 2zr X=-y=Z +. Thus x? +y?+z?=1 3x? = 1 x a yielding the points 

















3 ? 


(4, ; m6 ; 4) = Fi = J3 and the absolute minimum value of f( 7c ; Ti , 4) a J3. 


(5 _ a : +) and (- Be , na — 4) . Evaluations give the absolute maximum value of 


























Let f(x, y,z) = x” + y” + 2? be the square of the distance to the origin and g(x, y,z) = z” — xy — 4. Then 
V f = 2xi+ 2yj+ 2zk and Vg = —yi— xj+ 2zksothat Vf=AVg => 2x = —DAy, 2y = —AXx, and 2z = 2Az 
=> z=0orr\=1. 


CASE 1: z=O0>xy=-4>x —fandy=—4 = 2(—4) =—Ayand 2( +) = Ax => $= y? and 2 = x? 











y=x y= +x. Buty=x => x 
yielding the points (—2, 2, 0) and (2, —2, 0). 
CASE 2: A= 1 = 2x = —y and 2y = —x > 2y = — (- 3) s4y=ysy=05x=0 5 7-4=0 => z= +2 
yielding the points (0, 0, —2) and (0, 0, 2). 
Evaluations give f(—2, 2,0) = f(2, —2,0) = 8 and f(0, 0, —2) = f(0,0,2) = 4. Thus the points (0, 0, —2) and 
(0, 0,2) on the surface are closest to the origin. 


2 





= —4 leads to no solution, so y = —x x =4 XS t2 


























The cost is f(x, y,z) = 2axy + 2bxz + 2cyz subject to the constraint xyz = V. Then VWf=AVE 
=> ay + 2bz = Ayz, 2ax + 2cz = Axz, and 2bx + 2cy = Axy => 2axy + 2bxz = Axyz, 2axy + 2cyz = Axyz, and 
2bxz + 2cyz = Axyz => 2axy + 2bxz = 2axy + 2cyz > y= (2) x. Also 2axy + 2bxz = 2bxz + 2cyz > z= (2) Xx. 


Then x (2 x) (2x) =V x? cv width = x = (<t)"", Depth = y = (2) (ey = (e)'" ana 


Height = z = (2) (¢ )"" = (e ae 


The volume of the pyramid in the first octant formed by the plane is V(a, b,c) = i (3 ab) c= é abc. The point 








(2,1,2) on the plane => 2 at t + 2 = 1. We want to minimize V subject to the constraint 2bc + ac + 2ab = abc. 

Thus, 7 V = i+ £j+ @kand Vg =(c + 2b — be)i + (2c + 2a — ac)j + (2b + a — ab)k so that VV =A Vg 
= % = \(c+2b—be), * = A(2c + 2a — ac), and ® = \(2b+a—ab) > ® = Nac + 2ab — abc), 

abe = \(2be + 2ab — abc), and abe = \(2be + ac — abc) = Aac = 2Abc and 2Aab = 2Xbc. Now X # 0 since 

a#0,b 40, andc #0 = ac = 2bc and ab = be a= 2b =c. Substituting into the constraint equation gives 
24242 1 a=6 b = 3 andc = 6. Therefore the desired plane is + } + 4 = lorx+2y+z=6. 














Vf=(V94+2i+xj4+ xk, Vg = 2xi+ 2yj,and Wh=zi+ xksotha Vf=AVgtuvh 
=> (y+ zji+xj+ xk = A\(2xi+ 2yj) + w@i+ xk) > y+z=2dAx+ pz, x = 2Ay, x = px x=0 
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oru=1. 

CASE 1: x = 0 which is impossible since xz = 1. 

CASE2: w=1 => y+z=2Ax4+z => y=2Axandx =2Ay > y=(2A)QAy) => y=O0or 
4)? = 1. Ify = 0, thenx? = 1 > x = +10 with xz = 1 we obtain the points (1, 0, 1) 


and (—1,0,—1). If 44? = 1, then \ = +4. For \ = —4$,y=—xsox’?+y?=1 => = 











> x= + J; with xz = | S62 cb \/2, and we obtain the points (4.-4.v2) and 
(- 45.4 .-v2). Fora 5 Y=x r= Ft k= ia 
and we obtain the points (5 ; a ; v2) and (- 75 :— a ; -/2) ; 
Evaluations give £1,0,1) = 1, (-1,0,-) = L.f(4;,-45, v2 =1,0(-4,4.- 2) = 4, 
(Geedev)= 


3 
2 
1 1 1 1 ws - 1 Lil 
(5 : +,, V2) and (- aan 4, -V2 , and the absolute minimum is ; at (- re +,,-v2) and 


| ~ 








withxz=1 > z= + \/2, 








< 


, -/2) = 3 . Therefore the absolute maximum is 3 at 


nN 
Sh 
N 


88. Let f(x, y,z) = x? + y? + 2? be the square of the distance to the origin. Then V7 f = 2xi + 2yj + 2zk, 
V g=i+jt+k,and Wh= 4xi-+ 4yj —2zksotha Vf=ATVetuTh => 2x=A+4 4xp, 2y = A+ 4yp, 
and 2z = A — 2zp => A= 2x(1 — 2p) = 2y(1 — 2p) = 2z(1+ 2H) > x=yorp= 3s. 
CASE 1: x=y 7 = Ax z= +2xsothatx+ty+z=1 5 x+x+2x=lorx+x-2x=1 

















(impossible) X i y 7 and z = 5 yielding the point (4 : i ; 5) . 
CASE2: p=} >rA=0 0 = 22(1+1) > z=O0so that 2x? + 2y?=0 > x =y =0. But the origin 


(0, 0, 0) fails to satisfy the first constraint x + y+ z= 1. 


Therefore, the point (4 j 5 ; 5) on the curve of intersection is closest to the origin. 











89. (a) y, z are independent with w = x7e” andz = x? —y? > oe =o e + o + oe oe 
= (2xe”) oe + (zx7e”) (1) + (yx7e”) (0); z = x? —y? => 0= 2x oe -2y > oe = »; therefore, 


(5) = Cer) (2) ttor= G+ 


Zz 





: : — y2payz S59 Ow _ Ow Ox Ow Oy Ow Oz 
(b) z, x are independent with w = x*e” and z = x Yy > f= at By Oz thea ee 


= (2xe”) (0) + (zx?e”) 2 + (yxe”) (1);z=x?-y? > 1=0-2y oy = % —_ 1 ; therefore, 


Oz 2y 
Cee eer 
2 





(c) z, y are independent with w = x 





yz coy De oe 852 Ow __ Ow Ox Ow Oy Ow Oz 
e” and z = x y SP Sips Ba Be ee Oe Oe Oe 


= (2xe”) ox + (zx?e”) (0) + (yxe”) (1); z =x? —y? > 1=2x im 0= ux = x; therefore, 
(38), = (2xe%) (sb) + ye = (14x29) e" 





: : = = QU _ OU aP , AU AV , OU OT 
90. (a) T, P are independent with U = f(P, V,T) and PV = nRT => aT = oP at + av art at aT 


= (2) (0) + (2) (2%) + (2); PV = RT >= PH =nmR S & = &; therefore, 
oP ov oT oT oT oT P 
(St)p = (av) Ce) + or 
(b) V, T are independent with U = f(P, V,T) and PV=nRT > Ma Se MN 
= (2%) (2) + (2) H+ (BZ) ©; PV =oRT = V2 +P=(R)(S) =0 = 2 =—& therefore, 


ov av 
(Sv) = (ae) (— #) + bv 
91. Note thatx =rcos@andy=rsin@ > r= ./x?+y? and@ = tan"! (2). Thus, 


Ow _ Ow Or Ow 00 _ (dw x Ow =y: = Ow _ (sin@) Ow. 
Ox” Or a 060 Ox (@ (=) + @) (=) = (cos 9) SF ( r ) 06 ? 





























92. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


100. (¢ 


Chapter 14 Practice Exercises 














Ow _ Ow Or Ow 06 _ (Ow y Ow x ey a Ow cos@\ Ow 
Oy Or Oy a 00 by eS) (<) a (35) (ty) = (sin ) ook r ) 00 





z, =f, @+f, & =af, + af,, andz, =f, & +f, & = bf, — bf, 



























































u Ox u Oy Vv Oy 
OW i ou Ow dw du dw Ow dw Ou dw 1 Ow dw 1 Ow _ dw 
dy b and ox a Ox du Ox a au and oy du dy b du a Ox du and b dy du 

1 Ow 1 Ow b Ow a Ow 

a Ox b dy Ox Oy 
Ow _ 2x = 2a+s) = 2(r+s) _ dw __ 2y _ %r-s) _ rs 
Ox x*+y24+2z ~~ (rt+s)?+(r—s)?+4rs 2 (2 +: 2rs+s?) ~ r+s? Oy ~— x2+y2+4+2z ~ 2r+s)? ~ +s)?’ 

Ow _ 2 1 Ow Ow Ox Ow Oy Ow Oz _ r—s 1 _— 2r+2s 
and Oz x*+y?+2z (r+s)? Or ox Or ' Oy Or ' Oz Or rts mt (r+s)? oF lar (2s) ~~ (r+s)? 
a2. 2 Ow _. Ow Ox Ow Oy Ow Oz _ r—s 1 a) 
“ T+s and Os ~~ Ox Os Oy Os ie Oz Os” r+s (r+s)" 7 lar| (2r) = r+s 

= Ou : Via 4s : = ¥ Ou OV 

e" cosv —x =0 = (e" cos v) 5 — (e" sinv) 5 = le" sinv—y=0 = (e"sinv) 5) + (e" cosv) 5° =0. 

‘ c ‘ ou ov Sadie Peer = 
Solving this system yields 5° = e~" cos v and 5 = —e™" sin v. Similarly, e" cos v— x = 0 


= (e" cos v) m — (e" sin v) ee = Oande" sinv—y=0 = (e"sinv) + (e" cos v) oo = 1. Solving this 


‘ Ou _ ,g-ug OV _ ,-u Ou s Ous\ (dvs Ov « 
second system yields jy =e" Sinv and jy = & © COS V. Therefore (# i+ 5 i) (2 i+ 5 i) 





= [(e" cos v)i+ (e" sin v) j] - [(—e~" sin v) i+ (e~" cos v) j] = 0 = the vectors are orthogonal => the angle 
between the vectors is the constant 5 . 





Og _ Of Ox Of Oy _ : of af 
36 — dx 36 + dy 36 = (-r sin 6) dx + (t cos 0) 5 


Pg _ (ag af ax , Of dy af af ox , OF dy : af 
> a7 = (—r sin 0) (3 a0 + Dyax 58 (r cos 8) reas (r cos 0) Dxdy 30 + ay? 36 (r sin 0) By 








= (-r sin 0) ($+ ) — (rcos #) + (r cos 9) ($+ 3) —(rsin @) 
= (-r sin 9+ rcos 0)(-r sin @ +r cos 0) — (rcos 8+ rsin #) = (—2)(—2) — (04+ 2) =4-—2=2at 
(r, 0) = (2,4). 


(y+ zy +(z—-x’=16 => V f= -2(z — x)it+ 2(y + z)j + 2(y + 2z — x)k; if the normal line is parallel to the 
of 





yz-plane, then x is constant > 3, =0 = —2(z2—x)=0 > z=x => (y+ zy +(z—z)? = 16 y+z=4d 














Letx=t z=t y =-—tx+4. Therefore the points are (t, —t + 4, t), ta real number. 





Let f(x, y,z) = xy + yz +zx — x — z? = 0. If the tangent plane is to be parallel to the xy-plane, then 7 f is 





perpendicular to the xy-plane > vVvf-i=Oand Vf-j=0. Now Vf=(y+z-—li+&4+2j+Q+4+x-— 2z)k 











so that VWf-i=y+z—1=0 y+z=1 y=1-z,and vf-j=x+z=0 x = —z. Then 








—z0. —z)+ (1 —2)z4+ 2(—z) — (-2z) —- 2 =0 => z-277=0 z= $orz=0. Nowz=}$ > x=—tandy=3 
=> (—3$,5.4) is one desired point; z= 0 => x =Oandy=1 = (0,1,0) is a second desired point. 
v f=AGi+ yj+zk) => ot =Ax => f(x, y,z)= 5 Ax? + g(y,z) for some function g => rA\y= - = 7 





=> g(y,zZ) = 5 Ay? + h(z) for some function h Az= 2% = 8 =p! (z) h(z) $ Az? + C for some arbitrary 





Oz Oz 


constant C => g(y,z) = $Ay? + ($Az7+C) => f(x,y,z) = Ax? + fF Ay? + 5AZ74+C => £00,0,a) = $A’+C 


and f(0,0, —a) = 5 May? +C => £(0,0,a) = f(0, 0, —a) for any constant a, as claimed. 


lim s>0O 


s—0 





f(0 + su;, 0 + sug, 0 + sus )—f(0, 0, 0) 
S , 


4/s2uz + s2u5 + s2uz — 0 
—1H—_____1———.,s>0 


S > 


ds ) u,(0,0,0) 


lim 
s—0 
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‘ sy/uj +u5 +05 
= lim, +~—_.— 
s— 0 
however, Vf = 7, 


= lim. |u| =1; 
s—0 

















= [fae i+ Te ae jt+ Jere re k fails to exist at the origin (0, 0, 0) 
101. Let f(x,y,z)=xy+z-2 > Vf=yit+xj+k. Atd,1,1, we have Wf=i+j+k = the normal line is 


x=14+ty=14+tz=1+4tsoatt=—1 x = 0, y = 0, z = 0 and the normal line passes through the 
origin. 








102. (b) f(x,y,z) =x? -y?4+2=4 ae 
=> Vi = 2xi-—2yj+2zk = at (2, —3,3) 
the gradient is v7 f = 41+ 6j + 6k which is 
normal to the surface 
(c) Tangent plane: 4x + 6y + 6z = 8 or 
2x + 3y + 3z = 4 
Normal line: x = 2+ 4t, y = —3 + 6t,z = 3+ 6t 





CHAPTER 14 ADDITIONAL AND ADVANCED EXERCISES 


1. By definition, f,,(0,0) = im OW) 60.0) so we need to calculate the first partial derivatives in the 
— 


numerator. For (x, y) 4 (0,0) we calculate f,(x, y) by applying the differentiation rules to the formula for 
: _ xy-y? (x? + y?) (2x) — (x? —y?) (2x) __ x’y—y? 4x?y3 = ho 
fx, y): £0, y) = SPE + (xy) SAV CV= = + fo > £01) =- 8 = bh. 








For (x, y) = (0,0) we apply the definition: £,(0,0) = lim, 0,0) 80.9) — lim, 0-0 — 0. Then by definition 


f.,(0,0) = lim, =h-0 — _], Similarly, f,,(0,0) = jim, 0) (0,9) so for (x, y) # (0,0) we have 





xe xy? _ 4x3 y? 


_ Bes ee _ ‘ = Ae £(, h) — f(0, 0) 
hy) = way Bip => fy(h,0) = i = h; for (x, y) = (0, 0) we obtain f,(0, 0) = im, ae 


= lim, 0—0 — 0. Then by definition f,,(0, 0) = lim, h—0 = ]. Note that fxy(0,0) # fyx(0, 0) in this case. 





2. a = 1+ e* cosy => w=x+e* cosy + g(y); & = —e*siny+ g/(y) = 2y—e*siny => g'(y) = 2y 


=> g(y) = y? +C; w =In2 whenx = In2andy =0 => In2=In2+e™* cos0+0?+C > 0=2+C 
=> C=-2. Thus,w=x+e*cosy+g(y)=x+e*%cosy + y? —2. 


3. Substitution of u + u(x) and v = v(x) in g(u, v) gives g(u(x), v(x)) which is a function of the independent 
variable x. Then, g(u,v) = fof) dt > #= 8 + fee = (2 fra) 2+ (2 ftw at) # 


=(-2 firma) + (2 f't@ at) & = fee) # + fOvEO) # = FOOD) # = fluc) # 











2 
4. Applying the chain rules, f, = $ oe = f= (35) (2 +i oe . Similarly, f,, = (4) () + He and 



































— (@&t)\ (ar)? . df ar or _ x ar _ y+2 . Or y 
fn = (4) (ee) + dr 027° Moreover, Ox Jetyt2 Ox? (Vety +z) > dy JR +y2 42 
Or x2 422 or Zz Or x+y? 
= ;and = = = . Next, f, f, f= 
= Oy? (Ve+y +z) 3 Oz Jet+yt+7? O22 ( C+y +z) > Tex + yy + tz 0 














af 2 df 242? af ; df 247 
7 (<5) (=) ae (f) (aS bs (<5) (=z) aa (f) () 
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ft 2 df x+y? _ faa 2 df _ ef, 2 df _ 
+ (#5) (=z) + (§) (; ety +e) =0 = dr2 oP Vetytaz) & =0> de + TY dr =0 




















=> 4(')=(-2)f, where f= > £ ad > Inf’ =-2Inr+InC => f! =Cr%, or 
at Cr? f(r) = — c +b= = + b for some constants a and b (setting a = —C) 
(a) Letu = tx, v = ty, and w = f(u, v) = f(u(t, x), w(t, y)) = f(tx, ty) = t"f(x, y), where t, x, and y are 


(b 


wm 


(a) 
(b) 


(c) 


(a) 


(b 


wm 


(c) 
(d) 


(e) 


df f d fd f+, of dx: , dys five Says 
f(g(t), h(t) =c = a om a a (Hi+ a i) : (Si+ 7 i) , where Si + $j is the tangent vector 


independent variables. Then nt” 'f(x, y) = ow = ow ou + ow oy =X ow +y ow . Now, 


gu — Ow ou + du Oy — (BH) (+ (1) (Q)= 1 > & = (1) (2). Likewise, 
ou — Bu du 4 Ow By — (84) O) + (32) > & = (2) (2). Therefore, 


nt” 'f(x, y) = x a +y ov = (%) (2) + (*) (2). When t = 1,u=x,v=y, and w = f(x, y) 














t t 





Ow _ Of Ow _ Of =. OF of ; 
=> “== and " => nfx,y)=xe+y dy > aS claimed. 





Ox Ox Oy Ox 
From part (a), nt” 'f(x, y) = x ws +y os . Differentiating with respect to t again we obtain 
2 2 2 2. 2 2 2. 
n(n a Dt" *f(x, y) =e or a +X oe e us y a a + y oF m = x? + 2xy oe aa y oY ‘ 





Ow _ 0 (Aw) _ A Ow) _ +4 @w du Ow dv _ 42 2w &w _ Od [daw 
Also from part (a), Ox? ~ Ox (Sy) ~~ Ox (t au =a Ou? Ox +t Ovdu Ox =t Ow? dy? ~ dy (3) 











_ 9d Ow) _, @w Ou Ow Ov _ 42 Ow Ow _ 0 (dw) _ OA Ow) _ 4 @w du Ow Ov 
~~ Oy (t a) =t av Oy +t Ov? Oy =e Ov? , and OyOx ~— Oy () ~~ Oy (t an) =t Ow Oy +t OvOu Oy 
_ 42 Pw 1) @w _ &w 1) @w _ Ow 1) @w _ @w 
= Ovou > (z) Ox? ~ Ou? ? (z) dy? ~— dv?? and (z) OyOx ~ dvdu 





> n(n — Dt™F(x, y) = (=) (3) (72) (=) fi (*) (3) fort £0. When t = 1, w = f(x, y) and 


we have n(n — 1)f(x, y) = x? (35) + 2xy (25) + ye (3) as claimed. 





lim sin Or = lim, sat — 1, where t = 6r 
t— 











r-0 
-_ sin 6h) _ 1 : 

(0,0) = lim {+H O=F0.0 fim Coe)=! — jim singh=6h — Jj Seossh=6 
(0, ) h—0O h h—->0 h h—0 6h? h—0O 12h 

= jim, 26 sin oh =0 (applying l'Hopital's rule twice) 

sin 6r sin 6r 

pt Oe li eee = tay Seek ia Omg 
a(t, 8) h—0 h h—0 h ho 5 























r=xit+yjt+zk > r=(|r| = /x?+y?4 2 and V0= Fae | eee eee 


r 


Tr 


= (faye w) 


= V(r) =nx(x?+y?+ 22) + ny (x? + y? + 2205 + nz (x? +y? + 22)0 1k 
=nr'"’r 
Let n = 2in part (b). Then} vy (?) =r > Vv (4P) =r => 5 =1 (x? +y? +2”) is the function. 


dr = dxi+ dyj+dzk > r-dr =xdx+ydy+zdz, and dr = 1, dx + 1, dy +1, dz = * dx + * dy + 7 dz 
=> rdr=xdx+ydy+zdz=r-dr 
A=ai+bjt+ck => A-r=ax+by+cz > V(A-n)=ai+bj+ck=A 











=> VY fis orthogonal to the tangent vector 


937 


f(x, y,z) = xz” —yz+cosxy—-1 > VWf=(z?—ysinxy)i+ (—z—xsinxy)j+ (Qxz-y)k > Vv f(0,0,1)=i-j 
=> the tangent plane isx —-y =0;r=(ntii+(tIhtj+tk > r= (4)i+ (nt+Djt+k;x=y=0,z=1 





t=1 r(1)=i+j+k. Since (i+j+k-G-—j)=rd)- Ww f=0,r is parallel to the plane, and 





r(1) = 0i+ 0j +k = ris contained in the plane. 
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10. Let f(x, y,z) =x° + y?4+ 22 —xyz> Wf = (3x? —-yz)i 


11. 


12. 


13. 


14. 


15. 


+ (3y? — xz)j+ (32? -xy)k> VY f0,-1,1) =i+ 3j + 3k 
= the tangent plane is x + 3y + 3z =O; r= ( —2)i+ (4 — 3) j + (cos (t — 2))k 











+ Ps (e)i (4) j- (int — 2) k;x =0,y =-1,z=1 > t=2 > r'(2) =3i-j. Since 
r/(2)- Wf=0 = ris parallel to the plane, and r(2) = —i+k = ris contained in the plane. 


g = 3x” — 9y = Oand & = 3y? — 9x =0 > y = 4x? and 3 ( x)” — 9x =0 => }x'-9x=0 


aa eas 0 x =Oorx=3. Nowx=0 => y=Oor(0,0)andx =3 => y =3 or (3,3). Next 








2 
a = 6x, 2 a = 6y, and 2 a4 = —9. For (0,0), a a ( 5) = -—81 => noextremum (a saddle point), 











and for (3, 3), % os _ (Be) = 243 > 0 and a =18>0 = alocal minimum. 


f(x, y) = 6xye"(+3) > f (X,Y) = 6y(1 — 2x)e~@*+3¥) = 0 and f,(x, y) = 6x(1 — 3y)e~?*+3) = 0 = x =Oand 
y =0,orx = 5 and y = ;. The value f(0, 0) = 0 is on the boundary, and f (5 F ;) = - . On the positive y-axis, 
£(0, y) = 0, and on the tie x-axis, f(x, 0) = 0. a Xx — ocoory — owe see that f(x,y) — 0. Thus the 
absolute maximum of f in the closed first quadrant is = at the point (3 .4)- 
Let f(x, y,z) = xs + x +a-1=> Vf= 2 i + % > j + % +k => an equation of the plane tangent at the point 
Po(Xo, Yo. Yo) is (3 2) x+ 28) y4 CR)z= 3 Bi sas 2 + . =2or (%)x+ (B)y+(4)z=1. 

The intercepts of the plane are (E. 0 0), (0. z= 0) and (0 0, ©) . The volume of the tetrahedron formed 











by the plane and the coordinate planes is V = (4) (4) (£) (£) (<) => we need to maximize 
V(x, y,Z) = ae (xyz)~! subject to the constraint f(x, y,z) = x + ys + a = 1. Thus, 


tet) ( 1 ) = = A, wie ( 1 ) = 4 A, and he ( 1 ) = = \. Multiply the first equation 


x2yz xyz xyz 








by a’yz, the second by b?xz, and the third by c?xy. Then equate the first and second = a’y” = b?x? 

















>y= b X, X > 0; equate the first and third Aa = ex? Z = 5 X,x > 0; substitute into f(x, y,z) = 0 
air. b co V3 
k= 7 Ua Z= 5 Vv 7 abc. 








2(x — u) = —A, 2(y — v) = A, —2(x — u) = p, and —2(y — v) = —2uv => x-u=v-—y,x—u=—4, and 








y-V=pV x—-u Lv 





1 
; v= ;0rn=0. 


CASE 1:  =0 x=u,y=v,andA =0;theny=x+1 > v=ut+landv?=u = v=v?+1 











=> yv-v41=05 v= wins = no real solution. 
CASE 2: v=fandu=vw > at jamcg goyandy=x+1> x= 
x —} y i. Then f (— 1 


is = 3/2. (Notice - f has no maximum value.) 





, => 2x=-} 
Ed ts (Se Tree ) =2(3)’ = the minimum distance 








Let (Xo, Yo) be any point in R. We must show a3 my f(x, y) = f(Xo, Yo) or, equivalently that 
x,y) — (Xo; Yo) 
i gun ie 0) |Fe%o +h, yo +k) — f(Xo, yo)| = 0. Consider f(xp + h, yo + k) — f(Xo, yo) 


= [f(xo + = yo + k) — f(Xo, yo + k)] + [f(Xo, yo + k) — f(Xo, yo)]. Let F(x) = f(x, yo + k) and apply the Mean Value 
Theorem: there exists € with x9 < € < xp +h such that F()h = F(xp + h) — F(x) => hf, (€, yo +k) 

= f(xo +h, yo + k) — f(Xo, yo +k). Similarly, k f,(xo, 7) = f(Ko, yo + kK) — f(Xo, Yo) for some 7 with 
Yo << <yotk. Then |f(xo + h, yo + k) — f(Xo, yo)| < [bf (E, Yo +k] + |kf,(xo,7)|. If M, N are positive real 
numbers such that |f,| <M and |f,| < N for all (x, y) in the xy-plane, then |f(xo + h, yo + k) — f(Xo, yo)| 


< Mh] +N [k]. AS (hk) — 0, [foo +h, yo +H) ~ fG%0,y0)] > OF 4 tim, | [flo +h, yo + K) — flo yo) 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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=0 = fis continuous at (Xo, yo). 
At extreme values, V7 f and v = a are orthogonal because a =Vf- a = 0 by the First Derivative Theorem for 


Local Extreme Values. 


of 


ot =0 => f(x,y) = h(y) is a function of y only. Also, re =F = 0 => g(x,y) = k(X) is a function of x only. 


Moreover, = os => h’(y) = k’(x) for all x and y. This can happen only if h’(y) = k’(x) = c is a constant. 
Integration gives h(y) = cy +c; and k(x) = cx + Cg, where c, and cz are constants. Therefore f(x, y) = cy + cy 
and g(x,y) =cx+c2. Then f(1,2) = g1,2) =5 5 = 2c+c, =c+ Cy, and f(0,0) = 4 cy = 4 c= 


> Q= 3. Thus, f(x, y) = $y +4 and g(x,y) = sx+3. 














Let g(x, y) = D,f(x, y) = f(x, ya + f(x, y)b. Then Dyg(x, y) = gx(x, y)a + gy (x, y)b 
= f,.(x, y)a? + fyx(x, y)ab + fy(x, y)ba + f(x, y)b? = f(x, ya? + 2f,y(x, y)ab + fy (x, y)b?. 


Since the particle is heat-seeking, at each point (x, y) it moves in the direction of maximal temperature 
increase, that is in the direction of V7 T(x, y) = (e-*’ sin x) i+ (2e-*” cos x)j. Since VW T(x, y) is parallel to 








the particle's velocity vector, it is tangent to the path y = f(x) of the particle = f’(x) = re cnx = 2 Cot x. 
2 
Integration gives f(x) = 2 In |sin x| + C andf (7) =0 > 0=2In|sin§|/+C > C=-2In Wa =In (+) 


=n 2. Therefore, the path of the particle is the graph of y = 2 In |sin x| + In 2. 


The line of travel is x = t, y = t, z = 30 — St, and the bullet hits the surface z = 2x? + 3y? when 

30 —5t= 274+ 3? => P4+t-—6=0 = (t+3)\(t—2)=0 => t=2(sincet > 0). Thus the bullet hits the 
surface at the point (2,2, 20). Now, the vector 4xi + 6yj — k is normal to the surface at any (x, y, z), so that 

n = 8i + 12j — k is normal to the surface at (2,2, 20). If v =i-+j— 5k, then the velocity of the particle 


after the ricochet is w = v — 2 proj, V = V — (=2) n=v-— (53) n= (i+ j — 5k) (seit ei 00 k) 


|n| 





191 3 a9) « 995 k 
209 209 209°" 





(a) kis a vector normal to z = 10 — x? — y? at the point (0,0, 10). So directions tangential to S at (0,0, 10) will 
be unit vectors u = ai + bj. Also, 7 T(x, y,z) = (2xy + 4)it (x? + 2yz + 14)j4+ (y? + 1)k 
=> Vv T(0,0, 10) = 41+ 14j +k. We seek the unit vector u = ai + bj such that D,T(0, 0, 10) 
= (41+ 14j +k) - (ai + bj) = (414+ 14j) - (ai + bj) is a maximum. The maximum will occur when ai + bj 
F : e . sa . . 
has the same direction as 4i+ 14j, or u = Js (2i + 7j). 

(b) A vector normal to S at (1, 1,8) isn = 2i+ 2)+k. Now, WTC, 1,8) = 6i+ 31j + 2k and we seek the unit 
vector u such that D,TC, 1,8) = WT - whas its largest value. Now write 7 T = v+ w, where vis parallel 
to V T and wis orthogonal to YT. Then D,T = YWT-u=(v+w)-u=v-u+w-u=w-u. Thus 
D, TC, 1, 8) is a maximum when wu has the same direction as w. Now, w= VT — (=) n 

(61+ 31j + 2k) — (44347) Qi4+23+& = (6- )i+ G1-B)ji+(2- F)k 

Bi4 17 j-2k > u= (98i — 127j + 58k). 

















w _ 1 
lw ¥/29,097 


Suppose the surface (boundary) of the mineral deposit is the graph of z = f(x, y) (where the z-axis points up 


into the air). Then — ot i- 5 j +k is an outer normal to the mineral deposit at (x, y) and of i+ 5 j points in 


the direction of steepest ascent of the mineral deposit. This is in the direction of the vector = i+ o j at (0, 0) 
(the location of the Ist borehole) that the geologists should drill their fourth borehole. To approximate this 
vector we use the fact that (0, 0, — 1000), (0, 100, —950), and (100, 0, — 1025) lie on the graph of z = f(x, y). 
The plane containing these three points is a good approximation to the tangent plane to z = f(x, y) at the point 
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23. 


24. 


i j k 
(0,0,0). A normal to this planeis} 0 100 50 | = —2500i + 5000j — 10,000k, or —i + 2j — 4k. So at 
100 O —25 


(0, 0) the vector of i+ o jis approximately —i+ 2j. Thus the geologists should drill their fourth borehole 
in the direction of ae (—i + 2j) from the first borehole. 








w =e" sin 7x w; = re™ sin 7x and wx = me" cos TX => Wyx = —77e™ sin 1X3 Wxx = 5 w;, where c? is the 
positive constant determined by the material of the rod = —7?e" sin rx = 5 (re™ sin 1x) 
=> (r+cr)e"sinax =0 3 r=—c?n? > w=e™' sin nx 
w=e"sinkx => w; = re" sin kx and w, = ke™ coskx > wy, = —k’e"™ sin kx: wx, = 5 Wt 
=> —k’et sin kx = 4 (re" sinkx) > (rt+c?k?)etsinkk=0 > r=—c?k? > w=e-°'t sin kx. 
Now, w(L,t) =0 => e¢ Kt sinkL = 0 = kL =nz fornan integer k=7 w=eormty/L’ sin (a2 x) : 





. . ot dene geal 2 
Ast > o,w > 0 since |sin (4 x) | <lande enmty/L’ _, 0, 


CHAPTER 15 MULTIPLE INTEGRALS 
15.1 DOUBLE INTEGRALS 


3 72 3 372 3 y 
1 ff 4-y) dyax= f° l4y—%] dx = 8 fo dx = 16 we 





3 po 37 29 0 
2 _ xy? 2 
2. Sy J Mey — 2xy) dyax = fo [SF — xy] ax 


3 373 
= fi (4x — 2x2) dx = [2x 42] =0 





0 pl OTs 1 
3. Jf @w+ytDdxdy= fi [Styx +x] “a 


0 
= fy +2)dy=[y?+2y]2, =1 





C1, -1) -l qd, -1) 


2x 


4. JO fein x + cos y) dxdy = i [(— cos x) + (cos y)x]5 dy 


Qn 
= f (m cos y + 2)dy = [m sin y + 2y]?” = 20 





5. J f@siny) dyax = f” [— x cos y] 5 dx 





7 qT TT (ar, 
= ["(@—xcosx) dx = [= — (cos x + x sin x)| 
0 
2 
= ot2 >x 
0 7 
te ie { y sinx fp 9 y 
6. ade y dydx = > el, dx = > 3 sin x dx 
= _ i lg: Tog 
=} f° —cos 2x) dx =} [x—4sin2x]" = 4 
y = sinx 
CAEL e 
SEALS 
(AAA Ash 
x 
z 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


942 Chapter 15 Multiple Integrals 


In8 flo In8 In8 
7. f aA “est? dx dy = f [e] 5” dy = f (ye” — e”) dy 
= [(y — De’ — &] 7° = 8dn8—-1)-8+e 
=8In8—l6+e 


1 py 1 2 
9. 1 Bye dxdy = [Bye]? dy 


1 ; ; 1 
= fi (aye — 3y°) dy = le’ -y|] =e-2 


10. ie he Sev dydx = f[3 /xo!v*] “ ax 
=3e-pf Vx dx = [3(e— 1) (2) 87] 4 = 7-1) 


2 2x 2 2 
ue ff Sayax = ffx inyl2 dx =(n2) f° xdx =31n2 


12. {i 4 dydx = f-4dn2—In 1) dx =(1n2) f° dx = n2)? 














15. ff[ o- Vu) dvau = [$-v val du = f= a Jul w)| du 
2 
zu 


2 
= J) (g-u+ $ wi? +08?) du = [p— $+ — Fu? gu0] = bd 4g 4 ea 343 
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2 Int 2, 2 2 
16. f f° eintdsat= f fer nig at fo@int—Inyar=[§ Int—H—thne+¢] 


= (2in2-1-2In2+2)-(-$+1) =; 


17. Lh ‘2épav = 2 dv =2,[)-2v dv 


—2[v’]", =8 


18. ie ae “atdtds = [42] x" ds 


1 
s° 
= fi4-s)ds=4|s—$] = 3 


19. i. Jr 3 cos t dudt = i- ,[@G cos thu] 5" 


20. qe [? 4—2u face f (24) om se 


= f° G—2u) du = Bu—w?]3 =0 








ai, |. : f Geng 


22. ff” ayax 








v=p v=-p 


(2, -2) 
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23. f° f-aydx 





24. Jf axay 


25. JP fi axay 


26. f fray dx 


27. ff 16. dx dy 





28. ff yayax 





Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


29. ff mare 


30. fie 


‘oe dx dy 








31. fp fo dydx = ff, SY axay = f'sin y dy = 2 


32. f fry sin xy dy dx = f fay sin xy dx dy 


2 2 
=f [-2y cos xy]} dy = f° (—2y cos y” + 2y) dy 
= [-sin y? +y]4=4-sin4 


33. J, fee dx dy = las x2e dy dx = f [xe] * ax 


1 
2 2 = 
=m i (xe" — x) dx = [}e" — 5] = 
0 


34. ff a dy = re ae ae gy dy 
=f Es =i “dy = dy = [2] .= fal 








35. f Eee dx dy = {fre dy dx 
Vin3 In3 


=f. 2xe* dx = [e* | =e™"—-1=2 


0 


Section 15.1 Double Integrals 


>< 











(a, 7) 





> Xx 


ak 











ina (\in3, 2Vin3) 
> x 
0 Vin3 
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36. ee e” dydx = ed e” dx dy 


1 
= f. 3y’e" dy = [e"], =e-1 


37. fo” Pr cos ( 167x°) dx dy = f° a cos (167x°) dy dx A 


1/2 0.0625 (0.5, 0.0625) 
sin (167x°) 1 
- ie x* cos (167x°) dx = 0 ip =a 









38. oe dy dx = aes dx dy 


2 nis 
=f Srey = Fig j= BP 


39. JJ (y — 2x?) dA 


i 


“We ox) dydx + ff ( (y — 2x?) dy dx 
0 
=f, y—any]** ae + f'| [4 y? — 2xy] |* dx 


x + 1)? — 2x?(x + 1) — $ (—x — 1)? + 2x°(—x — 1] dx 


NiIF NI 


ZF, 


+ ft (1—x)? wale x) — 4(x — 1)? + 2x?(x — 1] dx 











x! x3 - x x" . (-1)4 (-13 1 1 3 4 8 
sale oa aa oyal ead }+4G-4)=8 3) == 


40. JJ xy dA = = dy dx + SoS oy dy dx 
= =f px * dx + mE: as ae dx 
= f° ex — 5x°) dx + me: 
3% 2/3 


=f” ae — x?) dx 


x(2 — x)? — 5 x9] dx 














[ax] + [x? — 3x5] 5/5 = (8) (af) + (1-3) 





Pfr x? dydx = fpey.” dx= fiex — x! — x3) dx = [2 x8 — 1x5 — 1 x4] - 


=Wgog a) (ata oa) Hla ea) et «eo 





60 20 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


(3) Ga)] = a + at — (at — at) = 





va ff 4-2 -y)ayax = f’[4-2) -¥] 


Section 15.1 Double Integrals 


1 p4—x? 1 2 1 ‘ 
Va ff «+4 dydx = fi fay + 4y) et ee ee 


9 — 7x2 — 8x + 16) dx = [— 4x4 — 2x8 — 4x? + 16x] *, = (—1 — 2 + 12) - (4 - 64) 








= 4.3 , 1 v5)? _ 32 , 32 480—320+96 __ 128 
= [8x 5x? + ig xX], = 16 3 +90 = 30 15 


ve ii. % (12 — 3y?) )dydx = f [12y- ye “dx =f [24— 12x —(2—x)"] dx 


= [24x - 6x2 + oat) = 20 
0 


0 x+1 1 1-x 0 1 
vas fo G30 qyaxt ff G-3xdydx =6 f (1-) ax +6 f x? dx = 442 =6 


v= fof + naydx = fy ty)! dx =f [1+4-(-1-3)] =2 f+} 


=2[x+Inx]? =20 +1n2) 


vanaf fm ( 1+ y’) Jdydx=4 f ‘y+ 3] axa f” "(seo x + 8$%) dx 


=} [7 In |sec x + tan x| + sec x tan x]7/? = $ [71m (2+ v3) +23] 


00 00 1 ie 
Lf fd ayax = f [ex] dx = fo - (#) ax = - lim [1]?=- lim (£-1)=1 


W/y 1-x 1 9 : 
be Pinas Oy + Day dx = fly +y] x]f 


=4 lim_ [sin-!b—0] = 27 
b— 1- 





1 
i dx =f s25 ax =4 lim [sin~ 


— 


co co oo b 
1 2 : -1 -1 : 1 
; ff. GEA (any ax dy =2 f (4) (, lim tan~* b — tan 0) dy = 27 , im f =] dy 


=2n (lim tan“! b — tan~!0) =(2n)(*) = 7? 


fo [xe dxdy = fe , im | xe y=fre a » iim (—be™ — e* + 1) dy 
= foe dy = 2 lim. (-e* +1) =5 

. [ [fx,y) dA ~ 4 £(— 5,0) + 3 £0,0)+ gf(F,0) + 3£(3,0) + $f (— 3,5) + gf (0,3) + (4, 9) 
R 


=A(-+}+O +} 0424149 = 4 
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Weg) VE ascg) 8 ange aa 
= 4 (25 4274274294 314334 + 31+ 334 35+374 37+ 39) = = 24 


57. The ray 9 = & meets the circle x” + y? = 4 at the point (v3 , 1) => the ray is represented by the line y = 9 : 














V3 pve V3 . #, ee) © 
Thus, f fix.» aa = J, ie Jae dy dx = f [(4 - x) - x 4— x] dx = Jac — $4 
_— 20/3 
= 1g 
ve 2 l _ ioe) 3( pis 2 _ co 
58. J J (x2—x) (y—)?/8 dy dx = { | Ox) |, ax= f (wt a3) 3 )dx=6 [> We x(x—1) 
=6 » im [G ) dx =6 » im. [In(x = 1) — Inx]; = 6 lim [In(b — 1) —Inb—In1+41n2] 
7 CO 


26] lim ae =6In2 
b — 00 


1 f2-x ; 1 3 2-x 
59. vaff (x? +y?) dydx = J) [xy + 5] dx 


1 1 
-_ 2 Tx8 (2—x)3 _ | 2x# 7x4 (2—x)4 
= fi fe - + SY | ax = |e - =a 
2 
(3 


7 iz) (0 0 3) = 4 











60. f (tan ax — tan“! x )ox= —_ Ty dy dx = f Som 7 dx dy es ee Trp dx dy 


cal 
= fe ay + fe ea eee [2 tan=1 a L In(1+y?)] >" 
= (5") in5+2 tan} 20 — # In(1+ 4m?) —2tan 124+ 4 1n5 
= 2tan7! 2m — 2 tan} 2— 4 In(1+ 4m?) + 48 








61. To maximize the integral, we want the domain to include all points where the integrand is positive and to 
exclude all points where the integrand is negative. These criteria are met by the points (x, y) such that 
4 — x? — 2y? > 0 or x? + 2y” < 4, which is the ellipse x? + 2y? = 4 together with its interior. 


62. To minimize the integral, we want the domain to include all points where the integrand is negative and to 
exclude all points where the integrand is positive. These criteria are met by the points (x, y) such that 


x? + y? —9 < Oorx? +? < 9, which is the closed disk of radius 3 centered at the origin. 


63. No, itis not possible By Fubini's theorem, the two orders of integration must give the same result. 
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64. One way would be to partition R into two triangles with the 4 
line y = 1. The integral of f over R could then be written 
as a sum of integrals that could be evaluated by integrating - 






first with respect to x and then with respect to y: 


iF J f(x,y) dA 


= aA ee Wee gh ergy 4 f ° J rk f(x, y) dx dy. 


Partitioning R with the line x = | would let us write the 


Re2-y/2 


integral of f over R as a sum of iterated integrals with 
order dy dx. 


b b 2 2 b b 2 2 b 2 b | b 2 b 2 
65. f fier Y dxdy = f fier e* dxdy = fier (Jie ax) dy = ir ax) (fie ay) 
b : 2 db, 2 db, 2 
= ( fie ax) = (2 i e* ax) =4 ( i e* ax) ; taking limits as b — oo gives the stated result. 


173 2 afl e 4 el) + ae 
66. J i. ge dy dx = J, j, gp dixdy = ie G=p7 B 3 ts g-b8 


3 
- 1 ‘ d = . 1/3] > ‘ 1/313 
lim fo an gas + 3, lim J Sm = , lim. (att lm, cat], 


3 1t 


1 
3 
li lim (= 119 —( Dy] lim, (b- D3 - YN] (ih (0- 1/2) =1+4+4/2 





67-70. Example CAS commands: 
Maple: 
f := (x,y) -> I/x/y; 
ql := Int( Int( f(x,y), y=1..x ), x=1..3 ); 
evalf( ql ); 
value( ql ); 
evalf( value(q1) ); 


71-76. Example CAS commands: 


Maple: 
f := (x,y) -> exp(x’2); 
c,d :=0,1; 
gl i=y ->2*y; 
g2:=y->4; 
q5 := Int¢ Int( f(x,y), x=g1(y)..g2(y) ), y=c..d ); 
value( q5 ); 


plot3d( 0, x=g1(y)..g2(y), y=c..d, color=pink, style=patchnogrid, axes=boxed, orientation=[-90,0], 
scaling=constrained, title="#71 (Section 15.1)" ); 

r5 := Int( Int( f(x,y), y=0..x/2 ), x=0..2 ) + Int( Int( f(x,y), y=0..1 ), x=2..4 ); 

value(r5); 

value( q5-r5 ); 


67-76. Example CAS commands: 
Mathematica: (functions and bounds will vary) 
You can integrate using the built-in integral signs or with the command Integrate. In the Integrate command, the 
integration begins with the variable on the right. (In this case, y going from | to x). 
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Clear[x, y, f] 
f[x_, y_]:= 1/(xy) 
Integrate[f[x, y], {x, 1, 3}, {y, 1, x}] 
To reverse the order of integration, it is best to first plot the region over which the integration extends. This can be done 
with ImplicitPlot and all bounds involving both x and y can be plotted. A graphics package must be loaded. Remember to 
use the double equal sign for the equations of the bounding curves. 
Clear[x, y, f] 
<<Graphics ImplicitPlot® 
ImplicitPlot[{x==2y, x==4, y==0, y==1},{x, 0, 4.1}, {y, 0, 1.13]; 
f[x_, y_]:=Exp[x"] 
Integrate[f[x, y], {x, 0, 2}, fy, 0, x/2}] + Integrate[f[x, y], {x, 2, 4}, {y, 0, 1}] 
To get a numerical value for the result, use the numerical integrator, NIntegrate. Verify that this equals the original. 
Integrate[f[x, y], {x, 0,2}, {y, 0, x/2}] + NIntegrate[f[x, y], {x, 2, 4}, {y, 0, 1}] 
NIntegrate[f[x, y], {y, 0, 1},{x, 2y, 4}] 
Another way to show a region is with the FilledPlot command. This assumes that functions are given as y = f(x). 
Clear[x, y, f] 
<<Graphics FilledPlot™ 
FilledPlot[{x?, 9},{x, 0,3}, AxesLabels — {x, y}]; 
f[x_, y_]:=x Cos[y7] 
Integrate[f[x, y], {y, 0,9}, {x, 0, Sqrt[y]}] 


67. LS i dy dx © 0.603 68. i Sve mw) dy dx ~ 0.558 


ph 1 pVi-e 
69. ff, tan xy dy dx ~ 0.233 70. ff 3,/1 — x? — y? dy dx = 3.142 


71. Evaluate the integrals: The following graphs was generated using 
ee Mathematica. 
f fi c dx dy 


f free ayax + fi f'e® ayax Y 


1 


= —54+4(et — 2,/r erfi(2) + 2,/7 erfi(4)) 
1.1494 x 10° ia 











Q 


0.6 
0.4 


0.2 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


Section 15.2 Areas, Moments, and Centers of Mass 951 


72. Evaluate the integrals: The following graphs was generated using 
3 9 . 
Ie { x cos(y”)dy dx = ie A x cos(y”)dx dy Mathematica. 
= 8) ~ —0,157472 














x 
73. Evaluate the integrals: The following graphs was generated using 
Mathematica. 
je gs (x?y — xy’) Jaxdy = f° [<< (ey —xy*)dy dx 
67,520 
= "63 © 97.4315 Y 
2 
x 
74. Evaluate the integrals: The following graphs was generated using 
a ae 4 pVex | Mathematica. 
If eVdxdy= ff e*Y dy dx 
& 20.5648 Y 
2 
1.5 
0.5 
x 
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75. Evaluate the integrals: 


76. 


JS cs avex 
= ffi Bava + [Pf dxay 


—1+ In(22) ~ 0.909543 


Evaluate the integrals: 


J [ode axey = ff ayax 
~ 0.866649 


15.2 AREAS, MOMENTS, AND CENTERS OF MASS 


2 2-x 2 2 2 
i dydx = f/2—x) dx = [ax- 5] = 2, 


0 


orf f- “dxay = f @-yyay=2 


f fray dx = fe — 2x) dx = [4x — x2)? =A, 


or ff’ dxdy = f Yay =4 
0 0 0 


The following graphs was generated using 
Mathematica. 


eS 


WwW 


0.5 1 1.5 2 2.5 


The following graphs was generated using 
Mathematica. 


Y 
2.5 


2 


1.5 





1 


0.5 
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5. [fo ayax = fet dx = [e]P?=2-1=1 


e f2inx e 
6. ff. dydx = f° inx dx = [x nx — x] 
=(e-e)-(0-1)=1 


6 p2y 6 2 376 
— — 2 
9. [0 Jo, dxay= f°(2y— 2) ay = fy] 


= 36-48 = 12 


10. ff ayax — ff @x-x) a= [3 fo 1x33 
— 27 _ 9 


2 2 
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(12, 6) 











1 
12 
NOT TO SCALE 


> Xx 
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uf = fayax 


n/4 
_ . _ . 7/4 
= J, (cos x — sin x) dx = [sin x + cos x]j 


=(24+¥%)-@+n=v2-1 





ie 
+ 
N 
< 
| 
wl, 
———— | 
I i) 


2 2 2 
12 ff, dxdy= f(y +2-y%) dy =[ 
Stes5) Gott) = 3-35 


0 1-x 2. 1-x 
13. [of ayax + Jif nay dx 
= (Pa +x) dx me ie — *) dx 
= [+8] + - 8] /=- Cita) +e-=3 








14. f° [- ayax + f° [ayax 
= [(4—x2) ax + fx? ax 


372 
= [x- 3], + Be = 6-48-39 





15. (a) average = + [” ["sin(xty)dydx = 4 ["[-cos@xt yi dx = 4 ["[-cos(x +m) + cos x] dx 


= 4; [—sin(x + 7) + sin x]} = 4, [(— sin 27 + sin 7) — (— sina + sin 0)] =0 
a px/2 7 tt 7 
(b) average = (2) vi f sin (x + y) dy dx = & . [— cos (x +y)|0? dx = 3 ; [- cos (x + z) + cos x| dx 
( a 
2 


— 3 [—sin (x + $) +sinx]" = 2,[(— sin 4 + sin 7) _ (—sin 3 + sin 0)] =o 


1 1 1 971 1 
16. average value over the square = f, A xy dy dx = J [| dx = f 5 dx = i = 0.25; 
0 


1 pV i-x 1 27 VI-x? 
average value over the quarter circle = ® i f xy dy dx = # i +] dx 


0 





In ~ 


1 1 
== f, (x — x5) dx = 2 [s =| = 1 =~ 0.159. The average value over the square is larger. 


[) 
-— 
wo |45 
+ 
|e 
bo 
lI 
e|00 


2 2 2 2 2 
17. average height = ; fi f (x? + y*) dydx = 4 f. [x°y + >| ; dx =} f (2x? + 8) dx = 
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18. 


19. M 


20. 


21. 


22: 


23. 


24. 


25. 


26. 


21, 


28. 


29. 


Section 15.2 Areas, Moments, and Centers of Mass 


2in2 2In2 1 1 2in2 i 2in2 
average = my Jo, Sax VO= wee Ins [IS 
2 


= ay 7 1 (2 + In In2—InIn2) dx = (4) f a as =(5 ine 
= (45) dn2 + In In2—InIn2)=1 


=f “3dydx =3[ (2 —x2-—x )dx = 7; M, = i. Sepak 3 pry]? ax 


2x? | es F 
= ‘(2x — x3 — x2) dx = 5; M, = iw By dydx = 3 ff ly”)? d= 3 [ (4—5x?+x‘)dx= 2 





M=6f f° dydx=6 f-3dx=96;1,=6 ff y?ayax=6 f [¥] ax =276;R, = / = V3: 
0 
=6 ff eaydx = 5 [ pyli dx = 5 [3x dx = 278;R, = [8 = V3 


M= fi fi sdxdy =f’ (4-y-%) dy=¥iMy= ffl? xdxdy=3 0 215% ay 
=1 f, (16-sy+y?-¥) dy = om. = f° fy axay = f° (4 - y >_ x) dy = 2 


3 3-x 3 3-x 3 3 
M= 1 dydx = f G—xdx=8; M, = f f xdydx = [xy] * dx = f (3x—x2) dx = 2 
=> x= 1andy = 1, by symmetry 


m= aff)" ayax =2 [Vim ax =2 (9) = FM =2 ff” yayae = f)y1y ax 


1 1 
= f (1-x) dx = x—#] = 3 > ect 








3 





5 p6x—x? 5 2 5 
M = 28>mM,=6 ff xdydx = 6 [ [xy] * dx = 6 (5x? — x3) dx = 288; 


5 p6x—x? ae ae) 5 : m = 
M,=6 ff ydydx = § [ [y’]° dx = § f" (35x? — 12x + x!) dx = #56 — x= 2 andy = 


woth dy dx = ™;M, = ff cayax = [py ax = fx Sk 


=> xX =y = #, by symmetry 


M= fo ['aydx = f'sinx dx =2;M, = ff" ydydx = 3 [[y@* dx = 4 ["sin?x dx 
=1 [1 —cos 2x) dx = 3 >x=jandy=% 


2 4-x? 2 
I, =f, = ydydx= fife] dx=? f(4-x 2)3/? dx = dn: I, = 4n, by symmetry; 
=e, = 8a 


2m (sin? x) /x? 2n Qn 
L=f f x? dydx =f (sin?x —0) dx = 4 [ “(1 — cos 2x) dx = $ 


Ma f° fooac=feae=, tin flea =1—, tim & tM, = J" fPxayac= [se as 


0 ; i 
= lim » xe dx = lim [xe*—e*], =—1—. lim ie —e’)=-1;M,= de f° yayax 


b — —oo 7 —-o b > —oco 
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=} [et ax=}, tim fre ax =} => X=—landy=j 
30. we xdydx = | lim | fPxe®? dx = — tim, [ae -1o=1 





2 py-y 272 y-y 2/4 : ‘ ; 
a es OF aae8 y-y 2 
Lj, J. yx +y)dxdy = [ [3 +95] ay = f° (4-298 +29!) ay = 
~y 


R= = VF =2y3 


Jil p VF 30 po) VIF pv 
32.M= fon Je sxdxdy=5 f°. [=]. dy=3 "(12 —4y? — l6y) dy = 23/3 





33. M= ff “(x +3y +3) dydx =f [oxy + 3y? +3y]2* dx = ff (12 — 12x”) dx = 8; 
1 2-x 1 1 2-x 
M, = fof) “x(x +3y +3) dydx = f- (12x — 12x) dx = 3;M, = ff “y(6x + 3y + 3) dydx 


1 
= J, (14 — 6x — 6x? — 2x8) dx = 2 > x=andy= 2 


1 p2y-y? 1 1 p2y-y? 1 
34.M= fof (yt Dadxdy= ff (2y—2y*) dy=1;M= fof yt Idxdy = ff (2y? 294) dy= A; 


1 p2y-y? 1 1 p2y-y? 
M, =f, fo” x7+dxdy = fay? -2y)dy =f > x= Sandy=8sn= ff” yy +1) dxay 
1 
=2 f(y -y°) dy =} 
1 6 1 1 6 1 
35. M= ff (x+y4 Dadxdy = fy +24) dy =27;M.= ff yaty +) dxdy = f y(6y +24) dy = 14; 


1 6 1 1 6 
M, = fo ff — > x=Yandy= 4 =f [x+y +1) dxdy 
=216 f (3 11) dy = 432;R, = fh =4 


ef Pasian teens 3) dx= 3:M,= Sova + Daydx =f (g-4-¥) ax 
= #:M,= Sfx +d dydx = [0 (8-4-2) ax 0+ x=0andy=2:L=f. f, e+ Daya 


I 
=f (8 --xt)ax=s R= Ve= 8 


37. M= PS dy + navax= fH + x?) dx = 23M, = ae wy + Dayse= f (+ #) x= Be 
w= ff “x(Iy +1) dydx =f (8 + x) dx=0 > ¥=Oandy= 251, av ae x(Ty + 1) dy dx 


1 
= 7x6 4 ie I 21 
=f (BS +x) x 5 R= Vu= a 




















20 1 20 20 1 20 2 1 
38. M=f f (1+) dydx= f (2+3)ax=00.M=f f y(it+3)dyax=f oe 
mM, = fof", x(1+%) dydx =f (2x4 35) dx = 20 > x= Mandy=on= fof, y? (1+ §) dydx 








20 
=3 [1+ $) x =20R, = fh = yt 
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39. 


40. 


41. 


42. 


43. 


44. 


45. M 


46. 


47. 
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1 


lpy 1 i Ay 


0 
1 y 1 il y 1 
M, =f) J), xt Ddxdy = fody=0 > x=0andy=Gsh= ff) y+ dxdy= J, (ey +2y%) dy 
1 y 1 . I 
R= fh = sn= ff eet andy =3f (ay! t2y)dy= 3% > R= fh = 38: 
L=1,+)=$ + Ry =\/k = 














Sle 








M= fof” (3x2 +1) dedy =f’ (2y* +2y) dy = 35M, =f J” y Bx? +1) dxdy = J Q2y4 + 2y2) dy = 18; 
M, = Sx (3x? + 1) )dxdy =0 > x=Oandy= 231, =ff y? (3x2 +1 1) dxdy = [ (2y° + 2y%) dy = § 
>R=/R=851 =f fix (3x2 +1 )dxdy =2 f (3 y+4y)dy=4 sR, Vk fe 
L=k+L=§ + R=/% 4, 


5 5 
f. le 10,0002" dy dx = 10,000 (1 — e~2) ee wa = 10,000 (1 — e~ yf = 0 is| 
_ 2 


2 142 1-3 




















= 10,000 (1 — e*) [-2In (1 — 3)]° ee te i 
= 10,000 (1 — e~?) [2 In (1+ 5)) 4+ 10,000 (1 —e- *) [2 In (1 + 3)] = 40,000 (1 — e~*) In (7) = 43,329 


1 2y-y? 1 2 1 P 1 
ee 100(y + 1) dxdy = f° [100(y + 1)x]2% dy = f° 100(y + 1) (2y — 2y*) dy = 200 f° (y — y4) dy 


= 200 [5 - 5] = (200) (1) = 50 


M=f. ae dydx = 2a f (1x?) dx = 2a x-#]'= 93M, = ae 


2 1 « 5 1 a2 TS” 4 
=> sil ie 2x? + x*) dx = a? Ix 2x + | ‘ Sa so S 28 | The angle 6 between the 
3 














x-axis and the line segment from the fulcrum to the center of mass on the y-axis plus 45° must be no more than 


90° if the center of mass is to lie on the left side of the inex =1 > 0+5<55 => tan~! (22) <7 >ac 3 . 


Thus, if0 <a< - , then the appliance will have to be tipped more than 45° to fall over. 


4 p2 4 
fa)=L= ff w—atdyax= f [+3] dx = 4 (2 —a)3 + a3]; thus f(a) =0 + —4(2 — a)? + 4a? 


=0 > a—(2-a’=0 > -444a=0 = a=1. Since f’ (a) = 8(2— a) + 8a= 16 > 0,a= 1 givesa 
minimum value of I,. 














il vine 
— = 2 _ | dt Ss T 
=f es dy dx Jo zag x [2 sin x], = 2(% —-0) a; M, = Se x dy dx 
1 
=a PS x= | 2(1 or =2 => x= 2andy=0 by symmetry 
=x ‘ 
_ _ fos 1 _ ob 
(a) t= [i 6x dx-# s+ R= + aa 
ae ee Bipot, 
2y-y? 3 1 
(a) L=M= ff” baxdy =26 f (yy?) y=26/$-%] =25(1)=$ > 6=3 
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49. 


50. 


51. 


52. 


53. 


Chapter 15 Multiple Integrals 


2y-y? 1 
fr Se ease (2) = 3 = 6, so the values are the same 
Soo” axay (3) 





(b) average value = 


Let (x;, y;) be the location of the weather station in county i fori = 1,... ,254. The average temperature 
254 
2 Tei, ya) AiA 

in Texas at time to is approximately , where T(xj, yi) is the temperature at time to at the 


weather station in county i, A;A is the area of county i, and A is the area of Texas. 








(a) x=“ =0 = M,= | f xd(x,y) dydx =0 
R 
(b) L= ff (—b) (x,y) dA = f fx? S(x,y) dA— ff 2hx d(x, y) dA + f fh? 6(x,y) dA 
R R R R 


=1,-0+h? f [ 5(x,y) dA =I, + mh? 
R 


(a) Tom =I — mh? > Log = 1, — mb? = 8 - 14 (3)? = Bs yy = — mh? = 12-14(4)? = 9 


(b) Tea = Les + mh? = 33 +14 (2)” _ 2, Ips = Veuy4 + mh? = it + 14 (1) = 24 


Mx, + 
mj + 


My, +My, , 


? 











May = Jf yaa + J J y dAy = My, +My => X= “2+ ; likewise, y = 
Ry 


my; + m2 


thus ¢ = Xi+ Yj = Sap (Mu + Mx.) i+ (My, + My.) i] = Spy [mk + moX2) i + (My, + mY.) j] 
mC) + MgC2 


= ET [my (Ki + Y,j) + mp (Kei + Yoj))] = "oe 





From Exercise 51 we have that Pappus's formula is true for n = 2. Assume that Pappus's formula is true for 





» MC 
n=k-— 1,10-., that e(k — 1) = 4, . The first moment about x of k nonoverlapping plates is 
ym 
k-l Mx +Mx M. My, 
i (/ fy as) + [fy day = May +My > = 7S; similarly, y= A; 
i=l R Rx & m) +m, (= m) + my 


thus e(k) = xi+yj= 





[(M + M,,) i + (Maes an M,,) i] 


Xe(k—1) 
m,; 
i=l 


k-1 k-1 7) 
~ 7 ((e m.)x +m) f+ (= mJ, +m.) § 
x m,; i=l i=1 al 


k-1 
( m,; | c(k—1)+mxex 


i=l 











k-1 
= = a mj (Xeit Ye Jj) + mx (Keit ¥; Jj) KI 
> mj i=l » ti 


= Mei t meee ++ Me ee 1 F MEE and by mathematical induction the statement follows. 
my +m) +...+ Mg—1 + Mq 




















_ 84+39)+2Gi+3.5f) _ 14i+31j OF = Si 
(a) ¢= ee : io X= Gandy= iG 
_ 8G +3) + 65i+2j) _ 381436] x — 9 anqy — 18 
(b) c= 7 =p > k=, andy=-7 





(e-ee 214 3.3) HOT 20 — 3i+199 _ g _ 

















_ 8643p) +2G1+3.5p) + 6651+ 2j) _ 4414-43) 
c= 16 16 





_ 1S (Fi+ 74) +48021+5) _ 15Gi+28j) + 48481449) _ 2349146125 _ 2611+ 68) 
15+48 4-63 4-63 = FT 


> x= ol andy = 7 
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55. Place the midpoint of the triangle's base at the origin and above the semicircle. Then the center of 
h 
73 


an G)+(8)C8)  (22)i 


Pappus's formula, ¢ = (ar) = ( a #) , So the centroid is on the boundary 


mass of the triangle is (0 ) , and the center of mass of the disk is (0, — #) from Exercise 25. From 








“a 





if ah? — 2a = 0 h? = 2a? h =av,/2. In order for the center of mass to be inside T we must have 
ah? — 2a3 > Oorh > av/2. 





56. Place the midpoint of the triangle's base at the origin and above the square. From Pappus's formula, 


($) (83) +8° (- $3) 


5) 


= ee «© sh? s° 2 — 
c= , So the centroid is on the boundary if —- —>=0 => h*— =) S h= s\/3. 


15.3 DOUBLE INTEGRALS IN POLAR FORM 


[fo ayax = ff’ rarag = 1 "ae = 3 
© [Po cayex =f f'raras = 4 [ae = 


2 aa (x? + y?) dxdy= ff Bdrdg=4 f do=# 
4. J aoe “2 +y)dxdy= ff" Parag =4 fag = 
aa [even =f "PP rarao=% [a0 = ma? 

6. ie aa (x? + y2) dxdy= ff Pdra9=4 fag = 20 


m/2 pP6cscd 
fs JP fx axay =f”, i: r cos 9 drdd = 72 f cot 8 csc? 6 dd = —36 [cot? 6] "\; = 36 


8. f fiyayax =f fe a 

















9. ie i zie dy dx = ss 2. drd@ = 1) drag =2 fr (1 — In 2) dé 
=(1—In2)n 

10. ff pp oe dxdy= ff 4 = ardo=4 fo fC i=) )drao=4 f(1 — ) d0 
= 47 — 7? 


In2 p/dn2P—y? — n/2 pln2 n/2 a 
uf evV™ dxdy= f" [ret drdg = f° (2n2— 1) d0 = 3(2In2~-1) 


12. i f ieee eae, )dydx = f” f re" drdp = — 3 [" (2-1) dg = T=) 


J1-@— 1? m/2 p2cosd 2 m/2 
13; ff mms %, dydx = f. roost sin® r drag = [ (2 cos? @ + 2 sin 6 cos 0) dé 


no tet 4 st) = aie =f+1 


bol 
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2 70 7 2 sind T 
14. ff — xy dxdy= J" f, sin? @ cos Or! drag = 2 [ sin’ 0 cos 0 dé = 3 [sin’ 6)", = — 


_ coo Laid = 2 
15. eae n(x2-+ y2 + 1) dxdy = 4” i In (r +1) rdrdg=2f"” dn 4— 1) d9 = rn 4 — 1) 
16. es ane sdydx=4 f” ‘de ts drdo =f | [-pia|iaa2 [ao =n 

17. ja i rdrdg =2 "(2 — sin 28) do = 2 = 1) 


18, A=2f” fo" rarao = f""(2 cos 6 + cos? 6) dg = 8" 

19. A=2 fpr rarag = 144 "cos? 30 d9 = 12 

20. A= fo rarao = 8 f” 0? a9 = St 

aaa fp aro = 4 [3 +2sing — 324) do = 241 
2. a=4f" pf  rarag=2 f” (2 -2c0s 6 + 522) do = 3-4 


7 1—cos 6 7 
23. M= fof 3r? sin 6 drdo = J ~cos 68 sin 8 d9 = 4 





24 ff vik 02 +92] dydx = ff sin? @ drag = 98 f°" Lasos22 gg — tae 


I, =f" ee (x 242) dydx=k ff” Parag = [a9 = se 





6 sind 
25. M M=2 [” a drdo=2 fr (6 sin  — 3) dO = 6 [—2 cos 0 — 6"? = 6/3 — 20 
32/2 pel—cosé 3n/2 sin 31/2 m 
26. 16 = J, f rardg= 3 f - (cos? 9 — 2 cos 6) do = $ [828 + 3 — 2 sin 6] =2+7 


21. M=2 f° fo" rarao = "(1 + cos 0)? 40 = 3; M, =2f" fo"? cos 6 dead 


=2 {'( tat 5 a > + cos 26 — sin? cos 6 + $54) dé = a => x = ? and y = 0, by symmetry 


20 1+cos 6 Qn 
= i, — 352 
22.= ff Pardd=! f (1 +cos 0)! do = 3 





m/2 pa m/2 
4 4 2 
29. average = +5 fe ih r/a? —r? drd@ = 545 f a? dé = 2 


n/2 a. /2 
30. average = 4, f f r drdd = 4, a’ dé = 78 
Ta 0 0 37a’ 3 





31. average = +, | SL Je +y dydx = +f” io i r 2drdg= 2 f do = #8 
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32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 
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Qn 1 
average = + Jf [1 — x)? + y?] dy dx = 4 f f [1 —rcos 0)? + r? sin? 6] r dr dé 
R 





=1 [" ['( —2r cos +1) drdg =1 f" (3 2cosf) dg= 1/36 


seksi 











n/2 
0 


+4 + sin 20 + 3 sin 6 — sin? 6 + 34] —44 


V=4 or =_ r/2 —1? drdé = — $ "Te — 2 cos 29)3/2 — 2) 


n/4 


7/4 : 
= ane — 2 f (1 — cos? @) sin 6 dd = 22 2 [set cos 6] : 





m/2 pl+cos 6 n/2 ‘ 
v=2f fo ? cos 6 drdd = 2 [ (3 cos? 6 + 3 cos? 6 + cos* 6) dé 


— “[2inrdrdo =2f [rine re" 9 =2f" Ve [(4 


= flan?) a9 = [a9 =2 
an 2); a0 = f° a0 =20 


dé 


+ 1] dO = 2n(2 — \/e) 


_ 6r/2+40,/2 - 64 
=~ 9 


(a) P= | ie eis @+y) dxdy = has ie") rdrd@é = ie lim, ‘i re" cr dd 


m/2 i) n/2 7 Va 
=-if lim, (ec -1) ao=3 J, d@=t>1=8 


(b) , lim, een = qe {- et dt= (=) (=) = |, from part (a) 


i aaa dxdy = f° Garp ardé = 5, lir lim | ie aie 








lim 


a1 


= [" [-!ma—r)] 9? ao 
Jy [- 30 -P)]) 





ar] do 


= ee (l-ip) =7 
. 3. a py3/2 

Over the disk x? + y? < 3: IJ maar ;dA = f f 

2x 
=f (-im}) pin dO =nin4 
Overthe disk x? ty? <1: ff) phy da = SOS, ee arao = fr, 
= lim [— § In(1 —a”)| dé =2n- lim_ [— $ In(1 — a”)] = 27- c«, so the integral does not exist over 
rty<1 


3 f(a) £(0) 
The area in polar coordinates is given by A = f f rdrdé = f [5], 
where r = f(@) 


do=1 f'P@a9= f' 149, 


In pa an pa 
average = + if fA [cos 6 — h)? +r? sin? 6] rdrdé = +, f f (r? — 2r7h cos 6 + rh?) dr dd 











Qn Qn 
ee | at 2a*h cos 6 a?h? = Ay a 2ah cos 0 he _ 
=i, fi (4 3 + ) a0 = 0 (3 3 +1) a0 = 


5 (a” + 2h”) 


1 | a0 
a|4 


2; 
2ah sin 6 h20 
3 + 2 
0 
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3n/4 p2sind 30/4 . . y 
42. A=f [ rdrdg=3 [ (4 sin? 9 — csc? 6) dd 
n/4 csc 0 n/4 : 
t=2sin6 
= } [20 — sin 20 + cot O]77* = 3 





44-46. Example CAS commands: 


Maple: 
f := (x,y) -> y/(x424+y*2); 
a,b := 0,1; 
fl :=x->x; 
f2:=x->1; 
plot3d( f(x,y), y=f1(x)..f2(x), x=a..b, axes=boxed, style=patchnogrid, shading=zhue, orientation=[0, 180], title="#43(a) 
(Section 15.3)" ); # (a) 
ql := eval( x=a, [x=r*cos(theta),y=r*sin(theta)] ); # (b) 


q2 := eval( x=b, [x=r*cos(theta),y=r*sin(theta)] ); 

q3 := eval( y=f1(x), [x=r*cos(theta),y=r*sin(theta)] ); 

q4 := eval( y=f2(x), [x=r*cos(theta),y=r*sin(theta)] ); 

thetal := solve( q3, theta ); 

theta2 := solve( q1, theta ); 

rl :=0; 

12 := solve( q4, r ); 

plot3d(0,r=r1..r2, theta=thetal..theta2, axes=boxed, style=patchnogrid, shading=zhue, orientation=[-90,0], 
title="#43(c) (Section 15.3)" ); 


fP := simplify(eval( f(x,y), [x=r*cos(theta),y=r*sin(theta)] )); # (d) 
q5 := Int( Int( fP*r, r=r1..r2 ), theta=theta1..theta2 ); 
value( q5 ); 


Mathematica: (functions and bounds will vary) 
For 43 and 44, begin by drawing the region of integration with the FilledPlot command. 
Clear[x, y, r, t] 
<<Graphics FilledPlot® 
FilledPlot[{x, 1}, {x, 0, 1}, AspectRatio — 1, AxesLabel — {x,y}]; 
The picture demonstrates that r goes from 0 to the line y=1 or r= 1/ Sin[t], while t goes from 77/4 to 7/2. 
fi=y / (x? + y?) 
topolar={x — r Cos[t], y — r Sin[t]}; 
fp= f/.topolar //Simplify 
Integrate[r fp, {t, 7/4, 2/2}, {r, 0, 1/Sin[t]}] 
For 45 and 46, drawing the region of integration with the ImplicitPlot command. 
Clear[x, y] 
<<Graphics ImplicitPlot® 
ImplicitPlot[{x==y, x==2 — y, y==0, y==1}, {x, 0, 2.1}, fy, 0, 1.1}]; 
The picture shows that as t goes from 0 to 7/4, r goes from 0 to the line x=2 — y. Solve will find the bound for r. 
bdr=Solve[r Cos[t]==2 — r Sin[t], r]//Simplify 
f:=Sqrt[x + y] 
topolar={x — r Cos[t], y — r Sin[t]}; 
fp= f/.topolar //Simplify 
Integrate[r fp, {t, 0, 7/4}, {r, 0, bdr[[1, 1, 2]]}] 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


Section 15.4 Triple Integrals in Rectangular Coordinates 


15.4 TRIPLE INTEGRALS IN RECTANGULAR COORDINATES 


E SS Sat eoeee a be dydzdx = ff *( 1 —x—z)dzdx 
2 oc n0 n= 858 oe tare [nae ad 


2» Lf, eeavan= fi fiseae= flow 6. ff, fi avanes ff farive, ff Lessee 
fof fF ayaxaz, fr f° fray azax 


3, f ‘-_ | ae re dy ae 
1 2-2x 
= fof, (B—3x-4y) dy ax 
7 J, Ba —x)-2(1— x) — 3-4(1 — x)’] dx 
=3 [Pd -w? dx = [-0-0]h = 1, 
ff pre ae ie { 1 a gia dy a ae. 
f je ees eee. | aa le ay a 
f ‘a (aii depts 


4, iia cae ie Pdydx = [3/42 dx = 3 |xV/4— x2 +4 sin“! aaa 
Vy ia i eae, i cas frayazax, [f™ * frayaxaz, ff fe” * axaydz, [ff dx dz dy 


5. ed dz dy dx 
a 2 (x? + y?)] dy dx 
auf f (4—x? — y2) dydx 
=f [(4—2)rarao—8 f ‘[or? — #] "0 
=f" saa = 16r, 
iC Fea oie " dnaedy. 
f, Ls vepiaaay + J Le y onda, 
i. aes , dxdydz + fr ld " dx dy dz, ieee dy dzdx + ea acu dy dz dx, 


f ace dy dx dz ef loa 














Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


964 Chapter 15 Multiple Integrals 


6. The projection of D onto the xy-plane has the boundary 
x+y? =2y > x?2+(y—- 1)? =1, which is a circle. 
Therefore the two integrals are: 


‘a f os se dz dx dy and ie ea seagel dy dX 





7. fff e+y+2)dzayax= ff (x? +y?+ 1) dydx = f(x? +3) dx =1 


8. f is ba ” dz dx dy = Lope 8 — 2x? — 4y”) dxdy = f" [x- 2x3 — dxy?] © dy 


=f" (24y — 18y3 — 12y%) dy = [12y? — By4] 1? = 24 - 30 = -6 
0 [SS inavae= ffl] arse [hae [[B] a= fee 


ae 1 aaa a dedsde= fe re ae i 3 — 3x)? — 13 = 3x)?] aes 2 fa — x)? dx 


=-}(0-x)],=3 
1 iT pT 1 T 1 
11. fa ysinzdxdydz= ff ry sinz dy dz = [ sinzdz = 5 (1 —cos 1) 


12. ff fiw+ytaayaxdz = ff [xy + ty? +2y]), dxaz = ff ex +22) dxdz = ffx? + 22x] 1, az 


= [4zdz=0 
3. fff “azayax = fof V9—# dydx = f'(9— x?) dx = [x — 4] = 18 
2x 2 Vy 2 
14. rie ae ai ” dzdxdy = ff extn pnay f i? +xy] dy = [°(4—y?)'? ay) ay 
-[-40-¥9"] = 39? = 
1 2-x f2-x— 1 2-x 1 
is. f fof dzayax = ff" @-x-yyayax = [’[2—~? -}@-x)] dx=} f@—x? ax 
=[-f@-ni]}=-p+4=1 
16. ff SP ox aeayax = ff x28 -y) aya = fx [a — 2)? - Fa -2)] dx =f) 1 x(1—x2)? dx 
1 
=[-b0-%))] =4 
17. Lf focostu tv +w) dudvaw = J” ["[sin(w + v +2) — sin(w + v)] dvdw 


= ie cos (w + 27) + cos (w + 7)) + (cos(w + 7) — cos w)] dw 
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22: 


24. 


25. 


26. 


21. 


28. 


29. 


30. 
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= [—sin(w + 27) + sin(w + 7) — sin w + sin(w+7)]6 =0 


: Jf fimrinsintdtdrds = f° f'dnrins)(tint— qf drds = fo dns) [r nr —1]f ds = [sins —s]° =1 











ede oe | tim n (2 _ e) dtde = [pe aed ft (Leziney 7 1) ay 
= "(wg — 1) av = [me — 3] = 49 

CEL * Seager =f" [vee dgar= f° ty [-(4-4 2) ar =8 faar 

= S$ — 8 In2 

(a) i a ae dy dz dx (b) ig ee ~: dy dx dz (c) hs ae dx dy dz 
(d) i ha dx dz dy (e) ine fea dx dy 


@) fff, aydzax o) fff” ayaxae © f [of axayae 
(d) Sol dx dz dy (e) ia aig dz dx dy 


v= ff f° azayax =f" fy? ayax =2 fax =? 


vif ff ayazax =f’ 2-22) dzax = [22 -— 2) ax 
va fff azayax = ff @- y)dydx = f|2 4—x— (455)| ax 
4 


=[- $48? +} 4-03], = 4)? -} 00) =F -4=2 


lI 
S 
— 
— 
| 
Pal 
NS) 
ea 
Qa 
Pal 
| 
| camer: | 
Pal 
| 
ve |*45 
es 
oO 
lI 
Wit 


v=2f foo Jo dzayax = -2 f° ["  yaydx = fx) dx = 3 


v= dss ae aa ate ie hae: Ste 3 y) Gie= - [6(1 7 x) 7 3 4 x] en 
= f[3d-xP ax =[-- 9} =1 


ve | ae a dz dy dx = ff cos ( (3) dy dx = = if (cos mm) (1 — x) dx 
2 


1 4 ie 2 04 n/2 
= [cos (% )ax— fr x cos (& *) dx = [2 sin |], -= > ucosudu= 2 — 7 [cos u + u sin ul} 


2 me 
=a 4( \l)=% 





af dzdydx=8 ff’ V1 =x dy dx=8 f (1-22) x= 18 


v= Lf [Orecayax = ff" 4— x2 —y) dydx = f'[(4—x)? -} (4-2) dx 
=1 [4-2 dx =f) (8 4x +%) dx = %8 
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4 p(Vie-y)/2 p4- 4p (V/16-y?) /2 4 /6— 
a1, v= ff : "dx dz dy= ff ° (4—y)dzdy = [ is Sy" (4 — y) dy 


0 


= f-2/i6- y dy —3f" ee y? dy = [y/16—y? + 16 sin! 2] + [sao -y2)""] 


= 16(%) — £(16)?/? = 8r¥—- 2 





V4—-x2 Jax? 
a2. J, ae ah w dadydx = J" [7-58 —» dydx =2 [1G —» 4 — x? dx 
28 oy) oe: -2 fi x/4—# dx = 3 [xV4— 9 +4 sin J’ : fga—a2)""]° 


= 12 sin“! 1 — 12 sin"! (—1) = 12 (2) — 12 (— $) = 120 


33. SE Soo dadyax = ff" - — 3%) dy dx 
[3(1-%)2@-x)-2@ Side 


[6 - 6x + “| dx 








-f 
-f 


0 
[6x — 3x? + 8 Sy Goa =(12-12+4+0)-%=2 








34, vafof pf ‘dxayde = f° [8 — 22) dydz = ['(8 — 22)(8 - 2) dz = [ (64 — 242 + 22?) dz 
= [642 — 122? +2723] ) = 200 


35. v=2f.f : re dzdydx =2 ff ’ “(+2 dydx = f+ 24-2 dx 
= [i2V4—x ax + fix 4—x?dx= [xV/4 = 3? +4 sin s|_,+ [-s@-2""] 


=4(§)-4(-§) <4 ; 


36. V var fff” “dzdxdy =2 [ f'*( ‘ky )dxdy =2f. | tay] dy 


= l=) ) [3 (1-y?)’ +] ay=2 Pay) (b+ by? + ty!) dy =2 f'(1—y®) ay 
) 


37. average =! fff (x2 +9) dzdydx =! f° [° (2x? +18) dydx =} [ (4x? +36) dx = ¥ 
38. average =} [ [' ['x+y—z)dzdydx =1 ff’ 2x +2y—2)dydx =} [’ @x— dx =0 
30, average = fof [02 +y? +22) dzdydx = ff (x2 +y? +4) dydx = f(x? +2) dx =1 
40. average =} fff xyzdzdydx = f° xydydx =} [oxdx=1 

ia dents seo) day dz = ff sent) ) aydxdz = ff eco x00) anda = fi (2 sin 4 


= [(sin ee 9 = 2sin4 


41. ae dz 


— 
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42. 


N 


43. 


1S) 


44, 


& 


45. 


Nn 


46. 


47. 


48. 
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SiS, fi toxze®* dydxde = ff) J raxz0” axdy dz = ff 6yze” ayaz = fi [3e%"| ; . 


1 
= 3, (e —z) dz = 3[e— 1]} =3e-6 


= ff amy sin (ny?) dy = [-2 cos (ny”)]} = 2-1) +20) = 4 


f ‘i ft sin dydzdx = [ i? * xsin2 dzdx = [ (hae (a 122) x dxdz = f (222) $ (4-2) dz 





= [bcos 2a) m= [44 bain?) = wes 
StS eee, = f [4-2 -y—a) dye = 4 
= fila 5 (4 a x)’] x= >} fa —a-x? Yukat fi [(4 — a)? — 2x2(4 — a) + x4] dx 








-71 
ee. a)’x — 2x3(4 a+%| -$ 34 ay? —2(4-a)++=% = 15(4-a)?- 10(44-a)-5=0 


=> 3(4— a)? — 2(4—a) 1=0 > [3(44-a)+ 1][(4-a)-1]=0 > 4-a=-jo0r4-a=1>a= Bora=3 





2 2 is e 
The volume of the ellipsoid x + 5 +4 = lis faben so that Aion =8&&>c=3. 





To minimize the integral, we want the domain to include all points where the integrand is negative and to 
exclude all points where it is positive. These criteria are met by the points (x, y, z) such that 
4x? + dy? + 2? — 4 < 0 or 4x? 4 4y? + 2? < 4, which is a solid ellipsoid centered at the origin. 


To maximize the integral, we want the domain to include all points where the integrand is positive and to 
exclude all points where it is negative. These criteria are met by the points (x, y, z) such that 
1 — x? — y? — 2? > Oorx? + y? + z? < 1, which is a solid sphere of radius 1 centered at the origin. 


49-52. Example CAS commands: 


Maple: 
= (X,y,Z) -> xA2*y42*z; 
ql := Int¢ Int( Int( F(x, y,z), y=-sqrt(1-x%2)..sqrt(1-x‘2) ), x=-1..1 ), z=0..1 ); 
value( ql ); 
Mathematica: (functions and bounds will vary) 
Due to the nature of the bounds, cylindrical coordinates are appropriate, although Mathematica can do it as is also. 


Clear[f, x, y, z]; 


Integrate[f, {x,—1,1}, {y,—Sqrt[1 — x’], Sqrt[1 — x?]}, {z, 0, 1}] 
N[%] 

topolar={x — r Cos[t], y — r Sin[t]}; 

fp= f/.topolar //Simplify 

Integrate[r fp, {t, 0, 27}, {r, 0, 1},{z, 0, 1}] 

N[%] 
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15.5 MASSES AND MOMENTS IN THREE DIMENSIONS 


0/2 b/2 


I, = PL da! iy? +z *)dxdydz=a fo fC y +2 )dyde =a [UL tye] ae 


c/2J —b/2 


c/2 : o/2 é 
i (5 + bz”) dz = ab [e2+s] = ab(te +s) = #& (b? +c?) = 4 (b? +07); 


—c/2 


— ,/bt+e? .7; : = a +c? _ a? +b? 
R, = 7 > likewise Ry = 4/ =45— and R, = iz» by symmetry 














(4~2y) 
2. The plane z = + 4—* is the top of the wedge => I, =f. i; ae (y? +2”) dzdy dx 
ee fe 2y?_, 82-y)' (4-2y)/3 

= ff [8 — e+ 25 +S] ayax = [3% ax = 208;1, =f whys 02 +22) dady dx 





=f Cae 4 SES) ae +] dydx =f, (12x? + 32) dx = 280; 


na ff fo" ce + y?) andyax = ff 2 ty (8 — 2) yan = 12 ff (2 +2) ax = 360 


4/3 


3. n= ff fw+2) seayar= Sh (o* +5) ede) dx = sebtee) 


= “(b? +c?) where M = abe; I, = ¥ (a? +c?) and I, = 4 (a? + b*), by symmetry 


4. (a2) M=f ff azayax= ff “-x-y)dydx = f°(2-x +3) dx=3; 
M,=f fof xdedyax = ff xa —x—yyaydx =3 [G8 2x? +x) dx = 
=> ¥=y=Z=1, by symmetry; =f ff”? +22) dzdydx 
=f f- ‘[y? y? y+ O=x=9F] dydx =} f° — x)! dx 4, => I=I, = 4, by symmetry 














(b) R, = Vx = < = coe = 0.4472; the distance from the centroid to the x-axis is yo + * + x = V3 = 2 


& 0.3536 


5 naff (anda ooh eaciel tax Bonanl fheaae 
=2 [fe — 16y*) aydx = 28 f'dx = 8 > z= 2, and =y = 0, by symmetry; 
n=4f f wel? +22) dzdydx =4 ff] (ay? + &) — (ay! + %)] dydx= af Tos OX = ss 
=4 f) fp fio? +2) dady dx =4 ff] (4x2 + &) — (4x2y2 + *)] dydx = 4 f° (8x2 + 28) ax 


= n=4f ff ety) dzdydx = 16 ff ( (x? — x*y? + y? — y*) dydx 


= 2x’ 256 
=16 f(4 + %) dx = 8 


6. (a) M= aie ae dzdydx = f, Jermyn 2 veya = f2-» (Ve) dx = 4n; 


- Vex) /2 


M, =f, iE oan ‘xdadydx = J, (ie pan ya X2—x)dydx = f' x@- (V4—-®) dx = —2n; 


(-V4-)/2 Vax) /2 


M,, = {Senn *ydzdyax = ff a y(2 — x) dy dx 


=! fie-»[! — 





4] dx =0 + x=-} andy =0 
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(b) My = ih, Me fz andy ax = Tie he a a sn 2—x dydx = 3 [Q-xP (V4—®) ax 


Sie (-V4-#)/2 


7. (a) M= 7s es aes sdzdy dx =4 ff" ['rdzarag =4 ff (ar) arad = 4 f"'4 a0 = 82; 
My = of ee ie (16 — +4 )drag = 2 fr” do = ee 8 an ae. 


by symmetry 
(b) M=8r > r= ff fordzarao = ff (cr —3) drag = f" % a9 or > 2 =8 > c=2,/2, 


since c > 0 


8. M=8: My = ff) fi zazdyax = fF] 5 dydx =0;M, = ff [x dzdy ax 
=2f foxayax=a fi xdx=0;M, =f) ff ydzayax=2 ff y dy dx = 16 dx = 32 
> x=0y=47=0h= ff [2 +2) dzdydx =f f° (2y? +2) dyex =? f 100dx = ™; 
= ff fc + 2”) dzdydx = ff (2x? + 2) dy dx = i f Ge +1)dx= %; 


L=fif ff, (x2 + y?) dzdydx =2 ff (2 +y?) dydx =2 f (2x? + 8) dx = > R=R, 


and R, = 3 


2 (2-y)/2 F 
9. The plane y + 2z = 2 is the top of the wedge > I, = LLL, , [(y — 6)? + 27] dzdy dx 
2 4 : 4 
= Lf[-8— + ows i] dy dx;lett=2-y > I =4 SC + 5t? + 16t-+ 2) dt = 1386; 


M=}G)614)=36 = R= (= /2 


(2-y)/2 . 
10. The plane y + 2z = 2 is the top of the wedge > I, = 1 ee : [(x — 4)? + y?] dzdy dx 
2 4 2 
=f) [2 — 8x + 16+ y2) 4—y) dydx = f(x? — 72x + 162) dx = 696; M = 4 (3)(6)(4) = 36 


>R,=/f=,/% 


u.M=sh=f ff 22+ -2°]dzqyax = [ [(y? -4y+ 28) ayax = 8 fax = 


>R=/h=\/5 


4 p2 pl ; 4 p2 4 
2.M=8h=f ff (x—4?+y] dzdyax= fof [x—4)? +-y'] dydx = [2x — 4)? + 8] dx = 1 
=>R,=/f=1/2 


13. (a) M=f of [°° 2xdzdyax = f° f° (ax — 2x? — 2xy) dydx = f(x? — 4x? + 4x) dx =4 
) My = fifi Jp" te deayax= J, JP "x2—x—9F dydx = f2258" dx = $:M, = & by 
symmetry; M. =f f i 9x2 dzdydx = [ i 2x*(2 —x — y) dydx = f. (2x — x2)? dx = 78 


> ——— aS 














o 








|S 
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14. (a) M= im) oe kxy dadydx =k f° [x x2) dydx = § f (4x2 —x*) dx = 2 
ip) M, = ff “ vp ngacn itt x?y nie att Lae tiand 
= e=$ Mea fff boxy? dzdydx =k ffx a aya belies 19/2) dx 
= oy = y= M2 mM, = ff “ee Ses x2)? dy dx 


2 
E f (16x? — 8xt + x®) dx = 250 =>z=8 


15.) M= fof’ w+y+z4 Ddedydx = fof’ (x+y+3) dyax= f «+2 cx =§ 
+ 


(b) My = Si Sefoaety+2+Derdyan= $f J, (x+y+$)dydx=3 f'(x+¥)ax=4 
M 





y= M, =My = 3 +, by symmetry > X=Y=Z= 





15 
(c) IL, =f ff (x eciie hedockiveeaydee | : (x? + y”) (x+y + 3) dy dx 


= fi (8 42° +4x+ 3) dx a L=L=1 i , by symmetry 


/ I, / 11 
(d) Rx Ry R, M it 


16. The plane y + 2z = 2 is the top of the wedge. 


(a) M= Pf fof" w tv azayax = ffi + (2-2) aya = 
(b) M,=f ff. = x(x+ 1) dzdydx = ff, xx +1) (2 — 3) dydx =6; 
Me= fi fife" yx + I dadydx = ff, y(x + 1) (2— ¥) dydx =0 
My= ffi fo” 2+ 1) dzaydx =} ffmen (ty) aydeee => x=1,andy=z=0 
Ok=f fife «+o eee] Leer i eee ee Ye 3)°] dydx = 45; 
= Ree ee (x +1) [2x? +i- +4 (1-4) | dydx = 15; 


=f, A. f. a (x + 1) (x? + y?) )dzdydx =f, f, (x + 1) (2 — $) (x? +y”) dy dx = 42 


(d) Ry = (B= V5) Ry = /h= [8 and R, =/k= /3 
17. m= fff ey4syaydxaz= ff" (2+5y2) dxdz = [2 (2+5,/2) (1-2) dz 


=2 (52? +2—523/? — 2?) dz = 2 [12 29/2 + 122 — 975/21 73]) = 2 (2 — 3) =3 














16-2 (x2-+y?) . F 
18. M= {. = baie Vxt+y? dzdydx = [- ips x2 + y2 [16 — 4 (x? + y”)] dy dx 


=4f" for 4 —1) )rdrdg=4 fo EE -§), dg=4 f~ 4 gg — S12n 


19. (a) Let AV; be the volume of the ith piece, and let (x;, y,, z,) be a point in the ith piece. Then the work done 
by gravity in moving the ith piece to the xy-plane is approximately W; = m,gz; = (x; + y, + z, + Dg AV; Zz; 


1 1 1 
=> the total work done is the triple integral W = if f. f (x+y+z-+ I)gz dz dy dx 
=f ft 1x7? + 1 5 YZ 24 FB4 hz Jtdydx=ef fC ($x+5yt+ 5) dydx=e f [3 [sxy+4y? +5y], dx 


2 


: 
=f, ($x+4) dx=g[¥+8x| =s(i8) = $2 
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20. 


21. 


22. 


23, 


24. 


25. M 


26. 
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(b) From Exercise 15 the center of mass is (4 , & ‘ x) and the mass of the wer is : 3 = the work done by 
ravity in moving the center of mass to the xy-plane is W = mgd = (3) (g) (4) = = g, which is the same as 
gravity g y-p g 3) (8) (#5 38 
the work done in part (a). 
2 Vx 4—x? 
(a) From Exercise 19(a) we see that the work done is W = g f f 5a kxyz dz dy dx 
2 px a 
=ke ff. 1 xy (4 — x2)” dydx = #8 7x (4-x x2)? dx = 8 (16x? — 8x* + x®) dx 
kg 716 8 2 256k: 
=F [Fe — 5x +5) = Aas" 
(b) From Exercise 14 the center of mass is (3 ; a2 ; #) and the mass of the liquid is ik = the work done by 
ne: ‘ : 256k: 
gravity in moving the center of mass to the xy-plane is W = mgd = (3) (g) (3 ) Sa 
(a) x=2=0 5 [J J x6(x,y,z) dxdydz=0 > M, =0 
R 
o) L=f ff lv—ni?Pdm= fff \«—-bityj’dm= f ff (0? —2xh+h? + y?) dm 
D D D 
= x? + y”) dm — 2h x dm +h? dm = 1, —0+h?m=I.,, + h?m 
[ff ery 
D D D 
I, = [em + mh? = 2 ma? + ma? = Z ma? 
G is a? abe (a? +b? 
@) &D=(3,8,$) + b=kat a. ‘ , > Tem = 1, — SE 
___ abc (a? +b?) abc (a +b?) _ __ abe . alee Rem a2-+b? 
~ 3 4 = ~V 12 
a2 b 2 abe (a? + b? abc (a? + 9b? abc (4a? + 28b? 
(b) b= lem. abe ( # + (2 —2b) ij = Bele th) 4 sbele +90) _ sho (te +286") 
abc 2 2 a 
— ab +m) Rt = fh — / El 
3 (4-2y)/3 3 74 3 2714 3 
= = 2 = 2 _ _ 79. 
M= a Joys dedydx = ff34-yyaydx = J 3 [ay 3] (ax = 12 fax = 72; 
2 2 
X=y=7=0 from Exercise 2 = Iy = Tem, +72(VO+O) =lem > lem +72 (1/16 +18) 
= 16 
= 208 + 72 (482) = 1488 
YZByUB) =I) x dV; + JIS XdV2 = Mwyz), +Miyz), => ¥ = Myz), + Miyz)m tm > Similarly, 
2 
y= Mx z+ Mxz)m:+m and Z = May); alt M xy)smy-+mg => c=xi+yj+7zk 
= arte [(Miyey + Miyz)e) §+ (Moxey, +Mexz)p) + (Moyy + Moy),) Kk] 
= atm [(mmX1 + moX2) i+ (my, + meV.) j + (m1Z + myZ2) k] 
= apm [mh (Xi + Y,j + Zk) + mp (Koi + Y.j + Zok)) = SS 
‘ : ‘ : Pit 13j+ 3k 
(a) e=12(i+3j+k) +2(4i+47+4k)124+2= 2° 2 s&s x=8 y=4,7=8 
A A . : 2i+7j+3k = = = 
(b) c= 12 (i+ 3f+k) +12(64+ Uj-ik)i2412= 448 & x=1,y=7,7=1 
(c) c=2(4i4+4j+4k) +124 4j—dk)24+12= SER S xa b y=¥,7=-5 
d) c= 12(i+ 3jf+k) +2($i4+4j)4+ 4k) + 12(i+ $U-$k)124+24+12= SEB Sox a By H=8,7=5 
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mah) (h 4 2a 3a a?n\ (nh? 3a” 
27. (a) c= ( z JQ )(S )( : ) = Cr) ee ee = 2aat 5 if 
h’ — 3a’ Se = 0, or h = av/3, then the centroid is on the common base 
(b) a the solution to Exercise 55, Section 15.2, to see that h = av/2. 
oh) (Bk\4 9 (— ik &) 1(n2 — 682) k 
a8, e— (ee C3 ) _ (i) a) aieci= #h and mg = s°; if h? — 6s? = 0, 





m,; +m) m,; +m 


orh = 6s, then the centroid is in the base of the at The corresponding result in 15.2, Exercise 56, is h = 3s. 
15.6 TRIPLE INTEGRALS IN CYLINDRICAL AND SPHERICAL COORDINATES 


JP fp das ava = [Pf [eae 2] ara = [40-27 §] a 
_ ce = 2) dé — oe 
0 











2, ie we gar drag = f° “fi [ras = 5] dao = J 518-1)" a], 


a we 7) 


3 [PL aeraraa = ff" Gr +2415) arao = f" (Sr + 6r4] "do =3 (d+ $5) 





3 [6 6)" _ 19 
=3 [+e ~ "5 
6/x p34? O/x ma pol 
4, ia) Ji ‘qe edardrdo = fof 5 (9 (4-1°) )-(4-P)Jrdrdp=4 ff (4r — r*) drdd 


O/x 
ns [pee] a4 (8 nome 
1 


5. Pree “3derérdo=3 ff [ro- ae ?) aaa =3 f° [-2-2)'?—§] a0 
=3 f(V2-$) 0 =7 (62-8) 


6. ih. i (r? sin 29472) dzrdrdo =f ee (r3 sin? 6 + 5) arao = f(s + 2) dg=% 


7 [Pf Barazao = f" f° A azao = [" 3,49 = 


8. ff pear drd0 dz = lve 2(1 + cos 0)? dO dz = iT: 6rd = oe 





l pz p2n l pyer 5 Bs, Qn L py 
9. f f f (r? cos? 6 + 2”) r dO drdz = f f. [= + ose 4 7°] sf drdz = f i (mr? + 2mrz?) dr dz 
1 


1 Vz 1 ‘ : 
= fi [ane dz = f, (4 +72?) a= (e+e) = 3 


10. i “f- (rsin 6+ Drdddzde = ff” " 2nr dadr = 2m f(r (4 — 2)? — 22 + ar] dr 


3 


2 
5 +2] =2n [-$+44 443] = 80 





=2n|-2(4-2)"” 
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11. 


12. 


19. 


21. 


22. 


23. 


24. 


Section 15.6 Triple Integrals in Cylindrical and Spherical Coordinates 


(a) Lf [7 azxacas 
(b) [Of firarazaa on ee rdrdzd@ 


(c) Via ha [rad azar 





(a) fan [der drag 
(b) [of firaraz ao $f Sf" rarazag 
(c) fff eo azar 





n/2 


i f" f(r, 0, z) dz r dr dd 


—7/2 


m/2 1 rcos 0 /2 1 x/2 
3 = A = 1 mms, 
—n/2 Ji J rm dzdrdé = to i r cos @ drd@ = 5 i cos 6d0 = 5 


m7 2sind e4—rsind n/2 3cos@ ¢5—rcos 4 
Lf fC te, 0,2 dz x dead 16. fff) te, 8,2) dar arao 
1/2 ee f 6 d d do I n/2 f pe f 9 d q 49 
—n/2F 1 0 , »2) oes 8. —1/2d cos 0 0 (r, 2) CEE 
7/4 psecO p2—rsind m/2 posc@ g2—rsind 
j J J. f(r, 6, z) dz r dr dé 20. as f f f(r, 0, z) dzr dr dé 


i p” sin d dod¢dé = § Jo fF sin’ ¢ a¢ a0 = s S([- sioeose) ” +3 [sin? 6 de) do 
=2f" J" sin? dagae = f° [a — 9924)" ao = f'n do = 0? 


1/4 


2n pr/4 p2 2n pr/4 Qa Qn 
LL Sf, @cos 4) p? sing dpdg dd = ff" 4cos 6 sin odd do = f [2 sin? 4] g/* a9 = f° 40 = 20 


2a Qa 


2x px p(l—cos d)/2 : T . Ay 0 
iA ty p’ sin dodo dd = 3, [ J cos 6)% sind dd do = & fi [1 — cos $)*] 5 dé 
Qn Qn 
=2 ["(2t-0)a9= 38 [a9 =10@m =! 


vias ele 5p? sin? d dodd dé = 3 aes ie sin’ ¢ dp dé = i L'(- swhgeose : = 3 Jysin ° a9) ae 


3n/2 a 37/2 om 
=if [—cos $]7 49 = § fi do = = 
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25. PLL. 3p” sin @ dpdd do = f° f"'(8 — sec? 4) sind dodo = f [—-8 cos ¢ — 5 sec” g] 5 7/3 
20 Qn 
= f. [(-4-2)- (-8-3)] 9 =8 fo do = 50 


26. LL Le sin ¢ cos ¢ dpd@ do =" [”'tand sec? 6 dodo = 4 fd tan 2 6) 7/4 ao 





Qn 
=; J, @=% 
27. ff fp sin 29 dado dp = f° f°? [- 322] dodp = fo" % aodp = f°" dp 
-[#ls=m 


n/3 2ecsc od Qn . 2escd . i n/3 . eee 
28. i J” [Oe sind 40 dp dd = 20 Cal. o sin d dpdd = [ [03 sin §]2°%° dé 


sc b SC 


7/3 
_ 14a f 2 _— 280 
3 lg 8 Pe ays 


29. LLL 12p sin? 6aoaddp = J) J, (12p [=s8tgsose] + 8p Jy"sin 6 a6) dO dp 
= ff (-3—ttowi") aan ~ ff (to $8) soan= xf G0 8) do= > [a 


(42-5) « 


V2 


m/2 . m/2 pr/2 . m/2 pr/2 : : 
30. i a x2 , sin’ dpdodo = [ le — esc® $) sin’ $ dddg = f ; i (32 sin? ¢ — esc? ¢) dO do 
G sin? ¢ cos n/2 T ™ 
=rfv (32 sin? @ — csc? 6) dé = [- ee ie on f. sin @ dd + x [oot 4] 7/5 


=n (3y3) - oe [cos 1% 1 (v3) = VB py (S*) (3) = 33nv3 = lln/3 





31. @) er 4+y? =1 => p sin’ d= 1, and p sing = 1 => p=csc ¢; thus 
Qn pr/6 n/2 
ff f f p’ sin d dpdd dé 7h ae ‘ea p’ sin d dpdd dé 


wo fff - /? 62 sin 6 dédod® + ian she p? sin 6 dé dp dd 


32. (a) ‘ f pe a oP nodes q 
ob) ff [P'p? sin d dd dp ao 
z aes a aph? sin 6 dd dp dd 


z=1, or 1= pcos¢ 





2x pr/2 2 ; 2x pr/2 
3.V=a fof J... 0 sind dodddo=+ J, J, (8 — cos 4) sin o dg ad 


On 4 m/2 Qn 
=if [8 cos 6 + 2F2] | do=if (8 — 4) dO = (7%) Qa) = 3 


34. Va fff p? sing doddad =} ff" (3 cos 6 +3 cos? d + cos* 6) sin 6 dé dd 
=1 ["[-3 cos? — cos? 6 — bcos] 7 do =1 f" (24141) d0=4 [a0 = (4) my = Ut 
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35. 


36. 


37. 


38. V 


39. 


40. ( 


41. 


42. 


43. 


44. 


Section 15.6 Triple Integrals in Cylindrical and Spherical Coordinates 


2x er pl—cosd . an pn : on —cos 4)! ] 7 
v=f ie) p? sin ¢ dodedd =} f° J —cos 4) sing dodo =} f [: ee] ao 
Qn 
= 4) [09 =40m=% 


V= JS me 9? sin ¢ dpd¢ dd = 4 i [> (1 — cos $)? sin ¢ do dd = 5 i [ase] ao 





veer p2 sin ¢ dpdgdo = § iC [ysin 6 dodo = § fr [—cos 4]")3 do = 4 ft do = 8 
(a) af [fe sin @ dp ddd (b) aff fo axe ara 
af ff acay ax 
a fp far eras ob) [Lf sind dpagas 


©) LLL, sing dpagae =9 ff." sind dogo = -9 "(4 -1) FY eee) 


a= ee sin @ do d¢ dé (b) V= a dz r dr dd 

() V= i — OS adda 

@ v= ff [ra-2)? - J ocan= ff 882 2) an = (5-34) 
=i [" was : 


=6 Jo 


(a) I, =f tf MEE Baeede dy 


(b) L = i ii yi (p? sin? ) (p? sin ¢) dp dd dé, since r? = x” + y? = p” sin? ¢ cos” 6 + p? sin? ¢ sin? 0 


=p’ sin’ d 
(c) I, =f fe § sin? d6.d0= 4 J" ([- S34] "42 7" sin 6.46) do = 2 [ [-cos 4]7/? a0 
=p Qm= 5 
oe * f'(6r— 48 = 5) drag =4 (3-1-3) ao 
n/2 
=4 dg = 


Jaaf ES trate sitet I= =?) aaa = 4 f” [5 -$-40-2)? ‘a 


=4f" "(b-243)a9=2f" dd =2(2) =n 
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3cosd e—rsind 3 cos @ Qn 
as. Va fo ff der drae = "f°" 2? sino arao = J" (—9 cos* 6) (sin 8) a 


= [5 cos 6] 5", =3-0=3 4 


46. V=2f [of derdrde=2 ff" aaa = 3 J” 27 cos 6 a0 


=-18 (eee i: 2 J, c08 6 08) = -12[sin 6]"/) = 12 


47. Va ff pe ae raraa = ff V1? ara = f""[-F 0 - 29°] cary 


0 


m/2 x/2 Pe m/2 a /2 
ha 1 ‘ 3/2 ron ae cos~ @ sin 8 m/2 
==3 J [( = sin? 9°? — 1] ao =-3 ff (cos? — 1) 49 =~ 4 { [s224ane]” 2) cos 040) + [Jj 


= — 2 [sin 6] ae x =n 
n/2 poosd p3V1-? 7/2 pcos 0 _—— m/2 9\3/2 cos @ 
48. V = dzrdrd@ = 3r/1—1? drdé = J-a-2 do 
f if f zrdr fi ik r/ r? dr A ( r’) ; 
n/2 2 n/2 . at i-cos m/2 n/2 
=f. [= (1 = eos? 0)” +1] do= (1 — sin? 6) do = [9 + sm*Gcose] — ah sin 6 dé 
T am /2 T Tt — 
= $+} [cos é]j” = 5-32 = 4 


49. V= =f prs p” sin ¢ dp dd dé = a aa 5 sin ¢ dé dé = > Sf -cos 4]27/3 dé = ofr (i +5) d0= ama 
50. Va ff fe? sind dpdoaa =" f"" ["" sing agaa = * f° a9 = * 


oh NS ion tae p’ sin ¢ dp dd dd 
= i Le sin ¢ — tan ¢ sec” d) dé dd 
=3 Ie 8 cos g — $ oe ir 
Qn 





I 
Lele 
co > 

is) 
=) 
— 


m/2 pr/4 p2secd n/2 pr/4 
s.v=4f” [” [ * p?singdodedd =4 [” [” (8 sec® d — sec’ ¢) sin o dé dd 


ec 


=a fr" sec ¢ sin d ddd = 8 ft ni tan ¢ sec? dgag = [5 tan? 6] 5" dé 


=4 f'ag=% 
s.va4[” ff derarag=4 ff Parag = [” ao =3 
sava4f [fo derdrao 4 ff rdrao=2 [doa 


55. vas foes dzrdrdo =8 ff’? ardo =8 (2+) eg 


= =3 J . “azrdraa =8 ff r/2—Pardo=8 f” ‘|- 3(2 - 297] a6 


a 
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58. 


59. 


60. 


61. V 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


Section 15.6 Triple Integrals in Cylindrical and Spherical Coordinates 


v= Lie ft azrdrdd = f “Kc 4r — r2 sin 0) drdo=8 f (1 — sin®) 49 = 16m 


Qn 2: 4—r cos 6—r sin 0 On 2 Qn 
vel f dzrdrdd = ff [4r— 2 (cos 6 + sin 9)] drdd = § [3 — cos 6 — sin 8) dd = 167 


The paraboloids intersect when 4x? + 4y? =5—x?-—y? = x?+y?=landz=4 
Pp y y y 


= Va4 ff fo" dzrarae =a ff (5-50) draa = 20 f"[E —4] aa = sf" ao = = 


The paraboloid intersects the xy-plane when 9 — x? — y? =0 > x*+y?=9 = 


Va4 ff P dzrardo=4 ff’ Or—e) dra = 4 fr [e —4) dg=4 f" (81 - 


m/2 
= 64 [" do = 320 


=f ff" “derdrdo=8 f- “fir 2)? dred = sf. [-44-2)""] 40 


a 8 fer 7 8) 40 _ ae 


als 


The sphere and paraboloid intersect when x? + y? +z? = 2 andz=x*+y? => z2+z-2=0 
=> (z+2)\(z-—1)=0 z=lorz=-2 z= 1sincez > 0. Thus, x? + y? = 1 and the volume is 








7/2 pl p22 7/2 pl 
given by the triple integral V = 4 [ Lf. dzrdrdg=4 if fFa-ry? 2 dr dé 
x/2 ee ql x/2 n(8/2-7 
= 4 f[-$0- 2)" — 4]! aoa "(2 - 8) ao = 


average = + A, r 2 dzdrdo = 2 f 2x drdo= 2 fo do = 2 
average = ® ai fo r’? dzdrd@ = 3 ff 2/i—P dr dd 


= 3  [fsin tr 1/1? (1 2)] do = 3 f" (+0) d9=3 [a9 = (3) m= 











BIW 


average = rds fff J) p® sing dpdgao = 33. J” fsing dodo = & J, a0 = 





average = ea) ee cos ¢ sin d dpd¢ dé = 3 jt cos ¢ sin ¢ dg dé = a Ir [?] dé 
= is iF dO = (7%) Qn) = 


M=4f" f° fidzrarao=4 ff’ Parag =4 fag = My = ff fo zazrarad 
=i fof Paras = 4 fae =% > 2=% = (3) (2) =3. 


M=f [ fodzrarag =f” [2 arao=8 f ao=2:M, =f f° fo xdzrarae 
=| [cose drdo=4 [”'cosod9=4:;M, =f” ff’ yazrarad =fs Own aed 





and x = y = 0, by symmetry 











n/2 m/2 2 r m/2 2 n/2 
_ 1 —A- = — 3 — _ Myz 3 
=4f" singdg=4;My=f" fo [°zazrardg =1 f[" f Parag =2 f" ddan > x= =8, 
y= 4p = 2,andz= P= 3 
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69. M= 8:M, = = ff free sind dodgdd = [ [o> fF pcos @ sin d dpagao=4 ff" connsinds ad 


=4 [se] ao a4 fE- Bana dQ =n > z= Me =(n)(2) =3, andx=y =0, 
by symmetry 











70. M= LL Le sin @ dp dd dé = © [sin 6. dodo = a [72 do = ae). 
eae ek a el 


4 3(2+./2)a 
#20 =) [stag] E28) = EE anit 7= 0 6y 9mm 








n.M= fof" [“ dzrarao= ff 2 rag = % fo = My = fff 2derdrao 
=1f" f'P drag = 2 "0 Ot => Z ve >, and x = y = 0, by symmetry 











72. M=f [i fee rarag =f S ar/1—P drdo= f° rgd) as 











—n/3 
7/3 n/3 = 7/3 el 
2 2 2a An, _ 
=} [7 00= (4) (¥) =3;M,= as [ee cos @ dzdrd@ = 2 [ a) r?./1—r? cos 6 drdé 
n/3 1 x/3 
=2 I. ¢sinmr—grV1—r(l 2r)| | cos 6 dé = 3 i cos 9 dé = $ [sin clean = (4) (2 . v3) = awe 
= xa Me =) andy = Z = 0, by symmetry 


B.L=f ff (@+y?) dzrardo=4 f° [Para =f 15a0=30r;M= fff dzrarad 
= fr frarardd = "640 = 12" > R= fh = 4/8 


74. (a) L= fo ff Pazardo=2 f° [Pardo =} fo a= 


oo) =f ff (2 sin? +22) dz vara =2 ff (20° sin? @ + %) arao = i, +4) 40 


ang Qn _ In 
lo -Eta =e 











— [9 _ sin26 é 
=[5 8 +3 


75. We orient the cone with its vertex at the origin and axis along the z-axis > ¢= We use the the x-axis 


a oaIA 


Qn 1 
which is through the vertex and parallel to the base of the cone > I, = / f f (r? sin? 9 + 2”) dzr drdé 








=f" (? sin? @ — r* sin? 2945-4) drag = f" (i843) a= [4 sin2e 4 O)™ ears 
7 a Jae? 9 a 
.=f f fi Pdzdrdd =f [2/2 —P aap =2 [ [(-$-%) (a? —29)°7) "ao 





i= SI Sy, 2 +y?) dzrdraa = ff i; Jee dzarao = ff’ (1! —™) grad 


ae r! r . a ig a® hat oe hat 
=f, b|G-&| do= h(¢-£) do =e fo 'ao = 
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M=f- ian zdzrdrdd = foie drdo= 4, f do=2:My= fof’ [" 2azrarao 
=if"f drdd = 3 f dé = 4 > Z=5,andx=y = 0, by symmetry; 
=f Sf acarag a3 ff’ tara = % "a0 R= /§= 8 
(b) M= ci Pdzdrdd = [fr arao =} amelie My= fof’ [" 2? dzarao 
Lf" fir ardo= 4, f dd=7 > z=,a =y= 0, by symmetry; 1, = [ff rt dzarao 


dx 
Cl amia dg=%* 5 R,=,/h fi 
(a) M= fof’ [ozazrarao=1 ff’ @-P)arao=3 foao=tsmy= fof Zz? dzr dr dd 








0/53 








979 


Qn 1 Qn an 1 1 
=if fo @-ryarao= 4, f do == = z= 4,andx=y=0, by symmetry; 1, = [, ie) zr dz dr dé 








oe ied i 1) ardo = 4, [a9 = . Ji vr 


(b) M= fof. fF 2 azrarao = & from part (a); My = ee a 2 dzrdrd@ = 1 oo ee a (r—1°) drdé 
_ 5 





om i ny andx =y =0,by symmetry; =f ff z Ar dedrug = 4 1 ff ( (r? — 1°) drdd 
Qn 
=4fp=55R=/h=Va 





a) M= ff" f° otsind doddao =" ff” sino dgao = [ao = =; 
L=f ff p P sin’ ¢ dpdgaa = % ff (1 —cos?d) sing dgaa =f" [cos 6+ 294 7 
=i [a= 82 > R= (k= [Ba 

ob) M= ff" p° sin? ¢dpaoao = ff” 2828 agag = 8 f" a9 = 


ui p> sin' ¢ dpdg dd = * f " ['sint ¢ ad a0 









































hs Qa * Qa 
_ al —sin® ¢ cos d o sin 26] 7 _ ra® 
werd § ), +3 J sin? 4 dg) 49 = a ae 7 |, d0= % , 
aoa? L a 
3 7 R=-Vu= 
Qn pa 3/2 
g1.M=f f f dzrdrdo = [ f brJa— 2 drag =» [ |-3@ py?) db 
Qn Qn pa b PP Wr pa 
—h ae _ 2ha?r. = ‘ he 
=2f 2 dé = 8 >My, =f tian zdzrdrdo= 2, f fo (@r—1') arao 
2 oe at at a? wis — Tae 2 3 a U 
= ; (¢-) a= 7 = z=( i) (sare) = 3h, and x = y = 0, by symmetry 
82. Let the base radius of the cone be a and the height h, and place the cone's axis of symmetry along the z-axis 
F ef ra 2r pa h 2a a 2 
with the vertex at the origin. Then M = “28 and My = Fi ai dss zdzrdrd@ = } f f (hr —4% *) dr dé 
2 a 2 rt 2 a2 292 Da 22a = My, aor 
=f. [5-8]. a=" fo (¢-4 s) ao = He fi do = 7" z= ™ (“5 ) (aan) = 3h and 
x = y = 0, by symmetry = the centroid is one fourth of the way from the base to the vertex 
Qn pa h Qn a 9 2 
3.M= fof f@+vaerarag= fof” (% +h) rarag = SO fgg = an, 


M,y =f Lf (2? +2) )dzrdrao = ff (B+ i) rdrdg = ase i do = Oh +3") 
=> 


ma? (2h? 2 t 
= a ] lz a ~ ay td = , and X = = 0, by symmetry; 
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2r fa eh Qa a on 

L= f. ie (2+ Dr dzdrdg = (#328) [ Jie arao = (28) (*) dg — mien) 
= I _ mat (h? + 2h) 2 2g 
R, _ ve —_ V 4 ey (h2 + 2h) — V2 


84. The mass of the plant's atmosphere to an altitude h above the surface of the planet is the triple integral 
Qa T h h Qa T 
Mth) = fof fi woe ®)p? sin 6 dodo dd = fo ff” poe?-®)p? sin dd dO dp 
st fi —c(p—R) ,2 a am fia cR ,-cp ,2 cR 7 —cp 2 
=f [Hoe p'(—cos 9)|- dddp =2 ff Lge" e P p* d8 dp = 4rpupe fre p dp 


—4 cr [_ prev _ 2pe" _ 20-ee] " b 
= 47 [oe C 2 3 R (by parts) 











Cc Cc 


_ cR h2e 2he Qe oh R2e7eR 2Re~ Qe7R 
= Arrpg e°* ( : a e + Se 4 BE 4 ee). 





The mass of the planet's atmosphere is therefore M = : lim M(h) = 479 (= + =f at 3) : 
— oo 


85. The density distribution function is linear so it has the form 6(p) = kp + C, where p is the distance from the 
center of the planet. Now, 6(R) = 0 => kR+C =O, and 6(p) = kp — kR. It remains to determine the constant 


Qn 7 R Qn ra 4 3 R 
ki M= oR win dpddh = [k% ER S| in b dd dd 
Jo Jo Jo (ke — KR) 6? sin d dpdgad = J.J [kf —kR&] sin g de 
an pn 4 an Qn 
= fr So «(& - ¥) sing doa =f." - KR*[-cos 4] do = f° —ER'd9=- SR > kK=- 


= 6(p) = — 24 p+ 24 R. At the center of the planet p =0 = 6(0) = (24)R= 3M. 


86. x2 + y? = a? > (psind cos 0)” + (psing sin 0)” = a? = (p*sin2d)(cos20 + sin29) = a2 > psin?2d = a2 
=>psing=aorpsingdg=—a=>psingdg=aorp =acsc¢, sinceeO0 < P< wmandp>0. 


87. (a) A plane perpendicular to the x-axis has the form x = a in rectangular coordinates > rcos@ =a=>r=—, 


cos 0 
=> r= asec 0, in cylindrical coordinates. 
(b) A plane perpendicular to the y-axis has the form y = b in rectangular coordinates > r sind =b=>r= 34 





=> r= besc 9, in cylindrical coordinates. 


88. ax + by =c = a(rcos 0) + b(rsin#@) =c > r(acos#@+bsin#) =c>r= -o9hpand- 


89. The equation r = f(z) implies that the point (r, 0, z) Uta oa ; 


= (f(z), 9, z) will lie on the surface for all 0. In particular 
(f(z), @ + 7, z) lies on the surface whenever (f(z), 0, z) does 
=> the surface is symmetric with respect to the z-axis. 





90. The equation p = f(¢) implies that the point (p, ¢, 0) = (f(@), #, @) lies on the surface for all 0. In particular, if 
(f(@), &, ) lies on the surface, then (f(¢), ¢, 8 + 7) lies on the surface, so the surface is symmetric wiith respect to the 


Z-axis. 
15.7 SUBSTITUTIONS IN MULTIPLE INTEGRALS 


1. (a) x-—y=uand2x+y=v => 3x=u+vandy=x-u => x = ¢(u+v) andy = +(—2u+v); 





wity WI 
W| Fr Lo] 


OKY) _ 
Ov) | 
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(b) The line segment y = x from (0,0) to (1, 1) isx —-y =0 
=> u = 0; the line segment y = —2x from (0, 0) to 
(1, —2) is 2x + y =0 = v =O; the line segment x = 1 
from (1, 1) to (1, —2) is (k — y) + (2x+ y) =3 
=> u-+v =3. The transformed region is sketched at the 





right. 


2. (a) Xx+2y=uandx—y=v => 3y=u-—-vandx=v+y > y = 5 (u— v) and x = 4 (u + 2v); 











1 2 
Oxy) _ | 3 3 | Se 2 ed 
Ouvy)” {1 —_1)] 9 9 3 
3 3 
(b) The triangular region in the xy-plane has vertices (0, 0), 


(2,0), and (3 ; 3) . The line segment y = x from (0, 0) 
to (4 ; <) isx—y=0O => v= 0; the line segment 

y = 0 from (0, 0) to (2,0) = u =v; the line segment 
x + 2y = 2 from (7, $) to (2,0) > u=2. The 
transformed region is sketched at the right. 





3. (a) 3x+2y =uandx+4y=v => —5x = —2u + vand y = 4 (u — 3x) => x = ¢(2u—v)andy = 4 Gv —u); 


2 
OK y) _ 5 
(u,v) 





—2 
5 
3 








10 10 
(b) The x-axis y = 0 => u = 3v; the y-axis x = 0 
=> v= 2u;thelinex+y=1 
=> tQu—v)+~Gv—-uw=1 
=> 22u—v)+ 3v—u)=10 => 3u+v=10. The 
transformed region is sketched at the right. 





4. (a) 2x—3y =uand—-x+y=v > -x=u+3vandy=v+x => x=-—u-—3vandy = —u — 2y; 





amy) |—-1 —3/_ 4, 3__ 
(b) The line x = —3 > —u-—3v=-—3 o0ru+3v=3; 








x=0 5 u+3v=0;y=x > v=0;y=x+1 
= v= 1. The transformed region is the parallelogram 
sketched at the right. 








4 ply/2)41 a ey] EH F 
sf 9 axa = Ea] a= be +0? -( 


4 4 
=} f'y+i-ydy=} fay=1@=2 
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R 
_ Oxy) 
= J fo ee 
G 
We find the boundaries of G from the boundaries of R, 
shown in the accompanying figure: 





6. f [ @x? —xy —y?) dxdy = ff («—y)(@x + y) dxdy i 
R 

dudv = 4 [ f uv dudy; | 
G 

x 

















xy-equations for Corresponding uv-equations Simplified 

the boundary of R for the boundary of G uv-equations 
y=—2x+4 $(-2ut+v)=—Z(ut+v)+4 v=4 
y=—2x4+7 $(-2u+v)=—f(u+v)+7 v= 
y=x-2 4 (—2u+v) =} (utv)—2 u= 
y=x+l 3(—2u+v)=f(utv)t+l 











> sf fovauar=3 ff flovavan= 4 fu[s 


7. i (3x2 + 14xy + 8y”) dx dy 
= JJ (3x + 2y)(x + 4y) dx dy 
= f fo [923] du dv = ii J [a dudy; 
G : G 


We find the boundaries of G from the boundaries of R, 
shown in the accompanying figure: 





























xy-equations for Corresponding uv-equations Simplified 
the boundary of R for the boundary of G uv-equations 
y=—5xtl io BV —u) = — jpQu-v)+1 u=2 
y=—3x+3 45 Gv—-u)=—7Qu-—v)+3 u=6 
y=-4x i, Gv —u) =— + Qu-v) v=0 
y=—4xtl 1 GBv—-u)y=-tQu-vyt+1 v=4 
1 1 f° ¢* i fe el* 4 f° ae Te” 4 64 
> a0 J. uvdudv= 4 [0 f uvdvdu= 4 ,u[s] qua sf, udu = (4) [8] =) as-a=$ 








8. JJ 2(x — y) dx dy = JJ —2v | ae dudv = i —2v du dv; the region G is sketched in Exercise 4 


= J J -2vdudy = f [> -2v quay = f° -2v@ - 3v + 3vydv = f° -6v dv = [-3v"]} = -3 

















-1 =3 
; Vv —uv 

9. x="andy=uv > t= v? and xy = w’; vee = J(u,v) = 7 =viu+vius= a : 

y=x uv=2 v= l,andy = 4x v=2;xy=1 u=1l,andxy=9 => u=3; thus 








I (e+ Vx) dx dy = f form (2) dvdu = SS (a+ 2") dv du = ff [euv + 20? In vi du 


3 
=f. (2u + 2u? In 2) du = [u? + $v? In 2]; =8 + 3 (26)(In 2) = 8 + 2 (In 2) 
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v 


=u, and 











10. (a) ihee = J(u,v) = 


the region G is sketched at the right 

















(b) x=1 5 u=1,andx=2 u=2;y=1 uv = 1 v 1 and y 2 uv 
Lf faye = [Pf uv Judvdu= fof ‘uvdvdu= fu u[s]. du= f-u( (4 - gz) du 


=3 f’u(4) du = 3 [Inuj? = 3 In 2; Ce ¥dydx = [ [t-$] ax=3 “& = 3 [Inx}? = 3in2 


Ww 


acos@ —ar sind 
bsin@  brcosé 


lo= JJ ( (x? + y?) dA = fr “fr (a? cos” 6 + b? sin? @) |J(r, | drao = {i abr? (a? cos? 6 + b” sin? @) dr d0 











| = abr cos? 6 + abr sin? 9 = abr; 





= = : Oxy) 
11. x = arcos @ and y = ar sin 8 Bea) Jr, ™) 





Qn 2 
__ ab 2 2 26 _ ab |a20 | a2sin20 , b’O _ b? sin 20 __ abr (a” +b?) 
=< [(eeastent ante ao = 9 [S428 See 1 _= 7 


12. F228 = Iu,v) = |5 2 =a: A= J fovax= J fadduav =f ae _ ab dvdu 


1 1 
=2ab fi /1—v? du = 2ab [3/1 —w? + } sina] = ab[sin“t 1 — sin“! (—1)] = ab [§ — (- )] = abr 








13. The region of integration R in the xy-plane is 
sketched in the figure at the right. The 
boundaries of the image G are obtained as 
follows, with G sketched at the right: 














xy-equations for Corresponding uv-equations Simplified 
the boundary of R for the boundary of G uv-equations 
xXx=y $(u+2v)=4(u—v) v=0 
xX =2-—2y 5 (u+2v) =2-—3(u—v) u=2 
y=0 0 = ;(u—v) v=u 











— +| dvdu 











2/3 2-2 2 pu 
Also, from Exercise 2, ae J(u, v) = — 1 f iL y (x + 2y)e!) dx dy = f f ie" 
2 


2 
fo ud-e*)du=} fuwter)-F+er] =F 22+e%)-24e7-]] 


ll 
Wile 
a nN 

c 

oO 
“ 
os: 

Qa 

c 

ll 

Ie 


3 
5 (3e? + 1) = 0.4687 
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14.x=u+ 5 andy=v > 2x—y=(2u+ v)—v= 2uand 








1 
AK%y) _ ol ae 
O(u,v) J(u, v) = F il” 1; next, u = x x 

=x-—} 5 and v = y, so the boundaries of the region of 


= R in the xy-plane are transformed to the 





boundaries of G: 











xy-equations for Corresponding uv-equations Simplified 
the boundary of R for the boundary of G uv-equations 
x=} ut$=3 u=0 
x=2+2 oo u=2 
y=0 =0 v=0 
y=2 v= v= 





2 
f v3 (el — 1) dv 


cla — 
<= 
Ro 
+ 
Nn 
‘<0 
— 
N 
Pal 
| 
Ke 
— 
oO 
iS) 
2 
— 
Q 
Pal 
Qa 
Me 
| 
ad Nn 
o > 
nN 
ow 
on, 
N 
c 
~— 
oO 
is 
= 
Q 
ce 
Q 
< 
| 
Nn 
< 
w 
ew 
AIR 
oO 
ASS 
ae 
i 
Qa 
<< 
lI 
AR 


2 


cosv —uSINV 

















15. (a2) x =ucosvandy =usinv > Soy) : =ucos?v+usin?v=u 
(u,v) sinv ucosv 
' sin v u COs V F 
(b) x =usinvand y =ucosv > Soy) — : = —u sin? v — ucos? v = —u 
(u,v) cosv —usinv 
cosv —usinv 0 
OKY,Z) __ 2 


sin V ucosv 0|=ucos?v+usin?v=u 





16. (a) X =ucosv,y =usinv,z=w => Ra 





(b) x=2u—-l,y=3v—-4,z=1(w—-4) > S01) = 


O(u,Vv,w) 


= (2)(3) (5) = 


oon 
oWO 
vir CO © 


sin@cos@ pcos¢cosé —psing sind 
17. |sing@sin@?d pcos¢@sind psingdcosd 
cos d —p sin d 0 
sin@cos@ —psing sind 
singsin®? psin@cos@ 


_ pcosg@cosé —psing sind 
=e pcosdsind psindcosé 
= (p’ cos ¢) (sin ¢ cos ¢ cos” 4 + sin ¢ cos ¢ sin? @) + (p? sin ) (sin? ¢ cos? @ + sin? ¢ sin? ) 
= p’ sin ¢ cos? ¢ + p” sin? d = (p? sin ¢) (cos? ¢ + sin? d) = p? sin d 


+ (p sin @) 











b ) 
18. Let u = g(x) J(x) au g'(x) i f(u) du = f f(g(x))g’(x) dx in accordance with Theorem 6 in 





Section 5.6. Note that g/(x) represents the Jacobian of the transformation u = g(x) or x = g~!(u). 


19. [Pf fr 524-8) dxdya =f f"[E — 34 gf ay a= ff y+p-¥4+3] aya 





= y+)? i z = 94 4 _ 1 = 4z = az]? _ 
=f [os #42] a= f+ -2) dz= [(24+ %) a= [22+ 4] = 12 
a 0 0 ; 
20. J(u,v,w)=|0 b 0} = abc; the transformation takes the ellipsoid region =; Pa x + & < 1 in xyz-space 
0 0c 


into the spherical region u? + v? + w? < 1 in uvw-space (which has volume V = } 7) 
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=> V= ne) ei 4zabe 


21. J(u,v,w) = 


coe. 
ogc eo 
aoo°o 


= abc; for R and G as in Exercise 19, ee |xyz| dx dy dz 

R 
= 2H2c2 dwdvdu = 8ab2e? ff” 8)(p sin ¢ sin 8 2 sin d) dpdd dd 
ae c*uvw dwdvdu = 8a°b’c* Jo J J, (p sin @ cos )\(p sin d sin 8)(p cos d) (p sin d) do dd 


ape [7/2 err, . >t 
= #be f f sin 6 cos @ sin® ¢ cos ¢ dodo = See f"" sin 6 cos 6 dé = ate’ 


1 
zw => Jtu,v,w) =| — 





22. u=x, V= xy, and w = 3z x=u,y ‘and z = 





Orcrao 


es (v+ ww) du dv dw 


LF (xy + 3xyz) pete) IU ) + 3u ( (*) (¥)] \J(u, v, w)| dudv dw = ; a) 


2 


2 3 3 
ee ee Oo [=] dw = 3 J, +win2)aw = 3 [w+ ¥ Ina] 
= 3(3+3In2) =24+3In2=2+In8 


23. The first moment about the xy-coordinate plane for the semi-ellipsoid, x + vy + z = | using the 


transformation in Exercise 21 is, M,, = fit z dz dy dx = JS f cw |J(u, v, w)| dudv dw 
D G 


= abe" Is du dv dw = (abc?) - (M,y of the hemisphere x? + y? +z? = 1,z > 0) = ®©2; 





2aber = — [ abeen 3 aes 
the mass of the semi-ellipsoid is =" = Z= ( ri ) (sez) = 3c 


985 


24. A solid of revolutions is symmetric about the axis of revolution, therefore, the height of the solid is solely a function of r. 


That is, y = f(x) = f(r). Using cylindrical coordinates with x = r cos 6, y = y and z =r sin 0, we have 


V= J Se eyaae: ath rdydodr= f {' [ry]  d0dr = is for f(r) dOdr =f [ro4(r) [2 ar 


i 2nrf(r)dr. In the last integral, r is a dummy or stand-in variable and as such it can be replaced by any variable name. 


b 
Choosing x instead of r we have V = f 2rxf(x)dx, which is the same result obtained using the shell method. 


CHAPTER 15 PRACTICE EXERCISES 


10 pl/y 10 
J, Sy yer dxay = fo [est ay 


10 
=f (-1ldy=%-9 


10} (1/10, 10) 





1 
NOT TO SCALE 
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x=] 
yax? 
3/2 pVo—4e 3/2 9=4P t 
fan A yee tdsat = f° is], gat 
3/2 
= foo 9-48 dt = |- 1 (9 - ary”) 
: " A a 
4 (018-998) = 2 = 
447 =9 


4. J. [5 xy axay = fry [=] - dy 


1 fy (4—4,/¥+y-y) ay 





5. i fr dy dx = Li 7 2x) dx ( ys2x+4 


x x=-V4—-y 
se ae a 2 


f Fae ey y= fs , fez a 


4 
(4 yy] =4-843-4 








6 ff eave LRM 


4 1 
Jj (4 —y9?) ay = 3 [By — 29°] 





— [| 2.5/2 2y7/2 a2 2_ 4 
= [5x l= 3-5 = 35 
i. (1/2) /9 — x? re (1/2) /9—x? y 
oD mh y dy dx Sl] xX 
2| x? 4+4y?=9 
3 ? 3 








_ 1, 93/2 _ 27 __ 9 
= 4:97 == 


2 





Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


8. 


10. 


11. 


12. 


13. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


Chapter 15 Practice Exercises 


2 p4—x? 2 é 
ff 2x dydx = f [2xy]3-* dx 
2 2 
= J (2x(4—)) dx = f (8x — 2x) dx 
=|4e-¥]' =16-=8 
é 2 
f ‘eee "ox dxdy = f [x2] “47? ay 


= ['(4-y) dy = ee 





“4 cos (x 2) dxdy = Agog *) dydx = "2x cos ( x2) dx = [sin(x2)]? = sin 4 
0 

Sie dxdy= ff e dydx = f 2xe* dx = [e*]) =e-1 

Sv Soe go dy dx = ce ots dxdy =} f°" ay = 7 


ia pense) daxay= ff” “2 sin (rx?) ) dydx = f 2nx sin( (x?) dx = [—cos (ax 2y) = —(-l1)-(-1) =2 





A= rf 7 dydx = f'(—x? — 2x) dx = 4 14, A=fif’ dxdy = f'(\/y-2+y) dy = 2 


1 p2-x 1 37) 2-x 1 ‘ 2x) x3 x3 2-x)! xt : 
v=f f° @ +y*)dydx = fj [ey +5] dx = fi fox? + SY — dx = |3f — Ot ae) 


=G-g-f)t+i=3 


ll tipo gy 1 
average value= [f° xy dydx =f, [+] dx = [ Sdx =} 
1 V1—x? 1 T_-x 1 
average value = ade J xy dydx = 4 f [F]. dx = 2 bGsX) dx = + 


M= fr fi dydx = f"(2—2) dx =2-In4;M,= fof) xdydx = fox (2-2) dx =1; 


2 2 2 
M=J oJ), ydyex= fo Q-3)d=1sx=y= 4, 


y-y" 4 p2y-y 4 3 4 
M= LL dxdy = f(ay— y?) dy = 33M, = ads y dxdy = f, (4y?—y*) dy = [4-4] = 9; 


4 2 5 4 
= _ (2y-y") _ fy i 128 = _ M 12 = _ M _ 
m= Ste xdxdy = f"[ 2" — ay9] ay = [¥ I, 5 > X= y= Fandy= yf =2 

















2 74 2 
= Ji f,,0? +y)@dydx =3 fi (4x? + $ — 4) ax = 104 


(a) = ff G2 ty’) dydx =f" (2x? +3) dx = 9 
k= f fy? dyax= [Bax = =f f° 2 axdy= fo @ay= 9 > L=ht+h 


— dab? 4 da’b _ dab (b? + a2) 
= "3 3 3 
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988 


23.M=6f f dydx=6 f ®dx=36:,=6 ff 


i eae newest oan ocala 
a oe 


24. 


29: 


26. 


27. 


28. 


29. 


30. 


31. 


Chapter 15 Multiple Integrals 


i 








3 
y? dydx = # ox dx = (#) (3) =26 > R; 


x= Sandy = 83k =f. y?(x + 1) dy dx 


=1 f(x — x7 $x3 — x9) dx ae 2= fh fisy- fas 2x + Ddydx = f(x? — x°) dx 


2 








12 


M=f of, (x? + y? + 3) dydx = f (2x? +4) ax=4M= ff, y ( 


My =~ i ie 


Place the AABC with its vertices at A(O, 0), B(b, 0) and C(a,h). The line through the points A and C is 
y=—- Dy; the line through the points C and B is y = a (x — b). Thus, M = f f 


x(x@ty? +2) dydx =f (ax + 4x) dx =0 


=o f'(1-}) 4 
ff aatagy dydx = [Of 2 ard =f [- tal} ao =i [aoa 


nee 


n(x? +y? +1) dxdy= fo f rin(r 


(a—b)y/h+b 


ay/h 


= oo (2 In2 — 1) dO = [In(4) — 1] 


m= f° PP rdraa=3 [a0 = 39M, = f° f° e050 drd0=9 ["” cosas = 9/3 + x= 5, 


and y = 0 by symmetry 


m/2 3 m/2 m/2 3 n/2 
M= [ fo rarao=4 [ d0 = 2; M, = [ f 1 cos 6 drd9 = 7° [ cos6d9 = % > x= 
y= 3 by symmetry 


m/2 plt+cos 6 
(a) M=2 f { r drdd (b) 
n/2 
=f" ( (2 cos 6 + +#90528) do = 847; 
n/2 1+cos 0 
M, = jade. (r cos 0) r dr dé 


n/2 
= 3 cos* 6 
= [cos 0 + cos’ 6 + cout) dé 


_ 324150 
ma OF 








— 1574+32 


= Gryag > and 











y = 0 by symmetry 





32. (@) M= f° f’rardo= f° #49=<a2a;M,= [" f° (cos d)rdrdg = J" #9958 ag = 2 sina 


> X= 





2a sin a 
3a 


, and y = 0 by symmetry; im x= lim _ 


2asina __ 
3a 0 0 
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(a—b)y/h+b c 
— dbh. — 2 — 2 — 6dbh’ . = k — _h 
= an yb andy = [°(y? 2) y= AB sR = VB = 


13 
3n? 


2nr 2 Qn 
241) drdd= ff tinududs=3f [u Inu — ul; dé 


and 


1 
x’ + y? + 4) dydx = [ Odx =0; 


33. 


34. 


35. 


36. 


37. 


38. 


39. V 


40. V 


41. 


Chapter 15 Practice Exercises 


(bt) x= # andy =0 H 





em, (0.13,0) when ae 4 


a pleas 
(x? +. y2)? — (x2 —y?) =0 > r!—r? cos26=0 = r? =cos 26 s0 the integral is ‘ie cA ay dr da 


7/4 y/cos 26 n/4 7/4 
sa [- rs], do= 3 ac — Tyeo7e) 40 = 3 joa — zeqrg) 40 


m4 
=f sec? 8 @ 1 tan9} 7/4 _ 7-2 
=3f",0-% seo8) ag = 3 [6 a) Oder 


7/3 psec d n/3 sec 0 
1 _ r = i 
a JJ Gaxayy xdy = J J Gqap ade = J, |- Aezol a ae 
n/3 1/3 u = tand 
= 1 1 ant sec” @ 
= [} - ates d=1 fi echy 06; Parr — 


J3 
a fT -luu — v2 - 3 
=5 [35 tan 1a) = ¥ tan bal 
m/2 roo ; x/2 b 


b— co 
-f oe = Jali rc ae 


LPL cos(x +y +z) dxdydz= f° [” {sin(z + y +7) — sin(z+ y)] dy dz 
= J" [-cos(z + 2m) + cos (z+ 1) — cos z + cos(z + 1)] dz = 0 


fr his ie elt9+2) dedy dx = LOL? eo ee lac ree 
LLL ex-y-nazayax = ff (#3) ayax = f'(@— 8) ax= 8 
fff dydzdx = f° Ldzdx = f° Inx dx = [xInx—x]f=1 
va2f ff dzdxdy=2 f on ~2x dxdy =2 cos’ >y dy = 2] $+ say" oi 
vas fff anayan aa ff (4 4—x2) dydx =4 ['(4— x2) a 


= [x (4 — x2)9? + 6xy/4 — x? + 24 sin“ “| = 24sin7! 1 = 127 
0 








NIF 
o> 
Pa) 
is) 
tie 
re 


average=1 fff sorry cody tn = 3 f, [rave ryayer= 3 ff, 15x/x? + y dx dy 


=4 fl [5c2+yy?] dy = 4 f [s+ yy — sy] ay = F [20 +99"? — 2997] 3 = 4 face? — 2@)9/? - 


= 21-39) 
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990 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


Chapter 15 Multiple Integrals 
average = 74; as p® sin d dpd¢ dé = 7 i f sin d dg dd = #4 af" do = #8 


(a) i pa ala "4 dz dx dy 


(b) Pg 3p? sin do dd dd 


(c) io 42 3dzrdrd0=3 [ Te ‘[r(4- 2/2 _ r} drao=3 Ld 2? ‘ ae 
= fr (29? — 25 +487) 49 = (8 wf do = 2n (8-4/2) 





(a) Tec 21(r cos #)(r sin 0)? dzrardo =f S. f 211° cos 6 sin? 6 dz r dr dé 


m/2 
n/2 


1 
(b) (ia 21r? cos 6 sin? 6 dzrdrdo = 84 f f r° sin 26 cos 0 drdo = 12 sin? 6 cos 9 dé = 4 


—n/2 


2x pr/4 psec ¢ 

(@) fof f°"? sind dp ad ao 
2x pr/4 psec d 2x pr/4 Qn - 2a 

ib) ff fe? sind dpddaa =} ff” (sec o)(sec ¢ tan 6) dodd = + [-"[} tan? d]* ao =) [ao = 5 


1 pV? pyere n/2 pl pt 

@ fi fr So” © +4y) deay dx ) fo ff, © +4rsin 6) dar drao 
m/2 pr/2 posed . . . 

(c) f i ik (6 + 4p sin ¢ sin @) (p? sin 6) dp dd dO 


m/2 ? n/2 pl . n/2 . 
(d) f if (6 +4r sin #) dzrdrdo = [ f (6r? + 4r? sin 0) drdo = f[ [2r? + r* sin 6], d0 
n/2 
= f° 24+ sin 6) dd = [20 — cos 69” = 4 +1 


ie * yx dadydx +f f i ia zyx dz dy dx 


(a) Bounded on the top and bottom by the sphere x? + y? + z? = 4, on the right by the right circular 
cylinder (x — 1)? + y? = 1, on the left by the plane y = 0 


o) [fe Paar ara 


(a) ta, ~ “dar drdd = ff (rv¥8—2 = ar) argo = f-"[-4(8-22)°? 2] "0 

= ["[-1@%?-44+1 9] a = fs (-2-3+2V8) ao = $ (42-5) i poe 
(b) va fl fee sin ddpdgdo = 8 ff” (2 2 sin  — sec’ 6 sin ¢) do d0 

=§ ff" (2v/2sin o — tan ¢ sec? 6) dodo = § f-"[—2 Dos. — ban? 4)” ad 

= $f" (2-4 +22) a0 = $f" (=S462) a9 = ROD) 


2n pr/3 2 . P . 2 pr/3 p2 ' 
L= f f f (p sin 6)? (p” sin ¢) dp dg dd = f f f p' sin’ 6 dp dd dO 
a ae 2 i 32 [" cos? as 8a 
: f (sin ¢ — cos $sin g) dodd = 2 [ |-cos 6+ 252] - do = & 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


Chapter 15 Additional and Advanced Exercises 


an T b 
51. With the centers of the spheres at the origin, I, = f. f i 45(p sin ¢)” (p? sin ¢) dp dd dé 
“ = f" ia sin’ ¢ dodo = 2’ =#) f. ie (sin @ — cos? ¢ sin ¢) dé dé 
d(b§—a®) 77 cos _ 45 (b° -a°) ie _—, 
sor) Lf [- os 7 dé = 


Qn wT l—cos 0 an ng 1—cos 0 

32.L=f ff (sind) (e? sing) dpdodo= ff" [pt sin’ 6 dodgad 
=1 [" [cos @)° sin? 6 ddd = f" [1 —cos 6) + cos @) sin @ dé dd 
~ 35 Jo Jo ~ Jo Jo , 
u=1-cos@¢@ 1 {7 2 6 zaesl 2m Tout ué : id i 
ee 2 ff u2-u)duag =? f [ee] a9=3 J, @. 
— ze =2 647 
=1f" 22 ag = 2 [a9 = 

53. x =u+yandy=v > x=u+vandy=v 


1 1 
0 il 


image G is obtained from the boundary of R as 


) 28 dé 


cole 





=> Jiu,v) = = |; the boundary of the 









































follows: 
u=0 
xy-equations for Corresponding uv-equations Simplified 
the boundary of R for the boundary of G uv-equations 
y=x v=u+ Vv 0 
y = 0 v= 0 0 
=> fo foes f(x — y, y) dy dx = ff es(uty) f(u, v) dudv 
54. Ifs = ax + Gy andt = yx + dy where (a6 — Gy)” = ac — b’, then x = aaa y= aS : 
6 —£ 2 
= 1 ae hh (s 2447) 
and J(s, t) —~ (ab— By —y Qa = = Wb — BY By > f- a 
an 
=s45 J, ii re? drdd = ie eee i dé = —— fee onsen 


CHAPTER 15 ADDITIONAL AND ADVANCED EXERCISES 


1. (a) v= fifo” 2 ayax (b) V= ft. “ft dz dy dx 
© Va SiO eayax= fl [Oe — x4 —38) ax = [ae §— g] = 8 


2. Place the sphere's center at the origin with the surface of the water at z = —3. Then 





9 = 25 —x*—y? = x? + y? = 16 is the projection of the volume of water onto the xy-plane 
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=> V= {f. Jeoderardo =f" fp (W252 25 — 1? — 3r) drag =f" | 1 (25 ps? 372 09 
=f" [— 3 @)9/? — 24 + 3 (25)9/?| do=f 26 4p = 53a 





2—1(cos + sin #) 


pea Qn 1 
3. Using cylindrical coordinates, V = f if f dzrdrdé = if f (2r — r? cos 0 — r? sin #) dr dd 


= fr 1—1cos@—1 sin 6) do = [@—1 sind +1 cos 6] °" = 20 


4. veal Tf ‘dzrdrdg=4 ff (1 V2—# 1) drag = af” ‘[-4( 
=4 ["(-4-14 44) do = (2 svat) "a0 = a 





oe 


1 
(2-2)? 6) ag 


5. The surfaces intersect when 3 — x? — y? = 2x? + 2y? = x? + y? = 1. Thus the volume is 


va4f fr ae ee dzdydx=4 fff” derarag =4 [” [' Gr—305) drag =3 f” a0 = 


6 va8 fp ff sing dpdgas = % ff” sint d dg-ae 
Pf sin? ao] do =16 f(g — 922] 7” do = 4 [a0 = 20? 


_ 64 ‘ise sin? 6 cos @ 
—~ 3 Je 4 0 


7. (a) The radius of the hole is 1, and the 
radius of the sphere is 2. 














(b) v=o ff rdrdzdo = ff” (3-22) dade = 2/3 [” a0 = 4/3 
s va f foe — dzrdrdd = ff 'r/9—P argo = [-4@-2)97] "ap 


0 


=f [-3 (9-9 sin? 9)*”? + 3 (9)8] do =9f" [1 — (1 = sin? )*”] do = 9 f "(1 — cos* 9) a0 


= JJ (1 = cos 6 + sin? cos 8) do = 9 [9 — sing + m2] ” — 9m 


9. The surfaces intersect when x? + y? = Ss = x? + y? = 1. Thus the volume in cylindrical 


coordinates is V = 4 LE fo cer arao =4 eae _ ) dr dé = af” Ee _ ‘|. dé 
=i [> 00 = 3 


10. va ff fr azrarag = ff? sin cos @arda = f-'[#|- sin 8 cos 6 dé 


m/2 a) a/2 
= 5 sin 0 cos 6 d@ = 12 | m8 = 15 
4 Jo a 2 h¢ 8 
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Chapter 15 Additional and Advanced Exercises 


11. = d= fo fre —vdydx = [fe 8 dxdy = J" ( tim, Joe ax) dy 
b 


—x b 
= fin, [S$] = Sin, ($- f= ff bor toa =m 





12. (a) The region of integration is sketched at the right 


asin 3 ue 
=f Lr (x? + y) dx dy af--~.(acos8,asinB) 


=f. f r In (r*) dr dé; 
| aa nar ar| — 1 f’ ia In u dudé 


=1f" [ulnu—u]® dd 


< 





B ; 3 
=A] [2a Ina — a? — lin lim tin oo (2 Ina — 1) dO = a2 (Ina — 3) 


2 
- (hee mae. ree Jaya t ff (x? + y?) dy dx 


13. f° f’eme9  dtdu = f° fem fe) dudt = f(x — Hem £10 dt; also 
Lf freme t@ atauav = f° f" fem t duavat =f” fev — Hem A avat 


= fe —peme9 te]* at = [OS™ eme-9 fp at 


14. i. f(x) ( Jaye) dy) dx = f f. * 9(x—y)f(x)fly) dy dx 
= f, i 'g(x—y)fOofly) dx dy = i "£(y) ( J " a(x—y) E(x) ax) dy; 


ff 2(ix—y) footy) axay = ff” ex—yytootty) aydx + ff e(y—xf0ofty) dy ax 
= ff ex—yfootty) dxay + f° ['e(y—wofcotty) ay ax 
= ff ec—yyteotty dxdy + ff e6x—yytyyfon dx ay 


Sy 


simply interchange x and y 
variable names 


1 1 
=2 f f g(x—y)f(x)f(y) dx dy, and the statement now follows. 
y 


a x/a? a 
15. a= ff ety? ae | x= f'(e+ &) ox = [+ Be] 
=£414%.Pa)=1a—1a%=0 = at=} a= 4/4 yy Since Ya) = 3 + 3a 4 > 0, the 
value of a does ee a minimum for the polar moment of inertia I, (a). 











16. =f f-( (x24y? (3) dydx =3 f (4x a= + &) dx = 104 
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17. 


19. 


20. 


21. 


22. 


23; 


m= ff, raran= (wc) 
= a2 — b? tan @ = a? cos! (&) — b? (4) 
=a? cos"! (2) — ba — BI, = ff", rad 
=1 [" (at +b! sect 9) a9 

~ 1 [tat + b* (1 + tan? @) (sec? @)] dO 





@ 
ae 4 4 bt tan’ 
=1 [a O—bitang— Perey 
ato bt tan 6 bt tan? 6 
2 2 


= ta‘ cos! (2) — 5b’ Va? — b? — 2b? (a? — p23? 


ba ° : 372 2 p2-(y?/2) 
— = = 8 = 
ce dxdy= (1-4) ay=[y-4] =$:M=fi fi oo, xaxay 
(y?/2) 2 5 ; a 
=f, [5 Ti = L 3(4-y’) dy= 2 (16 8y? +4) dy = 3 [I6y yyy ; 


2 
= 75 (32— $+ 2) = (ae) (GF) = 8 > F= Ft = (H) (g) = $. andy = 0 by symmetry 
JP from (bx’.a’y") dy dx = ie eb dy dx + is i e*Y dx dy 
= Jae x) e®” dx 4 J @ y) ery dy = [as ef : ty E- | ; - ae (e# 1) rs oe (e¥ 1) 
= oa Ca 1) 


OP F(x, OF(x, OF(x OF(Xo, _ 1 
So Se FSR aay =f" [52] ay = fi" [Gee — 2a ax = [Fou y) — Flexo, I) 


= F(X, yi) — F(Xo, y1) — F(X1, yo) + F(Xo, yo) 


























(a) G)  Fubini's Theorem 
(ii) Treating G(y) as a constant 
(iii) Algebraic rearrangement 
(iv) The definite integral is a constant number 


In2 px/2 In2 a /2 
(b) f i e* cos y dy dx = (J, e ax) (J. cos ydy) = (e”™ —e®) (sin 5 — sin 0) =(1)(1)=1 
2 1 ¥ 2 1 2 x 1 
©) ff Saxqy = (J, 4 dy) (J, xax) = [-2] [=] =Ce+0 (1-1) =0 
(a) Wf=xit+tyj = D,f = ux + wy; the area of the region of integration is $ 
1 1-x 1 
=> average = of iF (u,X + Ugy) dy dx = 2 J. [uyx(1 —x)+ 5 up(1 = x)’] dx 
2 —xys 
=2 [um ($- 8%) -— (fu) "] =2 (hu + hu) =} +o) 


(b) average = a Jf (ix + way) dA = a Sea J Jxaa+ a ae pd yak =m (#) + Us (*) =ujx+ Wy 





(a) I a fre ety) dxdy= ff ( ev )rdrdo= f lim, frre? ar dé 
ae lim (e*—1)ao=3 f™ dg=" > 1=%8 


(b) PQ) = feta = fy?) eV ay) ay =2 fe” dy =2( f *) = Ja where y = /t 


ae 
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24. Q= i [ke — sin 6) drag =f” (1 — sin ) do = *® [6 + cos 6] 57 = 2KR 
. . . Vh—x? h 
25. For a height h in the bowl the volume of water is V = via Jed fee heat , dz dy dx 
h- al WAN 2a 
= hr? i a h? _ bea 
-{% pcp — x? — y?) ydyax = [fh )rdrdo= f [we —¢]° do= 7u= =. 
Since the top of the bowl has area 107, then we calibrate the bowl by comparing it to a right circular cylinder 


nn 


whose cross sectional area is 107 from z = 0 to z = 10. If such a cylinder contains cubic inches of water 





to a depth w then we have 107w = in w= a . So for 1 inch of rain, w = 1 a h = v 20; for 3 inches of 
rain, w = 3 andh = 1/60. 


26. (a) An equation for the satellite dish in standard position 
isz= $ x? + 5 y”. Since the axis is tilted 30°, a unit 
vector v = Oi + aj + bk normal to the plane of the 


water level satisfies b = v - k = cos (2) — 3 


= a —_ 1s, VB 
=>a=-vVl1l-b=—-5; > v=—35j+$k 
= -hy-)+¥8@-))= 

— 1 iL 
tad hs) 


is an equation of the plane of the weiss level. Therefore 








a *dz dy dx, where R is the interior of the ellipse 


2 4 2 
24 $-4(3,-1) 


2 


the volume of water is V = J f ie ealy 
ee po a Sone aka 


RR $-4(4,-1) (3y+1-3,-¥")' Z yyta-y 
aid 2 = —___~— + V= vn 1 dz dx dy 


eae) ge4+5y 





(b) x=O0 5S z=5 ty? and 4 a y;y=l a 1 the tangent line has slope | or a 45° slant 


=> at 45° and cones the dish will not hold water. 





5/2 


27. The cylinder is given by x? + y? = 1 fromz=1tooo > ty z(r2+27) "dV 
D 


an 1 co Qa 1 a 
= JOS. I) ctr dzrarao = stim, fy fy fo Bam azarae 
Qn ak a at 1 
atime Jy SS (C3) atx] are = tim, SS (3) ecg + 6) est] ara 


: On -1/2 -1/2] 1 : On -1/2 7 9\-1/2 
= lim, [3 @? +2?) 2 1 (gf 1) ) d0= lim, J, [} +2") nee) PY = Lap) ae do 
1 
3 


28. Let's see? 


1 
The length of the "unit" line segment is: L = 2 f dx = 2. 
’ . a ii 
The area of the unit circle is: A = 4 mF dy dx = 7. 


1 1-x? pV/1-x?-y? 
The volume of the unit sphere is: V = 8 f f f : dz dy dx = im. 
Therefore, the hypervolume of the unit 4-sphere should be: 


Viyper = 16, ‘a oF ia oka ee dw dn dy dx 


Mathematica is able to handle this integral, but we'll use the brute force approach. 
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2 


V1-x2 xy? x2_y2_z2 x2 Jie 
Cece dw dz dy dx = 16 ff i ies tam == dz dy dx 
V1I-x p\/1-x?-y? ———, = cos 8 
_ = = _ BR _ J —x2—y2 
=f f° [fo vi=e = Ey teayac=| FF ae 
a VI-x 
= 16 ea x* —y’) V1 cos’@ sin 6 dé dy dx = 16 J, 7 (1 —x?-y’) ” _sin?9 dO dy dx 
nl/2 
PP cia hae a 2 — x2V/1— x2 ae x) dx 
=4n f V1 cael x) 1=x = x= nfo od ee = inf sin*6 dé 


0 0 
=-in] . ees — 2 cos 20 + cos?26)d0 = —3r I. (2 —2 cos 26 + 2848) a9 = = 
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16.1 LINE INTEGRALS 





1. r=ti+(Qd-—-bdj > x=tandy=1-t y=1-x=>(c) 





2. r=i+j+tk > x=1,y=1,andz=t = (e) 


3. r=(2cost)ii+(2sintj > x =2costandy =2sint > x?+y?=4->(g) 





4. r=ti x=t,y =0,andz=0 = (a) 





5. r=tit+tj+tk > x=t,y=t,andz=t=>(d) 


6. r=tj+(2-20k > y=tandz=2-2t > z=2-2y => (b) 





« ei z 
7. r=(U—1)j+2tk > y=?—landz=2t > y=F-1> 





8. r=(2costii+(2sintk => x=2costandz=2sint > x?+z?=4=5 (h) 




















9. r(t)=tit+(1—bvj,0<t<1 ® =j-j a /2j;x =tandy=1-t xty=t+(U-d=1 


= fi foc,y,2) ds = f'ta,1-1,0) |] at= fa (v2) dt = [v2] = v2 





10. r(t) =ti+(d—vj+k,0<t<1 ® =j-j ar /2:x=ty=1—tandz=1 > x-y+z-2 
1 
=t-(1-4+1-2=2-2 > f tay,2ds= f (2-2) /2at= V2 |? — 245 =- V2 








11. r(t) = 2ti+t]+(2-20k,0<t<1 > “=2i+j—-2k = |#]/=/4414+4=3;xy+y+z 
1 
=(2t+t+Q-2) > fi fx y,z)ds= f (2 —t+2)3at=3 (28-2242) = 302-342) =8 


12. r(t) = (4cos ti+ (44 sin tj + 3tk, -—27 <t<27 => ue = (—4 sin thi+ (4 cos t)j + 3k 
Qn 
=> || = /16 sin? t + 16 cos?t +9 = 5; Jx2 Fy? = V/16 cos?t + 16sin2t=4 => fi tx,y,z)ds= f (4y(5) at 
= (20t|°5,, = 807 











13. r(t) = @+ 2j + 3k) + (i — 3j — 2k) = 0 — i+ 2 — 30j+ G—2Hk,0<t<1 > © =-i-3j-2k 


t 


> |#) = 14944 = J4;x+yt+z=(-)+2-394+G6-2)=6-6 > ff fx y,z)ds 


= fr@- 6H Vid a= 614 [t- 5] = (6V/14) (3) =3v14 





14. r) =tit+ Gtk, <t<oo > *=i+jtk = |*|=V3; 7435-74, -# 


= J. fo.y.2ds= Jo (32) V3ae=[- 4] P= lim (- +1) =1 
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15, Cy: ra) =ti+2j,0<t<1 > ®=i4+2j = |* ee 
sincet >0 > f. fx,y,z)ds =f 2t T+4e dt = [2 +4e)7] = 3 (5)3/? — A = 1(5/5-1); 
Cy: rt) =i+jt+tho<t<1> “=k as ee ae ee 
=f. f(x,y,z) ds = f (2-2) (1) at = [2t— 418] ) =2-—4= 8; therefore [ f(x,y, z) ds 
= Ne fix,y,z)ds+ J. fx,y,z) ds = 2/5 +3 











16. Cy: r(t) =tk,O<t<1 ao —k 





7 


Ix+ j/fy-2=04+ /0-®=-0 
1 sql 

=> J. e,y,2)ds = J) (-P) a) at = Pio= 

Co: r= +kO<t<s1 > F=j > |F ee +Vt-1=yi-1 

=f fixy,2ds= f (Vi-1) Mat= (28? - en 


C3: r) =ti+jt+k,0<t<1> "=i #)-ix+/y-2=t+vVi-1=t 


1 71 
= Ji, fe,y.2ds= Jooayar= [5] = 3 => fi ta,y,2ds= [fast f. fds+ fi fds=—44(-3) + 


Sel 
6 














=" . or —.< . dr| _ « 2a yt2 t+t+t 1 
17. r(t) = ti+ j+tk,O<a<t<b > S=i+jtk = |#|/= V3; F944 = geet 1 


> ff to,y,2 ds = f°(4) V3 at = [V3 imu] = /3In(2), sinceO<a<b 





18. r(t) =(acost)j+(asintk,O<t<27 => # = (- asint)j+(acost)k > |S E| = y/a? sin? t + a? cos? t = [al; 


; ; : alsint, O<t<a 
VEE = —JOF a nt = | | = f txy,2ds= f° 


al sint, 7 <t<2n 








— |al’ sintat+ |a|” sin t dt 
= [a? cos t]7 — [a cos t]°” = [a2(—1) — a2] — [a? — a2(—1)] = —4a? 














19. r(x) =xit yj =xit F5,0<x<2 > Paitaj > |#| = VIF: fy =f(%, 4) = Ay = 2x = [fas 


= frex 1+x? dx = [3 (1 +x?)°?7) = 2 (8? —1) = uve 


20. rt) =(1-di+ 401-1) j,0<t<1 > |#|= 1+ (1-1) fy =F((1-9 


= fitas=[ peers V1+(1—-t)?dt= f(a-9+ t—1)*) dt=| a een 0] 


=f ( : 0) = 2 











21. r(t)=(2cost)hit+ 2sintj,O<t<> => & — (—2 sin t)it (2 cos t)j ar = 2; f(x, y) = f(2 cos t, 2 sin t) 


5 n/2 : a/2 
=2cost+2sint => f tas= fi (2 cos t+ 2 sin t)(2) dt = [4 sin t — 4 cos t])’" = 4 — (4) = 8 
22. r(t) = (2sint)hi+ (2coshj,0<t< 7 > © =(2cost)i+(—2sint)j => |*| = 2; f(x,y) = f(2 sint, 2 cos t) 
n/4 
=4sin?t—2cost + f fds= f” (4sin?t—2 cost) (2) dt = [4t—2 sin 2t— 4 sin ¢]7/4 


=n -2(1+ V2) 
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23. r() = (@ -1)j+2tk,0<t<1 > © =2542k > |#|=2/P+M= fi s@y,2ds= J, oo (2 P41) dt 

= [Gs )(2 +1) a= [+1] =99 2 1=2/2=1 
24. r(t) = (t? —1)j+2tk,-1<t<1 > 4 =2tj+2k 

=> |*]/ =2/24+1;M= f 6(x,y,z) ds 

Cc 

= f(s V@=1) +2) (2Ve+1) at 

= f30(? +1) at= [30 (5 +t)| 5 = 60(1 +1) = 80; rm (Pt) + 2tk 

M, = [. y6( ds= fi(e-1 30(t2 +1)) d 

a= fi yox,y,2ds= f\(2 1) Bowe + Dat : 

1 
= f 30(t!-1) a= [30(¢-1)] =60(}-1) 


—48 y Me = oe = ie: ;My, = f. x6(x, y,Z) ds = f. 0é6ds=0 x = 0; z = 0 by symmetry (since 6 is 























25. r(t) = V/2ti+ V/2tjt (4 PNG OS tel ya 2j—2tk > |f| = /2424+4P =2/1+e; 
(a) M= f. bas = fn (2 r+?) i= a+ey") = 2 (23/2 1) =4,/2-2 
(b) M= f. 5ds = fo T+) dt = [tV1+e +In (t+ i¥®)| = [V2+In (1+ v2)| -@+mn1) 
= V2+In(1+ v2) 





26. r(t) = ti+ 29+ 907k, O<t<2 > €=14+2j4+07k = [F[=V14+44t=V5+t 
M= f dds=f 3/541) (540) a= f 3540 dt= [26 +07]? = 2 (7? - 5%) = 324) = 36; 
My, = f.xdds= f- 1136+ 0) at =f (15t+ 3) dt = [22 +8]° = 3048 = 38; 

My = fyods = [2036 +0) dt =2 f (15t-+3t?) dt = 76; My = 26 ds = f 283640] dt 
=f (10%? + 205/2) at = [40/2 + 4172]? = aay? 4 £(? = 1624 2B 2= 4/2 = x= 


M 
38 19 —__ My _ 76 _ 19 zy My _ 44/2 _ 
36 18° M 36 = 9 aNd Z = Typ = F236 4/2 





























27. Letx =acostandy =asint,0 <t< 27. Then ¢ mr = —asint, ay =acost, we Z=0 
2 an 
> (3) + (3) “Fanaa fee (a? sin? t + a” cos? t) a6 dt 
an Qn 
=f a6 dt = 2nda®;M =f 6(x,y,z) ds = [ 6a dt = 276a Vz arab — 
1 
28. rt) =§+(2—-2k,0<t<1 > ©=j-2% = [*|=V/5;M=f[ 6ds= f 6V5a= 6/5; 


= fi 2+2)5ds = fe + 2-207] 6/5 ae = f(s? — 814 4) 55 dt = 55 [$8 — 42 + al]) = SVS: 
Loe ie 08-2) A/Sci= [Gt — tet) O/Sa=5V5 [5 — 42 + ai] = $55; 
L= fi (8 ty?) bas = f( 0? + t?) 6/3 at = 6/5 [§] = 16/5 + R= = /$.R= fh =/$=5, 


= L _ 1 
and R, = mo os 
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29. r(t) = (cos tit (sintjt+tk,0<t<2r > “=(—sintit+ Costj+k > |*| = Vsin?t+cos?t+1= V2; 


30. 


31. 


32. 


(a) M= fi dds= [5 /2at= 206/21, = f( (x 24y%)5ds= f (cos? t + sin? t ) 6/2 dt = 25/2 


>R=/5=!1 
(b) M= fd(x,y,z)ds= [5/2 dt = 4n6V/Zand I, = f(x? +y?) dds = [5/2 dt = 4n6,/2 


I _ 
=> R,=)/y=!1 


r(t) = (t cos Hi + (tsin dj + 242 8/7k,0<t <1 > dr — (cos t—tsin i+ (sint + tcos tj + /2tk 
1 
=> |@|= /@F I =t+1ford<t<M= fi sas= f+ pat= [20+ 1]) = 4(2-13=3; 
1 1 
May = fi, 26 as = fi (202 8) + 1) at = 24? f (0/7 + 0) ae = 3 Ber + 287] 9 
_ 2/2 72 , 2) _ 2/2 124 16,/2 —_ My 16,/2\ /2\ _ 32V2.7 _ 
=a t= 3 )=3° = 2a (7) @ = L, = f.(P +y?)6ds 


om eames E /7 
at 3 R, M 18 














6(x,y,Z) = 2 —zandr(t) = (cos t)j+ (sinthk,0 <t<a = M = 27 —2 as found in Example 4 of the text; 





also || = 131k = f(y? +22) 6ds = J" (cos?t + sin? t) (2— sin) dt= f"(@2-sint)dt=2r-2 + R= \/h 
ai 
rt) =ti+ 22 8/754 8k,0<t<2 > HHi4 V2 +tk > |*)| = 142+ = (A+? =14+ thor 








2 2 
0<t<2M=f sds= f (4)atna frat 2;My, = f.x6ds= f-t(4y) a+ pat= [8]? =2 
2: 2 9 
My = f yéds= f 22 3” dt = [2 or] = 2;My = fi26ds= f Sat BR : x Myz 1, 











M 











‘ 2, 5 2 
y= Mea iS, andz= Se = 254 = [iy +2)6ds= f)($8+it) a= [2+ 5] —24+8=%, 
@72 
= [+2645 = fr (e +5) dt= [s +%| -$+8= S51 = [02 +y2) 6 ds 
2 


2 7:29 —_ fly _  /32 
3 &,Ry= Mo 7s and 








= 2 8 43 =. Zyl 8 32 56 
= (2+ $8) d= [$+ 3e] = 842 o Rx 


R,=/8=2V/7 


xi 


33-36. Example CAS commands: 


Maple: 
f := (x,y,z) -> sqrt(1+30*x%2+10*y); 
gi=t->t; 
h:=t->t2; 
k :=t-> 3*t%2; 
a,b := 0,2; 
ds := ( D(g)42 + D(h)*2 + D(k)42 )4(1/2): # (a) 
‘ds' = ds(t)*'dt’; 
F := f(g,h,k): # (b) 
F(t)’ = FQ); 
Int( f, s=C..NULL ) = Int( simplify(F()*ds(t)), t=a..b );  # (c) 
~~ = value(rhs(%)); 
Mathematica: (functions and domains may vary) 
Clear[x, y, z, r, t, f] 
f[x_,y_,z_]:= Sqrt[1 + 30x? + 10y] 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


Section 16.2 Vector Fields, Work, Circulation, and Flux 1001 


{a,b}= {0, 2}; 
x[t_]:= 
yijer 
z[t_]:= 3t* 


r[t_]:= {x[t], y(t], z[t]} 

v[t_]:= D[r[t], t] 
mag[vector_]:=Sqrt[vector.vector] 
Integrate[f[x[t],y[t],z[t]] mag[v[t]], {t, a, b}] 
N[%] 


16.2 VECTOR FIELDS, WORK, CIRCULATION, AND FLUX 


1. fay QawP+yt2y 7? = #=-1 ety +72) Pax = —x(? +y? +2) 
of —3/2 3/2 


= 2 2 2 Of _ 2 2 2\- — _—xi-yj—zk 
ay = WY +y? +2’) and 5 = —z(x +y* +z’) => Vie ae 


ate nae similarly, 


2. f(x, y,z) =In f/x? +y?+2? = § n(x? +y? +2?) => =} (sa) (2x) = Zayas: 








ae Of _ y of __ xit+ yj+zk 
similarly, Oy” ww +y?4+2 and Oz a a ml Vi= 3 x py? +2? 
2 i 0 2 e} 2 Og 
3. g(x, y,z) =e*-In(x’+y’) > = Zaye = Tay and 5 =e 








+ vax (<gts)i- (gaa) iter 





4. a(x, y,2)=xytyztxz > S=ytz, $%=x+z,and ¥ y+x Veg=(4+20i+@+0j4+a«4+y)k 








5. |F| — proportional to the square of the distance from (x, y) to the origin => J (M(x, y))? + (N(x, y))? 


k > 0; F points toward the origin = F is in the direction of n = 














x; yj 
Very yx ty? 


= F=an, for some constant a > 0. Then M(x, y) = Tae and N(x, y) = Tea 


> JMC, y))? + (N(x, y))? =a a my F @ sym i @ am j, for any constant k > 0 


my > 

















6. Given x? + y? = a? +b’, let x = \/a? + b? cost and y = —\/a? + b? sint. Then 
r= (v a? + b? cos t) i- (v a? + b? sin t) j traces the circle in a clockwise direction as t goes from 0 to 27 
>Vv= (-v a? + b? sin t) i- (v a? + b? cos t) j is tangent to the circle in a clockwise direction. Thus, let 
F=v => F=yi-—xjand F(0,0) =0 


7. Substitute the parametric representations for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector 
field F , and calculate the work W = f. F.- ar : 


1 
_ ° . dr _s ° dr __ _ _ 9 
(a) F = 3ti+ 2tj + 4tk and G& =i+j+k => F-G=9 = W= f odt= 2 


1 
(b) F = 3t°i+ 2tj + 4t*k and # =i+ 27+ 40k > F-%=7° + 16t" => w= (72 + 1607) dt = [Ze +28], 
A, 13 
=,t+2=5 


(c) ry =ti+tjandry =i+j+tk; F, = 3ti+ 2tj and %& =i+j=>F,- or =S5t> Wi = f-stat= 3; 


F, = 31+ 2j+4tkand @ =k > F)-@ =4t > a = W=W.+W=2 
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8. 


10. 


11. 


12. 


Substitute the parametric representation for r(t) = x(t)i + y(t)j + z()k representing each path into the vector 
field F, and calculate the work W = f F.- ar 
(ol ls 


1 
(a) F=(g;)jand® =i+j+k > F-"=,', = w= f pt) dt= (tang) =% 

















e+1 
‘ F : : 1 
(b) F= (xh) jand $ =i+ 2j+4k > F-$=25 > WH], ot dt=[m(P +1), =2 
(c) ak el ae ;)jand @ =i+j >F,- a = ot Fe =ijand@ = 
> F,-®=0> W= jaar dat= 


Substitute the parametric representation for r(t) = x(t)i + y(t)j + z()k representing each path into the vector 
field F, and calculate the work W = 1 F- a , 


1 

(a) F= /ti—2j+ /tkand ® =i+j+k > F-"=2/t-2t > w= fi (2/t—-2) d= [$8?-2 
a 

(b) F=ti-2tj+ tk and € =i+2j+4°k > F-¢ =4t'-3? > w= ff (at! — 32) at = [{o-2]5= 


1 
(c) r) =ti+tjandry =i+j+tk;F, = ~2tj + V/tk and  =i+j =>F-"=-2 = Wi = f, —2tat 





= -1,F) = /ii-2+kand @ =k + F,-%=1 5 W.= fdt=1 > W=Wi+W2=0 





Substitute the parametric representation for r(t) = x(t)i + y(t)j + z()k representing each path into the vector 
field F, and calculate the work W = f F.- dr ‘ 
c t 


1 
eer p dr __sq¢ dr __ 242 _ _ 
(a) F= i+ tj + t?k and a a=itj+k = FF. =3t? > W= f 3dt=1 





1 
(bs) F=Ci-j+0kand * =i4 2j+4°k > F-P=8+4217 +45 > w= (8 +217 +418) at 
‘ 1 
_ |t 8 4,9|° _ 17 
=[f+54+9e] | = 18 
(c) ry =ti+tjandr,. =i+j-+tk; F, =tiand © =i+j => F,- mm? => W,= fea dt = ;; 


F) =i+tj+tkand @ =k > F)-=t > W=ftdt=) = W=WitW=5 


Substitute the parametric representation for r(t) = x(t)i + y(t)j + z()k representing each path into the vector 
field F, and calculate the work W = f F.- a ; 
Cc t 


1 
(a) F= (3? —3t)it+ 3tj+kand * =i+j+k > F-€#=3°+1 > w= f Gt? + 1) dt=[8+t5 = 


(b) F = (3t? — 3t)it 3t4j7 +k and # =i+ 217+ 4°k > F-& = 60° + 403 + 30? — 3t 
1 

=> w= ff, (6 +49 + 32? — 31) dt = [+8 +8 — 3 2]) =3 

(c) ry =ti+ tjandryg =i+j+ tk; F, = (3t? —3t)i +kand % =i4j > F,- #1 = 3t? — 3t 


lq 


2 





1 1 
=> Wi = f 32 —3t)dt= [8 - 32] =—4;F) = 3 +k and & =k F,-%=1 > W, fiat 








dt 
=> W=Wi+We.=5 


Substitute the parametric representation for r(t) = x(t)i + y(t)j + z())k representing each path into the vector 
field F, and calculate the work W = f F.- dr : 
Cc t 


1 
(a) F = 2ti+ 2tj+ 2tkand © =i+j+k > F-=6 > W= f otdt=[3e]) =3 
(b) F=(?+t*)it (t4+0j+(t+e)kand € =i4 2+ 40k > F- 4 = 60 + 5t4 430 
1 
=> Wa f (6 +5t! +32) d= [8 +04 8]5 =3 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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1 
(c) ry =ti+tjandr. =i+j+tk;F) =ti+tj+2tkand ™ =i+j > F,-"=25 W, = f, 2tdt=1; 


al 
F, =(1+tit+ (t+ Dj+2kand@ =k > F,-"% =2 > W. = J 2dt=2= W=W,+4+ We =3 


r=tit+?j+tk,0<t< landF=xyi+yj—yzk > F=0i+¢j—tkand * =i+ 2tj+k 





1 
F-©=28 = work = [28 dt=} 





r = (cos thi + (sint)j + ¢k,0 <t < 2m, and F = 2yi+ 3xj + (x + y)k 

=> F = (2 sint)i+ ( cos t)j + (cos t+ sin tk and € = (— sintit+ (cost}+7k > F-¢ 

= 3 cost — 2sin* t+ 4 cost + ¢ sint => work = "(3 cos?t — 2 sin? t+ } cos t+ } sint) dt 

= [3t+3sin2—t+ 8242 sint—}cost]o° =m 

r = (sin t)i+ (cos t)j+tk,0 <t < 27, and F =zi+xj+yk => F=ti-+ (sin tj + (cos t)k and 

& = (cos t)hi—(sintj +k => F.* =tcost—sin?t+cost => work = [ (cos t = sin? t + cost) dt 


. ] . 27 
=- [cost + tsint— $+ S32! + sin t] 5” 


=-T 
r = (sin t)i + (cos t)j + ¢k,0 <t < 27, and F = 6zi+ y*j+ 12xk => F = ti-+ (cos? t)j + (12 sin t)k and 
& = (cos thi — (sinj + 2k => F.¢ =tcost—sintcos?t+2sint 


on ; ; : 2 
> work = f° (t cos t — sin t cos?t + 2 sin t) dt = [cos t+ t sint + } cos? t — 2 cos t] ," =0 





x=tandy=x?=?? r=tit+t?j,-l<t<2,andF=xyi+(«+yj > F=ti+(t+t’)jand 





2 
1 


$f =i+2j > F-G = + (2° +21 
7 16 3 
1 = (1243) —G 





WI VS 


= [2+ 230] )= 848-8 
Along (0,0) to (1,0): r=ti,0 <t<1,andF =(x—y)it+(x+y)j > F=ti+tjand® =i > F-@=t, 
Along (1,0) to (0,1): r=(—bi+tj,0<t<landF=(x-y)ji+(«+yj => F=( — 2tji+j and 
#—-i¢+j> F-*£=2; 

Along (0, 1) to (0,0): r=(1—bj,O<t<l,andF=(x-y)i+(+yj => F=(t—- Di+(d —tj and 

a _j > F-%=t-1 5 f[ @w-yydx+xtydy= fats force f'a—pat= fa@t—nate 
= [2-5 =2-1=1 


r=xi+yj=y’i+yj,2>y>—l,andF = x7i- yj=y*i-yj = fy = 2yit jandF-& = 2y°—y 


1 -1 2 
= [.F-Tds= [> F-*dy=f) (2y°—y)dy= [ty -}y]7' = (4-4) - (4-4) =3-8=-2 


r = (cos thi+ (sintj,0<t< >,andF = yi—xj = F = (sin t)i — (cos t)j and a = (— sin t)i + (cos tj 
m2 
=> F- =~ sin?t—cos’t=-1 > f F-dr= f” (-1dt=~3 


r=(i+j)+tG4 2) =(14+ i+ (14 20j,0<t<1,andF=xyit+(y—xj > F= (1+ 3t+2t?)i+ tj and 


1 
i142) > F-€=1+5t+2? => work = f F-at= f (14+5t+2e) a= [t+ §24+2e])=2 


r=(Q2costii+(2sintj,0<t<27,andF= Vf=2K+y)i+ 2«+ yj 
= F = 4(cost+ sin thi + 4(cos t+ sin tj and © = (—2 sint)i+ (2 costj > F- 4 
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= 38422 > f xydxta+tydy= ff F-£a= [Ge +20) at 
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= —8(sin t cost + sin” t) + 8(cos?t + cos t sin t) = 8 (cos? t — sin? t) = 8 cos 2t > work = f. v f-dr 


Qn 
= fF. adt= f°" 8 cos 2t dt = [4 sin 242" = 0 


23. (a) r= (cos t)i+ (sintj,0 <t < 2a, F; = xi+ yj, and Fy = ce +xj => a = . sin t)i + (cos t)j, 
= (cos t)i+ (sin t)j, and Fp = (— sin t)i+ (cos tj => F,- “ =0Oand Fy - & = sin? t+ cost = 1 











Qn Qn 
=> Circ; = f 0 dt = 0 and Circ ia dt = 27; n = (cos thi+ (sint)j = F,-n=cos?t+sin?t = 1 and 
Qn Qn 
F)-n=0 = Flux; = [- dt=2mand Flux, = [ 0dt=0 
(b) r=(costi+ (4sintj,0O<t<27 > i = (— sin t)i+ (4cos a F, = (cos t)i+ (4 sin t)j, and 
F, = (—4 sin thi+ (cost)j > F,- = 15 sint cost and Fp - 7 =4 => Circ; = i. 15 sin t cos t dt 


= [= sin? t]<" ee 4 dt = 87; n= a err => F,- 


ae cos’ t-+ Fe sin’ tand Fy - n= — 7; sin tcos t => Flux; =f (F, - n) |v| dt = p (+5) \/17 dt 
an 
= 8r and Flux, = f (F2 - n) |v| dt = sos (— 45 sin t cos t) V17 dt = [- ¥ sin? tl ar 6) 


24. r= (acos t)i+ (asint)j,0 <t < 27, F, = 2xi — 3yj, and Fj = 2xi+ K—y)jj => a = (—a sin t)i+ (acos t)j, 
F, = (2a cos t)i — (3a sin tj, and Fy) = (2a cos t)i+ (acost—asint)\j => n|v| = (acos t)i+ (asin tj, 


F, -n |v| = 2a” cos? t — 3a” sin” t, and F2 - n |v| = 2a? cos” t + a” sin t cos t — a? sin? t 


20 s 
=> Flux; = f (2a? cos” t — 3a” sin? t) dt = 2a? [4 + “374 





27t — sin2t] 27 _ 2 
3a [5 is = qa“, and 


on ; : in 2t] 2 Bits 21 sin 2t] 2 
Flux, = f (2a? cos? t — a? sin t cos t — a? sin? t) dt = 2a” [£ + S82] 0" + © [sin? t] )” — a? [$ — S828] 0" = ma? 





25. F, = (acos t)i+ (a sin tj, 4 or = (—asint)ji+ (acost)j > F,- ot =0 => Circ; = 0; M; = acost, 


N; = asint, dx = —asintdt,dy =acostdt > ceed an dx = ["(a? cos? t+ a? sin *t) dt 


= f a? dt = a27; 


F, =ti, 4 a =i=> F,- af, t Circ fit dt = 0; Mz = t, Np = 0, dx = dt, dy = 0 Flux 























= ie Mz dy — No dx = r _0 dt = 0; therefore, Circ = Circ, + Circ, = 0 and Flux = Flux, + Flux, = a?7 


26. F, = (a? cos? t)i+ (a? sin? t)j, ar = (—asinthi+(acost)j > F,- a = —a? sin t cos” t + a® cos t sin? t 


=> Cire: = f(—a’ sin t cos? t+ .a® cos t sin? t) dt = — 28; My = a? cos? t, N; = a? sin’ t, dy = acost dt, 


dx = —asintdt > Flux; = fim dy —N, dx = "(2° cos’ t + a? sin? t) dt = za’; 





F,=0i,®@ =i = F,-®2 =e = Cire) = [edt =; My =2,Ny =0, dy =O, dx =dt 





=> Flux, = i. Mz dy — Nog dx = 0; therefore, Cire = Circ; + Circg = 0 and Flux = Flux; + Flux, = ; a? 


27. F, = (—a sin t)i+ (acos t)j, an =(—a sin thi+(acost)j > F, - a1 = a? sin?t + a7 cos?t = a” 


=> Cire, = fa? dt = am; My = —a sin t, N; = acos t, dx = —asin t dt, dy = acos t dt 











=> Flux; = [Mi dy —Ni dx = [’(—a? sin t cos t +a? sin t cos t) dt 0; Fo ij, 2 i F, - % —0 








Cirey = 0; Mz = 0,Ny =t, dx =dt,dy =0 = Flux) =f My dy —Ny dx = [” —tdt = 0; therefore, 
Cire = Circ; + Circ) = a?x and Flux = Flux, + Flux, = 0 
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28. F, = (—a? sin’ t)i+ (a cos” t) j, “ = (—a sin ti + (acos tj => Fy - S = a sin?t + a® cos? t 


=> Cire: = f(a sin? t + a? cos’ t) dt = 4a°; M; = —a? sin? t, Ny = a’ cos” t, dy = acos t dt, dx = —a sint dt 


> Flux, = f Mi dy —N, dx = [(—a¥ cos t sin? t+ a° sin t cos”t) dt = 2 a3; ;F,=tj,@ =i > F,- ot =0 





Circy = 0; Mz = 0, No = 8, dy = 0, dx = dt => Flux, =f) My dy—Nodx = [" —@ dt = — 3 a3; therefore, 
Cire = Circ, + Circo = : a® and Flux = Flux; + Flux, = 0 








29. (a) r=(cos tit (sint)j,0 <t <7, and F = (x+y)i—(x?+y?)j = dr = (—sin t)i + (cos t)j and 
= (cost + sin t)i— (cos?t+ sin’ t)j > F- a — — sin t cost — sin? t—cost =f F-T ds 
ae [— 5 sin? t—$+ 2 sint]) =—$ 


(b) r=(1—201,0<t<1,andF=(x+yi- (x? +y2)j > © = —2iand F = (1 — 201-1 — 20? j > 
1 
F-=4-2 5 [ F-Tds= f (4t—2)dt= [2 — 295 =0 
(c) 1. =(1—-bi-tj,0<t< landF=(x+yi-(x?4+y?)j = “ = -i-jandF = (1 — 20i- (1 — 2t4+ 20°)j 
=> F- = (2-1) 4+ (1—2t+20) =22 = Flow, = J F-% dr = [2 a= 2p = tit (t— Dj, 
0<t<landdF=(«+yi-(’+y)j > ee a te ene ee ayer 
dro 


=-i- (20 -2t+1)j > F- =1- (2? - 241) = 2-20 > Flow, =f F- a — f'( 2t — 212) d 


= [2-28] =3 = Flow = Flow, + Flow, = 3+4=1 


30. From (1,0) to (0,1): r; = (1 —ti+tj,0 <t<1,andF=(x+y)i- (x? +y’)j = a = —i+j, 
1 
F =i-(1—2t+2t?)j, andm |v,|]=i+j > F-m |vi|=2t—2?? => Flux, =f (2t— 202) dt 
1 
=[P-§0)],=45: 
From (0, 1) to (—1,0): rg = -ti+ (1 —Dj,0 <t<1,andF=(x+ y)i— (x? +y’)j = om — jj, 
F = (1 — 20i — (1 — 2t + 2t?)j, and m |v] = -i+ j > F- np |vo| = (2t— 1) + (—1 4 2t— 2t?) = -2+4t- 2r? 
1 
> Flux, = f (-24 4t— 212) dt = [-2t-+ 2 — 28], = —2; 
From (—1,0) to (1,0): rs =(—1+ 2t)i,0<t<1,andF=(x+y)i—(x?+y’)j = 3 = 2i, 
F = (-1 + 2tji— (1 — 4t + 4t?)j, and ng |v3| = —2j > F-ns |v3| = 2(1 — 4t+ 4t’) 





1 
=> Fluxs = 2 f (1 —4t+40) dt = 2 [t— 22 + $08]) = 2 => Flux = Flux; + Flux: + Flux; = 4-2+%7= 4 


>< 











31. F= Tarp it Feppionx’ +y?=4; 
at (2,0), F = j; at (0,2), F = —i; at (—2, 0), 


F = —j; at (0, Saas a a 
at (V2, -/2) ,F= Bi4lj, —— ; 
F=-i-1j; at (— V2,-V/2) ,F= ee 
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32. F = xi+ yj on x? + y? = 1; at (1,0), F=i; 
at (—1,0), F = —i; at (0,1), F =j; at (0, 1), 
F = -j; at (3 SB), P= ti4+ Bj; 


27°20 








33. (a) G = P(x, y)i+ Q&, y)j is to have a magnitude \/a? + b? and to be tangent to x? + y? = a? +b? ina 
counterclockwise direction. Thus x? + y? =a? +b? > 2x+2yy’=0 => y/=-— , is the slope of the tangent 
line at any point on the circle + y’ = — ? at (a,b). Letv = —bi+aj => |v| = Va? +b?, withvina 
counterclockwise direction and tangent to the circle. Then let P(x, y) = —y and Q(x, y) = x 

=> G=-—yi+xj = for (a,b) on x? + y” = a? +b? we have G = —bi + aj and |G| = Va? + b?. 


(b) G=(/xe+y)F= (Va? +b?) F. 


34. (a) From Exercise 33, part a, —yi + xj is a vector tangent to the circle and pointing in a counterclockwise 


i : see : aot i : , : _ yi — xj 
direction = yi — xj is a vector tangent to the circle pointing in a clockwise direction = G Sra yt 





is a unit vector tangent to the circle and pointing in a clockwise direction. 
(b) G=-F 


35. The slope of the line through (x, y) and the origin is ¥ = v= xi-+ yj is a vector parallel to that line and 


pointing away from the origin > F = — aa ; is the unit vector pointing toward the origin. 








36. (a) From Exercise 35, — at is a unit vector through (x, y) pointing toward the origin and we want 


|F| to have magnitude ,/x? + y? > F= Very? ( aL) = —xi-— yj. 




















(b) We want |F| = Ja where C # 0 is aconstant > F = ves Z ( a) =-C (3 2 } 











2 
37. F = —45i+ 8Cj + 2k and & =i+2tj > F-& = 121? > Flow f 123 dt = [3t!]5 = 48 











1 
38. F = 12°?j+ 90k and # = 3j+4k > F-4 =72? > Flow i 7202 dt = [2413], = 24 


39. F = (cos t — sin t)i + (cos t)k and = (—sintji+ (costk > F.¢ = —sintcost+ 1 


=> Flow = J (—sintcos t+ 1) dt = [5 cos*t+t]5 = (5 +7) — ($ +0) =T7 


40. F = (—2 sin t)i— (2 cos tj + 2k and © = (2 sintii+ 2cost)j+2k > F.* = —4sin?t—4cos’?t+4=0 
=> Flow =0 


41. Ci: r= (cos tit (sindtjf+tk,o<t<> => F = (2 cos thi + 2tj + (2 sint)k and * = (— sin thi+ (cos tj +k 
=> F- © = —2costsint+ 2tcost+ 2 sint = — sin 2t+ 2tcost+ 2 sint 
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45. 
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m/2 


n/2 
=> Flow; = f. (— sin 2t + 2t cos t+ 2 sin t) dt = [5 cos 2t + 2t sint + 2 cost — 2 cos t] 5 =-l4+7; 
Co r=j+S(1—-dk,0<t<1 > F=n(1—tj+2kand € =—fk > F-£=-7 
1 
> Flows = f —n dt = [—at] 5 = —7; 
C3: r=ti+(1—-dj,0<t<1 > F=2ti+ 201 —Hkand £ =i-j > F-# =2t 


1 
=> Flow; = f 2tdt=[@]j =1 => Circulation = (-l1+7)—-7+1=0 


d d 
FeGaxatyat2g =o at a at de a where flx,y,2 = 5 +y +x) > F-g = §(f(r()) 





b 
by the chain rule = Circulation = f. F-Sdt= f 4 (f(r(t))) dt = f(r(b)) — f(r(a)). Since C is an entire ellipse, 
r(b) = r(a), thus the Circulation = 0. 


Let x = t be the parameter > y =x? =t? andz=x=t > r=ti+tj+tk,0<t< 1 from(0,0,0) to (1, 1,1) 








1 
=> © ={i4 2tj+kandF = xyi+yj—yzk =Pi+?j-0k > F-£=8+2°- =20 > Flow fi 28 at 


L 
2 





(a) F= V7 (xy’2?) > F-€$ = 284 # & 4 oe dz — df where f(x, y,z) = xy’z? => g.E- * dt 
b 
= f 4 (f(r(t))) dt = f(r(b)) — f(r(a)) = 0 since C is an entire ellipse. 
(2,1,-1) 


(b) f. F-@= 4 (xy?z3) dt = [xyz] ftp: = (2)(1)2(-1)8 — ()()2()8 = —-2 - 1 = -3 


(1,1,1) 


Yes. The work and area have the same numerical value because work = f. F-dr= f. yi- dr 
= f [f(i] - [i+ Fj] dt [On the path, y equals f(t)] 


b 
= 7 f(t) dt = Area under the curve [because f(t) > 0] 


r=xi+yj=xi+fxj => ve =i+f'(x)j;F= Fe (xi + yj) has constant magnitude k and points away 




















ee .de_ kx ky-f@) _ kx+kf@-f@ _ 1, 4 2 2 i 
from the origin = F- 5 Tere + Jie Vee OOF kg Vx + LQ@)P, by the chain rule 


=> [ F-Tas= f. F-%dx= [oka 2 + [POOR dx =k [\/x? + FOP]: 


=k (,/b? + [f(b)}? — /a? + [f(a)]”) , as claimed. 





47-52. Example CAS commands: 


Maple: 
with( LinearAlgebra );#47 
F:=r-> <r(1]*r[2]*6 | 3*r[1]*@[1]*2[2]454+2) >; 
r:=t-><2*cos(t) | sin(t) >; 


a,b := 0,2*Pi; 

dr := map(diff,r(t),t); # (a) 
F(t); # (b) 
ql := simplify( F(r(t)) . dr) assuming t::real; # (c) 
q2 := Int( ql, t=a..b ); 

value( q2 ); 


Mathematica: (functions and bounds will vary): 
Exercises 47 and 48 use vectors in 2 dimensions 
Clear[x, y, t, f, r, v] 
f[x_, y_]:= {x y®, 3x (xy? + 2)} 
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{a, b}={0, 27}; 

x[t_]:= 2 Cos[t] 

y[t_]:= Sin[t] 

r[t_]:={x[t], yLt]} 

v[t_]:= r'[t] 

integrand= f[x[t], y[t]] . v[t] //Simplify 

Integrate[integrand, {t, a, b}] 

N[%] 
If the integration takes too long or cannot be done, use NIntegrate to integrate numerically. This is suggested for exercises 
49 - 52 that use vectors in 3 dimensions. Be certain to leave spaces between variables to be multiplied. 

Clear[x, y, z, t, f, r, v] 

f[x_, y_, z_]:= {y + y z Cos[x y Z], x? + x z Cos[x y z],z+x y Cos[x y z]} 

{a, b}={0, 27}; 

x[t_]:= 2 Cos[t] 

y[t_]:= 3 Sin[t] 


z[t_]:= 1 
r[t_]:={x[t], ylt], z[t]} 
v[t_]:= r'[t] 


integrand= f[x[t], y[t],z[t]] . v[t] //Simplify 
Nintegrate[integrand, {t, a, b}] 


16.3 PATH INDEPENDENCE, POTENTIAL FUNCTIONS, AND CONSERVATIVE FIELDS 


OP _.,_ ON OM _,,_ OP ON _.,_ OM z 
1. ip =" = ee) — ee oe = Conservative 


2. Paxcoz= 0, Paycos= |, Fs & = Conservative 











3. B=] Al= aN Not Conservative 4, N-14-1=™ Not Conservative 
Oy Oz Ox Oy 

5. oN =041= mn => Not Conservative 

6. e090, 9-028, 8 =e siny = SF Conservative 


7, Lax => fx y,2=X +g, > X= 2 =3y = gy,z) =F +h) = f(x, y,z) =x? + F + h@) 


ot h’(z) = 4z h(z) = 227+C => f(x,y,z =x? + ae +277 +C 














8. H=yt+2> fey =ytoxtgy.2z) > 2ax+8axtz > #=2 = gly,2) =zy +h@) 


=> fx, y,2=Gt2xtzth@ > $=x+yt+h@=xt+y h'(z) = 0 h(z)=C f(x, y, Z) 






































=(y+zZ)x+zy+C 
g, of — eyt® — fix, y,z) = xe! 4+ g(y,z) > a = xe? 4 a xeyt22 o 0 = f(x,y, z) 
= xe + h(z) > a = 2xe¥+?4 + h/(z) = 2xe¥+” h’(z) =0 h(z) =C f(x, y,z) = xet#+C 
10. o =ysinz => f(x,y,z) = xy sinz+ g(y,z) > . =xsinz+ ze =xsinz > se =0 => giy,z) = h@) 
=> f(x,y,z) =xysinz+h(z) > a = xycosz+h’(z) = xycosz => h’(z)=0 h(z) =C f(x, y, Z) 
=xysinz+C 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. Let Fix,y,2) = (2cos y)i+ (4 — 2x siny) j+ (4) k > 5 =0=% > 9 ~9= R= 72SiNyY= 


Section 16.3 Path Independence, Potential Functions, and Conservative Fields 


# — 52, => f(x,y,2)=$n(y? +2) +9@,y) > = B= Inx+ sec’(x+y) > g(x,y) 


= (xInx —x)+tan(x+y)+h(y) > f(x,y,z) = § In(y? +z”) + (x nx — x) + tan(x+ y) + h(y) 


=> Hm ha +sec?(x+y)+hily) =sec2(K+y)+ ota > hy) =0 > hy) =C = fx, y,2) 


= 5 In(y?+27)+(xInx—x)+tan(x+y)+C 








of __ y = -1 Of __ x Og __ x Zz 
ax — T+x2y2 = f(x, y, Z) = tan (xy) + gly, Z) > dy — 14x22 + ay ~ 14x2y? So JVi-ye 





“ = Joye g(y,z) = sin“! (yz) + h(z) = f(x,y,z) = tan™t (xy) + sin7! (yz) + h(z) 
> & = oor t@=74rt: h'(z)=4 > h@)=In|z|+C 
=> f(x,y,z) =tan7! (xy) + sin“! (yz) + In |z| +C 














Let F(x, y,z) = 2xi+ 2yf + 2zk = F=-0= A, M-0- 8%, N-0=- MM > Mdx+Ndy+Pdzis 
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exact; & = 2x > fx,y,z=x+gy,2) > F = B= 2 > wy,D=y?+h@ = fx, y,2=x+y? =h@) 





” Ox 
(2,3,— 


6) 
a — h!(z) = 2z hz) =27+C => fx,y,j=xX4+y?424+C 5 2x dx + 2y dy + 2z dz 

















Oz (0,0,0) 
= f(2,3, —6) — f(0, 0,0) = 2? + 3? + (6)? = 49 
Let F(x, y,z) = yzi+ xzj +xyk => eax= RM y oN Zz mn M dx +N dy+Pdzis 
exact; ae =yz => f(x, y,z) = xyz+ g(y,z) => . =xz+ ze XZ eo 0 g(y,z)=h(z) => f(x, y,z) 








= xyz+h(z) > & = xy +h'(z) xy h’(z) =0 h(z) =C f(x, y,z) = xyz+C 
(3,5,0) 
=f yz dx + xz dy + xy dz = f(3,5,0) — f,1,2) =O0-—2=—-2 


1,1,2) 








Let F(x, y,z) = 2xyi + (x? — 2°) j — 2yzk =i e = az? 02 ~  ~OX? 2 = ~ Oy 
of 24 Og _ ,2 2 


=> M dx + N dy + P dzis exact; & = 2xy => f(x, y,z) =x’y + gy,z) => ok ag = Se Sg SZ 


y 
of 








=> gy,z)=—-y2 +h) => f@,y,z)=x*y— yz? +h) > & = —2yz+h/(z) = —2yz h’(z) = 0 h(z) =C 


= f(x,y,z)=x?y —yz?+C=> 


(0,0,0) 








(1,2,3) 
2xy dx + (x? — 2”) dy — 2yz dz = f(1, 2, 3) — f(0, 0,0) = 2 — 23)? = — 


16 


Let F(x, y,2) = 2xi— yf — (Tha) kB =0= Bs Be HOR Be Oe HOM 
=> Mdx+N dy+P dz is exact; ue =2x > f(x, y,z) = x? + gly,z) a oe -y? aly,z) = — +h) 
> f(x, y,z) =x? —£ +h) > # hl) =—- 745 => h(z) = —4tan-'z+C = f(x, y,z) 





(3,3,1) 
2x dx — y? dy — ,4+, dz = £(3, 3, 1) — f(0, 0, 0) 


(0,0,0 1-7 


= (9-7 -4-7)-(@-0-0)=-n 


3 
=x?—*% —4tan'z+C=> 





oP 


Let F(x, y,z) = (sin y cos x)i+ (cos y sinx)j+k => e=0=-8, M-0-8 an aM 


ox? Ox — COSY COSK— | 
of _. 


=> M dx + N dy + Pdzis exact; 4 = sin y cos x => f(x, y,z) = siny sinx + g(y,z) => st = cosy sinx + 3 


of 








=cosysinx => B%_Qgs g(y,z)=h(z) => f(,y,z) = siny sin x + h(z) an hi(z)=1 > hz) =z+C 


oy 
(0,1,1) 
=> f(x, y,z)=sinysmx+z+C > sin y cos x dx + cos y sin x dy + dz = f(0, 1, 1) — f(1, 0, 0) 


=(0+1)-(0+0)=1 


(1,0,0) 


oP ON OM ___ OP ON OM 
oy 


=> M dx + N dy + P dzis exact; # =2cosy => f(x, y,z) = 2x cosy + g(y,z) > a =—-2xsiny+ # 


= 5 — 2xsiny => %—1 > g(y,z)=Inly|+h@ = f(x, y,z) =2xcosy+Inly| +h@ => 4 =h(z) = 


oy y 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


1010 Chapter 16 Integration in Vector Fields 


=> h(z) =In|z|+C => f(x, y,z) = 2x cos y + In |y| + In |z| +C 
(1x/2,2) 
=f ‘2008 y dx + (} — 2x sin y) dy + 4 dz =f (1,4, 2) — £(0, 2, 1) 


0,2,1) 


= (2-0+InZ+In2) —(0-cos2+In2+In1)=In$ 


19. Let F(x, y,2) = 3° + (4 Leia = ®—%_ WN M_9_ a WN _g— mM 











=> Mdx+Ndy+P dz is exact; oe =3x7 = f(x, y,z) = x° + g(y,z) By id : a(y,z)=27 Iny + h(z) 








> f(x, y,z)=x°4+27ny+hzZ) => oe = 2zIny +h’(z) = 2zIny h'(z) =0 h(z) =C f(x, y,Z) 


(1,2,3) 
=x 42 Iny+Cs fii 3x? dx + © dy + 2zIny dz = f(1,2,3) — £0, 1,1) 


=(71+9n2+C)—-(1+04+C)=91n2 


20. Let F(x, y,z) = (2x Iny — yz)ji+ (= -x2)j-@yk + ¥= c= = y=2,R=-% z= ™ 








=> Mice PNG Peru eeth gE => f(x,y,z) =x? Iny — xyz+ gy,z) > a == xz + 3 
of 








— = —xz> os ; =0>20,2= h(z) => f(x, ari eee => 5, = —xy +h'(z) = —xy h’(z) 


=> h(i) =C = f(x,y,z) =x? ny—xyz+C> p35 Gong yz) dx + (= — xz) dy — xy dz 
= f2,1,1) —f7,2,1) =(4Inl —24+C)—-(n2—2+C)=~—I1n2 











21. LetRx,y,2) = (2)i+ (4-A)i- (Rk > B=-5=B. M0- 8, B-- 4-H 
=> Mdx+N dy+ P dzis exact; = > f(x, y,z) = | + gly,Z) > = 3+ =} 3 


0 


C 





Og 1 








= 7S ey.) =t+h@) > fx, y,2z)=F+%4+h® > F=-S5+WO=—-F% = W@=0 = he) 





(2,2,2) 
> fy, =2+24C5 Ldx+ (1 &) dy— 3 dz =f0,2,2)-f0, 1, = (3+3+0) -(}+4+0) 


(i) ¥ ¥ 


=0 











22. Let Fix,y,z) = L2Y+2M (andlet p? =x? +y+22 > Bas, war, w= 2) 











x+y? +z 
OP __ 4yz __ ON OM _ 4xz _ OP ON _ 4xy _ OM é 
SS = es a a Oe = => Mdx+Ndy-+P dzis exact; 
of _ 2x 2 2 2 Of _ 2y Og __ 2y 
Ox es = fx, y,z) = In (x ty +z ) + gy, 2) = Oy XP +y?4+72 + oy oo 


=> 2 =0 =0 > gly,z)=h(z) > f(x, y,z)=In(x? +y? +2?) +h@) > #= ESTES +h'(z) 
h(z)=0 > h@=C = fa, y,D=n(’?+y?+z)4+C 








= 2z 
x2 4y?472? 


(2,2,2) x dx Zz dz 
teat OT a = £(2,2,2)— f(-1,-1,-1) =n 12—-In3 = n4 


23. r=(@+j+k) +t + 2j—2k) —(1 + 0i+ (1 + 20j+ (1 —20k,0<t<1 => dx =dt,dy =2dt,dz—=—2dt 
(2,3,—1) 1 1 
=f ydx +xdy+4dz= f (t+ I dt+ + DQ dy +42) dt= fo 4t—5) dt = 2 — 5q) = -3 


1,1,1) 


3.4) Fl 
2 Ye 
isnot dx + yz dy + (5) dz 


24. r = t(3j+4k),0<t<1 => dx=0,dy =3dt,dz=4dt > 


= fy 122) Gat) + (%) an = J) 54 at = [18e]5 = 18 


29: e=0= ON, M2 z= 9, N=-0-™ => Mdx+Ndy+Pdzis exact = F is conservative 


= path independence 





26 OP _ yz —_ ON OM _ XZ —_ OP ON _ xy _ OM 


Oy (Vet tyi+e)) 02? Oz (eye aay” OK? Ox (eyez) OY 
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27. 


28. 


29. 


30. 


31. 


Section 16.3 Path Independence, Potential Functions, and Conservative Fields 


=> Mdx+Ndy+Pdzis exact > F is conservative = path independence 

















wt =0=8 M_9= ~ ON — — 2 — OM _s Figs conservative => there exists an f so that F = vi 
ly Oz? Oz > Ox y doy 
of 2 of 2 1-x? 1 1 
ot > fay = 2490) > a= eta = VKH a ee Oo 
2 2 
> f%yy="¥-14+05 F= v (+) 
oP _ aN OM _ oP ON _ & _ OM : : : = . 
By ~ OOS2= ors Gx = 0= et 7 = oe F is conservative = there exists anfsothatF= Vf; 


72 = “+sinz > ze = sinz => g(y,Z) 





x =e Iny => fx, y,z) =eIny+gly,z) => a + 
=ysinz+h(z) > fx, y,z)=e*Iny+ysinz+h(Zz => : rer eee => h(z)=0 
=> hz) =C => fx, y,2=eIny+ysinz+C > F= V(eIny+ysinz) 

oP _ g¢ — ON aM _ 9 — oP ON _ | — OM 


By De Dx? ox ay 
Ho VP+y > fx, y,z) = eeaeuae > waxt ey? +x => B= y? > gy,z)=4y? +h@) 
=> f(x,y,z)= £ x3 +xy+} y? + h(z) ot h’(z) = ze? h(z) = ze* —e? + C => f(x, y,z) 
=tx?t+xyt+ py? t+ze?-+C > F= 7 (4x2 +xy+ fy? + ze? —e’) 


(1,0,1) 
(1,0,0) 


= F isconservative = there exists anfsothatF= Vf; 











B d B 
(a) work = f° F-fdt= f F-dr = [4 x? +xy + fy? + ze” — e’| 
=1 





B 
7 ee Fig dest (1,0,1) _ 
(b) work = f° F-dr= [jx +xy+ gy? t+ze el oa 
B 1,0,1 
(c) work = f° F-dr = [jx°+xy+ py? + ze’ salad 


Note: Since F is conservative, i. F - dr is independent of the path from (1, 0, 0) to (1, 0, 1). 


oP ON OM oP ON _ OM 


> Ox 
of _ yz Og __ yz Og _ 
= xXze + 3, = xze +Zcosy => dy — ZCOSY 


oy 
=> g(y,z)=zsiny+h(z) => f(x, y,z) = xe’*+zsiny+hZz) => - = xye”” + sin y + h’(z) = xye”” + sin y 


h’(z) =0 h(z) =C f(x, y,z) = xe*+zsiny+C > F= 7 (xe’+zsiny) 


(a) work = f F- dr = xe” + zsin yl ''72 =(1+0)- (+0) =0 


thatF = Vf; at =e” => f(x, y,z) = xe’ + gly,z) > 














(1,7/2,0) 


(b) work = F- dr = [xe’ +z sin y] (91) = 0 
(c) work = nie F- dr = [xe +zsin yl (7g) = 0 


Note: Since F is conservative, F - dr is independent of the path from (1, 0, 1) to (1, on 0) ‘ 
(a) F= 7 (**y”) => F = 3x’y7i + 2x3 yj; let C, be the path from (—1, 1) to (0,0) > x =t—1 and 
y=-t+1,0<t<1 > F=3(t—1)%(-t+ I*i4 2t— 1)8(-t4+ Lj = 30 — DA 20 — 4 
1 
andr = (t— Dit (t+ Dj > dr, =dti-atj > f F-dr, = f Ba-'+20- Dat 


1 
= i, 5(t — 1)* dt = [(t— 1)°]6 = 1; let Cy be the path from (0,0) to(1,1) > x =tandy =t, 











1 
O<t<1 > F=3ti+2tj andr =ti+tj > dry =dtitatj > f[. F-dr =f, (34 2¢') at 
1 
—_ 4 = a — 
=f sttde=1 = J .F-dr= fo F-dr +f. F-dr =2 


(1,1) 
(b) Since f(x, y) = x°y? is a potential function for F, es i F - dr = f(1, 1) — f(-1,1) =2 
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OP — xeyz yz = yey? = GP yz — 9M i i i 
dy — Xe + xyze"" + COSY= 3. 5, =~YO" = B = Le" = ‘ay = F is conservative = there exists an f so 
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= (4+0+0+e-e) —-(4+0+0-1) 
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32. 5 =0= aN, uM =0= oe / = —2xsiny = - = Fis conservative = there exists anfsothatF= Vf; 
% = 2x cos y => f(x,y,z) =x? cosy+ g(y,z) > a= x? siny + 32 =-—x’siny > 7 =0 => gly,z) = hi) 


2 








=> f(x,y,z) = x? cos y + h(z) ot h'(z) =0 h(z) =C f(x, y,z) =x? cosy +C => F= 7 (x? cosy 


(a) J, 2x cos y dx — x? sin y dy = [x? cos y]{1'o) =0-1=-1 
(b) Jf 2xcos y dx — x? sin y dy = [x? cos yf) = 1—-(-l =2 
(c) J. 2x cos y dx — x? sin y dy = [x? ces) a= =1-1=0 
(d) Jf 2xcos y dx — x? sin y dy = [x? cos y] {; = 1-1=0 
33. (a) If the differential form is exact, then 32 — = => ay =cyforally > 2a=c, ™ oe 2cx = 2cx for 








all x, and XY = m => beatae is => b=2aandc = 2a 


(b) F= vf = the differential form with a = 1 in part (a) is exact > b=2andc=2 





(x,y,z) (x,y,z) 
34. F= Vf = a(x, y,2)= hee F-dr= Me Vv f-dr = f(x, y,z) — £(0,0,0) > % = # —0, 2% =  _0, and 
og of 


a = on Vge= Vi=F, as claimed 








35. The path will not matter; the work along any path will be the same because the field is conservative. 
36. The field is not conservative, for otherwise the work would be the same along C, and Co. 


37. Let the coordinates of points A and B be (Xa, ya, Za) and (Xz, yp, Zp), respectively. The force F = ai + bj + ck is 
conservative because all the partial derivatives of M, N, and P are zero. Therefore, the potential function is 
f(x, y, z) = ax + by + cz +C, and the work done by the force in moving a particle along any path from A to B is 
f(B) — f(A) = f (xg, yp, Zp) — f(Xa, Ya, Za) = (aXe + byg + czgp + C) — (axa + bya + €Z4 + C) 


= a(xp — Xa) + b(yp — ya) +C(zp — Za) =F - BA 





38. (a) Let-GmM=C > F=C|[— i+ [+ atone kl 














(2 ty? +22)? (x2 +y? +22) 
> oe = (x? a —_ = 3 : mM = _ (x? re ae =¢ ; os a (x? aha = on i= V f for 
some f; a = ae => f(x,y,z)= eee Sec + g(y,z) > a = eae, + i 
= Gp > #=9> 80,.9=b@) > & = ae th O= aya 


(x? + y? +27)” 
=> h(z)=C, => f(x, y,z) = - 





CES se +C;. LetC; =0 => f(x,y,z) = eae is a potential 
function for F. 


(b) If s is the distance of (x, y, z) from the origin, then s = \/x? + y? + z?. The work done by the gravitational field 











Py 
Fis work = [ F-dr=[ GmM — Ga — GmM (4 - +) , as claimed. 


GmM a 
Vx ty +2 | p, So $1 


16.4 GREEN'S THEOREM IN THE PLANE 











1. M=~-—y=-—asint,N =x =acost, dx = —asint dt, dy =acostdt aM 0, &% 1, 28 = 1, and 
x Oy Ox 
ON _ 1. 
By = 9 


Qn Qn 
Equation (11): $, Mdy —Ndx = f [(—asin (a cos t) — (a cos t)(—a sin] dt= "0 dt = 0; 


ff (#42) dx dy = ff Odxdy = 0, Flux 
R R 
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Qn Qn 
Equation (12): ¢. M dx + Ndy = f [(—a sin t)(—a sin t) — (a cos t)(a cos t)] dt = f a’ dt = 27a’; 


Jf (3 - ) dxdy = ff." 2ayax = [4 a — x? dx = 4 [3 a? — x? 4 © sin“! al 
R —a 


= 2a? (Z + z) = 2a?7, Circulation 











M=y-=asint, N=0, dx = —asint dt, dy = acost dt o™M 0, 1,3 0, and 5 = 0; 


Qn oc 
Equation (11): ¢, Mdy —Ndx= [i a” sin t cos t dt = a? [4 sin? t] ¢ = 0; J [ 0 dx dy = 0, Flux 
R 


Qn < at 
Equation (12): $M dx +Ndy =f, (—a? sin?t) dt = -a [$ — $821] 97 = —na?; ff (3 - &) dxay 
R 





= lh —1dxdy = ies —rdrd@ = — w dé = —7a?, Circulation 
R 


M = 2x = 2acost, N = —3y = —3a sint, dx = —asint dt, dy = acostdt aM 2, ou (ge 0, and 











Ox Oy > Ox 
ON _ - 
ay — 33 
Qn 
Equation (11): $M dy —Ndx = [ [(2a cos t)(a cos t) + Ga sin t\(—a sin t)] dt 
an : 7 as 7 
= f (2a? cos? t — 3a” sin? t) dt = 2a? [4 + 3*] ; 3a? [5 — 04] : = 2ra” — 3ma” = —1a”; 





Sf (a+) = J J “1 axay = fo fP -rarao = f° — % a0 = —ra?, Flux 


Qn 
Equation (12): $, Mdx +N dy = f' [(2acos t)(~a sin t) + (—3a sin )(a cos t)] dt 


Qn at 
= f (—2a? sin t cos t — 3a? sin t cos t) dt = —Sa? [5 sin? t] : = 0; ai 0 dx dy = 0, Circulation 
R 


3 


M = —x’y = —a* cos” t, N = xy? = a° cos t sin? t, dx = —a sint dt, dy = a cos t dt 


aM _ aM _ _,2 ON _ 2 aN _ ‘ 
> = 2xy, Sy = x", By = Y» and B = 2xy; 





Qn 20 
Equation (11): ¢, M dy —Ndx = f (—a* cos* t sin t+ a* cos t sin’ t) = [s cos*t + a sin* | = 0; 


4 
0 
If (Bt + B) dxdy = If (—2xy + 2xy) dx dy = 0, Flux 
Equation (12): § Mdx+Ndy= f(a‘ cos?t sin?t +a! cos?t sin?t) dt =f (2a! cos? t sin?t) d 
quation (12): . x+Ndy= J, (a‘cos*tsin“t+ a‘ cos*t sin“ t) dt = J, (2a* cos*t sin* t) dt 
ae 4g a at fu sin 2u) 47 nat 
=f. 1 of sin? 2t dt = ff sin? udu = 4 [2 = SIR om) dncy J | (ya!) ar dy 


2n pa On 
> J, i rm -rdrdé = f ~ d0 = mal , Circulation 

















1 1 
M=x-y,N=y-x > M=1,™=-1,8--1,8=1 = mux=ffrddy= fof adxay =2; 
R 


Cire = f f [-1-(-D] dxdy =0 
R 











M=x?+4y,N=x+y? => M=2x,Mo4 Nuo1, B= 2y = Flux J J Ox +2y) dxdy 


1 1 1 1 1 1 . 
= Jo Ji x +29) axay = Jj x? + 2xv]q dy = J, + 2y) dy = [y +y"]o = 25 Cire = ff U4) dxay 


= [ [/-3axay = -3 
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7. M=y?-x,N=x2+y? = SM = —2x, M = dy, N = 2x, N= 2y > Flux = J | (—2x-+ Dy) dxdy 
3 x 3 3 : 
=f [2x +2y) dydx = [- (—2x? + x?) dx = [-3x"],=—-9: Ga] J Oley) dx dy 
3 x 3 5 
= f° [ex —2y)dydx = fx? ax =9 
$ Mexty,N==—(@'+y) => Mal, Ma 1, 8 Sox, B= —2y => Mux J.J (0-29) dx dy 
=f [a-2ayax = f'(% — x2) ax =}, Cire = f f 2x —Idxdy = ff 2x — 1) dy dx 
=f —2x? — x) dx=-—/ 
9. M=x+e*siny,N=x+e*cosy > M=1+e%siny, M = eX cosy, N =1+e* cosy, H = —e* siny 
Vcos 20 = n/4 . 
=> Fux = ff axey = fof, rdrdé = f se cos 20) dé = [F sin 26] ' vA = DD 
Vcos 20 m4 
rea | 1 + e* cos y — e* cosy) dxdy = f faxay = ff, r drdo= J, (5 cos 20) dd = 4 
10. M= tan"! $,N=In(x?+y’) > oe _ TP ; 3y = gags a = zy , By = zip 
a = 2 _ [* 7 rsin @ _ [". —_ 9. 
=> Flux = J f(a + ey) dxdy = ff (128) rdrdo = [sin 6 4 = 2: 
T 2 T 
ee 2x x = rcos@ — = 
cire = f f (xy a) dx dy ff. (2982) rdrdé = [cos 6 dd = 0 
2 aM aM aN aN co ig 
ll. M=xy,N=y May, Max, N=0, BH =2y > Flux [f+2ayax= J, J, 3y dy dx 
= {'(#-%)a me os Cray —xdydx = ff" ee +x°)dx=—-h 
12. M=~—siny,N =xcosy a 0 ™ cos y, SX = cos y, SH = —xsiny 
. n/2 pr/2 : m/2 gs Pa 
=> Flux = J f (—xsin y) dxdy = J, 1 (—x sin y) dxdy = [/ (—¥ siny) dy=—-4; 
. n/2 pr/2 n/2 : n/2 
Cire = f f [cos y —(—cos y)] dxdy = Jf, f 2 cos y dxdy = f° m cos y dy = [m sin y]*/ =T7 
— x T55x - OM _ ON _ 
13. M=3xy-7fp Noe +tan ly > B=3y-i$p. Fh = 1p 
2x pa(1+cosé) . 
=> sae @Gy-de+cy) axdy = ff 3yaxay = J, f (3r sin #)r drdé 
Qn 20 
=f, a°(1 + cos 6)3(sin 0) dd = [= $C + cos 0] = —4a — (—4a°) =0 
— x — OM _ e ON __ & bi oe e e 
14. M=y+e'lny,N=% > M=142,N=-2 = cire= ff [$— (1+ “)] dxdy = f f- 1) dx dy 
3 =x 1 1 
=f. ie. —dydx=— f [(G-x)-(t+ Did = ff (xt+x2-2)dx=-4 
15. M = 2xy?, N = 4x?y? - 6xy”, BY = 8xy? work $, 2xy° dx + 4x7y? dy = J J Bay? — 6xy”) dx dy 


= ff 2xy? ayax = f' 2x! dx = 2 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


23: 


24. 


25. 


26. 


Section 16.4 Green's Theorem in the Plane 


M = 4x — 2y, N = 2x —4y => = 2,5 N=2> work = § (4x — 2y) dx + (2x — 4y) dy 


= = J [2-(-2)] dxdy =4 de J dxdy = 4(Area of the circle) = 4(m - 4) = 16m 








M=y’?,N=x? m” 2y, B = 2x g, y? dx + x2 dy = f (2x — 2y) dy dx 
R 





1 1-x 1 9 3 9 1 
= fof.” @x—2y)dydx = fo (3x2 + 4x — 1) dx = [-x3 + 2x? — XJ) = -142-1=0 








M=3y,N=2x > M3, No §, 3y dx + 2x dy = [ f2—3)dxay = fy [I —1 ay ax 








M=6y+x,N=y+2x > M6, N=2 $, (6y + wax +(y +20) dy = J [2-6 aya 


= —4(Area of the circle) = —167 


M = 2x+y?,N=2xy +3y > M=2y, N= 2y = f (2x +-y) dx + xy + 3y) dy = f fy —2y) dxdy = 
R 








M=x=acost,N=y=asint > dx —asintdt, dy =acostdt = Area=} $ xdy—ydx 


Qn Qn 
f (a? cos? t + a? sin? t) dt = 4 i a’ dt = 1a’ 


Nle 








M=x=acost,N=y=bDsint dx —asintdt, dy =bcostdt > Area=} ¢ xdy—ydx 


2a Qa 
=if (ab cos? t + ab sin?t) dt= 4 [ ab dt = mab 





M=2=acos't, N= y= sit = de —3 cos? t sin t dt, dy = 3 sin?tcostdt + Area =} x dy —y dx 





Qn Qa 
= 3 J, (3 sin’ t cos? t) (cos*t + sin? t) dt = 5 A (3 sin? t cos” t) dt = 3 ia sin? 2t dt = 4 ie sin? u du 
— 3 fu sin2u] 47 3 
=i6l3- “Flo =37 








M=x=t,N=y=£-t => dx 2t dt, dy = (2 — 1) dt + Area= 16 xdy—ydx 


= af’. [@(@ -1)- (5-1) 20] a= L(G H+e) dat [he+ —1e],-4 (9V3+ 153) 




















(2) M=fW),N=gy) + %=0,%=0 Ff. £00) dx + sty) dy = f f (FE — Bt) axay 
= | [ Odxdy=0 
R 
(b) M=ky,N=bx = =k, N=h f, ky ax thx dy = ff (38 — BF) dxay 


= | [ (h—& dxdy = (h— k)(Area of the region) 
R 


M =xy’?,N=x’y+2x > mh = Oxy, B= day +2 = xy? dx + (x?y + 2x) ) ay = ff (3 - 3) dx dy 


= f f (2xy + 2 — 2xy) dx dy = 2 i f dx dy = 2 times the area of the square 
R R 
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27. The integral is 0 for any simple closed plane curve C. The reasoning: By the tangential form of Green's 


Theorem, with M = 4x*y and N = x’, gAxty dx +x‘ dy = If [z - y (4x3y)| dx dy 
R 
= ff (4x3 — 4x3) dxdy =0. 
R —_—-———" 


0 


28. The integral is 0 for any simple closed curve C. The reasoning: By the normal form of Green's theorem, with 
M = x3 and N = —y’, ¢. -ydy+x3dx= Jf lg (—y?) — & 0°) dx dy = 0. 
R —~ ——. 


0 0 


29. LetM=xandN=0 > ™=1and%=0 5 f.M ay —Nax= ff (3+ 3) dxdy > x dy 


=) (1+0)dxdy > Area of R= Jf dxdy = §, x dy; similarly, M = yandN=0 => oy = 1 and 


oN — 0 = f.Max+Nay= ff (35+ %) dydx > $y dx = ff O- Vayax = -§$ ydx 


= J [ dxdy = Area of R 
R 


b 
30. i, f(x) dx = Area of R = =) y dx, from Exercise 29 


_ M If x 6(x,y) dA it xdA Sf xdA - 
31. Let x,y) =1 > F= =a = tua =f = pet et) | (x + 0) dx dy 
R 


=§ Sdy,ax=ffxda=ff (0+ x) dxdy =— ¢ xy dx, and AX= ff xdA= ff (3x+ 4x) dx dy 
R R c R R 











= 3 x” dy — 3 xy dx > 1g x2 dy =—$ xydx=1 9 x? dy — xy dx = AX 


a If 5(x,y) = 1, then, = f f x 6Guy) dA = f f ane) | (x? +0) dydx=1 9 xay, 
J ihe JJ ( 0+x? yaya =— fy dan fF a= JJG 3x? 4+ 3x’) dy dx 


= F. eee mt eee > ee ee me ee 














af of OM _ Of ON _ _ OF Of ay ait at _ af _ 
33. M ay N Ox By By? Ox — — oe > Po By dx ~ dy = Py. (- x2 zt) dx dy = 0 for such 


curves C 


34. M=4xy+7y,N=x > Mai r+y,Nals Curl = 9 — M=1- (4x? +") > 0 in the interior of 


the ellipse ix? +y?=1 => work = [F -dr= Jf ( = ix - y’) dx dy will be maximized on the region 
R 


R = {(x, y)|curl F} > 0 or over the region enclosed by 1 = ; ty? 


35. (a) Wr= (2 )i i+ (ey ra rij => M= way N= zip ; since M, N are discontinuous at (0, 0), we 
compute f. Vv f-nds directly since Green's Theorem does not apply. Let x = acost, y = asint > dx = —asint dt, 
dy =acostdt,M = 2 cos t, N= 2 sint,0 <t<2n,s0 f, yf-nds = [| Mdy—Ndx 


20 
= = fl 2 cos t) (a cos t) — (2 sin t)(—a sin t) }dt = f 2(cos? t + sin’ t)dt = 47. Note that this holds for any 
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37. 


38. 


39. 


40. 
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a > 0, so ie Vv f-nds = 47 for any circle C centered at (0, 0) traversed counterclockwise and if Vv f-nds = —4r 
if C is traversed clockwise. 


If K does not enclose the point (0, 0) we - aes Green's Theorem: f. vVi-nds= f. M dy — N dx 


a LS (B+ an) dx dy = SIG aes es —*}) dx dy = J) a= 0. If K does enclose the point 


is ae 


(b 


wm 





(0, 0) we proceed as in Example 6: 
Choose a small enough so that the circle C centered at (0, 0) of radius a lies entirely within K. Green's Theorem 


applies to the region R that lies between K and C. Thus, as before, 0 = f - (@ + ax) dx dy 
R 


= f e M dy —Ndx+ f. M dy — N dx where K is traversed counterclockwise and C is traversed clockwise. 


Hence by part (a) 0 = [ fi, My —Nax —4r >4r= f. May —Nadx = f) 7 £-mds. We have shown: 


f f-nds = O if (0,0) lies inside K 
os ~ | 4 if (0,0) lies outside K 


Assume a particle has a closed trajectory in R and let C; be the path = C, encloses a simply connected region 


R; => C, isa simple closed curve. Then the flux over Rj is ¢. F - nds = 0, since the velocity vectors F are 
tangent to C). ButO= f F-nds= $ Mdy—Ndx= f/f (9+ 9%) dxdy + M, +N, =0, which is a 
1 1 Ri 


contradiction. Therefore, C; cannot be a closed trajectory. 


22(y) 


29) 5 d 
Je & axay = Ney). y) -Neay).y) > fo f(A ax) dy = f ING). 9) — NE), yl dy 
=  Neay),y) dy — f° Ney),y) dy =f” Neay).y) ay + f° Nea). y) dy = fi, Nay +f. Nay 


= $.dy = foNay = J J FE axdy 


b d b b b 
Jf ™ayax = f° IMcx,d) — Mo, ey] dx = f M(x, d) dx + f M(x, ¢) dx = —f. Max — J. M dx. 
Because x is constant along C2 and C4, ite M dx = f. Mdx=0 


= — (fi Max+ f,Max+ J. Max+ fi Mdx) =— f Max = f° f ™ ayax =-¢ Max. 


The curl of a conservative two-dimensional field is zero. The reasoning: A two-dimensional field F = Mi + Nj 
can be considered to be the restriction to the xy-plane of a three-dimensional field whose k component is zero, 
and whose i and j components are independent of z. For such a — to as conservative, we must have 


oN = ™ y by the component test in Section 16.3 = curl F = oN — 5, =0. 


Green's theorem tells us that the circulation of a conservative two-dimensional field around any simple closed 
ON OM 


curve in the xy-plane is zero. The reasoning: For a conservative field F = Mi + Nj, we have 4° = ‘Oy 
(component test for conservative fields, Section 16.3, Eq. (2)), so curl F = oN “= = 0. By Green's theorem, 
the counterclockwise circulation around a simple closed plane curve C must equal the integral of curl F over the 
region R enclosed by C. Since curl F = 0, the latter integral is zero and, therefore, so is the circulation. 

The circulation ¢, F - T ds is the same as the work $. F - dr done by F around C, so our observation that 


circulation of a conservative two-dimensional field is zero agrees with the fact that the work done by a 
conservative field around a closed curve is always 0. 
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41-44. Example CAS commands: 
Maple: 
with( plots );#41 
M := (x,y) -> 2*x-y; 
N := (xy) -> x+3*y; 
C = x42 + 4¥y42 = 4; 
implicitplot( C, x=-2..2, y=-2..2, scaling=constrained, title="#41(a) (Section 16.4)" ); 


curlF_k := D[1](N) - D[2](M): # (b) 
‘curlF_k' = curlF_k(x,y); 
top,bot := solve(C, y ); # (c) 


left,right := -2, 2; 
ql := Int( Int( curlF_k(x,y), y=bot..top ), x=left..right ); 
value( ql ); 
Mathematica: (functions and bounds will vary) 
The ImplicitPlot command will be useful for 41 and 42, but is not needed for 43 and 44. In 44, the equation of the line 
from (0, 4) to (2, 0) must be determined first. 
Clear[x, y, f] 
<<Graphics ImplicitPlot® 
f[x_, y_]:= {2x — y, x + 3y} 
curve= x* + 4y? ==4 
ImplicitPlot[curve, {x, —3, 3},{y, —2, 2}, AspectRatio — Automatic, AxesLabel — {x, y}]; 
ybounds= Solve[curve, y] 
{yl, y2}=y/.ybounds; 
integrand:=D[f[x,y][[2]], x] — D[fLx,y][[1]], y]//Simplify 
Integrate[integrand, {x, —2, 2}, {y, yl, y2}] 
N[%] 
Bounds for y are determined differently in 43 and 44. In 44, note equation of the line from (0, 4) to (2, 0). 
Clear[x, y, f] 
f[x_, y_]:= {x Exply], 4x” Logly]} 
ybound = 4 — 2x 
Plot[{0, ybound}, {x, 0,2. 1}, AspectRatio — Automatic, AxesLabel — {x, y}]; 
integrand:=D[f[x, y][[2]], x] — D[fLx, y][[1]], y]//Simplify 
Integrate[integrand, {x, 0,2}, {y, 0, ybound}] 
N[%] 


16.5 SURFACE AREA AND SURFACE INTEGRALS 





1. p=k, vf=2xi+ 2yj-k => | Vfl] = /(@x)? + Qy)?+(-D? = 4x? + 4y? + Land| 7f-p| =1; 


_ — af [Mi ga) aaa 
22S 2 +y =e thos = / worl A= J 4x? + dy? + 1 dx dy 


R 


ha V2 hs 
= | [ V4r cos? + 4r sim? 0+ Irdrdd = [ i ‘42 41 rdrao = f [3 (ae? + 1°] “* ap 
R 


an 
_ [" Bg B 
= [2 49= 8x 


2. p=k, vf=2xi+ 2yj-k => | Vfl = /4x2 +4y?4+ land| Vf-p| =1;2<x?+y’? <6 


=s=ff <4 A= f JOEEHTTT andy = f f 4PH Te dead = [PL Va ET ear 


R 


ve : 3/2) V8 >" 49 49 
=f [4 4? +1) ),a0= J, 2 49 = Bq 
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3. p=k, vf=i4+2j+ 2k = =a p| = 2; x = y? and x = 2 — y’ intersect at (1, 1) and (1, —1) 
f 1 
= fal (wil da = ff pexay= i "3 dxdy =f (3 —3y?) dy =4 





IVFel 


= f f MS axay =f" Veal adyax =f” xe + Tax = [} 02+] = ear} = 3 
R 


4. p=k, vf=2xsi-2k = | Vfl =V/4029 4-4 =2V2 4+ 1and| Vf-pl=2>S=ff Maa 
R 





5. p=k, vf=2xi-2j-2k => | Vfl = /@x?+ C2)? 4+ C2y = V4x2 +8 = 2x? + 2 and | Vf-p| =2 
= s= ff (Ml dA ff 29 axay = ff VP +2 dydx = [3x24 Dax = [(x? +2)"7] 
= 66-2 2/2 
6. p=k, vf=2xi+ 2yj+ 2zk > | Wf| = 4x? + 4y? + 42? = /8 = 2/2 and| VF- pl = 2z;x? + y? +z? =2 and 
af EYP = xy = Wothns, S = | f al dA = iy 2y2 dA = v2 ta dA 
=V2 Sf pot ha V2 If eaves, (-14-v9) so = 2n(0-v3) 


7. p=k, vf=cd-k = |vfl=Ve+land| vf-p)=1 > S=ff ah dA = el Vc? + 1 dx dy 
R 
=["f) VeFirdrae = f" YS ag anVer 








8. p=k, vf=2xi4+ 2zj > | Vfl = V(x)? + (22)? =2and| 7f- ain cee 


1/2 pi/2 1/2 
= SS 1 en dA = JJ 7 dA = i) Tre dy dx = af ado TER Jicw dy dk = ee aS oe 
= (sin x| in = - (- :) =3 





9. p=i, vWf=it 2yj+2zk => | Vfl = V1? 4 Qy)? + (22)? = V1 4 4y? +. 422 and| Wf-pl)=1;1<y?+2<4 


= s=ff Wh aa= ff Vira 542 ayde= ff 144 cost 0+ ae sin? r ard 
R R 
= JP fi Vitae caren = fk +4?" ao = J" 4 (117-55) 0 = 3 (1777 - 55) 





10. p=j, VWf=2xi+jt+2zk=>|7f| = /4x? +4224 1land| Wf-p| =ly =Oandx+y+2?7=25x%24+27 =2; 


thus, $= J roen OA= J f be + 4b + Ldxde = ff Jae + irdedo = [8 a9 = Bo 


11. pak, yf=(x- dit VBj—k> vt =y/ (2x2) + ( vis) +(-1)? = 1/42 +84+4 = (2x+2 


=2x+2,on1 <x<2and|Vf-pl=1 > S=ff Maas f f(2xt 2x71) dxay 
R R 





1 2 1 1 9 2 1 
= fof (ax 42x) dxdy = fi fx? +2Inx]j dy = f G+2In2)dy=342In2 


12. p=k, Vf=3/xi+3/yj-3k > | Vfl = /9x4+ 9y +9 =3\/xt+ytland| Vf-p| =3 
_—— 1 1 i . 
> S= ff Sth aa = f fyxrytTdxdy= J, fy Vxry4T deay = J, [30 +y +97], dy 


= fo +29 - 20+ 0%] dy = [4+ - FG + D]) = & (@? - @- @PF +1] 
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13. The bottom face S of the cube is in the xy-plane > z=0 => g(x,y,0)=x+yandf(x,y,z)=z=0 => p=k 
and Wf=k > |vf|=land|f-p|=1 > do=dxdy = [ fgdo= ff x+y) dxdy 
S R 








= ian (x + y) dxdy = hh ($ + ay) dy = a®. Because of symmetry, we also get a? over the face of the cube 


in the xz-plane and a® over the face of the cube in the yz-plane. Next, on the top of the cube, g(x, y, z) 
= g(x, y,a) =x+y+aandf(x,y,z)=z=a > p=kand Vf=k = |vf|=1and| 7f-p| =1 => do = dxdy 


ffedo=ffatytayexdy= Jf, (x+y +a)dxdy= [f(x ty)dxay + fo [adxdy = 22°. 


Because of symmetry, the integral is also 2a over each of the other two faces. Therefore, 
f [@&+y +2) do = 3 (a3 + 2a3) = 9a3. 


cube 


14. On the face S in the xz-plane, we have y= 0 => f(x, y,z) = y = Oand g(x,y, z) = g(x,0,z) =z > p=jand 
1 2 1 
vf=j> |vf|=land|vf-pl=1 > do=ckdz > ff gdo=ff(ytado= ff zdxdz= fo 22d 
S S 


=1. 
On the face in the xy-plane, we have z= 0 => f(x,y,z) = z = Oand g(x, y,z) = g(x, y,0) =y => p=Kand 


1 2 
vf=k => |vfl|=land|yf-pl=1 > do=dxdy > ff gdo=ffydo= fof yaxay=1. 
S S 
On the triangular face in the plane x = 2 we have f(x, y,z) = x = 2 and g(x, y,z) = g(2,y,z) =y+z => p=iand 
1 l-y 
vf=i => |vfl|=land| 7f-p|=1 > do =dzdy Sfede=ffy+rna= ff (y +z) dzdy 
S Ny 




















1 
= J, 3(l-y’)dy=3. 
On the triangular face in the yz-plane, we havex = 0 => f(x,y,z) = x = Oand g(x, y,z) = g(0,y,z) =y+z 
=> p=iand vf=i > |vf|=land|vf-p|=1 > do=dzdy > ff gdo=f f(y+2do 
Ss S 








1 l-y 
=f f (y +z) dzdy = }. 
Finally, on the sloped face, we have y+ z=1 => f(x,y,z)=y+z=1and g(x,y,z)=y+z=1 p = kand 
vf=jt+k = |Vf|=/2and|7f-pl=1 > do=V2dxdy = [fgedo=f f(y+z2do 
S S 
1 2 = 
= Jf V2 dxdy =2,/2. Therefore, ff g(x, y,z)do=14+14+44142/2= 84272 


wedge 








15. On the faces in the coordinate planes, g(x, y,z) = 0 = the integral over these faces is 0. 
On the face x = a, we have f(x, y,z) = x = aand g(x, y,z) = g(a,y,z) =ayz > p=iand vf=i > |vfl|=1 


c pb 
and| VW f-p| =1 do = dy dz [fede =f fayzdo= fof ayz dy dz = % | 
S S 
On the face y = b, we have f(x, y,z) = y = b and g(x, y,z) = g(x,b,z) = bxz > p=jand vf=j > |vfl=1 
and| 7 f-pl =1 > do=dxdz +> ffgdo= ff bxzdo = f° bxzdxdz = 
S S 














On the face z = c, we have f(x, y,z) = z = c and g(x, y,z) = g(x, y,c) =cxy > p=kand vf=k => |vfl|=1 
b a 
and| VWf-p|=1 do = dydx => Sfgdo= ff fexydo= fo f° cxy dxdy =“. Therefore, 
S S 


JJ 869-2) do = sete + act be) 
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18. 


19. 


20. 


21. 


22: 


23, 


24. 


25. 
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On the face x = a, we have f(x, y, z) = x = aand g(x, y,z) = g(a,y,z) =ayz > p=iand vf=i => |vfl|=1 
b c 
and| 7f-p| = 1 do = dzdy J fedo=f fayz do= fof ayz dzdy = 0. Because of the symmetry 
s s “~ 








of g on all the other faces, all the integrals are 0, and rf f g(x, y,z) do = 0 
S 


f(x,y,z)=2x+2y4+z=2 5 Vf=2i+ 2j+ kand g(x,y,z) =x+y4+(@-2x—-2y)=2-x-y => p=k, 
| 7f|=3and| Vf-p|=1 > do =3dydx;z=0 > 2x+-2y=25y=1-x3ffegdo=f f2-x-y)do 
S S 











=3 ff, @-x-yayex=3 f[e—ma-x-f0-0"] ax=3 f (3-204 8) ax =2 





f(x,y,z)=y?+4z=16 > vf=2yj+4k = | 7 f| = /4y? + 16 = 2\/y? + 4 and p=k => |vf-p| =4 


=> do= co bas dxdy => {ale in (4) dx dy = ff ce dx dy 


4 
=f iy+4e =}[$+4y|] =4(G416) = 








g(x, y,Z) =z,p=k ve=k => |vegl=land|veg-p|=1 > Flux=[fF-ndo=/f [(F-kdA 
S R 
2 3 
=f J, 3ayax = 18 


x%,y.2=yp=-j > Ve=j > |vegl=land|vg-p|=1 > Flux=/ [F-ndo= [ [(F--j)dA 
Ss R 








2 7 2 
= ff, 2dzdx = f 207-2) dx = 102 + 1) = 30 


pe (N, 











V 8 = 2xi + 2yj t+ 22k > | Vel = VO +47? +42 = 2a; n = BES — Slee Py = 

| Wg-k| =22 > do = 22 dA = Flux Lf (4) @) aa= J fzaa= Jf Je Cry) dx dy 
m/2 pa ‘ 

=f fo Va? =P drag = 


V g = 2xi+ 2yj+2zk => | Vel = 4x? + 4y? +422 = 2a n= Ware Ee = Stytk = Pepa V4 
|= 22 > do = 3*dA > Flux=/[fF-ndo= f[ f{0do=0 
S S 


























From Exercise 21, n = 


=ffiaa=™ 





itt anddo =*dA > F-n=%-%42=% > eG) (2) dA 











: . . k 2 2 3 2 2 
From Exercise 21, n = “*%** and do “dA F-n=2 +4742 =2(? +y tf) = an 


=> Flux = J fa (2) (2) dxdy = JJ dx dy = a*(Area of R) = } mat 
R 








From Exercise 21, n = “+%*** and do dA > F-n a+ 
m/2 pa 2 
= J fale) dA = Ife dA = le oy dA = ff Joon arao 


_f" 2 | Jia) w= 
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=1 














26. From Exercise 21, n = 





G+) _& 


M+W+2K anddg =*#dA > F-n - 
a Z Jre+y? +2? 


m/2 pa 
=> mics fj edxdy= ff ery dxdy = [ f Jere tardd = mat 























27. 2(x,y,zZ)=y’+z=4 Vz aitk > |vel=V4y4+1 > n= 
F-n= oa pak lve-pl=1 > do= /4y?+1dA = Flux 





2x: 3z _ 7 
ad mes) Jay? +1 dA = JJ (2xy — 3z)dA;z=Oandz=4-y? => y?=4 


=> ee ee — 12y + y3]*, dx 
R 
1 
= J -32 dx = -32 


28. gx%,y,2=xX+y?-z=0 > Vg=2xi+2yj-k => |Vel=V4+4yr4+1=/4(?4+y) +1 


oe tea 
= n= a jo lve-pl=1 = do=/4(2+y*) +1dA 


= Flux = ff Ss 7) Vl (x? +y?) + 1dA = JS 8x? + 8y? — 2) dA; z = Landx? + y? =z 


> @4y=-15 Flux = f f(s —2)rdrd@ =2n 
































29. g(x, y,z) =y—e* =0 Ve=-Mt+j > |vgl=verxt+l n= ah F-n= Fa pai 


= |vg-pl=et > do= YEH da = lux = ff (J=%) (YS#") aa = pie oe 
R 


Vex+1 x 
=ff—4aa= fo [-4 aya = -4 
R 























30. g(x,y,2=y-mx=0 > Vg=-titj>|Vveal= 441= VY since 1 <x <e 
—lisj eens / 2 
C+) _ ity F-n= 4 :p=j > |ve-pl=1 > do=O da 





= Fux = ff ty) (4) dd = ff 2yaxdz= f° f'2mxdzdx = f-2Inx dx 


= 2|xInx — x] =2(e—e)- 20-1) =2 








31. On the face z= a: g(x, y,z) =z Vg=k lvegl =ln=k F-n = 2xz = 2ax since z = a; 
do = dx dy Flux Jf 2ax dxdy =f" f° 2ax dx dy = at. 
R 




















On the face z = 0: g(x, y,z) =z Vg=k |\vg| =1ln=-k F -n = —2xz = 0 since z = 0; 
do = dxdy = Flux= f[ [ 0dxdy =0 
R 


























On the face x = a: g(x,y,z) =x Vg=i Vgl=in=i F-n = 2xy = 2ay since x = a; 

do = dy dz Flux Ji fo 2ay dy dz = a’. 

On the face x = 0: g(x, y,z) =x Vg=i Vg =in=-i F -n = —2xy = Osince x = 0 
=> Flux =0. 
On the face y = a: g(x, y,z) =y Ve=j Vegl=in=j F -n = 2yz = 2az since y = a; 
do = dzdx Flux f ° 7. “Jaz dzdx = al. 
On the face y = 0: g(x, y,z) = y Ve=j Vgl=iln=-j F-n= —2yz = Osince y=0 
=> Flux = 0. Therefore, Total Flux = 3a‘. 
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32. Across the cap: g(x,y,z) =x? +y?+27=25 > Veg =2xit+ 2yj+2zk => | Veg] = 4x? 4+ 4y? + 422 = 10 


5 ae : ) 
= n= VE = Shy = F-n=%2+2+2:;p=k => |Vg-p| =2zsincez>0 => do = #2 dA 


> Flutay = [fF nao = ff (2% + + 4) (8) dA = f foe +y?+1) dxdy= ff (2 +1) rardd 
= oer 


Across the bottom: g(x,y,z)=z=3=> Vg=k=>|vg|=ls>n=-k=>F-n=-1;p=k>|vVg-pil|=1 
=> da=dA => Fluxioton = f A F-ndo = - f- 1 dA = —1(Area of the circular region) = —167. Therefore, 


bottom 


Flux = Fluxg, + FlUXpottom = 1287 

















33. Wf=2xit+ 2yj+2zk > | Vfl = /4x? 4+ 4y? + 42? = 2a, p=k => |v f-p| =2zsincez>0 => do = dA 
— ; dA;M= JJ 6do= ‘ (surface area of sphere) = bra’ Mxy = I Z6 do = 6 J {2(5) dA 


m/ a : 
=aéd [ff dA =a6 f oh rdrdé = Z ve (=) (x42) = 4. Because of symmetry, X = y 
R 


— a a a 
= 5 => the centroid is (, fo4 a) : 














34. Wf=2yjt+2zk > | Vt = /4y? +42 = /4(y? +2) =6:p=k => | Vf-k| =2zsineez>0>do=£dA 
=3dA;M= ff tdo= fifi zoxay= fof gp dxdy = 91 My = ff zdo 


= fife z( 2) dna = 5: Ma= J fydo= ff 3)axay= fof agi dx dy = 0; 


21 
My =Jfxdo= ff, Joa axdy = F ! «. Therefore, X (F*) ay 0, andz= # = § 


Tw 











35. Because of symmetry, x = y = 0;M= | [ ddo=6 ff do = (Area of S)5 = 37/26; V f = 2xi+ 2yj — 2zk 
S S 





= | Vfl = (4 $4y? 442 =2/8 Fy +2;p=k = | Vf-pl=2z > do = DEE ta 


= OT aa = VEE da > My =6 ff 2(A**) aa 
Z Zz R Z 





an 2 Mry/2 ¢ 
=af Jy? wey daA=6 ff V2 drd9 = 42 5 z= = 


> (%Y,Z) = (0,0, 9). Net = f f(P+y)ddo= ff +y’) (ees) 6 dA 
Ss R 
= 672 J fe +yt) da = 5/72 ff) dra = 57 6 > R,=,/k = 0 





36. f(x,y,z) = 4x? +4y? -2 =0 > VWf= 8xi+ 8yj—2zk > | Vfl = 64x? + 64y? + 42? 





= 2,/16x? + l6y? + 2? = 2\/42? + 22 = 2\/Szsincez >0;p=k > | Vf-p| =2z > do = 2¥52 da = \/5dA 


=>I1,= f foe +y?) 6do = 6y/5 f foe +y?) dxdy = 6/5 Le drdg = 3v5x8 


37. (a) Let the diameter lie on the z-axis and let f(x, y,z) = x? + y? + z? = a”, z > 0 be the upper hemisphere 
=> Vif=2xi+ 2yj+2zk > | Vfl = /4x? + 4y? + 42? = 2a,a>0;p=k => | 7f-p| = 2zsincez > 0 
4 4 giay? an pa Pe! 
do = 2dA = L= ff 8602 +y?) (8) do =a f fhe da = as ff? iE cava 


Qn 
=aé Py/a® — 1? — 3 (a? oie do =ad f $a° dd = “a6 = the moment of inertia is ¥ a‘6 for 
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the whole sphere 
(b) I, =Icm. + mh”, where m is the mass of the body and h is the distance between the parallel lines; now, 


Im. = “E a‘6 (from part a) and = Les = 6p J (2) dA = a6 I ee dy dx 
= ab So So sg rar ao = as Jy [-ve =P] a0 = a8 fa d9 = 206 and h = a 


=> I, = a'6 + 4ra’ba? = 2 a6 


38. (a) Letz =! 2 \/x? + y? be the cone from z = 0 toz = h,h > 0. Because of symmetry, x = 0 and y = 0; 
» fay => f(x,y,z)= ie +y7)-2=05 via ae i+ BE j— 22k 
=> ee eer () (x2 + y?) (4 +1) 
= 24/72 (4H) = (2) Vi +a since z >0;p=k > |VF- pl =22 > do = VE +" ga 
= GEE anim = J fao = [ fF aa = LE (na?) = ra PT, 


af ivi: ( LE) an - “a ids Vx? + y? dxdy = Were f™ is r? drdd 


7 24 a2 = M 
= arahy ete Lo 2 the centroid is (0, 0, 2) 


The base is a circle of radius a and center at (0,0,h) = (0,0,h) is the centroid of the base and the mass is 
M= JJ do = 7a’. In Pappus' formula, let ec; = Pk, ce) = hk, my = may/h? + a?, and my = ma? 




















(b 


Ye 





>e= 





may h? + a? eu k + 7a?hk ar) Sept Vb? + a2 
( ) = 2hy h? +a + 3ah y =. the centroid is 0, 0, 2hy/h? + a* + 3ah 


may/h? +a? + ma? a h? +a? +a) 3(Vir +e +a) h? + a? +a) 

(c) Ifthe hemisphere is sitting so its base is in the plane z = h, then its centroid is (0, O,h+ a) and its mass is 
2a’. In Pappus' formula, let c, = ” k,¢) = (h+ 4) k, mj = may/h? + a?, and m; = 27a” 

masa? al (G1) e+ Dra (at $i — 2hy/h? +a? + 6ah + 3a! k = the centroid is 











>e= 


may/h2 + a2 + 2na2 3 (Vie +a? + 2a) 
(0 0, ee | . Thus, for the centroid to be in the plane of the bases we must have z = h 
= Ra) =h = 2hy/h? + a? + 6ah + 3a? = 3hV/h? + a? + 6ah > 3a? = hy/b? + a? 
=> 9at =h?(h? +a?) > h*+a*h?-9at=0 = 2 = a) : (the positive root) > h= eae a 





39. £,(x,y) = 2x, f(x,y) = 2y > /f2+f2+1= 4x2 +4y2 +1 => Area= ff \/4x? + 4y? +1 dxdy 
R 
Qn V3 
= Ji J) V4 +1 rardo = (1313 — 1) 


40. £,(y,z) = —2y, f,(y,z) = —2z => JP+e+ 1= /4y? +4241 => Area= ff \/4y? +422 + 1 dydz 
R 
an 1 
={f V4e-+ Ir drd9 = (5/5 ~ 1) 











41. £C,y) = aia fy) = a > f2+h+1= feet op +1=/2 


=> Area = J i V2 dx dy = \/2(Area between the ellipse and the circle) = /2(6r —T)= 5rv/2 
Rxy 
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42. Over Ry: z= 2—3x—-—2y > f(x,y) = — 3, f(x,y) =-2 > (@+fti= yit4ti=} 
=> Area = tal i dA = i (Area of the shadow triangle in the xy-plane) = (4) (3) = i. 
xy 


Over Rx: y=1-4x-}3z > £,(x,Z) = — 5, £,(x,z) = — 4 => /f27+f2+ = /g+gti=2 


=> Area = f " i dA = Pe (Area of the shadow triangle in the xz-plane) = (Z) (3) = j : 


XZ. 


Over Ry: x =3—3y— 32 > fly,z) = -3, f,ly,2) =-2 > fP+eti=Vo+24+1=3 





=> Area = {fA dA = i (Area of the shadow triangle in the yz-plane) = (3) (1) = i : 


‘YZ 











43, y= 375? > £(x,2) =0,£(4,2 =27 > f/f +P+1=Vzt+ly=# > $= 3277? > 2=4 
4 pl 4 — 
=> Area= [fi z+1dxdz= [ z+ 1 dz = 3 (55-1) 











44. y=4—-2 > f,(%,2)=0,f,%,2)=-1 > / + +1= 2 => Area= ff V2da= ff” /2axaz 
Ry 
= 2 f (4-2) d= 2 
16.6 PARAMETRIZED SURFACES 


1. Incylindrical coordinates, let x = r cos 0, y =r sin 6,z = (/x? + y) =r’. Then 
r(r, 0) = (rcos #i+ (r sin —j +?7k,O<1r<2,0<0< 2r. 


2. Incylindrical coordinates, let x = rcos 0, y =rsin 0, z = 9 — x? —y? =9—r?. Then 
r(r,9) = (rcos #)i+ (rsinDj+(9-r)k;z>0 > 9-P>S>O0SPr<9 S -3<r<3,0<60< 2. But 
—3 <r < 0 gives the same points as0 <r < 3,soletO <r < 3. 
3. Incylindrical coordinates, let x = r cos 0, y =rsin 6, z = Se => Z= 5. Then 
r(r, 9) = (r cos #)i + (r sin ™)j + (5) k. ForO0<z<3,0< 5 <3 => 0<r< 6; to get only the first octant, let 
0204. 


4. Incylindrical coordinates, let x = rcos 6, y =rsin 6, z = 2,/x? + y? => z= 2r. Then 
r(r,9) = (rcos #)i+ (r sin #)j + 2rk. For2 <z<4,2<2r<4 > 1<r<2,andlet0O <6 < 2r. 





5. Incylindrical coordinates, let x = r cos 6, y =r sin 0 since x? + y? =r? > 2? =9—(x?+y’?)=9-r? 
>z=V9-r,z>0. Then r(r, 0) = (r cos #)i + (r sin 0)j + /9 — Pk. Let 0 < 6 < 27. For the domain 
ofr: z= fx? +y2 andx?+y?+2=9 => x+y? + (x+y?) =9 => 2(+y?)=9 > 2’ =9 


ah, 3) 
ts gt OSES ie 


6. Incylindrical coordinates, r(r, 0) = (r cos 6)i + (x sin 0)j + 4 — r2k (see Exercise 5 above with x? + y? + z? = 4, 
instead of x? + y? + z? = 9). For the first octant, let 0 < 9 < §. For the domain of r: z = \/x? + y? and 
e+y42=4 > P+y? 4 (fet) =4 => 2(x? +y?) 4 = 4 r= \/2. Thus, let. /2<r<2 


(to get the portion of the sphere between the cone and the xy-plane). 
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7. In spherical coordinates, x = p sin ¢ cos 6, y = psing sin), p = \/x? + y2 4-2? pss p=V3 
= z= \/3.os ¢ for the sphere; z = 2 = /3 cos ¢ cos 5 > P= F5Z ve V3 _ \/3 cos 
> cos —4 > @ or Then r(9,6) = (/3 sin @ cos 6) i+ (/3 sin o sin 8) j + (\/3 cos 6) k, 
F< o< #and0 <6 <2r. 
































8. In spherical coordinates, x = p sin ¢ cos 6, y = p sing sin 8, p = \/x? +y?2 +22 p=8 p= V8 =2V2 
=> x = 21/2 sin d cos 0, y = 2\/2 sin ¢ sin 0, and z = 21/2 cos o. Thus let 
1(¢, 6) = (2/2 sin 6 cos @) i+ (2 2 sin d sin 8) j-+ (2 2 cos ) k; z= -2 => -2=2/2cos ¢ 


cos @ Hi p ez 2/2 a) 2\/2 cos cos ¢ = 1 =0. Thus0< ¢ < *t and 























0<0<2rn. 


9. Since z = 4 — y”, we can let r be a function of x andy => r(x, y) = xi+ yj +(4—y’)k. Thenz=0 
> 0=4-y? => y= +2. Thus, let —2 < y < 2and0<x <2. 


10. Since y = x”, we can let r be a function of x andz => r(x,z) = xi+ x?j+zk. Then y = 2 
2 
x 2 x + 4/2. Thus, let —\/2 < x < \/2and0 <z <3. 











11. When x = 0, let y? + z? = 9 be the circular section in the yz-plane. Use polar coordinates in the yz-plane 
=> y=3cos 6 andz=3sin 6. Thus letx = uand@=v => r(u,v) = ui+ (cos v)j + G sin v)k where 
O0<u<3,and0<v<2z. 


12. When y = 0, let x? + z? = 4 be the circular section in the xz-plane. Use polar coordinates in the xz-plane 
=> x =2cos 6 andz=2sin 6. Thus lety = uandé@=v => r(u,v) = (2 cos v)i+ uj + G sin v)k where 
—2 <u < 2, and 0 < v < 7 (since we want the portion above the xy-plane). 





13. (a) x+y+z=1=>z=1-x-~—y. Incylindrical coordinates, let x = rcos 0 and y =rsiné 
=>z=1-rcosdé—-rsiné => rcr,@) = (rcos #)i+ (sin —)j + 1 —rcos @—rsin @)k, 0 < 6 < 27 and 

O<r<3. 

In a fashion similar to cylindrical coordinates, but working in the yz-plane instead of the xy-plane, let 

y =uUCOS V, z= USin Vv where u = Jyt+z2 and v is the angle formed by (x, y, z), (x, 0,0), and (x, y, 0) 


with (x, 0,0) as vertex. Sincex+y+z=1—>5 x=1—-y-—z => x=1-—ucosv—usinv, thenrisa 


(b 


Ye 


function of uand v => r(u, v) = (1 —ucos v— usin v)i+ (ucos v)j + (usin v)k,O <u <3 and0 < v < 27. 


14. (a) Ina fashion similar to cylindrical coordinates, but working in the xz-plane instead of the xy-plane, let 

X = UCOS V, Z =U Sin v where u = \/ x? + Z? and v is the angle formed by (x, y, z), (y, 0,0), and (x, y, 0) 
with vertex (y,0,0). Sincex —-y+2z=2 > y=x+2z-— 2, thenr(u, v) 

= (ucos v)ji+ (ucos v + 2u sin v — 2)j + (Usinv)k,O<u< \/3 and 0 <v<2rn. 

In a fashion similar to cylindrical coordinates, but working in the yz-plane instead of the xy-plane, let 

y =UCOS V, Z = USin Vv where u = Jyt+z2 and v is the angle formed by (x, y, z), (x, 0,0), and (x, y, 0) 
with vertex (x,0,0). Sincex —-y+2z=2 > x=y-—2z+2, thenr(u, v) 

= (ucos v — 2u sin v + 2)i+ (ucos v)j + (usinv)k,O<u< \/2 and 0 <v<2rn. 


(b 


we 


15. Let x = wcos vandz=wsinv. Then (x — 2)?+27=4 > x?—4x+z7?=0 => w’cos?v—4wcosv+ Ww’ sin’? v 





=05 w’ —-4wcosv =05 w=0orw—4cosv=0 w=O0orw=4cosv. Nww=0 => x=Oandy =0, 





which is a line not a cylinder. Therefore, let w =4cosv => x = (4cos v)(cos v) = 4 cos? v and z = 4 cos v sin v. 
Finally, let y = u. Then r(u, v) = (4 cos? v)it+t uj + (4 cos v sin v)k, — : <v< c and0 <u <3. 
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16. Let y = wcos v and z = wsinv. Then y? + (z— 5)? =25 => y?+z?-10z=0 
=> w’cos?v+w? sin? v— 10wsinv=0 = w?— 10wsinv=0 > w(w-— 10sinv) =0 => w=Oor 
w= 10sinv. Nww=0 => y =O andz =O, which is a line not acylinder. Therefore, let w = 10 sin v 


=> y= 10sinvcos v and z= 10 sin’ v. Finally, let x = u. Then r(u, v) = ui + (10 sin v cos v)j + (10 sin? v)k, 
O<u<10and0<v<z. 


17. Letx =rcos @ andy = rsin@. Then r(r, 0) = (r cos 6)i + (r sin ™)j + (7-34) k,O<r< land0 <6 <27 


=> r, = (cos 0)i + (sin 0)j — (S22) k and rg = (—r sin 0)i + (r cos 0)j — (z2082) k 


i j k 
>r,X1rg=| cosé sing — S24 
—rsin@ rcosé — et 





= Gave 4 jet i+ (ore + read) j + (r cos? 6 +r sin? é)k = rj+rk 


2r pl Qn 1 Qn 
+ Inxml=\~$+r=Gisa=J J, Geara= J [4*] ao= f, a= 


2 4 2 








18. Letx =rcos@andy=rsind > z= —x=-rcos#,0<r<2and0 < 6 < 27. Then 
r(r,@) = (r cos #)i+ (r sin #)j — (rcos #)k => r, = (cos )i + (sin @)j — (cos 0)k and 
ro = (-r sin 0)i + (r cos #)j + (r sin Ak 
i j k 
> rx¥re=| cosd sind  —cosé 
—rsinfd rcos@ rsin@é 


= (r sin? 6 +r cos? 0) i+(r sin 0 cos 6 — r sin 6 cos 6)j + (r cos? 9 +r sin? 0) k = ri+1k 


=> | xre)=VP+rP=r/2 > A= JP fi rvidra9 = fl?) a0 = "2/540 = any 





19. Letx=rcos@andy=rsind > z=2)/x?+y? =2r,1 <r<3and0 <6 < 27. Then 
r(r, 9) = (rcos #)i+ (r sin #)j + 2rk => r, = (cos 0)i + (sin 0)j + 2k and rg = (—r sin 0)i + (r cos A—)j 
i j k 
>r,xX¥rg=| cosé sin@ 2] = (—2rcos @)i — (2r sin 0)j + (r cos? 0 +r sin? 0) k 
—rsin@ rcos@ 0 





= (—2r cos 6)i — (2r sin #)j +rk => |r, x rel = /4r cos? 6 + 4r? sin? 6 + 12 = J 5r2 = r/5 


se A= iP firVSardo= [98] aa = fPay5 a0 = V5 





20. Letx =rcos@andy=rsin@d > z= VI 1 3 <1<4and0 <0 <2n. Then 


r(r, 9) = (r cos #)i + (r sin #)j + (5) k => r, = (cos 0)i + (sin 0™)j + (4) k and rg = (—r sin 0)i + (1 cos 0)j 
i j k 
it 1 

3 


>rX%=| cosd — sind = (—4rcos 0)i— (}rsin 0)j + (rcos? 6 +r sin? 0) k 


—rsin@ rcosé 0 





= (—}rcos 0)i— (4rsin0)j+rk > Ine x to] = [52 cos + br? sin?@ +12 = fie = VO 


3 
2x 4 Qn 4 Qn 
_ rv 10 _ r/10 _ 7/10 _ TrvV/10 
= A=, J G2 arao = ff [ee] a= J — = 


6 


21. Letx =rcos@andy =rsin@ > r?=x?+y?=1,1<z<4and0< 6 < 27. Then 
r(z, 0) = (cos 0)i + (sin ™)j + zk => r, =k and rg = (— sin 0)i + (cos 0)j 


i j k 
=> rpxXr,=|—sin@ cos@ 0| = (cos @)i-+ (sin 6) j => |re x r,| = V cos? 0+ sin? 0 = 1 
0 0 1 
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Qn 4 Qn 
> A=f- f[1drdo= [340 = 6m 


22. Letx =ucosvandz=usinv > w=x?+z?=10,-l1<y<1,0<v< 27. Then 
r(y, Vv) = (ucos vji+ yj + (usin v)k = (v 10 cos v)i+yj+ (v 10 sin v) k 
_ i j k 
= ry = (—V0sinv) i+ (V/10 cos v) k and ry = j >rnxr=]-V10sinv 0 V10cosv 
0 1 0 


= (—V10 cos v) i= (\/10 sin v) k > |r, x ry] = 10 => A= ff Viddwav = f"[Vi0u]" av 
= ["2Vi0 av = 4n/10 


23. z=2—-x°-y*andz= f/x +y? > z=2-7 = 2+2-2=0 > 2z=-2orz=1. Sinez=~/x’* +y' > 0, 
we get z = | where the cone intersects the paraboloid. When x = 0 and y = 0,z =2 = the vertex of the 
paraboloid is (0,0,2). Therefore, z ranges from 1 to 2 on the “cap" = rranges from 1 (when x? + y”? = 1) to0 
(when x = 0 and y = 0 at the vertex). Let x =rcos 0, y =rsin@, and z = 2 —1?. Then 
r(r, 9) = (rcos #)i+ (r sin —j + (2-—r?)k,0<r<1,0<0< 27 = r, = (cos 0)i + (sin 0)j — 2rk and 
i j k 

rg = (-1r sin ™)i+ (rcos #—)j => r, xX rg =| cosé sin@ —2r 

—rsin@d rcos@ 0 


= (2r? cos 0) i+ (2r sin 0) j+rk > |r, x r9| = /4r! cos? 6 + 4r4 sin? 6 +r? = ry/4r? + 1 


= AR JP firvar stare =f [Rae +1") ao =f" (25-4) ao = g (5v5 -1) 








24. Letx =rcos 0, y =rsin@ andz = x*+y? =r’. Thenr(r, 6) = (rcos #)i4+ (rsinOj+rk,1<r<2, 
0<60<27 => r, = (cos O)i+ (sin 0)j + 2rk and rg = (—r sin 0)i + (r cos #)j 
i j &k 
>rXr=| cos?  sin@ 2r| = (—2r? cos #)i— (2r? sin) j +rk => |r, x ro| 
—rsind rcos@ 0 


2n 2 an 2 
= \/4r! cos? 6 + 4r! sin? 9 4+ 1? =r/4r? +1 > A= fi J r/ar+1drdo = fi [4 +1)? dé 
1 


= fp (MSS) ao = # (1717-575) 











25. Letx = psin ¢ cos 6, y = psing sind, andz = pcos? > p= /x?+y?+z2 = V/2 onthe sphere. Next, 
w+y4+2=2andz=/xX+y? > 2+7?=2 a z=1sinceez>0 > ¢= 4. For the lower 








portion of the sphere cut by the cone, we get ¢ = 7. Then 
r(¢,0) = (V2 sin ¢ cos 0) i+ (/2 sin ¢ sind) §+ (/2c08. 6) k, ¥ <@<7,0<0<27 
>= (2. cos ¢ cos 6) i+ (2 cos 6 sin 8) j - (V2 sin ¢) k and ry = (—v2 sin o sin 8) i+ (/2 sin 6 cos 8) j 


i j k 
> 1 Xro= \/2 cos $ cos 0 /2. cos ¢ sin 8 —./2 sin ¢ 
—/2 sin ¢ sin 0 /2 sin ¢ cos 6 0 
= (2 sin? ¢ cos 6) i+ (2 sin? ¢ sin 0) j + (2 sin ¢ cos ¢)k 
=> [rg x rel = \/4 sin ¢ cos? 6 + 4 sin* ¢ sin? 6 + 4 sin? cos? = 1/4 sin? ¢ = 2 |sin d| = 2 sin d 


> A= J) f,2sing dodo = f" (2+ v2) do = (4422) 0 








26. Letx = psin dcos 6, y = psing sind, andz = pcosd > p= \/x? + y? +z? =2 on the sphere. Next, 
co) ee V3 V3 2 cos cos@= 2 = $=. Then 











z=-1 > -1=2cos¢ > cos¢=—3 
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1029 
E<b< 4,0<0<20 
=> rg = (2 cos ¢ cos #)i + (2 cos ¢ sin @)j — (2 sin d)k and 
rg = (—2 sin ¢ sin 0)i + (2 sin ¢ cos 0) j 





1 
=> We Xre= 


j k 
2cos@cos# 2cos¢dsind —2sing 
—2sing@sin@ 2sin¢cos 6 


0 
= (4 sin? ¢ cos 0) i+ (4 sin? ¢ sin 0) j + (4 sin ¢ cos ¢)k 





=> |rg x re] = 16 sin? ¢ cos? 6 + 16 sin! ¢ sin? 6 + 16 sin? ¢ cos? d = \/16 sin? @ = 4 |sin | = 4 sin d 


7 A= fof 4sin dodo = f” (2+2V3) do = (4443) 0 


27. 


N 
sg 


i 
Let the parametrization be r(x, z) = xi+ x*f + zk > r, =i4+ 2xjandr,=—k > r,xr,=/1 
0 


k 

0 

0 1 

3 2 3 2 

=2xi+j > Inxnl=Vae+1 > ffGay,ado= fo [x/a2 + dxdz= [a (4x? +)? dz 
S 


ei 1717-1 
=fs(V7-1) a= 




















28. Let the parametrization be r(x, y) = xi+ yj+ /4—y’k, -2<y <2 > r, =iandr, =j— eo k 
ij ok 
=), 0 an a =,/~ = —2 
> YF Xr = 01 -— faagitk In. x ty] = gy ti= 4—y? 
V4-y? 
= f' f° ./4—y? (2) ayax = 24 
=> fJcayaae= Jif, 4—y ( a) y dx = 


29. 





Let the parametrization be r(¢, 0) = (sin ¢ cos 0)i + (sin @ sin #)j + (cos ¢)k (spherical coordinates with p = 1 
on the sphere),0 << @<7,0<6<27 => rg = (cos ¢ cos @)i+ (cos ¢ sin #)j — (sin ¢)k and 


i j k 
rg = (— sin @ sin #)i + (sin g cos #)j > rg Xr =| cosdcosP cosPsind —sing 
—singdsind sing@cosé 0 
= (sin? ¢ cos 0)i+ (sin? ¢ sin 0) j + (sin ¢ cos d)k = |rg x ro| = \/sin* d cos? 6 + sin! ¢ sin? 6 + sin? ¢ cos? d 





Qn T 
= sin ¢;x =sindcos? > G(x, y,z) =cos’O sin? d > | [GG, y,z) do = f f (cos? @ sin? ¢) (sin ¢) dé dO 
S 


= shall (cos? #) (1 — cos? #) (sin ¢) d¢ dé; e mes : i = Ci we Ga nanas 
= f (cos? 9) [5 = u| - dé = : f cos? 4 dé = ¢ [4 4. 





sin ay an 


4 10° 3 


30. Let the parametrization be r(@, #) = (a sin ¢ cos 6)i + (a sin @ sin 8)j + (a cos ¢)k (spherical coordinates with 
p =a,a > 0, on the sphere), O<¢< 5 (since z > 0),0 <0 < 27 


=> ry =(acos ¢ cos #)i + (acos ¢ sin #)j — (a sin ¢)k and 


i j k 
acos @ cos 6 


acos¢sinfd —asing 
—asingsin@ asin dcosé 0 
= (a? sin? cos 0)i + (a? sin? ¢ sin @) j + (a? sin ¢ cos ¢)k 


=> |rg x re| = Vat sin? ¢ cos? 6 + at sin @ sin? 6 + a! sin? ¢ cos? ¢ = a? sin d; z = acos ¢ 


2x pr/2 
=> G(x, y,z) =a? cos?d > J [G@, y,Z) do = f f (a? cos? ) (a sin ¢) dp dé = 2 ma! 
S 


rg = (—asin ¢ sin #)i + (asin ¢ cos —)j > re X rg = 
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31. Let the parametrization be r(x, y) = xi+ yj +(4—x—y)k > rx =i—kandr, =j—k 


ij k 
>mxr=l|1 0 -1/=it+j+k > Inxyl=V/3 > [JFey.aae= fifa x —y) /3 dy dx 
oO i 1 


= fi v3 [4y—xy- 4] dx = [ /3(}- x) dx = V3[x—¥] =3y3 


32. Let the parametrization be r(r, 0) = (r cos #)i+ (r sin —)j+1rk,O0 <r <1 (sincee0O<z< l)and0O<6< 27 
i j k 
=> r, = (cos 0)i + (sin 0)j + k and rg = (—r sin #)i+ (rcos #—)j > r; x rg =| cos é sind 1 
—rsin@ rcos@é@ 0 





= (—rcos #)i— (rsin ™—)j +rk => |r, x rel = /(-1 cos 0)? + (—r sin 0)? + 1? =r/2;z =randx =rcos 6 


Qn 1 Qn 1 
=> F(x,y,z)=r-—rcosé > ty F(x, y,z) do = 1. fa (r —rcos 0) (rv2) dr dé = v2 f f (1 — cos @) r? drdé 
S 
_ 2nv2 
—~ 3 
33. Let the parametrization be r(r, 9) = (r cos 0)i + (r sin #—)j + (1 —12)k, 0 <r < 1 (since 0 <z < 1) and0 < 6 < 27 
i j k 

=> r, = (cos #)i+ (sin 6)j — 2rk and rg = (—r sin 0)i+ (r cos #™)j => r; X re =| cosdé sin@O —2r 

—rsind rcosd? 0 


= (2r? cos 0)i+ (2r? sin 0) j +rk => |r, x ro] = Vr cos 0)” + (2r? sin 0) +r? = rv/1 + 442; z = 1 — 1? and 
x=rceos@ > H(x,y,z) = (1? cos?) f14+4r? => Jf H(x, y, z) do 
S 


= ff (r? cos? 0) (Vi +4) (Vi + 4) dcda’— [" f. 8 0 +422) cos? 0 drag = Uz 











34. Let the parametrization be r(¢, #) = (2 sin ¢ cos #)i + (2 sin @ sin #)j + (2 cos ¢)k (spherical coordinates with 
p =2onthe sphere), O< 6< 95K 4+y?4+2=4andz=/xX+y? > 24+27=4 =o z= V2 (since 








z>0) => 2cos¢ = 2 => cos ¢ = 2 => 6=4f,0<0< 27; 14 = (2 cos ¢ cos A)i + (2 cos ¢ sin @)j — (2 sin d)k 
i j k 
and rg = (—2 sin ¢ sin 0)i + (2 sin ¢ cos #—)j > rg Xo =| 2cos@cosA 2cosPsind —2sing 
—2singsind 2singdcosé 0 
= (4 sin? ¢ cos 0) i + (4 sin? ¢ sin 0) j + (4 sin ¢ cos ¢)k 
=> Irs x ro] = 16 sin! ¢ cos? 6 + 16 sin! ¢ sin? 6 + 16 sin? ¢ cos? ¢ = 4 sin ¢; y = 2 sin ¢ sin 6 and 


Qn pr/4 
z=2cos¢@ => H(x,y,z)=4cos ¢@sing sind > Jf H(x, y, z) do = f f (4cos ¢ sin ¢ sin )(4 sin ¢) dé dé 
S 





2x pr/4 9 . 
=f f 16 sin’ ¢ cos ¢ sin 6 dé dé = 0 





35. Let the parametrization be r(x, y) = xi+ yj + (4—y?)k,0<x<1,-2<y<2;z=0 = 0=4-Yy’? 


ij k 
=> y= +2;r, =iandry =j—2yk > ryxry=|1 0 O |=2yj+k > F-ndo 
0 1 —2y 
= Fe RSS [tx x ty| dy dx = xy — 3z) dy dx = [2xy — 3(4— y*)] dydx = J [F-ndo 
S 


1 
= [oxy + 3y? — 12) dyax = ['[xy? + y? — 12y]? ax = f° -32 dx = -32 
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36. Let the parametrization be r(x, y) = xi+ x*f + zk, -1 <x <1,0<z<2 > r, =i+2xjandr, =k 





ij k 
>rxr,=/1 2x 0 = 2xi-j > F-ndo=F- 7 lr, x r,| dzdx = —x? dzdx 
0 Oo 1 


= Lf Fendo = ff —x?dzdx = —4 


37. Let the parametrization be r(¢, 0) = (a sin ¢ cos @)i + (a sin ¢ sin 6)j + (a cos ¢)k (spherical coordinates with 
p =a,a => 0, on the sphere), 0 < ¢@ < $ (for the first octant) , 0 < 6 < 5 (for the first octant) 
=> rg =(acos ¢ cos #)i + (acos ¢ sin #)j — (a sin d)k and rg = (—a sin ¢ sin @)i + (a sin ¢ cos 0)j 





i j k 
> rg X¥rp=|acos¢@cos@ acospsind —asing 
—asingsin@ asin @dcosé 0 
= (a’ sin? ¢ cos 0) i+ (a? sin? ¢ sin 0) j + (a? sind cos ¢)k > F-ndo =F- ah lrg x ro| dO ded 


n/2 pr/2 3 
=a’ cos’ ¢ sin ¢ dO dd since F = zk = (acos &)k > [JE-ndo= { a® cos” ¢ sin db dd = 
S 


38. Let the parametrization be r(¢, #) = (a sin ¢ cos 6)i + (a sin @ sin #)j + (a cos ¢)k (spherical coordinates with 
p =a,a > 0, on the sphere), O<@<7,0<0< 20 
=> rg =(acos ¢ cos #)i + (acos ¢ sin @)j — (a sin d)k and rg = (—a sin ¢ sin #)i + (a sin ¢ cos 6)j 








i j k 
=> 1g X¥rg=|acos¢@cos@ acos@dsinf —asind 
—asingsiné asin dcosé 0 
= (a” sin? 6 cos 0)i+ (a? sin? ¢ sin 0)j + (a? sin¢@ cos d)k > F-ndo=F- ee Ir x ¥e| dO de 


= (a® sin? ¢ cos? ¢ + a3 sin® ¢ sin? 6 + a® sin ¢ cos? ¢) dO? dé = a? sin ¢ dO d@ since F = xi+ yj + zk 
Qn T 
= (asin ¢ cos 6)i+ (asin ¢ sin 0)j + (acos d)k > pate = 2 f a’ sin 6 dé dé = 41a? 


39. Let the parametrization be r(x, y) = xi+ yj + (a—x—y)k,0O<x<a,0<y<a > r, =i—kKandr, —j—k 





ij k 
> rXty=]1 0 -1)=itj+k > F-ndo=F- 2o |x x ry| dydx 
01 -1 


= [2xy + 2y(2a — x — y) + 2x(2a — x — y)] dy dx since F = 2xyi + 2yzj + 2xzk 
= 2xyi + 2y(2a—x —y)j+2x2a—x—-y)k => f [F-ndo 
S 





= Ji Jy (xy + 2y(2a—x —y) + 2x@a—x—y)] dydx = f° J (4ay — 2y? + 4ax — 2x? — 2xy) dy dx 
= f° (408 +3a’x — ax?) dx = ($+ 3 — 2) af = Bt 


40. Let the parametrization be r(0, z) = (cos 6)i + (sin 0)j + zk, 0 <z<a,0< 6 < 2m (wherer = \/x?+y? = 1 0n 


i j k 
the cylinder) > rg = (— sin #)i+ (cos #—)j andr, =k > rg x r,=|]-—sin@ cos@ O| = (cos @)i+ (sin Aj 
0 0 1 





=> F-ndo=F- © |rg x r,| dzd0 = (cos? 6 + sin? 0) dzd@ = dzd@, since F = (cos 6)i + (sin 0)j + zk 


: \T9xrz| 


= [fr-ndo= f° f° 1aza9 = 2a 
Ss 
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41. Let the parametrization be r(r, 0) = (r cos #)i + (r sin #—)j + rk,O <r < 1 (since0 <z< 1) and0<6@< 20 





i j k 
=> r, = (cos 0)i+ (sin 0™)j + k and rg = (—r sin 0—)i+ (rcos #—)j > rg Xr, =]|—rsind rcosé@ 0 
cos 0 sinfd 1 

=(rcos #i+ (rsin #—)j -rk > F-ndo=F.- ee lrg x r,| d@ dr = (r? sin 0 cos? 6 + r?) dO dr since 


2a 
0 


F = (r’ sin 6 cos 0) i — rk = [fF-ndo =f” f° 0? sind cos?6 +12) dra = f (4 sin 0 cos” @ + +) dd 
S 
= [costo] = % 


42. Let the parametrization be r(r, 0) = (r cos #)i + (r sin #)j + 2rk, 0 <r < 1 (sinceO < z< 2)and0 <0 < 27 


i j k 
=> r, = (cos 0)i + (sin 9)j + 2k and rg = (—r sin ™)i+ (rcos #—)j => ro Xr, =]-—rsin@ rcoséd O 
cos 0 snOd 2 


= (2r cos #)i+ (2r sin 6)j —rk > F-ndo =F- 72" |r, x r,| dé dr 


. |ro xr,| 





= (2r? sin? @ cos 0 + 4r? cos @ sin @ + r) dé dr since 
Qn 1 
F = (r’ sin? 0) i+ (2r? cos 0) j —k = [fF-ndo= f J, (21° sin? 6 cos 6 + 415 cos 6 sin 8 + r) drd@ 
S 


Qn oT 
=f (5 sin? 0 cos @ + cos 6 sin 0 + +) do = [2 sin’ +} sin? 9 + 26] 5 = 


43. Let the parametrization be r(r, 8) = (r cos #)i+ (r sin #—)j + rk, 1 <r < 2 (since 1 <z< 2) and0<6@< 20 


i j k 
=> r, = (cos 0)i + (sin 0)j + k and rg = (—r sin 0)i+ (rcos #™)j > rg Xr, =]|—rsind rcosé@ 0 
cos 0 sinf 1 





= (rcos #)i+ (r sin —)j —rk > F-ndo=F- 2 (ry x r,| d@dr = (—1? cos? @ — 1? sin? 6 — r?) dO dr 


ro xrr| 


Qn 2 
= (-1? — r3) dO dr since F = (—r cos 6)i — (r sin 0)j + 1°k = [fF-ndo= f Mi (-r? — 13) drdo@ = — 2 
Ss 


44. Let the parametrization be r(r, 0) = (r cos 6)i + (r sin 0—)j +1?k, 0 <r < 1 (sinceO <z< 1)and0 <6 < 27 





i j k 
=> r, = (cos 0)i + (sin 9)j + 2rk and rg = (—r sin 0)i+ (rcos #—)j > rg Xr,;=|—rsind rcosé 0 
cos 0 sin@  2r 

= (2r? cos 6)i+ (2r? sin#)j —rk > F-ndo=F- eee Ire x r,| dO dr = (8r? cos? 6 + 8r? sin? 6 — 2r) dO dr 


Qn 1 
= (8r° — 2r) dé dr since F = (4r cos )i + (4r sin ™)j+2k = f [F-ndo= ff (8° — 21) drdd = 20 
S 





45. Let the parametrization be r(¢, #) = (a sin ¢ cos 6)i + (a sin ¢ sin #—)j + (acos #k,O<¢@<5,0<0< 5 


=> rg = (acos ¢ cos #)i + (acos ¢ sin @)j — (a sin ¢)k and rg = (—a sin ¢ sin @)i + (asin ¢ cos 0)j 


i j k 
> 1rgX¥rg=|acos¢@cos@ acospsind —asing 
—asingsiné asin dcosé 0 


= (a? sin? ¢ cos #) i+ (a? sin? ¢ sin 0) j + (a? sin ¢ cos ¢)k 


=> |rg x ro| = at sint ¢ cos? 6 + at sin ¢ sin? 6 + a! sin? ¢ cos? ¢ = \/a! sin? d = a? sin d. The mass is 


M= | [do = Lf sin @) dé dé = a ; the first moment is My, = J fx do 
S S 














Porn 
_ 1 (a sin ¢ cos 0) (a? sin ¢) dé dO wn x 7 7 the centroid is located at (3 os a) by 


symmetry 
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46. Let the parametrization be r(r, 0) = (r cos #)i + (r sin #—)j + rk, 1 <r < 2 (since 1 <z< 2) and0<6@< 20 


i j k 
=> r, = (cos )i + (sin 0™)j + k and rg = (—r sin 0—)i+ (rcos #™)j > rg Xr, =]|—rsind rcosé@ 0 
cos 0 sinéd 1 





= (rcos #™)i+ (r sin #—)j —rk => |rp x r,| = Jr cos? 8 + r? sin? 6 +r? = r/2. The mass is 


ae ff —— ah 61/2 drdO = (3v2) 76; the first moment is Mx, = JJ 6zdo = rie ér(r/2) dr dé 





(Me 
= 14 : 14 
> Z= GA) = > => the center of mass is located at (0, 0,5 ) by symmetry. The 


Qn p2 15\/2) 76 
moment of inertia is I, = i 6 (x? +y?) do = i J 6r? (rv2) drdé = ee = the radius of gyration is 


R= (h=\3 


47. Let the parametrization be r(¢, 0) = (a sin ¢ cos #)i + (asin ¢ sin #—)j + (acos #k,0O< d6<7,0<0< 27 
=> rg = (acos ¢ cos #)i + (acos ¢ sin #)j — (a sin ¢)k and rg = (—a sin ¢ sin 0)i + (asin ¢ cos 0)j 





i j k 
> 1rgX¥rp=|acos¢@cos@ acosPsin#d —asing 
—asingsiné asin dcos 0 0 


= (a? sin? ¢ cos 0) i+ (a? sin? ¢ sin 0) j + (a? sin ¢ cos ¢)k 


=> |rg x re| = Vat sin? ¢ cos? 6 + a! sin! ¢ sin? 6 + a! sin? ¢ cos? ¢ = \/a! sin? 6 = a” sin ¢. The moment of 


inertia is I, = i, 6 (x? +y?) do = i "fh 6 6 [(a sin ¢ cos 0)? + (a sin ¢ sin @)] (a? sin d) dd dé 





=f[f 6 (a? sin? ¢) (a? sin ¢) )dgao = fo f fa‘ sin? ¢ dbdd = [6a [(— 4 cos ¢) (sin? $ + 2)] > do = Sx" 


48. Let the parametrization be r(r, 0) = (r cos #)i + (r sin #—)j + rk,O0 <r < 1 (since0 <z< 1) and0<6@< 20 


i j k 
=> r, = (cos #)i+ (sin 6)j + k and rg = (-r sin 9)i+ (r cos —)j > rp Xr, =|]—rsin@ rcosd 0 
cos 0 sinfd 1 





= (rcos ™)i+ (r sin #—)j — rk => |rg x r,| = Vr cos? 8 + r? sin? @ + 1? = 1/2. The moment of inertia is 


b= ff 5° +5?) do= f “fe (1 V2) drag = #2 


49. The parametrization r(r, #) = (r cos #)i + (r sin @)j + rk ; Pe 5) 


at Py = (V2, V2.2) = =%,1=2, HY 
i ee ee 
Pe x+y- V2z=0 


rg = (-r sin 0)i + (r cos #)j = cay 2h + V2j 
i j «k eas 


>rxrm=//2/2 2/2 1 
-/2 2 0 


= ee V2 + 2k = the tangent plane is 
— (—V2i - V2 + 2k) ; [(x- v2) i+ (y- V2) i+ @-2k| = 2x + /2y —22=0,orxt+y— V2z=0 


The parametrization r(r,?) > x =rcos6,y =rsin@andz=r > x*+y?=r?=2z? = the surface is z = \/x? + y?. 
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50. The parametrization r(¢, 0) 
= (4sin é cos #)i+ (4 sin ¢ sin #)j + (4 cos d)k 


at Py = (v2, V2,2V3) => p=4andz=2,/3 
=4cos¢ => o =; alsox = /2 andy = /2 


= 0= 7. Thenrg 

= (4cos ¢ cos #)i+ (4 cos ¢ sin 6)j — (4 sin d)k 
= /6i+ \/6j — 2k and 
rg = (—4 sin ¢ sin 0)i + (4 sin ¢ cos 0)j 





i 
= —/21+ /2j at Py > rg Xt = V6 
—-V/2 
= 2,/21+ 2\/2j + 4\/3k = the tangent plane is 
(221+ 2/2) + 4/3k) I(x- v2) i+ (y- V2) i+ (2 - 23) k| ie aay a 
orx+y+ /6z = 8/2. The parametrization > x =4sindcos0,y =4sin¢ sin#,z=4cos ¢ 
=> the surface is x? + y? +z? = 16,z>0. 


<< 7 
NTS 
° 











51. The parametrization r(0,z) = (3 sin 20)i + (6 sin? 0) j + zk q 





at Pp = (4.3 ,0) => 9= 7 andz=0. Then Bs~gtee 
rg = (6 cos 20)i + (12 sin 6 cos 0)j Saeco 
= —3i + 3\/3j and r, = k at Pp : 
i j k 
> rxr,=|-3 3/3 0 = 3/31 4+ 3j ACIS 
v: 
(28 .92,0) 


=> the tangent plane is 
(3V3i + 3i) -|(x- BB)i+ (y-3)i+@-OK] =0 
=> 3x +y = 9. The parametrization = x =3 sin 20 


andy = 6sin?@ > x? + y? = 9 sin? 20 + (6 sin? 0)” 
= 9(4 sin? 6 cos? 0) + 36 sint @ = 6(6 sin? 6) = 6y > x?+y?-—6y+9=9 = x*4+(y—-3/ =9 


52. The parametrization r(x, y) = xi+ yj — x?k at 
Po = (1,2,-1) > ry =i— 2xk =i— 2k andr, = j at Po 


ij k 
>rmXry=|l 0 —2)=2i+k = the tangent plane 
0 1 O 


is (2i + k) - [(x — 1)i+ (y — 2)j + (z + Dk] = 0 
=> 2x+z=1.The parametrization > x = x, y = y and 


z= —x? = the surface is z = —x? 





53. (a) An arbitrary point on the circle C is (x,z) = (R+rcosu,rsinu) => (x,y,z) is on the torus with 
xX =(R+rcosu)cos v, y = (R+1rcos u)sinv, andz=rsinu,O<u<27,0<v<27 
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(b) ry = (-r sin u cos v)i — (r sin u sin v)j + (r cos Wk and ry = (—(R + r cos u) sin v)i + ((R +r cos u) cos v)j 


i j k 
>rnxrn= —r sin u cos v —r sin u sin Vv rcosu 
—(R+rcosu)sinv (R+rcosu)cos v 0 


= —(R+rcos u)(r cos v cos u)i — (R + rcos u)(r sin v cos u)j + (—r sin u)(R + r cos u)k 


=> |ry x ry|? =(R + 1rcos u)? (r? cos? v cos? u + 2? sin? v cos2u+r? sin?u) > |ry x ry| = r(R+1cos u) 


Qn Qn Qn 
=> A= f a (rR + r? cos u) dudv = { QarR dv = 477rR 


54. (a) The point (x, y, z) is on the surface for fixed x = f(u) when y = g(u) sin (3 = v) and z = g(u) cos (3 _ v) 
=> x = f(u), y = g(u) cos v, and z = g(u) sinv => r(u,v) = f(u)i+ (g(u) cos v)j + (g(u) sin v)k, 0 < v < 2z7, 
a<xu<b 


(b) Letu=yandx =u? => f(u) =v? and g(u) =u = r(u,v) = wWi+ (ucos v)j + (usinv)k,0 <v <27,0<u 


55. (a) Letw?2+3 = | where w =cos band? =sing => = Z =cos?¢ > * = cos ¢ cos 6 and 7 = cos ¢ sin 0 
=> x=acosé@cos ¢,y = bsin@ cos ¢, andz=csing 
=> r(0,¢) = (acos 0 cos $)i+ (b sin 6 cos ¢)j + (c sin d)k 
(b) rg = (—asin 0 cos ¢)i + (b cos 6 cos ¢)j and rg = (—a cos 6 sin ¢)i — (b sin @ sin )j + (c cos o)k 
i j k 
=> rm xXry= |—asinOcos¢@ bcos @cos 0 
—acos@sing —bsin@sing ccos¢ 
= (be cos 6 cos” $) i+ (ac sin 6 cos? ¢) j + (ab sin ¢ cos ¢)k 


= |rg x rg” = b2c? cos? 6 cos! ¢ + ac? sin? 6 cos! ¢ + ab? sin? ¢ cos? ¢, and the result follows. 


Qn pr an pT : ‘i 4 1/2 
A> 1. f Ira x r4| dd dO = f f [a2b? sin? ¢ cos? ¢ + b?c? cos? 6 cos* d + a2c? sin? 6 cost 6] dd dé 


56. (a) r(0,u) = (cosh u cos 9)i + (cosh u sin #)j + (sinh u)k 
(b) r(O,u) = (acoshu cos @)i + (b cosh u sin #)j + (c sinh u)k 


57. r(0,u) = (5 cosh u cos #)i + (5 cosh u sin 9)j + (5 sinhu)k = rg = (—S coshu sin 6)i + (5 cosh u cos @)j and 
ry = (5 sinh u cos 8)i + (5 sinh u sin @)j + (5 cosh u)k 
i j k 
=> tf Xry=}|—S5coshusin@ Scoshucosé@ 0 
S5sinhucos@ S5sinhusin@ 5coshu 
= (25 cosh? u cos #) i + (25 cosh? u sin 8) j — (25 cosh u sinh u)k. At the point (Xo, yo, 0), where x3 + y@ = 25 
we have 5 sinhu=0 => u=Oand Xp = 25 cos 9, yo = 25 sin @ = the tangent plane is 
5(xoi + yoj) - [& — Xo)i + (y — yo)j + zk] = 0 > xox — xp +yoy—yg =O > xox + yoy = 25 


2 . 2 2 , 
58. Let 4 — w? = 1 where 4 = cosh u and w = sinhu w=S54+5 => * = wcos 6 and ¢ = w sin@ 





=> x=asinhucos 0, y = bsinhu sin 0, and z =ccoshu 
=> r(@,u) = (asinh u cos #)i + (b sinh u sin @)j + (c cosh u)k, 0 < 6 < 27, —00 <u < co 


16.7 STOKES' THEOREM 





ij k 
lLculF=7xF=|% £ §| =0i+0j+@-Ok=2kandn=k => curlF-n=2 => do = dxdy 
x? 2x 2 


=> ¢. F-dr= ts 2 dA = 2(Area of the ellipse) = 47 
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ij k 
2, culF=YVxF=|% § § | =0i+0j+G-2k=kandn=k => curlF-n=1 => do =dxdy 
2y 3x ~-z 


> ¢.F-dr= ff dx dy = Area of circle = 97 
R 





2 








i j k 
3. ulF=yxF=|2 2 £|=-xi 2xj + (@— Dk andn= E8 = curl F-n 


yY XZ x* 
= 5 ( x—2x+z 1l) = do=aa > fFear= ff aa 3x+z—1)/3dA 


= [0 f--3x+a—x-y)— Nayak = ff ax —yyayax = [fxd — 9 + 8 — 0] a 


=-f'( (4 + 3x — ix”) dx = -2 








i j k 
4. crlF= 7 xF=| 2 z 2 | = Qy — 22)i + (22 — 2x)j + (2x — 2y)k and n = thee 





yt2 x? + 72 x? + y? 
= curl F-n = J, (Qy — 22 + 22 — 2x + 2x — 2y) =0 > §.F-ar= ff odo =0 





i j k 
5. crlF=yxF=| 2 = 2 | = 2yi + Qz — 2x)j + (2x — 2y)k andn =k 


yt2 x+y? x+y? 
1 pl 1 1 
¢.F-dr= ff x —2y)dxdy = fo [x? — 2xy] 1, dy 








=> curl F-n= 2x — 2y do = dx dy 
1 
=f, —4y dy =0 


ijk 








6 crlF=yxF=| 2 £ £|=0i+0j-3x’y’k andn= ee = Sa 
xy 1 z 
= curl F-n = — 3x°y?z; do = 4 dA (Section 16.5, Example 5, with a = 4) > ¢. F-dr 
Imp 6} 2 
r’ sin? 0) rdrd0 = 3, [s (cos @ sin 6)? dé 
0 


ff (— 3x2y%2) (2) aa = —3 J fP ( 00320) ( 


me 1 sin?29 0 =—4 f sin? udu = —4[2 





sin2u] 47 _ 
lp OO 





(9 cos? t) j + (9 cos? t + 16 sin‘ t) sin ev" 9k at the 


7. x=3costandy=2sint > F=(2sintji+ 
F- © = —6 sin? t + 18 cos’ t 


base of the shell; r = (3 cos thi+ (2 sint)}j > dr =(—3 sintii+ costj => 


Qn 
=f/fv xF-ndo = fi (—6 sin? t + 18 cos? t) dt = [—3t + 3 sin 2t + 6(sin t) (cos? t+ 2)] ,° = —6m 
S 
i j k 
8 crlF=vyxF=| & i 2 | =-2j:f,y,2)=42+y4+2 5 Vf=8xitj+2zk 


= “4 1 
ee tan ¥: X+ Ty 





f . = 
= n= Zandp=j > |vt-pl=l > do= hdd =|Vitl|das v xF-n= 4 (-23)- VN= Ss 
> VY xF-ndo=-2dA => f fv xF-ndo= [ [ —2dA = —2(Area of R) = —2(m- 1-2) = —477, where R 
S R 


is the elliptic region in the xz-plane enclosed by 4x? + z? = 4. 
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9. Fluxof 7 xF= ff Vv x F-ndo = § F- dr, so let C be parametrized by r = (a cos ji + (a sin Oj, 
S 


0<t<2r > *=(-asinti+(acostj > F- 4 =aysint+ax cost =a’ sin’t+ a” cos*t = a” 


Qn 
=> Fluxof yx F= $ F-dr= fo a? dt =2na 




















; a 
: f _ 2xit2yi+2zk _ ye | ve 
10. 7 xv=|2 a 2 k;n mai wees E = xi+ yj + zk 
y 0 O 


=> Vv x (yi)-n=—z; do = } dA (Section 16.5, Example 5, witha = 1) > f[ [ 7 x (yi)-ndo 
S 


= Jf (—z) (4 dA) = - fq dA = —r, where R is the disk x? + y? < 1 in the xy-plane. 
R R 


11. Let S; and Sz be oriented surfaces that span C and that induce the same positive direction on C. Then 


[Jv «F-mdo. = $F: ar= ff 7 x F-m dos 
Si S» 


12. IJV x F-ndo= Jv aeeda | Sy x F-ndao, and since S, and Sz are joined by the simple 
iL 2 


closed curve C, each of the above integrals will be equal to a circulation integral on C. But for one surface 
the circulation will be counterclockwise, and for the other surface the circulation will be clockwise. Since the 


integrands are the same, the sum will beO => tf V xF-ndo=0. 
S 








ij k 
13. VxF=|% £ SF) =Sit 2j+ 3k: 4, = (cos O)i + (sin Oj — 2rk and ry = (—r sin 6)i + (r cos )j 
2z 3x Sy 
i j k 
=> r,X¥rg9=]| cosd sin@  —2r| = (2r? cos 0) i + (2r? sin 0) j+- rk; n = eee and do = |r, x ro| dr dd 


—rsin@ rcos@é 0O 
> Vv XF-ndo=(¥V XF)- (1 x 9) drdd = (10r? cos 6 + 4r? sin 6 + 3r) drdd > f fy xF-ndo 
S 


Qa 


Qn 2 
=f J (or? cos 6 + 41? sin 6 + 3r) drdo = f° [213 cos @ + 413 sin O + 31°]° a0 





Qn 
= J." (8 cos 6+ 2 sin 6 +6) dd = 62m) = 12m 








14. 7 xF=| 2 a 2 | =i-2j— 2k; 4, x rp = (21? cos 0) i + (21? sin 6) j + rk and 
Y-Z Z—-X X+Z 


Vv XF-ndo=(V x F)- (1, x rg) drdd (see Exercise 13 above) > [fy x F-ndo 
S 


Qn 3 Qn 
=f Jf (28? cos 6 — 41? sin @ — 2r) drdd =f [—2 13 cos 9 — 413 sin — 1°] ° a0 





20 
= J, (-18 cos 6 — 36 sin @ — 9) d@ = —9(2n) = —187 





: as i jk 
15. 7 xF=|2 : 2) =-2y3i+0j—x2kr, x49 =| cosO sing 1 
x*y 2y%z 32 —rsin@ rcosé 0 


= (-rcos #)ji— (rsin#)j+rkandvy x F-ndo=(V7 x F)- (r; X re) drdé (see Exercise 13 above) 
Qa 1 
=> fv x F-ndo = fy (2ry® cos @ — rx”) drd@ = vi i (2r* sin? 6 cos 6 — r? cos? @) dr dd 
S R 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


1037 


1038 Chapter 16 Integration in Vector Fields 





= fr (2 sin? 6 cos 6 — 4 cos? @) dé = [% sin* 6 — 1 (2 4 sn20)) 4 
i j k i j k 
16. VW xF= 2 - 2 =i+j+k;r,xrg=| cosé snd —1l 
<-y yon os —rsin@ rcos@ 0 


= (rcos #)i+ (rsin #)j+rkandvy x F-ndo=(V x F)- (fr; X rg) drdé (see Exercise 13 above) 
=> ff xF-ndo= ff (cos @+rsind +2) drd9 =f" [(cos + sin d+ 1)8] ’ 40 = (8) Qn) = 25m 
$ Vv ~ Jo Jo ~ Jo 2] ~ 2 — 








i j k 
ii, GRI=\y = 2 | =0i+ 0j —5k; 
3y 5-2x 2-2 
i j k 
ry Xig= /3 cos $ cos 8 \/3 cos ¢ sin 8 —1/3 sin b 
—\/3 sin ¢ sin 0 \/3 sin ¢ cos 0 0 


= (3 sin? ¢ cos 0) i+ (3 sin? ¢ sin 0) j + 3 sin d cos d)k; VW x F-ndo=(V x F)- (ry x re) dé dé (see Exercise 
an m/2 on Wn 
13above) + [fy xF-ndo= ff” —15 cos sing dpdd = f [48 cos? d]7” a9 = f° — 18 do = —150 
S 








i k 
18. WV xXF=|% & | =—2z2i-j—2yk; 
y 2 x 
i j k 
ry X=} 2cos@cosd 2cosPsind —2 sing 
—2singsind 2sin¢cosé 0 





= (4 sin? ¢ cos 0) i+ (4 sin? ¢ sin 0) j + (4 sin ¢ cos d)k; VW x F-ndo=(V x F)- (ry x re) dd dé (see Exercise 
13 above) > Jf[v x F-ndo = [ [(—8z sin’ ¢ cos 6 — 4 sin? ¢ sin 6 — 8y sin ¢ cos 0) db dé 
S R 
Qn m/2, 
=f 7, (—16 sin? ¢ cos ¢ cos 6 — 4 sin? ¢ sin 0 — 16 sin? ¢ sin 6 cos 0) d¢é dé 
=f" [— +2 sin? ¢ cos 6 — 4($ — 3028) (sin 8) — 16 (9 — $22) (sin 6 cos 6)] "”” 48 


= f"( 8 cos 0 aw sin 0 4r sin 8 cos 0) dé = [— 18 sin 0 + 7 cos 6 — 2r sin? 6\ =0 





19. (a) F=2xi+2yj+2zk > culF=0 5 ¢ F-dr= [fy xF-ndo=f f0do=0 
S S 


(b) Let f(x,y,z)=x*y?22 > YW xF= 7x Vf=0 5 crlF=0 = ¢.F-dr= ff Vv xXF-ndo 
S 


=i) Odo =0 


() F= 7 x@ityj+z)=05 yYxF=0S 9 F-dr=ff 7 xF-ndo= ff 0do=0 
S S 


@ F= vfs vy xF=yx vf=05¢F-dr=ff vy xF-ndo= ffods=0 
S S 


20. F= yfa=—1(ety? +2) Pawi- le ty? +22) ayy — LO +y? +22)? 22)k 
sax tyt2)Mi-y@ty toy jz ty tz) 2 


(a) r=(acostji+ (asint)j,0O<t<27 > & = (—a sin thit (acos tj 


Re de _ —x (x? + y? +22) 3?(-a sin t) — y (x2 + y? + 22) >a cos t) 
= (— #29) (—a sin t) — (#57) (acos t) =0 = $ F-dr=0 
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(>) $ F-dr= [fy xF-ndo=ffy x vf-ndo= ff 0-ndo= f [odo =0 
S S S S 








ij k 
21. LetF = 2yi+32j-xk > YxF=|2 2 2|=-3i+j-2k;n= 7A 
2y 3z —-x 


> V7 xF-n=-25 g, 2y dx +32dy—xdz= $F -dr=f fv xF-ndo= ff —2 do 
S S 


=—2 Ty do, where Jf do is the area of the region enclosed by C on the plane S: 2x + 2y +z=2 
S S 








23. Suppose F = Mi+ Nj + Pk exists such that VW x F= (= — ax) i+ (& ®) jt (2 aM ) k 
= xi+yj+zk. Then 2 Z (= on) =£(x) => oe on. = 1. Likewise, . (™! oP) = 3, 1) 
































a°M oP 2 ON _ OM) _ ON _ OM _ : : 
=? Gaon ee = land L ( Ox oe ) = 2 (z) => Daoe Daay 1. Summing the calculated equations 
oP oP aN aN OM _ &M) _ = f : : 
> ( Oxdy ze) + ( anax ge) + ( Bydz eu) = 3 or 0 = 3 (assuming the second mixed partials are 


equal). This result is a contradiction, so there is no field F such that curl F = xi+ yj + zk. 


24. Yes: If YW x F =0, then the circulation of F around the boundary C of any oriented surface S in the domain of 


F is zero. The reason is this: By Stokes's theorem, circulation = ¢.F- dr = Jf V xF-ndo= Jf 0-ndo 
S S 

= 0. 

t= 3 > ta(e+y) > F= en 

> $ 7 (r!)-nds= $ F-nds = $ Mdy— Nax= ff (E+ 2) dx dy 


=i) (x? + y?) + 8x? +4 (x? + y?) + 8y7] dA = foie) | aaa le] fo? dA 














= i6t + 161,. 
a a fa) a a ee) -x? 2 x2 2 _ 2 
26. 5 = 0 3 = 0 F =0 =O R= Ga By = re ae oe ON [ay esad med 


However, x? + y? =1 > r=(cost)i+(sint)}j > ar = (sin t)i + (cos t)j 


=> F=(-sint)i+(cost)j > F- =sin’t+cos’t=1 = $.F-ar=f 1 dt = 2m which is 


not zero. 


16.8 THE DIVERGENCE THEOREM AND A UNIFIED THEORY 

















1 F= > divF = on = 0 2. F=xi+yj > divF=14+1=2 
_ _ GMoxi+ yj +2k) a (P+y) +22)" — 3x2 (tty? +2)" 
3. F= G+y +e => divF= om| (ety+z2y 








24 2s? 3z?(x* + y?4 a] 


(x2 +y? +22)*? —3y? (x+y? 422)? GM (P+y 
(x2 +y? +22)" 


GM (2@+y2+z2) 
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— _ Ge | 20222)" 3 ty?" (Py?4+2")] _ 9 
7 (x24 y2 +22)? — 





4. z= a? —r1° incylindrical coordinates => z =a? —(x?+y”) > v=(a?—x?—-y’*)k => divv=0 





5 2y-n)=-L 2£@-y=-LEy-n=05 V- -F=-2 > Frx= ff ['—2dxayaz = -2(2) 
= —16 
6. 2) = 25, 2) = ay 2s SS 7 + PH 2x + 2y $22 
1 1 1 1 1 
(a) Fux =f ff (2x + 2y +22) dxdydz= ff [x2 +2x(y+2]pdydz= fo fa +2y +22) dyaz 
1 1 
=f [yl +22) +y"]5dz= fo (2422) dz = [22 +2], =3 
1 1 1 1 1 1 1 
(b) Flux= fff (@x+2y+22)dxdydz= ff [2 +2xy +a) 1, dydz = ff (ay +42) dy dz 
=f [2y? + Ayz]|* idz=f 8z dz = [422|1 ,=0 
(c) In cylindrical coordinates, Flux = f { f (2x + 2y + 2z) dx dy dz 
=f{ ii iP est iaes ode PE r cos 6 + 4 8 sin @ + z1?] 5 dO dz 
1 
=f fr" ( (48 cos 6 + 2 sin 6 + 4z) dodz= f [42 sino — 8 6 cos 0 + 426] 5 "az = f 8rz dz = [4n2?], = 40 


Ts 2 (y) =0, £ (xy) =x, 2 (-z2=-1> V7 -F=x—-1,z=x?4+y? => z=?’ incylindrical coordinates 
Qn 2: r Qn 2 
> Flux = J Jf (x — 1) dzdydx = [ td. (rcos @— 1) dzrdrdd = f J (8 cos @ — 1?) rdrdd 


= fr" [E cosa] do = J" (2 cos 0 — 4) 40 = [2 sin 6 — 40] <" —8r 


8. 2 (x?) = 2x, 2 (a2) =0, 2 G2 =3 = V -F=2x+3 ace Cea) 


=f" f ep sind cos 0 +3) (p? sin ¢) dpdé do = a E Sipaniei| eabieie 


an T . . Qn ¢ sin 26 1 Qn 
=f, J &sin d cos @ +8) sin ¢ dodo = f [8 (5 7 ) cos 6 8 cos 6], do = (4m cos 6 + 16) dé 
= 327 





9. 2 (x?) = 2x, Z (—2xy) = —2x, 2 xz) = 3x => Flux = Jy 3x dx dy dz 
m/2 pr/2 p2 . . . m/2 
=f f f (3p sin ¢ cos 4) (p? sin d) dpdgao = f” “fo 12 sin? cos ddodd = f 37 cos 6 dd = 3n 
10. 2 (6x? + 2xy) = 12x + 2y, 2 y (29 + X°Z) = 2, 5 2 (4x*y3) =0 > Vv -F=12x+2y+2 
= ey p (12r cos @ + 2r sin 6 + 2)r dr dO dz 
D 


= ff" (62 cos + sino +4) do dz = f (32-+20+ 8) dz = 112+ 60 





11. 2 (2xz) = 22, 3 (—xy) = —x, 2 (-2?) = -22 = V -F=-x > Fx= J Jf -xav 


rs aa as —x dzdydx = f to" east [ix (16 — 4x2) ) —4xy/16 = 4x2] dy 


= [ax? — Ax 4 2 (16 — 4x2)" = 
2 3 ‘ 3 
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12 2) 3, By) sy. = ar Sy Pa 3e 4 ay ae = Flux = fff 3 (x? +y? +2") dV 


=3 ff fe (p? sin d) )dpdodd =3 f ae = sind dodo =3 f. 2a dé — lage 











13. Let p= fx? +y? +2. Then % =%, 8% —¥, 82 + B(px)= (¥%)x+p=¥ +p, Z(py)= (#)y+p 
=X +p, do) =(#)zt+p=24+p > V -F= SLE + 3p = 4p, since p = \/x? + y?+ 22 


= See pte IOR ona aa) coast soe 
D 








14. Let p = \/x?+y? + z?. Then 7 








y Op_z Ol [:e \ a> T x\ 0p _1_ xX gs 
p’? oz” p 2(s)=3 (3) ax — p pi Similarly, 


afy)/_1_y d(z)/_1_2 ~Pai2_@ty+2? _ 2 
a= se nas, P ~ p 
2, 


15. & (5x? + 12xy”) = 15x? + 12y?, a (y? + eY sin z) = 3y? + e¥ sin z, 2 (523 + e¥ cos z) = 152” — eY sinz 





=> VW -F = 15x? + 15y? + 152? = 15p? => Flux ve) ispav= fof ia (15p”) (p? sin d) dp d@ dd 


= rf 02v2-3) sin ¢ do do = [" (24v2-6) afi (482 - 12) 





(:) 


15. $l by] = aA (raw) = (8) | Oo] = — ate, & eV T = VF 
= 7 - F=7%5 — gta t Ve +y? => cae | (> 72 — Po + JP Fy") dz dy dx 


a a ha ioe areos@ _ 2% + 1) dzrdrdg =f Le ( (6 cos 6 — 2 + 3r?) drd@ 
= [lo [6 ( V2-1) cos 6 -31n V2+2V2-1| do = 2n (—31n2+2V2-1) 











17. @) G=Mi+Ni+Pk > y xG=culG=(#-B)i+ (M- 2)k+(B-B)k > V-VxG 


oP ON do (OM oP o (ON OM 
= div(curl ae — Ox 2 (2 ®) + Oy ( Oz mx) a3 Oz (3 aM | 


oP o°M ON OM _q; a ‘ eee : 
= Fay ~- a Begs A * + as aay = 0 if all first and second partial derivatives are continuous 








(b) By the Divergence Theorem, the outward flux of 7 x G across a closed surface is zero because 
outward flux of VW x G= Jf (Vv x G)-ndo 
S 


a pe: V-VxGdv [Divergence Theorem with F = V7 x G] 
=fJf @av=o0 [by part (a)] 
D 


18. (a) Let F, = Mii + Nij + Pik and F, = Mpi + Noj + Pok > aF, + bF, 
= (aM; + bM>)i+ (aN; + bN2)j + (aP; + bP)k > V - (aF, + bF.) 


= (a +b Mb) + (a+b) + (a$ OP, PL + b Be) 


=a (u SS + #) +b (4e + + #2) =a V7 -Fi)+b(7 -F)) 











(b) Define F; and Fy; asinparta > VY x (aF; + bF2) 
= [(a 5 + be) — (9B +b BB)] i+ [Be +b Be) - (Fe +63) 
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+ | (a +b Be) — (a Me +p Me) Kaa |(M — AM) ji 4 (BH — A) G4 (BL Mh) K] 








x Oy 
+b | (G2 — Be) i+ (Be — Be) j+ (Be - Bh) iu] -ay xB +by xh 
; 4 & 
(c) F) xX Fo=)M, Ny Py} = (NiP2 — PiN2)i — (Mi P2 — PiM2)j + (MiN2o —NiMa)k > V7 - (Fi, X Fo) 
My No Po 





= V -I[CNiP2 — PiN2)i — (MP2 el ane NM) )k] 
& (NiP2 — PiNo) — & (MiP. — PiMa) + 2 (MiNz — Ni Mp) = (Po SY + Ni $2 — No St — Py SB) 


(Mm OP» + P2S ou PS Oe Mp B.) a (Mi 5 ON2 + No 5 OM, Ni OM) Mp m1) 


= Mp (@ - BN (8 — 9B) + (4a -— B) +m, (2 - 2) +N, (% P2 — 9M2) 
+P, 


Zz Oz 
Ou — Se) =F 7 xP -Fi- 7 xF 
Ox 2° V 1 iV 2 


























19. (a) divigk) = v -2F = 2 (eM) + ZN) + Z (ep) = (gM +M BE) + (gR4+NH) + (oF +P 3) 
=(M#4N%4P%) +e(M+ N42) ogy -Ft+ ve-F 
) v7 x (e) = [2 @P)- Zen]i+(Zem- 2eP i+ [Zen - 2M] k 
=(P#+e2-NHe-e®)i+ (MHE+eM—PH—eH)j+(NB+eR-ME-eM)k 


+(g®-e@)k=8y xF+ VgexF 











20. Let F, = Mii + Nij + Pik and F, = Mbi + Noj + Pok é 
(a) Fy x Fo = (NiP2 — Pi No)i + (P1M2 — MiP2)j + (MiNo —NiMa)k > VY x (Fi x Fo) 
= [Z (Ne — NiMz) — 2 (PM — MiP2)] i+ [2 (NiP2 — PiN2) — 2 (MiN2 — NiMB)] j 


+ | 2 (PIM ~ MP2) — 2 (NiP2 — PiNo)| k 











and consider the i-component only: Z (M, No — NiMp) — 2 = (Pi) M2 — M;P2) 


_ =N24 on 4 M, one M 3 oe Ni Me M2 3 aa P, aM, 4 P, 3 aM 4 M, a 
=. im + Py ms) ix oe Pj a) ae (® ote a My (44+ m M, 


= (m OM +. No OM: + py am ) (Mm, OM + Ny OMe + Py OMe) + (Aue 4 22 4 2) My 























Oz 








(3 + Bs + 2) My. Now, i-comp of (F;- 7 Fi = (Mz 2 +N2 2 +P2 2) M, 


= (mM OM + Noe on + Po a) ; likewise, i-comp of (F; - VW )F2 = (M OMe +Ni 3 rm + Py a) : 














i-comp of (VW - F.)F, = (38 + me + o ) M, and i-comp of (7 - F,)F2 = (38 4 mx ue gi ) Mp. 
Similar results hold for the j and k components of V7 x (F, x F2). In summary, since the Sotaciiine 
components are equal, we have the result 
V Xi x Fo) = @o- WF - i> WF2 +097 > FF - C7 > FDF2 

(b) Here ce we consider only the i-ccomponent of each expression. Thus, the i-comp of VW (F; - F2) 


2 (MM + NyNo + P}P2) = (My M2 + My Mt + Ny Fe 4+ Ny Mt 4 Py 2 4+ Py Br) 
i-comp of (F, - V7 )F2 = (Mm, 3 OMz N, 4 om ot By 2) ; 














i-comp of (F» - V )F, = (m, OM, +Np> om +P, a) , 





i-comp of F; x (7 x Fa) = Ni (38 a1) Pi (Ge — Ge) sand 
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21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 
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i-comp of Fy x (VW x F,) = Noe (3 om ) Po oi), 


Since corresponding components are equal, we see that 
V (Fi -F,) =(F,- V )Fo + (Fo « V Fi +F, x (V x Fo) + F, x (V x F,), as claimed. 


The integral's value never exceeds the surface area of S. Since |F| < 1, we have |F - n| = |F| |n| < (1)(1) = 1 and 
ap Vv -Fdo = rine F-ndo [Divergence Theorem] 
D S 
< f f |F -n| do [A property of integrals] 
S 
< ff (do [|F -n| < 1] 
S 
= Area of S. 
Yes, the outward flux through the top is 5. The reason is this: Since VW -F= 7 - (xi-— 2yj+(z+3)k 
= 1—2-+1=0, the outward flux across the closed cubelike surface is 0 by the Divergence Theorem. The flux 
across the top is therefore the negative of the flux across the sides and base. Routine calculations show that 
the sum of these latter fluxes is —5. (The flux across the sides that lie in the xz-plane and the yz-plane are 0, while the flux 
across the xy-plane is —3.) Therefore the flux across the top is 5. 
@ 2Q=1 = 160=1= vores = Flux= [ff 3qv=3f ff av 
D D 
= 3(Volume of the solid) 
(b) If F is orthogonal to n at every point of S, then F-n = Oeverywhere = Flux = J J F-ndo =0. 
S 
But the flux is 3(Volume of the solid) 4 0, so F is not orthogonal to n at every point. 
a pb 1 
Vv -F=-2x—4y—62+12 > Flux= ff [0 (—2x — ay — 6 + 12) dzdy dx 


ian i (2x — dy +9) dydx = f (—2xb — 2b? + 9b) dx = —a°b — 2ab? + 9ab = ab(—a — 2b + 9) = fla, b); 

a — —2ab — 2b? + 9b and & = —a? — 4ab + 9a so that & = O and € =0 = b(—2a—2b+9) = Oand 

a(—a — 4b+ 9) =0 => b=Oor —2a— 2b+ 9 = 0, anda = 0 or —a— 46+ 9 = 0. Nowb = Oora=0 

= Flux = 0; —2a— 2b+ 9 =O and -a—4b+9=0 > 3a—-9=0 => a=3 => b= so that f (3, 3) = 4 is the 
maximum flux. 








ff F-ndo=fff7-Fava fff 3avs iff F-ndo=f f [ dv = Volume of D 


F=C > v-F=0=> Flux=/f F-ndo=/ff7-Fav=f ff oqv=o 
Ss D D 


(a) From the Divergence Theorem, ff wf-ndo=/Jff7-vfdv= Jf v’tav= ff foav=o 
S D D D 


(b) From the Divergence Theorem, rei fvyf-ndo= SIs v -fvidv. Now, 
S D 





fyfa(Fe)i+(PZ)i+(FMk > Vv -fvt= [PA + (H)'] + Ee + (#)" + [ros + (3)"] 


=fv7f+|vf)? =0+| Vf) since fis harmonic > If fvyt-ndo= {ff | 7 £|? dV, as claimed. 
S D 





From the Divergence Theorem, ty vi-ndo= fff V- ywidv= (ff (G+ + $) dV. Now, 
S D D 


= [go 2 Dias vl 2 2 2 of _ x Of _ y af _ 
f(x, y,z) =n /x*+y°+z = 3 In(x +y ze) > Ox +y+e? dy +y+e? Oz 





Zz 
x +y?+7 
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Of =e+y4t2 of x -y?+2? Of _ _ x’4+y?=2? = Of ee Of 4 Of 
= @eyeny > Oy? (e@+y? +2) >on +y+e2) > Oxe dy? Or. 


_ x+y? 422 i 1 _ av i a ae is psing 
~ @+y4+2yP ~ @+y+7 > JJ V t-ndo = ne) ty? +2? i, 0 o dp dé dé 


m/2 pr/2 . n/2 n/2 /2 = 
=f. f asin g dodo = [ [-acos ¢]57 da = f ad? = @ 














29, If rye-nds= fff v -fvedv= fff v «(fit fe i+ fk) av 
“SUE (08 
=SfJ [F ( 


2 





g . Of og eg , at dg ge , at dg 
x2 — Ox Ox +f33 + Oy Oy +fan r Oz 3) dv 


2 


He, He , ae a a a = 
B+ 5+ 58) + (2 oe t By Oy + Be 2) dv= ff (fv*s+ Vf- ve)dVv 





x? y? y oy 


30. By Exercise 29, Jf fvg-ndo= ee (fy 7+ Wf- 7g) dV and by interchanging the roles of f and g, 
S D 
ct gvit-ndo= SLs (g 7 7*f+ VWe- Wf) dV. Subtracting the second equation from the first yields: 
S D 


IJ GvEreyande= JJ) (fv°g-g Vt) dVsincee Vf- Ve= Ve: VF. 


31. (a) The integral f , f p(t, x, y, z) dV represents the mass of the fluid at any time t. The equation says that 
D 


the instantaneous rate of change of mass is flux of the fluid through the surface S enclosing the region D: 
the mass decreases if the flux is outward (so the fluid flows out of D), and increases if the flow is inward 


(interpreting n as the outward pointing unit normal to the surface). 
Sfy avast sy pay=—J J prema j tf V -pvdV => e__vy - pv 


Since the law is to hold for all regions D, VW - pv + & = 0, as claimed 


(b 


wm 


32. (a) WT points in the direction of maximum change of the temperature, so if the solid is heating up at the 

point the temperature is greater in a region surrounding the point = 7 T points away from the point 
=> —VWVT points toward the point = — VY T points in the direction the heat flows. 

Assuming the Law of Conservation of Mass (Exercise 31) with —k 7 T = pv and cpT = p, we have 


2 fff coTav=— ff -kWT-ndo = the continuity equation, VW -(-k 7 T) + 2 (cpT) = 0 
D S 


(b 


wm 


=> p%=-vy-(-kyT)=kv7T = G=s Vv ?T =KV’T, as claimed 


CHAPTER 16 PRACTICE EXERCISES 


1. Path: r=ti+tj+tk > x=ty=tz=t0<t<1 => f(g®,hO,k®) =3 — 32 and & =1, & =1, 


2 P 
wi] > V(3)"+ (3) + (%)? dt = V3at > ffx,y,z) ds = [V3 (3 — 32) at = 2/3 
dy 


Path 2: r =ti+tj,0<t<1 > x=ty=t,z=0 > fe), h®),k@) = 2-32 + 3 and ® =1, ¥ =1, 
a (8)? + (4) + (Sar = vie > f f(x,y,2)ds =f /2 (2 — 30? +3) dt = 3/2; 
Ci 
ry =i+jttk > x=Ly=1,z=t > f(g(),h@),k®) =2—2tand ® =0,% =0,%=1 
= (3) + (4) +(e aaa = fi fy,2ds= [@-2 a= 1 
= J. fo.y.2ds= J. tx,y,2 dst J. f,y,2) =3V2+1 
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2. Path 1: r; =ti r=47=0,2=0 f(g(t), h(), k(t) = ? and * = 1, ¥ = 0,2 =0 








> dt > dt 


= (4G) + (8) + @ asa fttayna= feast, 


rm =i+t} > x=ly=tz=0 => f(g(t),h(),k()) =1+tand ® =0, 9% =1,%=0 


2 2 2 : 
=> (8) + (2) + (%)?dt=dt > fi for,y,2ds= f+ de= 3; 
r3=i+jttk > x=ly=1z=t => f(g(t),h®,k@®) =2—tand & =0 
eV? 2 bx? : 
=~ () + (2) + (%)'dt=dt > fi fxy,z)ds= fo 2-1 dt=3 


=> Joan 1%: YZ) ds = i. f(x, y, z) ds + J fox, y.2) ds + J. f(x, y,z) ds = 0 
Path 2: rq = ti+ tj xXx=ty=t,z=0 f(g(t), h(t), k(t)) = t? + t and ie = 























dy _ dz _ 
>a Oo a =! 




















dy __ dz __ 
ve lg =O 


= (8) + (8) + (@)P a= va =f foy,2ds= f V2(2 +0) dt = 8 V2; 
r3 =i+j+tk (see above) > f. f(x, y,z) ds = 3 


= f(x, y,z) ds = fe fix,y.z)ds+ J, f(x, y,z) ds = 5/2 +3 = 5v2+8 

















Path 2 


Path 3: r5 =tk > x=0,y=0,z2=t0<t<1 => f(g(t,h(),k()) = —tand & =0 





dy _ dz __ 
>a 9 & =! 














a)" 4 (4)? dt =at = fi fxy,2)ds= f/—tat=-}, 


rs=t}+k > x=0,y=tz=1,0<t<1 > f(g), ht), k@®) =t— 1 and & =0 





dy _ dz _ 
ot lL @ =O 

















2 . 1 
8) +(¥) dead > fi fay2ds= fia-Da=—}; 


ry =tit+j+k x=ty=1,2=10<t<1 > f(g), h(),k()) = and * = 1, al, & —0 
xX 2 si vA 2 : 
= (a+ (#)'+@Pasas fi taynas=f'eant 


=> fix,y,z)ds= J. fox,y,2ds+ J. fix,y,2)ds+ J. f(x,y,2)ds=-}-14}=-2 

















Path 3 


r= (acost)j+(asintk > x=0,y =acost,z=asint > f(g(t),h(t),k(t)) = Va? sin? t = a |sin t| and 





; 2 ; 
dx __ dy __ : dz __ dx \2 dy dz\2 = 
- = 0, a = ~asint, G =acost > 1 + (2) + (%) dt = adt 


Qn 7 Qn 
= f f&xy,z as = f a jsin t| dt = ff a sintdt+ f —a? sin t dt = 4a? 








r=(cost+tsint)i+(sint—tcost)j > x =cost+tsint, y = sint—tcost,z=0 
=> f(g(t),h(), k(t) = /(cos t + t sin t)? + (sin t — t cos t)? = V1 + t? and oe = —sint+sint+tcost 











2 
= dy _ . = * dz _ dx \2 dy dz\ 2 
=tcost, 7, =cost—cost+tsint=tsint, ¢=0 => V() + (#) + (%) dt 





V3 
= \/? cos?t +t? sin? t dt = |t| dt =tdt sincee0<t< 3 =f fx y,oas= f t¥Vl+edt=% 





























= tyt zy? = OM saxty t ya Fi Nap atyty ram 
=> M dx +N dy + P dzis exact; % = =e > f(x, y,Z) = 2,/x+y+z+ g(y,2) = jae ts 
ae = 2=0 = gly,z)=h@) = fi, y,z)=2/x+yt+zt+h@) > = aera +h'@ 

















(4,-3,0) 
= L ! _ dx + dy + dz 
re h’(x) = 0 h(z) =C f(x, y,Z) =2,/x+y+z+C => ay eee. 
= £(4, —3, 0) — f(-1, 1,1) =2,/1-2,/1 =0 
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OP __ 1 __ ON OM OP ON OM 
6. oy 2/yz Oz? Oz Ve xi 


of _ og 


=x+9,2) > H= B= fF = wy.) = —2/ye+h@) = fay,2) = x— 2/7 + he) 
= #= — 3 n(z) =0 + h(z) =C = fix, y,z) =x-2/yz tC 


is 3 a 


Wis x— 4/2 ay — [2 dz = £10, 3,3) - f(,1,1) = (0-2-3) -(1-2-1)=441=5 








yo M dx + N dy + P dzis exact; 2 ox = 1 => f%, y,z) 




















7. Ml =-ycosz#ycosz= ae => F is not conservative; r = (2 cos t)i+ (2 sint)j —k,0 <t < 27 


=> dr = (—2 sin t)i— (2 cos t)j > f. F-dr = jt —(—2 sin t)(sin(—1))(—2 sin t) + (2 cos t)(sin(—1))(—2 cos t)] dt 
=4 sin(1) (sin? t + cos? t)dt = 87 sin(1) 


oP ON OM _~q_— OP ON _ 2 __ OM a = 
8. a 2 a ae =0= 5. 3 = 3x = 3, => F isconservative => f.F-ar=0 


9. Let M = 8x sin y andN = —8ycosx => GM = 8x cos y and 9X = 8y sin x => J, 8x sin y dx — 8y cos x dy 


= ff (@ysinx—8 dydx= ff (ysinx —8 dydx = f(x? sinx — 8x) d 
= f (8y sin x — 8x cos y) dy dx = o Jo (8y sin x — 8x cos y) dy dx = , (x* sin x — 8x) dx 
=-r’+7?=0 


10. LetM = y?2andN=x2 > & —=2yand N =2x = 2 dx +x? dy = | [ (2x — 2y) dxd 
Oy Ox oy y K y y 


Qn 72 on 
=f J rcos @ — 2r sin 8) rdrdo = f 18 (cos 6 — sin 0) dd = 0 


11. Letz=1—x-—y => f,(x,y) = —Landf,(x,y) =—-1 => \/2+f+1= /3 => Surface Area = f [ \/3 dxdy 
R 


= /3(Area of the circular region in the xy-plane) = mV/3 


12. vWf = —3i+ 2yj+2zk,p=i > | Vfl = V9 +4y? +42? and| Wf-p| =3 
5 Qa V3 5) Qn 
= Surface Area = f f OE aydz= ff Se vara =} f° (421-3) do = 2 (721-9) 


13. Wf=2xi+ 2yj+2zk,p=k => Se ie ae ll 
Wm pl/V/2 
z>0> Surface Area= J f 4, dA = ae dA = i Jaaoe yz dxdy = f f 


J” [-vima] an = J (1 4p) oo = 2e(1- a 








ice! dr dé 





14. (a) Wf=2xi+ 2yj+2zk,p=k > | Vfl = /4x? + 4y? +422 =2/ek4+y? +2? =4 and | f- pl = 2z since 
a2 2cos 6 

z20 => Surface Area= J 3 dA = JS i dA =2 fi f 
(b) r=2cos@ => dr=-—2sin 8 dd; ds? = r? dé? + dr? (Arc length in polar coordinates) 


=> ds? = (2 cos 0)? dé? + dr? = 4 cos? 6 dé? + 4 sin? 6 dé? = 4 d6? = ds = 2 dé; the height of the 
cylinder is z = V/4 — ? = V/4 — 4 cos? 9 = 2 |sin 6| = 2 sind if0<0<% 


m/2 m/2 
= Surface Area= [" hds=2 J) (sin 6240) =8 





Teag tard) = 4 — 8 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 
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fxy,z=*+%4+2=1 > vf=(s)i¢+¢(G)i4+(Hk = lvtl=/s+a+5andp=k => |vf-pl=? 
{ij ed. 
sincec > 0 => Surface Area= f fY#TA dA =e + e+ ff dA = $abe\/S +544, 


since the area of the triangular region R is $ ab. To check this result, let v = ai + ck and w = —ai + bj; the area can be 


found by computing |v x w|. 


(a2) VWf=2yj-k,p=k > |vfl= /4y?+1and| 7f-p|=1 > do = \/4y? + 1 dxdy 


=> i ae VAP TT dxdy = | J y(y2—1) dxdy= f° ['?-y) dx dy 


- [1av*-ney=3[8-¥]|,=0 


(b) J fecoy.2) do = SS yam /4y? +1 dxdy = ie (y? — 1) dxdy = f 30° — 1) dy 


=3|¢-3]),=-4 





Vv f =2yj+2zk,p=k => | Vfl = /4y? +42? = 2,/y? +z? = 10 and| Vf- p| = 2z since z > 0 
=> do= ze dxdy =F dndy= J J seyyzdo=J | (x+y) (y? +27) (2) dx dy 


=) 4 (xy) 25) (aha 1) axdy = ff’ oie = ees a dy = 50 








Define the coordinate system so that the origin is at the center of the earth, the z-axis is the earth's axis (north 


is the positive z direction), and the xz-plane contains the earth's prime meridian. Let S denote the surface 


2 ay? 


which is Wyoming so then S is part of the surface z = (R? — x? — y . Let R,, be the projection of S onto 





the xy-plane. The surface area of Wyoming is JJ ldo = iy yi + ean + e) dA 
Ry 


[J Veo tea tlds [Sa or dA = ie ee: 22)-¥? 5 ardé 


Gets 0; and @2 are the radian ae to 104°3’ and 111°3’, respectively) 


05 Rsin 49° © j 
= { ° —-R(R?— 7)!” = =f'R — R? sin? 45°)? — R(R? — R? sin? 49°)” ao 


a R sin45° 
= (0) — 0,)R?(cos 45° — cos 49°) = _ R?(cos 45° — cos 49°) = aus = (3959)?(cos 45° — cos 49°) 
& 97,751 sq. mi. 














A possible parametrization is r(¢, 0) = (6 sin ¢ cos #)i + (6 sin ¢ sin #)j + (6 cos ¢)k (spherical coordinates); 


now p= 6andz=—3 => —3=6cos¢ cos —} wy) 7 and z 3/3 3/3 6 cos 


> cos @d as p= E<o< #;also0 <0 < 20 


























A possible parametrization is r(r, 8) = (1 cos @)i + (r sin #)j — (5) k (cylindrical coordinates); 


ac 


nowr=1/x2+y? > z=—and-2<z<0 => —2<-5<05 4>r’>0 => 0<r<2sincer>0; 
also0 <6 < 27 


A possible parametrization is r(r, 0) = (1 cos #)i + (r sin 8)j + (1 + r)k (cylindrical coordinates); 
nowr=1/x2?+y? > z=I1+rand1<z<3 s 1<1l4+r<3 3S 0<r<2;als00<0< 27 


A possible parametrization is r(x, y) = xi+ yj+ (3 —-x- x) kforO<x<2and0<y<2 
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23 


25. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


. Let x = ucos v and z = usin v, where u = \/ x? 4+ Z? and v is the angle in the xz-plane with the x-axis 
=> r(u,v) = (ucos v)i + 2u’j + (u sin v)k is a possible parametrization,0 << y <2 > 2U7<2 > W<1 
=> 0<u<_1sinceu > 0; also, for just the upper half of the paraboloid, 0 < v <7 


. A possible parametrization is (v 10 sin ¢ cos 6) i+ (Vv 10 sin @ sin 6) j+ (v 10 cos ¢)k,0<@ < 5 and 
O0<0<5 


ij k 
my=i+j,n=i-j+tk>nxr=);l1 1 £0 =i-j—2k => In xr|=/6 
1 -1 1 


=> Surface Area = f [ ru xr|dudv= ff /6 dudv = \/6 
Ruy 


. [foy-2)ao= ff [(u + v)(u — v) — v? Védudv = V6 f. [ (w? — 2v2) duav 
S 
= V6 f[¢ -20v4| dv = V6 f'(} - 204) av= V6 [}v—3 v9], =- % =- 7 


r, = (cos @)i + (sin —)j, ro = (—r sin ™)i+ (rcos#j+k > r,xrg=| cosé snd 0O 
—rsin@ rcosd 1 


= (sin 0)i — (cos ™)j +rk > |r, x r9| = V/sin? 6 + cos?6 +12 = /1+1? > Surface Area = iy lr, X re| dr dé 


10 


= fr J Vi¥e araa = J | [+P +}in(r+ i+P)] aa =f" [}V2+4m(1+ v2)] a0 
=r[¥2+In(1+ V2) 








[[Ve@¥¥ 41 do = [Of VP co8 0+? sin d41 V4 Para = ff’ +2) arae 
S 


an 2)t on 4 8 


oP _g — ON OM _g— OP ON _G — ™ _y Conservative 














Oy Oz? Oz Ox? Ox Oy 

oa a aaa oat = a oe = rea — x 2 i — cea ote = yy = Conservative 
us 0 F ye’ uN Not Conservative 

os _ EST, = = : o =~ ay = me ; x = ayy _ oy = Conservative 























Be = 2 => f%,y,2) = 2x+20,2) > H = 5 = +z > B.2=y? +2y + he) 

=> f(x, y,z)=2x+y?+zy+h@Z => of =y+h'(z) yt+1 h’(z) = 1 h(z) =z+C 
=> f(x,y,z)=2x+y?+zy+z+C 

o = 7 cos xz => f(x,y, z) = sin xz + g(y, z) oe oe eY => g(y,z) =e" + h(z) 


=> f(x,y,z) =sinxz+e’ +h(z) > of = xcosxz+h’(z) = xcosxz > h’(z)=0 h(z) =C 








=> f(x, y,z) = sinxz+e%+C 
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Over Path 1: r=ti+tj)+tk,0<t<1 x=ty=t,z—tanddr=(i+j+k)dt => F=2t?i+j+tk 
1 

=> F-dr=(32+1)dt > Work = f (3? +1) dt =2; 

Over Path 2: r; = ti+tj,0<t<1 x=ty=t,z=—Oanddr, =(i+j)dt > F, = 2ti+j+tk 

















1 
=> F,- dr, = (2t?+ +1) dt = Work, = f (2241) dt= $5ro=it+jttk,0<t<1 x=l1,y=1,z=tand 


drg =kdt > F,=2i+j+k = F.-dr=dt > Work, = f dt =1 => Work = Work; + Work, = 3+1= 8 





Over Path 1: r=ti+tj+tk,0<t<1 x=ty=t,z—tanddr=(i+j+kdt > F=2ti+tj+k 
1 
> F-dr= (32 +1) dt > Work = f (3? +1) dt =2; 





Over Path 2: Since f is conservative, ¢. F - dr = 0 around any simple closed curve C. Thus consider 


F-dr= f. F-dr+ f. F - dr, where C; is the path from (0, 0, 0) to (1, 1,0) to (1, 1, 1) and Cz is the path 


curve 


from (1, 1, 1) to (0,0,0). Now, from Path 1 above, [| F-dr=-2 + 0=f  F-dr= f F-dr+(-2) 
=> f F-dr =2 


(a) r=(e'cost)i+ (e' sint)j + x =e'cost, y =e' sint from (1,0) to (e?”,0) > 0<t<2n 


ies bees ier 
=> © —(e'cost—e! sint)i+ (e! sint + e' cost) jandF = H+, — cs Ra CLE 

















(x24 y2)i? (et cos? t + et sin? i? 
2 : ae 9) a : = 
= (S)i+ (4) j = fF. — r= (sort sintemst 4. spt 4 sintsost =e t 
=> Work = i e'dt=1—e 7 
_ _ xityj of _ x = 2 q)-1/2 af _ 
(b) oe (x?+y? ae os Ox (x2 +y2)*? = f(x,y, 2) ~ =x ve ) + sty, 2) al oy way a +5 


=% Ee ne g(y,z=C => fix, y,z) = —(x?7 + yy? is a potential function for F => fe F-dr 
ety 


= f(e?",0) — (1,0) =1—e-2" 


2 


(a) F= 7 (x*ze’) = Fis conservative > ¢. F - dr = 0 for any closed path C 


(1,0,2m) 5 
(b) f. F-dr= J Vv (x2ze’) - dr = (x? Ze”) | (10,00) — (°Ze")| (10,0) = 27 — 0 = 20 


1,0,0) 











i j k 

a 2a a ant «on  2+6j-3k _ 2+ _3 
V xF= a %y be = —2yk; unit normal to the plane is n = eas git: 8 j 3k 

y y 2 
> Vv xF-n= Ly; p=kand f(x, y,z) = 2x + by —3z > | Vf-pl=3 > do= sea dA =2dA 

Qn 1 hs 
= $ F-dr=ffSydo= ff (Sy) (Jaa) = ffryaa= ff 2rsinordrdo = f 2 sino do =0 
R R R 
i j k 

V xF= 2 a 2 = 8yi; the circle lies in the plane f(x, y, z) = y + z = 0 with unit normal 


w+ty x+y 4y?-z 
n=+j+5k> Vv xF- n=0 = §, Fedr= fy xF- ndo = ff 0do=0 


(Qa) r= /2t+ J2+ (4-2)k,0<t<1 > x= V2ty=VJV2,2=4-# = #2, 8-72, 2 =- 
> (8) + (4) + (@) ae = VaR a => M= ff. 6(x,y,zds= f 3t os 
= 4,/2 —2 
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42. 


43. 


44, 


45. 


46. 


(b) M= ff. 5x,y,2ds= f 4440 dt = |tVi+e +In(t+ i¥®)| = V2+in(1+ 2) 











r=ti+ 2+ 30/k,0<t<2 > x=ty=2,2=38? > ®=1,9=2,8=1/7 
2 c es 2 
> (8° + (3) + (%)? dt= t+5at > M= ff dx, y,z)ds= fo 3V5+t Verse 


iD, 2 2 
= J, 3(t+5) dt = 36; My, = f. x6 ds= f° 3ut+5)dt=38;Ma = f) ydds= f 6t(t +5) dt = 76; 

















2 144 4/2 
Mg =f. ebds= [°20%045)a= Mt /7 a roe BB y= eo Bae roe - OY 
—4,/2 
7 








r=ti+ (W207) j+(S)k,0<t<2 > x=ty=We?,z oS S@a1 24/20" 2 S4 











+ (@+ (#) + (4)° dt = J1+2t+e dt = Vit+ 1)? dt = |t + 1] dt = (t+ 1) dt on the domain given. 
ThenM =f Sas= ff (Gy) (+ Dat= fat =2;My =f x6ds= ff) tGy)a+par= ff var=2; 
2 2 
Mu = f. yéds= fi (20) (4)t+pa=f 22 13/2 dt = 22;Myy = [26 ds 
OF 7 25 2 
= Ji (2) (Ga) e+ dara fl fara 5 > x= 4p =F ahy= a= GS = fz 


2 2. 
@-2,=f (+2)sa= f ($849) at= B= f,@+2)6ds= f, (P +f) a=; 
232 


232 64 
L= fo? +x)6as= f (2+ $8) a= 8:8, = (=) @ - 98 n, - (9-(O- 4, 


n= p-/ 0-9 


Z = 0 because the arch is in the xy-plane, and x = 0 because the mass is distributed symmetrically with respect 



































two 











2 ; 
to the y-axis; r(t) = (acos tii+(asint)j,O<t<a7 => ds= (3) + (2) + (=) dt 





= Jasin t? + (acos # dt = adt, sincea>0;M= f dds= [ (2a—y)ds = f” 2a—asint)adt 


= 2a? — 2a?; My, = f. yé dt = f. y(2a — y) ds = f (a sin t)(2a — a sin t) dt = f (2a? sin t — a? sin? t) dt 





2 ata 
= [-298 costo (5-94) J} = 40 3 y= GO = Bey = 9.) = 0.9) 


r(t) = (e' cos t)it (e'sint)j+ek,O<t<In2 > x=e'costy=e'sint.z=e! > & = (e'cost—e'sint), 


2 
Wy = (et sint+e'cost),#@=e! => V(3)"+ (3) + (2)? dt 
In2 

= 1/ (et cos te! sin t)? + (¢ sin t + et cos t)” + (et)? dt = 3e% dt= /3e'ds;M= | dds= f V3e' dt 

ne t t ne 2t 33 5 My Ga 3 
= /3;My = f. 25ds= fi (ve!) (ey dt= ff V3e% dt Sa = Ta os 

In2 In2 
L= f. (P+y2)6ds= f (e7' cos” t + e” sin? t) (v3e!) dt= Jie dt = 28 =>R,=/# 


r(t) = (2 sint)hi+ (2 cost)j+3tk,0<t<27 > x=2sint,y=2cost,z=3t > & — 2cost, ¥ = —2sint, 


&@ 3 > (3) + (8) + (a= 449at= /i3d;M=f dds= f- 6/13 at = 276/13; 
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My =f. 26 ds = ft Gy (573) dt = 6617/13; My, = x6 ds = i 2 sin) (573) dt = 


Mu =f. yods= fo (2. cos t) (5/13) at 0 > x=y=Oandz= Me oryis — 35 (0, 0, 37) is the 














center of mass 


Because of symmetry x = y = 0. Let f(x, y,z) =x? +y?+27=25 > Wf= 2xi+ 2yj+ 2zk 
=> |Vfl = 4x? + 4y? +42? = 10andp=k => | 7f-p| = 2z,sinceez > 0 > M= J J 6, y,Z) do 


ce mm Jt ) dA = I. 5 dA = 5(Area of the circular region) = 807; Myy = ey z6 da = i 5z dA 

=J J SH ey = (sd BA) r= f° 490 49 = 8p => Z= (3 = # 

= (57,2) = (0,0,%);L=ffO2+y) do = f [5(x? +y?) dxdy = ff" 5° ara = f” 320 40 = 6407; 
R R 


R, = 4/% = 4/4 =2,/2 


On the face z = 1: g(x, y,z) =z=1andp=k Vg=k |weg|=land|vg-pl|=1 > do=dA 
7/4 sec 
>I=ff (2+y2) dA =2 f f r drd@ = 2; On the face z = 0: g(x, y,z) =z =0 Vg=kandp=k 
R 























Ivgl=1>/veg-pl=1 do =dA I IJ (x? + y”) d A=32; On the face y = 0: g(x, y,z) =y =0 








=> os dp=i — Z 2 — ' a) os Wg 
Vg=jandp=j = |vegl=1> /|vg-pl=lsSdco=dA I J [ +0) dA = odo X dxdz= 33 
R 





On the face y = 1: g(x,y,z)=y=1 Vg=jandp=j = |vgl=!1> /vg-pl=1 > do=dA 
1 1 
s1=ffo+r)yda= fifo (2 +41) dxdz = 4; On the face x = 1: g(x, y,z)=x=1 V g=iandp=i 
R 

















lel 
Ivel=1 > |ve-pl=l > do=dA SI ffarsyyaas J, J, U+y) dy dz = $5 On the face 








x=0: g(x,y,z)=x=0 Vg=iandp=i=> |vgl=1> |vVg-pl=1 => do=dA 
1 1 
sI=ff@t+y)da=f fydyz=i > 1 =24+24)444441=¥ 
R 











M = 2xy+xandN=xy-y > OM = dy +1, M = 2x, & yo x— 1 Flux Sf (+3) dx dy 
= Qy+1+x—Idydx= ff Qy+xdydx = 3; Cire = ff (2 - 9) dxay 


R 
af | (y—2x)dydx = ff eo eee 











M=y-6x? andN=x+y? > M = -12x, M = 1,8 = 1,8 = 2y = Flux= ff (+) dxay 
R 
1 1 1 
= Jf (12x-+ 2y) dxdy = J. ff Cirx+2y) dxay = f(y? + 2y 6) dy = — 8; 


au, 
oie =f (2 - ) axdy = f J (1-1) dxdy =0 


-_ cos y = : OM __ any ON __ siny : cos y 
M=-—-—> andN=Inxsiny => = and 5 = =>  Inx siny dy — °%¥ dx 


Xx 


HLF (B- $f) oxor= ff (42-2) aroy=e 
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52. 


53. 


54. 


D2: 


58. 


60. 











(a) LetM=xandN=y > M=1,™%=0,N=0,N=1 = Flux im (B+) dxay 
= ff d+ dxdy =2 f [ dxdy = 2(Area of the region) 
R R 


(b) Let C be a closed curve to which Green's Theorem applies and let n be the unit normal vector to C. Let 


F = xi-+ yj and assume F is orthogonal to n at every point of C. Then the flux density of F at every point 


of C is 0 since F -n = O at every point of C > ™ ef nN = = 0 at every point of C 


=> Flux = If (os + ay) dx dy = 8) 0 dx dy = 0. But part (a) above states that the flux is 
R R 


2(Area of the region) = the area of the region would be 0 = contradiction. Therefore, F cannot be 


orthogonal to n at every point of C. 
& (2xy) = 2y, & (2yz) = 22, 2 (2xz) = 2x > VY -F=2yt+2z2+2x > m= JT) (2x + 2y + 2z) dV 
=f ff ex+2y +22) dxayaz = f° [a +2y +22) dydz = f 2 +22) dz =3 
£2 =z 202 =22()=0 > V-Faz> Caneel 2z r drd6 dz 
=f fi ine 2zderdrdd =f f-r(16—12) drao = [64.40 = 128m 


2 ( 2x) = 2 3y) = 32@M=l1sV7- F = —4,x?+y?+2? =2andx?+y?=z > z=1 


sv tya1 > Flux= fff -sava-4f" ff “dzrdrdo = —4 f- “fe V2—=2—1) dedé 
=-4[" (+48) a0 = gx(7 03) 





Z (Ox +y) =6,  (-x—2) =0, $ (yz) = 4y > V7 -F=64+4y;2z=/?e@4+y=r 
7/2 1 r 7/2 if 
= Flux=fff @+4yav= f" ff @+4rsin 6) dzrdrdg= f” f(r? + 41° sin 8) drdd 
D 


7/2 
= f° 2+sin 6) d0=7+1 


.F=yit+2j+xk > yV-F=0 => Fux=//F-ndo= [ff v-Fav=0 
S D 


F=3x2i+yj-2k > vy -F=324+1-32=1 > Fux=/fF-ndo=f ff 7 -Fdv 
S D 


= Pf Rv deayax = f° (5 2) ax=([x-¥] =! 





.F=xyi¢xyjtyk > 7 -F=y?+x4+0 > Flux=//[F-ndo= [ff 7 -Fav 
S D 


=fffwetyav= fff 2azrarag= f" [2 arao = ft a9 = 
D 


(a) F=(z+)k > vy -F=3 = Fluxacross the hemisphere = ff F-ndo= [ff v-Fdv 
S D 


= fff 3av =3 (4) (4203) = 208 
D 
(b) fx, y,z=xX+y+2-a=0 > VWf=2xit 2yj+2zk => | Vfl = 4x? 4 4y? + 422 = vV/ 4a? = 2a since 


a>o=> n = Bitty seek — style aN F-n=(3z+1)(2);p=k => Vi-p= 7f-k=2z 
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= |Vf-p|=2zsincez>0 > do = WIL = BdA=2dA = ff F-ndo= ff (32+1) (2) (2) dA 
S Ryy 


= ff Gz+adxdy = ff Bf 2-7? +1) dxdy = ff’ (ava =P +1) rdrao 
Ryy Ryy 


Qn 9 
= f ($ + a°) dé = ma? + 27a°, which is the flux across the hemisphere. Across the base we find 








F = [3(0) + 1]k = k since z = 0 in the xy-plane => n= —k (outward normal) F-n=-1 Flux across 
the base = T 7 F-ndo = f f —l dxdy = —ra’. Therefore, the total flux across the closed surface is 
S Ry 


y 
(ma? + 27a3) — ma? = 27a. 


CHAPTER 16 ADDITIONAL AND ADVANCED EXERCISES 


1. dx = (—2 sint+ 2 sin 2t) dt and dy = (2 cos t — 2 cos 2t) dt; Area = 1g xdy—ydx 


an 
f [(2 cos t — cos 2t)(2 cos t — 2 cos 2t) — (2 sin t — sin 2t)(—2 sin t + 2 sin 2t)] dt 


DIR wle 


Qn Qn 
f. [6 — (6 cos tcos 2t+ 6 sint sin 2t)] dt= $f (6 — 6cos t) dt = 67 


2. dx = (—2 sin t — 2 sin 2t) dt and dy = (2 cos t — 2 cos 2t) dt; Area = } f, x dy — y dx 


Qn 
= of [(2 cos t + cos 2t)(2 cos t — 2 cos 2t) — (2 sin t — sin 2t)(—2 sin t — 2 sin 2t)] dt 





Qn 20 Or 
=} ['" [2 —2(cos tcos 2t — sint sin 2t)] dt = 4 f°” (2 —2 cos 3t) dt = 4 [2t— 3 sin 3t] 0” = 20 


3. dx = cos 2t dt and dy = cos t dt; Area =} xdy—ydx=} [" (5 sin 2t cos t — sin t cos 2t) dt 


= 1” [sin t cos? t — (sin t) (2 cos? t — 1)] dt = 5 J (— sin t cos? t + sin t) dt = $ [} cos? t — cos t] ) = — 


WIR 
ob 
i 
lI 
volte 


4. dx = (—2a sin t — 2a cos 2t) dt and dy = (b cos t) dt; Area = 5 ¢. x dy —ydx 


Qn 
=} iy [(2ab cos? t — ab cos t sin 2t) — (—2ab sin? t — 2ab sin t cos 2t)] dt 


Qn 


Qn 
=} f [2ab — 2ab cos? t sin t + 2ab(sin t) (2 cos” t— 1)] dt = § f. (2ab + 2ab cos? t sin t — 2ab sin t) dt 
= 5 [2abt _ 5 ab cos® t + 2ab cos t] 2 = 27ab 
5. (a) F(x, y,z) = zi+ xj + yk is 0 only at the point (0, 0,0), and curl F(x, y,z) =i+ j+k is never 0. 

(b) F(x, y,z) = zi+ yk is 0 only on the line x = t, y = 0, z = 0 and curl F(X, y,z) = i+jis never 0. 

(c) F(x, y,z) = ziis 0 only when z = 0 (the xy-plane) and curl F(x, y,z) = jis never 0. 




















6. F=yz7i+ xz7j + 2xyzk andn = iS = “tvit7k | 50 F is parallel ton when yz? = &, x2? = &, 
and 2xyz= ¢ => ve - 2xy y=x* y= xand eS 2S z= +,/2x. Also, 











ety? +72=R? > x*?+x?42x? =R? A = BA x = +8. Thus the points are: (§.8,8), 
RR J2R R R Y2R R R QR R R V2R R R J2R 

eee oe ge ge eg Jey oa ee a Soe ee ee ae ae 4 

R R V2R RR V2R 

S12 a )#h giant 3 


7. Set up the coordinate system so that (a,b,c) = (0,R,0) = 6(x,y,z) = f/x? +(y—R)?+2? 
= fx? +y? +22 —2Ry +R? = \/2R? — 2Ry; let f(x, y,z) = x? + y? +22 —R? andp=i 


> Vi=2xi+2yj+2zk > | vf) =2feFy? +2 =2R => do = MA dady = BR dzdy 
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=> Mass = ff 6(x,y,z)do = ff \/2R? — 2Ry (8) dzdy = RIS Saree % dzdy 
S Ryz 








R2-y? 
=4R po" Ss 22. 5 dzdy = arf /2R? — 2Ry sin“! aol dy 
0 
R 
= 2nR J 2R? = BRy dy = 2AR(5E)(2R? — 2Ry)"| = 
-R 
i j k 


8. r(r,9) = (rcos ™)i+ (rsin#)j + 6k,0<r<10<@0<27 >r,xrg=| cosé sn@ 0 
—rsin@ rcosé 1 


= (sin ™)i — (cos @—)j +rk => |r, x rol = V14+r36 =2/e2 Fy? = 2)/r? cos? 8 + r? sin? 9 = 2r 


% Mass = ff 66,y,2) do = Jy" J) VT araa = f° [p+] a0 =f 2(2 2-1) do 
= * (22-1) 


b a 
9. M=x? + 4xy andN = —6y > ™ = 2x4 dy and % =—6 => Flux= f [(2x + 4y — 6) dxdy 





= f@ + day — 6a) dy = a’b + 2ab? — 6ab. We want to minimize f(a, b) = a’b + 2ab” — 6ab = ab(a + 2b — 6). 
Thus, f,(a,b) = 2ab + 2b? — 6b = 0 and f,(a, b) = a2 + 4ab —6a = 0 = b(2a+2b—6)=0 = b=Oor 
b=-—a+3. Nowb=0 = a?—-6a=0 a=0Oora=6 (0, 0) and (6, 0) are critical points. On the other 
hand, b = —a+3 => a?+4a(—a+3)—6a=0 > —3a?+6a=0 a=Oora=2 (0, 3) and (2, 1) are also 
critical points. The flux at (0,0) = 0, the flux at (6,0) = 0, the flux at (0,3) = 0 and the flux at (2, 1) = —4. 
Therefore, the flux is minimized at (2, 1) with value —4. 














10. A plane through the origin has equation ax + by + cz = 0. Consider first the case when c # 0. Assume the plane is given 
by z = ax + by and let f(x, y,z) = x? + y? + z? = 4. Let C denote the circle of intersection of the plane with the sphere. 
By Stokes's Theorem, f. F - dr = ff 7 x F-ndo, where n is a unit normal to the plane. Let 
S 





ij k 
r(x, y) = xi+ yj + (ax + by)k be a parametrization of the surface. Thenr, x ry =|1 O aj =—ai—bj+k 
0 1 b 
ij k 
a] a) (a) . 1s ai+bj—k 
= do = |r, x ry| dxdy = V/a’ +b’ +1 dxdy. Also, V XF=|5 gy my) =it+j+kandn= FARE 


Z xX 


y 
=> JS V x F- eucer | ea ve ee aed | G+b=1dedy=@+b—1) | J dx dy. Now 
xy 





x? + y? + (ax + by)? =4 => (231) xe + (op #4) y + (2) — => mia 























ellipse Ax? + Bxy + Cy? = 1 in the xy-plane, where A = wil »,B=2,andC= tas Exercise 47 in 
. : . nr = dn 7 +b-—1) 
Section 10.3, the area of the ellipse is Jere JEae Ti fr. F - dr = hfa, me i =i 








ate +l: Ba (a2 +b? +1)? 








—1) - = 24 iz 
Thus we optimize H(a,b) = @tb-)", aH — 2@+b—D(O +14a—ab) _ ¢ and 





OH _ 2(a+b—1)(a?+1+b—ab) 
Ob (a2 +b? +1)? 


=> a+b-—1=0,ora?—b?+(b—a)=0 S a+b-—1=0,or(a—by(a+b—1)=0 > a+b—1=Oora=b. 
The critical values a + b — 1 = 0 give a saddle. Ifa =b, then0 =b?+1+a—ab => a?+1+a-—a’=0 


=0 => a+b—1=0,0rb?+1+a— ab =Oanda?+1+b—ab=0 








a=-l b = —1. Thus, the point (a, b) = (—1, —1) gives a local extremum for ¢.F -dr > z=-x-y 





=> x+y+z= Ois the desired plane, ifc 4 0. 
Note: Since h(—1, —1) is negative, the circulation about n is clockwise, so —n is the correct pointing normal for 
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the counterclockwise circulation. Thus f f V x F-(—n) do actually gives the maximum circulation. 
S 


If c = 0, one can see that the corresponding problem is equivalent to the calculation above when b = 0, which does not 
lead to a local extreme. 


(a) Partition the string into small pieces. Let A,s be the length of the i" piece. Let (x,, y,) be a point in the 
i® piece. The work done by gravity in moving the i® piece to the x-axis is approximately 
W; = (gxiyiAis)y; where x;y;Ajs is approximately the mass of the i piece. The total work done by 


gravity in moving the string to the x-axis is UW, = Ugxy?Ajs = Work = {. gxy” ds 
if 1 
7/2 $$ m2 
Work = i gxy” ds = i g(2 cos t) (4 sin? t) 4 sin? t + 4 cos? t dt = 16g i cos t sin? t dt 


sin’ a 6 
= [168 ($)], = te 


(Cc) X= Je x0) as and y = S,yoy) as ; the mass of the string is f xy ds and the weight of the string is 
i xy ds J. xy ds c 


(b 


wm 





g f. xy ds. Therefore, the work done in moving the point mass at (x, y) to the x-axis is 


w=(e f. xyds) =e f. xy? ds = fg. 


(a) Partition the sheet into small pieces. Let Ajo be the area of the i® piece and select a point (x, y;, z;) in 
the i" piece. The mass of the i™ piece is approximately x;y,Ajo. The work done by gravity in moving the 


i® piece to the xy-plane is approximately (gx,y,;A\o)z, = gxiyiziAio = Work = f i gxyz do. 
S 





(b 


wm 


ff exyedo =s ff xy —x— VT ODES CI da = V3e ff” (xy —2y — xy?) dy dx 
Ryy 


= V3 J [xy Eee dave “dx = V3g Jo [bx— bx + $x? — bh] dx 
= /3g[5x2?-ixtixt_i ei), = ¥3g(4 -4)=@ 


(c) The center of mass of the sheet is ie point (x, y,Z) where z = Me with M,, = a ip xyz do and 
S 


M= if f xy do. The work done by gravity in moving the point mass at (x, y, Z) to the xy-plane is 
Ss 


gMz = gM (52) = gM, = | f gxyzdo = VE 
S 


Partition the sphere x? + y? + (z — 2)? = 1 into small pieces. Let Ajo be the surface area of the i piece 


(a 


wa 


and let (x;, yi, Z;) be a point on the i" piece. The force due to pressure on the i" piece is approximately 
w(4 — z,)Aio. The total force on S is approximately © w(4 — z;)A,o. This gives the actual force to be 
1 


J [ w(4-2) do. 
S 
(b 


wm 


The upward buoyant force is a result of the k-component of the force on the ball due to liquid pressure. 
The force on the ball at (x, y, z) is w(4 — z)(—n) = w(z — 4)n, where n is the outer unit normal at (x, y, z). 
Hence the k-component of this force is w(z — 4)n - k = w(z — 4)k- n. The (magnitude of the) buoyant force 


on the ball is obtained by adding up all these k-components to obtain f or w(z— 4)k-ndo. 
S 
(c) The Divergence Theorem says JJ wz — 4)k-ndo = Bel div(w(z — 4)k) dV = Sys w dV, where D 
isxPt+y?+(z-2?<1> [Jean ndo -w IL) 1dV = + mw, the weight of the fluid if it 


were to occupy the region D. 
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14. The surface S is z = \/x? + y? from z = 1 to z = 2. Partition S into small pieces and let Ajo be the area of the 
i® piece. Let (x;, y;, Z;) be a point on the i® piece. Then the magnitude of the force on the i" piece due to 
liquid pressure is approximately F, = w(2 — z,)Aio = the total force on S is approximately 


UF, = Uw(2—z)Aio = the actual force is ff w(2—z)do = f [ w(2-/x? + y?) Vl+eo tea 
: Ss Ruy 


=ff V2we- Very) da =f" f° V2we-nrardo =f" V2w[P-12]5 a0 = f” 22" ao 
Ryy 

— 4y2nw 

a 3 








15. Assume that S is a surface to which Stokes's Theorem applies. Then $. E-dr= rj f (V x E)-ndo 
S 


= 1 — 5 -ndo = — = JJ B-ndo. Thus the voltage around a loop equals the negative of the rate 


of change of magnetic flux through the loop. 


16. According to Gauss's Law, J f F -ndo = 47GnM for any surface enclosing the origin. ButifF = YW x H 
S 


then the integral over such a closed surface would have to be 0 by the Divergence Theorem since div F = 0. 


17. ¢. fvg-dr= JJ Vv x (£7 g)-ndo (Stokes's Theorem) 
=/f@v x vge+ Vfx Vg)-ndo (Section 16.8, Exercise 19b) 
S 
=f ftm@®+ vtx vegl-ndo (Section 16.7, Equation 8) 
S 


=Jf (vtx vg)-ndo 
S 


18. VxF=H=VxkKR= WV Xo -F)) =90 = F, —F; is conservative > F, —F, = Vfalso, 7 -Fi= 7 -Fo 
> V-(-F,)=0 => v?7f=0(sof is harmonic). Finally, on the surface S, Wf-n—=(F.—F))-n 
=F,-n—F,-n=0. Now, 7 - VH= Vf- Wf£+fW7F so the Divergence Theorem gives 


JffivtPav+fffevtav=fff 7 -€vpdv= ff ftvt-ndo =0, and since vf = 0 we have 
D D D S 


fJfivtPav+o=05 fff |F-F)?dv=0 > F,-F, =0 = F, = Fj, as claimed. 
D D 








ij k 
19. False; letF =yi+xj40 > 7 -F=20)+2W=0and VY xF=|5 fF F|=0i+0j+0k=0 
x y O 


20. [ra x yl? = (ral? [ry|? sin? @ = [rul? [ry|? (1 — cos? 6) = |ry? [ry]? — [ral? [ry|? cos? @ = |rul? fry]? — (ru - ry)? 


= |r xr’ = VEG—-F = do =|r, x ry| dudv = VEG — F? dudv 


21.r=xityjt+zk > Y-r=14+1+1=35 fff v-rav=3fffdva3v 5 v=i fff v-rav 
D D 


oY, 


a i f f r-ndo, by the Divergence Theorem 
S 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


Chapter 16 Additional and Advanced Exercises 1057 


NOTES: 
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